Algebra 


Concepts and Skills 


Ron Larson e Laurie Boswell 
Timothy D. Kanold « Lee Stiff 


&, McDougal Littell 


A DIVISION OF HOUGHTON MIFFLIN COMPANY 
Evanston, Illinois * Boston + Dallas 


McDougal Littell 


Alg ebra 2 About Algebra 2: Concepts and Skills 


Concepts and Skills This book has been written so that all students can succeed 
in Algebra 2. The course focuses on the key topics that 
provide a strong foundation in algebra. Lesson concepts 
are presented in a clear, straightforward manner, supported 
by frequent worked-out examples. The page format makes 
it easy for students to follow the flow of a lesson, and the 
vocabulary and visual tips in the margins help students 
learn how to read the text and diagrams. Checkpoint 
questions within lessons give students a way to check their 
understanding as they go along. The exercises for each 
— lesson provide many opportunities to practice and maintain 
skills, as well as to apply concepts to real-world problems. 


Larson 
Boswell 
Kanold 
Stiff 


Copyright © 2008 by McDougal Littell, a division of Houghton Mifflin Company. All rights reserved. 


Cover, Title page, Copyright page: McDougal Littell/Houghton Mifflin Company 

Photography: iii top Meridian Creative Group; top center Jenks Studio, bottom center McDougal 
Littell/Houghton Mifflin Company, bottom Jerry Head Jr.; vi© Arnuif Husmo/Stone/Getty Images; 
vii NOAA/NESDIS; viii © Paul J. Sutton/Duomo/Corbis; ix © Purestock/Getty Images; x Henny 
Wiggers/AP Images; xi © Thinkstock/Alamy; xii © TAOLMOR/Shutterstock; xiii © Paola Kathuria/ 
Alamy; xiv © Jim Reed/Corbis; xv © Bonnie Kamin/PhotoEdit; xvi © Lester Lefkowitz/The Image 
Bank/Getty Images; xvii © Hermann Erber/LOOK/Getty Images; xviii © Owaki/Kulla/Corbis; 
xxvii © Arnuif Husmo/Stone/Getty Images. 


Illustration: xxi Steve Cowden 


Warning: No part of this work may be reproduced or transmitted in any form or by any means, 
electronic or mechanical, including photocopying and recording, or by any information storage or 
retrieval system without the prior written permission of McDougal Littell unless such copying is 
expressly permitted by federal copyright law. Address inquiries to Supervisor, Rights and Permissions, 
McDougal Littell, P.O. Box 1667, Evanston, IL 60204. 


ISBN-13: 978-0-618-55210-8 
ISBN-10: 0-618-55210-3 


1234567 8 9-DWO-12 11 10 09 08 


Internet Web Site: http://www.mcdougallittell.com 


About the Authors 


Ron Larson is a professor of mathematics at Penn State University at 
Erie, where he has taught since receiving his Ph.D. in mathematics from 
the University of Colorado. Dr. Larson is well known as the author of a 
comprehensive program for mathematics that spans middle school, high 
school, and college courses. Dr. Larson’s numerous professional activities 
keep him in constant touch with the needs of teachers and supervisors. 

He closely follows developments in mathematics standards and assessment. 


Laurie Boswell is a mathematics teacher at The Riverside School in 
Lyndonville, Vermont, and has taught mathematics at all levels, elementary 
through college. A recipient of the Presidential Award for Excellence in 
Mathematics Teaching, she was also a Tandy Technology Scholar. She 
served on the NCTM Board of Directors (2002-2005), and she speaks 
frequently at regional and national conferences on topics related to 
instructional strategies and course content. 


Timothy D. Kanold is the superintendent of Adlai E. Stevenson High 
School District 125 in Lincolnshire, Hlinois. Dr. Kanold served as a teacher 
and director of mathematics for 17 years prior to becoming superintendent. 
He is the recipient of the Presidential Award for Excellence in Mathematics 
and Science Teaching, and a past president of the Council for Presidential 
Awardees in Mathematics. Dr. Kanold is a frequent speaker at national and 
international mathematics meetings. 


Lee Stiff is a professor of mathematics education in the College of 
Education and Psychology of North Carolina State University at Raleigh 
and has taught mathematics at the high school and middle school levels. 
He served on the NCTM Board of Directors and was elected President of 
NCTM for the years 2000-2002. He is a recipient of the W. W. Rankin 
Award for Excellence in Mathematics Education presented by the North 
Carolina Council of Teachers of Mathematics. 


Carol Armour 


Math Department Chair 
Central High School 
Providence, RI 


Craig Auten 
Mathematics Teacher 
Walled Lake Central 
High School 
Walled Lake, MI 


Kelly Berg 

Math Department Chair 
Dobson High School 
Mesa, AZ 


Doug Bloom 


Mathematics Teacher 
Elk River High School 
Elk River, MN 


David Boucher 


Mathematics Teacher 
Brunswick High School 
Brunswick, ME 


Jeffrey Bradley 


Supervisor of Mathematics 
Hempfield High School 
Landisville, PA 


Barbara Brooks 


Mathematics Teacher 
Mumford High School 
Detroit, MI 


Veronica Carlson 


Mathematics Teacher 
Moon Valley High School 
Phoenix, AZ 


Ronnee Sue Carpenter 


Mathematics Teacher 
Flint Southwestern Academy 
Flint, MI 


Gene De Costa 


Mathematics Teacher 
Henry Snyder High School 
Jersey City, NJ 


Diana Faoro 


Mathematics Teacher 
Romeo High School 
Romeo, MI 


John Gianotti 


Math Department Chair 
Argo Community High School 
Summit, IL 


Deborah Gomola 


Mathematics Teacher 
Sterling Heights High School 
Sterling Heights, MI 


Judy Hicks 
Mathematics Teacher 


Ralston Valley High School 
Arvada, CO 


Marjorie A. Hill 


District Coordinating Teacher 

for Mathematics K-12 
Blue Valley District School 
Overland Park, KS 


Robert Hose 


Mathematics Teacher 
Williamsport High School 
Williamsport, MD 


Judy Howell 


Mathematics Teacher 
La Plata High School 
La Plata, MD 


Kristen Karbon 


Mathematics Teacher 
Troy High School 
Troy, MI 


David Kaynor 


Mathematics Teacher 
East Detroit High School 
Detroit, MI 


Mary Ellen Kelly 


Math Department Chair 

St. John Neumann and Maria 
Goretti High School 

Philadelphia, PA 


Greg Kembitzky 


Mathematics Teacher 

Hilliard Davidson 
High School 

Hilliard, OH 


Andrea Kopco 


Curriculum Leader 
Midpark High School 
Cleveland, OH 


Kathy Lackow 


Mathematics Teacher 
Sabino High School 
Tucson, AZ 


Richard McGuinness 


Math Coordinator 
K-12 

Lynn Public Schools 

Lynn, MA 


Joseph Pawloski 


Mathematics Teacher 
Brighton High School 
Brighton, MI 


Donald Pratt 


Mathematics Teacher 
Huron High School 
Ann Arbor, MI 


Wayne Rumple 


Mathematics Teacher 
Monroe Senior High School 
Monroe, MI 


Ken Rundquist 


Mathematics Teacher 
Elk Grove High School 
Elk Grove, IL 


Michael Schulte 


Mathematics Teacher 
Warren Mott High School 
Warren, MI 


Brenda J. Taylor 


Mathematics Teacher 
Fenger Academy 
Chicago, IL 


Annemarie Tuffner 


Mathematics Teacher 
Neshaminy School District 
Langhorne, PA 


Vicalyn S. Tyson 


Mathematics Teacher 
Pickerington High School North 
Pickerington, OH 


Nancy Vander Tuuk 


Math Department Chair 

Mother McAuley Liberal Arts 
High School 

Chicago, IL 


Zen M. Villafuerte 


Math Department Chair 
Savanna High School 
Anaheim, CA 


WAPTE 
- 2 


Student Help 


Take Notes 2 

Vocabulary 3, 9, 46, 47, 53 

Avoid Errors 7, 12, 17, 27, 
29, 40, 41 

Help Notes 5, 22, 28, 32, 
35, 41, 47 

Geometry 8, 75, 21, 31, 33, 
39, 45, 51, 56 


Applications 
and Careers 


Meteorologists 4 
Golf 7 

Bar Codes 8 
Mountain Biking 73 
Cell Phones 20 
Veterinary Technician 30 
Yearbook 35 
Skyscrapers 47 
Railroads 42 

Music 44 

High School Coach 48 
Space Missions 55 


ASSESSMENT 


Chapter Summary 
and Review 57 

Chapter Test 67 

Chapter Standardized 
Test 62 


es Contents 


Tools of Algebra 


Chapter Study Guide 


1.7 
1.8 


Real Numbers and Number Operations 


Algebraic Expressions and Models 
Quiz 1, 15 


Simplifying Algebraic Expressions 


Solving Linear Equations 


; Real Numbers, p. 4 
—-117<—-113 


16 


¥ GRAPHING CALCULATORS: Evaluating Expressions, 22 


26 


SE PUENERORINGICONDERTS} Variables on Both Sides, 24 


Rewriting Equations and Formulas 
Quiz 2, 39 


Problem Solving Using Algebraic Models 
Analyzing and Displaying Data 


Frequency Distributions and Histograms 
Quiz 3, 56 


=\GRAPHING CALCULATORS: Using Tables to Solve Equations, 32 


33 


40 


46 


52 


Student Help 


Take Notes 66 

Vocabulary 68, 69, 86 

Avoid Errors 73, 74, 79, 80 

Help Notes 73, 93, 98, 
108, 114 

Geometry 72, 78, 85, 92, 
100, 104, 105, 113 


Applications 
and Careers 
Hang Gliding 67, 69 
Scuba Diving 72 
Fitness Club Costs 73, 75 
Volcanologists 87 
Average Speed 84 
Movies 90, 108 
Backpacking 92 
Conservation 94, 96 
Wildlife 99 
Chefs 702 
Waves 104 
Apollo 11 Mission 104 
Hurricanes 777 


ASSESSMENT 


Chapter Summary 
and Review 175 

Chapter Test 779 

Chapter Standardized 
Test 120 


Chapter Study Guide 


2.1 
2.2 
2.3 


2.6 
2.7 


Functions and Their Graphs 
Linear Functions and Function Notation 


Slope and Rate of Change 
Quiz 1, 85 


Quick Graphs of Linear Equations 
Slope-Intercept Form, 86 


@\ GRAPHING CALCULATORS: Graphing Linear Equations, 93 


an 


Writing Equations of Lines 
Quiz 2, 100 


Direct Variation 


Scatter Plots and Correlation 
Fitting a Line to Data, 106 
* GRAPHING CALCULATORS: Using Linear Regression, 114 


\e 


Quiz 3, 113 


Contents 


; Correlation, p. 111 a, 
(0, 11), C1, 9), (2, 3), (3, 10) 


Linear Equations and Functions 


66 


67 


73 


79 


87 


94 


101 


107 


s A 
- 


7 


Sw ey om Gem <i poe 


Systems of Linear Equations 


Student Help Chapter Study Guide 124 
Take Notes 124 
Vocabulary 760 3.1 Solving Linear Systems by Graphing 125 
Avoid Errors 136, 142 
154, 157 #\GRAPHING CALCULATORS: Graphing Systems, 131 
Help Notes 737, 133, 140, 
145, 148, 155 3.2 Solving Linear Systems by Substitution 132 


Another Way 140 
Geometry 130, 137, 144, 


150, 151, 152, 158, 159 3.3 Solving Linear Systems by Linear Combinations 139 
Q Adding Equations in a Linear System, 138 
Applications a &e4 y 
and Careers Quiz 1, 144 
Vacation 127 Extension: Choosing a Method 145 
Basketball 7129 
Theater 729 F ‘ . : F 
Hane Curator 134 3.4 Graphing Linear Equations in Three Variables 147 
Investing 136 
Caterer 147 3.5 Solving Systems of Linear Equations in Three Variables 153 
Sports Cards 146 : 
Movies 146 Quiz 2, 159 


Gardening 149 
Transportation 757 
Sports 757 
Conductors 158 


ASSESSMENT 


Chapter Summary 
and Review 760 
Chapter Test 163 
Chapter Standardized 
Test 164 
Cumulative Practice, 
Chapters 1-3 166 


ie Contents 


‘ Inequalities, p. 173 
1.5t+9<45 


Inequalities and Absolute Value 


Student Help Chapter Study Guide 170 
Take Notes 170 
Vocabulary’ 17 4.1 Solving Linear Inequalities 172 
Avoid Errors 773, 180, 
185, 189, 192, 197, 199 ING CONCEPTS: Jnvestigating Inequalities, 171 
Help Notes 178, 204 oe , : 
Another Way 194 *\ GRAPHING CALCULATORS: Solving an Inequality, 178 
Geometry 177, 184, 191, 4.2 Linear Inequalities in Two Variables 179 
197, 203, 210 
— 4. tems of Linear In liti 1 
Appileations 3 Systems of Linear Inequalities 85 
and Careers Quiz 1, 191 
Amusement Parks 172, 
173 4.4 Solving Absolute Value Equations 192 
Musician 774 
Tornados 176 i ace 
Nutrition 183 4.5 Solving Absolute Value Inequalities 198 
Shopping 790 
Masons 190 4.6 Absolute Value Functions 204 
Radio 792 194 | : : , 
Solar System 196 ‘e GRAPHING CALCULATORS: Transforming Functions, 211 


Light Spectrum 798, 202 
Wrestling 203 
Miniature Golf 208 


Quiz 2, 210 


ASSESSMENT 


Chapter Summary 
and Review 2/2 

Chapter Test 275 

Chapter Standardized 
Test 216 


Contents a 


wie 
ea 


4 


Quadratic Functions 
and Factoring 


Student Help Chapter Study Guide 220 
Take Notes 220 


Vocabulary 229, 261, 274 5.1 Graphing Quadratic Functions in Standard Form 222 
Avoid Errors 223, 225, TRY ~ : 
226, 232, 237, 238, 241, 
244, 245, 252, 253, 258, 


269, 271, 272, 278, 279 5.2 Graphing Quadratic Functions in Vertex or Intercept Form 228 
Help Notes 224, 236, 248, 
251, 263, 275, 283 5.3 Factoring x? + bx+c 234 
Geometry 227, 233, 238, 
239, 245, 247, 253, 254, = 2 
259, 260 266. 272 273 5.4 Factoring ax? + bx +c 240 
281 * GRAPHING CALCULATORS: Finding Zeros of Functions, 248 
A A uiz 1, 247 
Applications ’ 
and Careers 5.5 Factoring Using Special Patterns 249 
Football 228, 233, 280 
rfboards 240, 24 ‘ F Z ere 
llc 7 q 5.6 Solving Quadratic Equations by Finding Square Roots 255 


Rope Strength 249, 257 


Smokejumper 257 5.7 Complex Numbers 261 
Contractor 270 : 

Farming 272 ears 

Volleyball 274, 279 . 

Baton Twirling 277 5.8 Completing the Square 268 
Olympic Diving 279 


: Completing the Square, 267 


Baseball 279 
daca a 5.9 The Quadratic Formula and the Discriminant 274 
Quiz 3, 281 
ASSESSMENT Extension: Writing Quadratic Functions 282 
Chapter Summary 


and Review 285 
Chapter Test 289 
Chapter Standardized 

Test 290 


(= Contents 


Student Help 


Take Notes 294 

Vocabulary 329, 341 

Avoid Errors 373, 375, 
316, 319, 324, 326, 330 


Help Notes 296, 297, 304, 


309, 310, 317, 322, 331, 
336 

Geometry 307, 308, 313, 
314, 319, 320, 321, 328, 
334, 340 


Applications 
and Careers 


Drums 298 
Transportation 298 
Populations 300 
Speed of Light 307 
Postal Service 307 
Bald Eagles 373 
Soccer 379 

Ships 323, 324 
Pilots 333 
Temperature 333 
Manufacturing 337, 339 
Precipitation 339 


ASSESSMENT 


Chapter Summary 
and Review 347 
Chapter Test 345 
Chapter Standardized 
Test 346 
Cumulative Practice, 
Chapters 1-6 348 


Polynomials and 
Polynomial Equations 


Chapter Study Guide 


6.3 


6.6 
6.7 


Properties of Exponents 
(QDEVELOPING CONC =PT 


Ss: Products and Quotients of Powers, 295 


Polynomial Functions and Their Graphs 
@\GRAPHING CALCULATORS: Setting a Good Viewing Window, 309 
Quiz 1, 308 


Adding and Subtracting Polynomials 


Multiplying and Dividing Polynomials 
Quiz 2, 321 


Factoring Cubic Polynomials 
QDEVEL PING CONCEPTS: Factoring Cubes, 322 


Polynomials of Greater Degree 


Modeling with Polynomial Functions 
Quiz 3, 340 


Contents 


294 


296 


302 


310 


315 


323 


329 


335 


+ - — 


Square Root Functions, p. 393 ee - =< 
d=,— SS 
30VP 


Powers, Roots, 
and Radicals 


Student Help Chapter Study Guide 352 
Take Notes 352 . 
Vocabulary 359, 374 7.1 nth Roots and Rational Exponents 353 
Avoid Errors 354, 368, 
376, 392 7.2 Properties of Rational Exponents 359 
Help Notes 354, 355, 360, 
361, 366, 367, 372, 375, , 
380, 381, 382 384, 387, 7.3 Solving Radical Equations 365 
395, 396 * GRAPHING CALCULATORS: Solving Radical Equations, 372 
Geometry 358, 364, 371, - 
378, 385, 386, 394, 400 Quiz 1, 371 
Applications 7.4 Function Operations and Composition of Functions 373 
and Careers : 
Jewelry 357 7.5 Inverse Functions 380 
Zoologists 358 Q DEVELOPING CONCEPTS: Investigating Inverse Functions, 379 
Astronomer 363 
Elephants 365, 370 * GRAPHING CALCULATORS: Graphing Inverse Functions, 387 


Retail Salespeople 377 
Paleontology 378 
Investigator 389, 397 
Roller Coasters 393 7.6 Graphing Square Root and Cube Root Functions 389 


Fighting Fires 393 


Quiz 2, 386 


ONCEPTS: The Square Root Function, 388 


ASSESSMENT 7.7 Standard Deviation 395 


Chapter Summary Quiz 3, 400 
and Review 401 

Chapter Test 405 

Chapter Standardized 
Test 406 


Ga Contents 


Student Help 


Take Notes 470 

Vocabulary 428 

Avoid Errors 421, 436, 
445, 451, 452 


Help Notes 477, 413, 427, 


429, 435, 440, 450 
Geometry 476, 417, 425, 
432, 439, 447, 454 


Applications 
and Careers 


Stock Market 474 
Online Blogs 476 

Car Value 479, 421, 431 
Motorcycles 423 
Pianos 424 

Finance 426, 428, 429 
Computers 427 
Gasoline Cost 430 

Cell Phones 437 
Sound Technicians 444 
Radioactive Decay 457 
Population 452 
Seismologists 453 


ASSESSMENT 


Chapter Summary 
and Review 455 

Chapter Test 459 

Chapter Standardized 
Test 460 


Exponential and 
Logarithmic Functions 


Chapter Study Guide 410 


8.1 Exponential Growth 412 


DIN? COANCPEDTC 


© DEVELOPING CONCEPTS: 


Exponential Growth, 411 


8.2 Exponential Decay 419 
0! -ON S: Exponential Decay, 418 


7 . cINnD 4 » ry 
© DEVELOPING CONCEP 


Quiz 1, 425 


8.3 Modeling with Exponential Functions 426 
8.4 Logarithms and Logarithmic Functions 433 
@\ GRAPHING CALCULATORS: Graphing Logarithmic Functions, 440 
Quiz 2, 439 


8.5 Properties of Logarithms 442 
-VELOPING CONCEPTS: Logarithms of Products and Quotients, 441 


8.6 Solving Exponential and Logarithmic Equations 448 
Quiz 3, 454 


Contents fal 


Rational Functions, p. 477 
_ 1000 
s=_—_ ww 
0.6T? + 331 


Rational Equations 
and Functions 


Student Help Chapter Study Guide 464 
Take Notes 464 
Vocabulary 472 9.1 Inverse and Joint Variation 466 
Avoid Errors 482, 483, Bc 
484, 487, 489, 494, 496, Q DEVELOPING CONCEPTS: /nvestigating Inverse Variation, 465 
497, 500, 501 
ye yrrgile 474, 476, 9.2 Graphing Rational Functions 472 
Another Way 488 \@\GRAPHING CALCULATORS: Horizontal Asymptotes, 479 
Geometry 470, 471, 478, Quiz 1, 478 
484, 485, 490, 491, 492, spas 
499, 506 
9.3 Simplifying and Multiplying Rational Expressions 480 
Applications 
and Careers 9.4 Dividing Rational Expressions 486 
rena e ie @\ GRAPHING CALCULATORS: Simplifying Rational Expressions, 493 
Lightning 477 Quiz 2, 492 
Penguins 480, 484 
Travel Agents 496 . . : 5 
Triathlons 498 9.5 Adding and Subtracting Rational Expressions 494 
Photography 500, 502 
es Controllers 9.6 Solving Rational Equations 500 
Park Maintenance 504 Quiz 3, 506 
ASSESSMENT 
Chapter Summary 


and Review 507 
Chapter Test 577 
Chapter Standardized 

Test 512 
Cumulative Practice, 

Chapters 1-9, 574 


fae Contents 


Student Help 


Take Notes 578 

Vocabulary 528 

Avoid Errors 547, 543, 
546, 563 


Help Notes 527, 533, 535, 


537, 545, 547, 556, 558, 
562, 564, 570 
Another Way 57/ 
Geometry 524, 532, 538, 
544, 551, 561, 567, 574 


Applications 
and Careers 


Nutritionists 527 
Elections 530 
College Sports 530 
Music 539, 557 
Passwords 540, 543 
Skiing 547 
License Plates 543 
Marathons 543 
Cards 547, 550, 562 
Archery 558 
Lotteries 560 


ASSESSMENT 


Chapter Summary 
and Review 575 

Chapter Test 579 

Chapter Standardized 
Test 580 


Data Analysis and Probability 


Chapter Study Guide 518 
10.1 Populations and Surveys 519 
10.2 Samples and Margin of Error 526 
QDEVELOPING CONCEPTS: Investigating Samples, 525 
Quiz 1, 532 
10.3 Transformations of Data 533 


10.4 The Fundamental Counting Principle and Permutations 539 


10.5 Combinations and Pascal's Triangle 545 

@\ GRAPHING CALCULATORS: Permutations and Combinations, 552 

Quiz 2, 551 

Extension: Pascal’s Triangle and the Binomial Theorem 553 
10.6 Introduction to Probability 556 
10.7 Probability of Compound Events 562 
10.8 Probability of Independent and Dependent Events 569 

(Q DEVELOPING CONCEPTS: Simulating Probability Experiments, 568 

Quiz 3, 574 


Contents ial 


Student Help 


Take Notes 584 

Vocabulary 635 

Avoid Errors 589, 597, 
600, 606, 624, 631 


Help Notes 585, 602, 608, 


609, 614, 616, 617, 622, 
628, 630 
Another Way 587 


Geometry 592, 599, 605, 


612, 613, 620, 626, 632, 
634 


Applications 
and Careers 


Olympics 590 
Hockey 594, 596 
Makeup Artist 598 
Interior Designer 604 
Camping 605 

Retail Displays 672 
Exercise 613 
Quilting 679 
Chemistry 625 
Pendulum 630 


ASSESSMENT 


Chapter Summary 
and Review 635 

Chapter Test 639 

Chapter Standardized 
Test 640 


Fa Contents 


Discrete Mathematics 


11.2 
11.3 


11.4 


11.6 
11.7 


Chapter Study Guide 


Matrix Operations 


* GRAPHING CALCULATORS: Using Matrix Operations, 593 


Multiplying Matrices 


Solving Linear Systems Using Inverse Matrices 


Quiz 1, 605 


Extension: Determinants and Cramer’s Rule 


An Introduction to Sequences and Series 


=\GRAPHING CALCULATORS: Working With Sequences, 614 


Arithmetic Sequences and Series 


Quiz 2, 620 


Geometric Sequences and Series 


Infinite Geometric Series 


Quiz 3, 634 


}: Investigating Geometric Series, 627 


584 


585 


594 


600 


606 


608 


615 


621 


628 


Student Help 


Take Notes 644 

Vocabulary 645, 671 

Avoid Errors 648, 652, 
657, 663, 670, 678 

Help Notes 646, 653, 668, 
669 

Another Way 647, 655 

Geometry 650, 658, 666, 
674, 681 


Applications 
and Careers 


Planes 645, 647, 650 
Skateboard 650 
Volleyball 657 
Marching Band 658 
Hot Air Balloons 660, 665 
Physics 664 

Radar 665 

Hiking 668, 677 
Sailing 673 

Baseball 673, 675, 680 
Surveyors 677 


ASSESSMENT 


Chapter Summary 
and Review 682 

Chapter Test 685 

Chapter Standardized 
Test 686 


Trigonometric Ratios, p. 647 
esc 15° = 
800 


Introduction to Trigonometry 


Chapter Study Guide 644 
12.1 Right Triangle Trigonometry 645 
12.2 652 
EPTS: Functions of Any Angle, 651 
12.3 Graphing the Trigonometric Functions 660 
Q DEVELOPING CONCEPTS: Graphing the Sine Function, 659 
*\ GRAPHING CALCULATORS: Graphing Trigonometric Functions, 667 
Quiz 1, 666 
12.4 The Law of Sines 668 
12.5 The Law of Cosines 675 
Quiz 2, 681 


Contents ie 


Parabolic Models, p. 699 
x = py 


Conic Sections 


Student Help Chapter Study Guide 690 
Take Notes 690 
Vocabulary 704 13.1 Distance and Midpoint Formulas 691 
Avoid Errors 694, 701, 
707, 714, 721, 729 
Help Notes 717, 732 13.2 Parabolas 697 
Geometry 692, 696, 702, 
708, 716, 722, 731 13.3 Circles 703 
Applications e GRAPHING CALCULATORS: Graphing Circles, 709 
and Careers . 
Archeology 693 13.4 Ellipses zie 
Robots 695 Quiz 1, 716 
Asteroid Crater 696 
Solar Energy 699, 707 
Automotive Engineering 13.5 Hyperbolas 717 
701 
caliper 703, 705 13.6 Graphing and Classifying Conics 724 
ars 


Photography 779 Exploring Conic Sections, 723 


Australian Football 729 


Ferris Wheels 729 ‘a GRAPHING CALCULATORS: Solving Quadratic Systems, 732 
Telescopes 730 Quiz 2, 731 

ASSESSMENT 
Chapter Summary 


and Review 733 
Chapter Test 737 
Chapter Standardized 

Test 738 
Cumulative Practice, 

Chapters 1-13 740 


ae Contents 


Contents of Student Resources 


Skills Review Handbook 


Fractions, Decimals, and Percents 


Calculating Percents 
Factors and Multiples 
Writing Ratios and Proportions 


Operations with Positive and 
Negative Numbers 


Significant Digits 

Scientific Notation 

Points in the Coordinate Plane 
Perimeter and Circumference 
Area 

Volume 

Triangle Relationships 

Right Triangle Relationships 
Symmetry 

Transformations 


Extra Practice 


End-of-Course Test 


Tables 


Symbols 

Measures 

Formulas 

Properties 

Squares and Square Roots 
Trigonometric Ratios 


English-Spanish Glossary 


Selected Answers 


743 
744 
745 
747 


748 
749 
751 
752 
753 
754 
755 
756 
757 
758 
760 


794 
795 


796-799 
800 
801 
802 


pages 743-777 


Similar Figures 762 
Logical Arguments 763 
If-Then Statements and Counterexamples 765 
Justify Reasoning 767 
Use an Equation or Formula 768 
Draw a Diagram 769 
Make a Table or List 770 
Solve a Simpler Problem 771 
Break Into Simpler Parts 772 
Guess, Check, and Revise 773 
Translating Words into Symbols 774 
Combining Like Terms 775 
Multiplying Polynomials and 

Simplifying Rational Expressions 776 
Solving Linear Equations 777 


pages 778-790 
pages 791-793 


pages 794-802 


pages 803-846 
pages 847-867 


pages 868-869 


page SAI 


Contents of Student Resources Fa 


XX 


Chapter Preview 
gives an overview of what 
you will be learning. 


Readiness Quiz checks 
your understanding of words 
and skills that you will use 

in the chapter, and tells you 
where to go for review. 


Help Right in Your Textbook 


The Study Guide will help you 
prepare for each chapter 


A study Guide 


What's the chapter about? 


+ Solving and graphing linear inequalities in one or two variables 


¢ Solving, graphing, and using systems of linear inequalities 
* Solving and graphing absolute value equations and inequalities 


« Graphing absolute value functions 


Key Words 

e linear inequality in one variable, 
p. 172 

e compound inequality, p. 174 

e linear inequality in two variables, 
p. 179 

e half-plane, p. 179 


« system of linear inequalities in 
two variables, p. 185 
absolute value, p. 192 
e absolute value equation, p. 192 
e absolute value inequality, p. 198 
vertex, p. 204 


Key Words lists 
important new words 
in the chapter. 


Chapter Readiness Quiz 


Take this quick quiz. If you are unsure of an answer, look back at the 


reference pages for help. 


Vocabulary Check (refer to p. 9) 
4. How many variables are in the equation 3x — 


@ 0 ® 1 © 2 @® 3 


Skill Check (refer to pp. 125, 132, 139) 
2. What is the solution of the following linear sy 


yt+5z=0? 


stem? x—3y=1 
xz+y=9 


® (-4,-) @ 40 @ (7,2) ® @G,3) 


3. Which linear system has (—3, 4) as the solution? 


@® xt 2y=5 —x+3y=9 © 2x+2%y=2 @® sxt+3y=—3 
4x-y=-7 wty=-2 —3x -2y=1 x-y=l 


TAKE NOTES Notes About Graphs 
1. Graph the boundary 


Including graphs with labels 
line. Use a dashed line, 


can help you remember 
= because the i ; 
Ta vocabulary and methods ; e the inequalit: 
ke Notes suggests for solving problems. = S suet is <. x 
< . e point (0, 0). 


ways to make your studyi 
in 
tm 3. (0, O) satisfies the 


and your learning easier. 


inequality, so shade 
the half-plane that 
contains (0, 0). 
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4/20/07 1:11:3 


‘Use Student Help notes as your 
guide on the side 


TUDENT HELP 


READING GRAPHs 
_ Adashed line indicates 


Graph Linear Inequalities in One Variable 


Graph (a) Y<~2and (b) x<3 in 4 coordinate plane, 


Solution 


that the points on the 
line are not solutions. A 
Solid line indicates that 
the points on the line are 
solutions. 


a. Graph the boundary line y 


= 52, 
Use a dashed line because y 


= ~2, 
Test the point (0, 0). Itis nota 
solution, so shade the half-plane 
that does not contain (0, 0). 


b. Graph the boundary line x = 3. 
Use a solid line because x < 3, 
Test the point (0, 0). It is a 


Solution, so shade the half-plane 
that contains (0, 0). 


Reading Notes 
help you with learning 
vocabulary, understanding 
notation, and getting 
information from graphs. 


Avoid Errors point 
out ways to avoid the 
more common errors. 


Graph the inequality ina Coordinate plane. 


S.x>-] 6.y>1 7ys-3 B.x<4 


TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 16-23 
Example 2: Exs. 24-31 
Example 3: Exs. 32-43 
Example 4: Exs. 44-55 


Graph Linear Ine 


qualities in Two Variables 
Graph (a) y < 2x and (b) 3x — 


2y>8ina Coordinate plane, 
Solution 
TUDENT HELP 
; Avoip ERRors 
Because your test 
Point cannot be onthe 
boundary line, you may 
: not always be able to 
use (0, 0). In that Case, 


4 Other Student | Et art one 
Help notes will help Ee 

you by providing solving . 

notes, homework help, 

another way to solve 

problems, and where to 

look back for review of 

previous skills. 


a. Graph the boundai 


ry line y = 2x. Use a dashed line 
because y < 2x. 
Test the point (1, 1). Because (, 1) isa so 
shade the half-plane that Contains (1, 1), 


lution, 


b. Graph the boundary line 3x — 
line because 3x — 2y > 8. 
Test the point 


(0, 0). Because (0, 0) is nota solution, 
shade the half-plane that does not contain (0, 0). 


2y = 8. Usea solid 


Graph the inequality in a coordina 
9 y>x 


te plane. 


10. y < —3x 11. x + 2y <6 


12... — 3y>] 
180 


Chapter 4 Inequalities and Absolute Value 


Use the diagrams and art 
to help you understand 
real-world problems. 


Pre-Course Test 


AND PERCENTS 


Write the percent as a decimal. 
1.4% 2. 6.5% 3. 0.92% 4. 108% 


Write the fraction as a decimal and as a percent. Round the percent to the 
nearest whole number. 


24 17 18 49 
25 "40 "54 "28 
Answer the question. 


9. What is 33% of 66? 10. 52% of what number is 104? 11. What percent of 78 is 26? 


Find the least common denominator. 


3 1 ree! L113 12 7 
a2 arg 14-768 19. o> 5° 10 
Perform the indicated operation(s). Simplify the result. 

549 2_1 12,2,3 SF al 
18.055 17.5 — 5 18.5434 5 19. © ae 


Solve the proportion. 


7 _ 21 x _ 36 2% 20 _ 16 

20. = 5 21. ll 66 22.7 50 23. 4 3 
ENTIFIC NOTATION | 

Perform the indicated operation. 
24. —-7+ 19 25. —25 + (—5) 26. —10 — 14 27. —18 — (-9) 
28. (—4)(5) 29. (—7)(—6) 30. —18 +3 31. —56 = (—8) 
Write the number in scientific notation. 
32. 1581 33. 0.0004 34. 97,000,000,000 35. 0.00000205 


7 


Plot and label the ordered pairs in a coordinate plane. 
36. A(—4, —4) 37. B(—1, 5) 38. C(0, —3) 39. D(4, 2) 


fe Pre-Course Test 


40. a rectangle with length 4 ft and width 7 ft 41. a circle with radius 3 in. 


Find the perimeter or circumference of the figure. 


42. a triangle with sides 2 m, 5m, and6m 43. a circle with diameter 8 cm 

Find the area of the figure. 

44. a parallelogram with height 2 yd and base 9 yd 45. a circle with diameter 18 cm 

46. a triangle with base 4 in. and height 7 in. 47. a square with sides 12 m 

Find the volume of the solid. 

48. a box with length 12 cm, width 8 cm, and height 6 cm 49. a cylinder with diameter 3.8 m and height 2 m 
50. a box with length 4 in., width 4 in., and height 3 in. 51. a cube with sides of length 2.3 in. 

Can a triangle have the given angle measures? Explain. 

52. 12°, 23°, 145° 53. 10°, 95°, 100° 54. 40°, 50°, 88° 55. 3°, 15°, 162° 
Can the given side lengths form a triangle? Explain. 


56. 2,4,6 57. 3,5, 12 58. 4, 7,9 59. 12, 14, 22 


Find the value of x. Give your answer in simplest radical form. 


60. 61. QO 
ii 
10 


Give the coordinates of P(3, 2) and Q(-—1, 4) after the transformation. For 
rotations, rotate about the origin. 


63. Translate 2 units up. 64. Rotate 90° counterclockwise. 65. Translate 4 units right. 


Write the phrase as an algebraic expression. 


66. 32 less than a number 67. 8 more than twice a number 68. 5 times a number 


69. 7 less than 3 times a number 70. 6 times a number divided by 7 71. 3 more than a number 


Solve the equation. 
72. 1 =21 — 4x 73. 10 =9 — 0.5x 74. 3(2x — 3) = —7x 75. 2(x + 11) =5 


Pre-Course Test 


Pre-Course Practice 


Ls, AND PERCENTS 


Write the percent as a decimal. 
1.55% 2. 34% 3. 120% 4. 0.25% 


Write the fraction as a decimal and as a percent. Round the percent to the 
nearest whole number. 


9 19 84 43 
5. 40 6. 55 7. 90 3. 50 


Write the decimal as a percent and as a fraction or mixed number in 
simplest form. 


9. 0.6 10. 2.78 11. 0.875 12. 1.375 


Answer the question. 


13. What is 23% of 70? 14. 130% of what number is 65? 15. What percent of 34 is 9? 
Perform the indicated operation(s). Simplify the result. 

bs. 3 54 24343 f4 94 
1G. ig 17.5 4 WET ATs 19344 6 


Write the ratio in simplest form. Express the answer in three ways. 


‘ 21 1S 
1.12to8 2. 28 : 200 3. 36 4. 45 
Solve the proportion. 
36 _ 9 x15 I sae athe 25 _ 3 
es ea 6.83 ty AA ee ae 


SIGNIFICANT DIGITS, AND SCIENTIFIC NOT. 
Perform the indicated operation. 
1.-2+ 15 2. —21 + (-4) 3.-8—5 4. —-11 —(-ll) 
5. 3(—14) 6. —18(—9) 7. 27 + (—3) 8. —16 + (—4) 


Simplify the expression. Write your answer with the appropriate number of 
significant digits. 


9. 145 + 15 10. 18.08 — 0.9 11. 0.005 * 1000 12. 0.027 + 300 


Write the number in scientific notation. 
13. 631 14. 0.00045 15. 52,000,000 16. 0.000079 


fea Pre-Course Practice 


Give the coordinates of the point on the graph. 


1.A 2.B 
3.C 4. D 
5.E 6. F 
7.G 8. H 


Plot and label the ordered pairs in a coordinate plane. 
9. A(3, 4), B(—1, 5), C(O, 6) +10. A(—7, 5), B(—4, 0), C(-3, —5) 


ERENCE, AREA, AND VOLUM 


Find the perimeter or circumference of the figure. 
1. a triangle with sides 6 m, 7 m, and 12 m 2. a square with sides of 4.2 in. 


3. a circle with diameter 3.8 cm 4. a semicircle with diameter 4 ft 


Find the area of the figure. 
5. 


Find the volume of the solid. 


8. 9. 
" . 
9 yd é 17 


Can a triangle have the given angle measures? Explain. 


1. 24°, 62°, 94° 2. 32°, 90°, 95° 3. 60°, 60°, 60° 4. 8°, 48°, 80° 
Can the given side lengths form a triangle? Explain. 
5.5, 12, 13 6. 18, 14, 32 7. 7,9, 11 8. 20, 32, 48 


Find the value of x. Give your answer in simplest radical form. 


45° 05° 
x 4 15 15 
S 


Pre-Course Practice i 


, TRANSFORMATIONS, AND SIMILAR Fic 


Identify any lines of symmetry. 
Al. 2. 3. 


Give the coordinates of A(—3, —5) and B(0, 4) after the transformation. For 
rotations, rotate about the origin. 


4. Translate 4 units up. 5. Translate 3 units down. 6. Rotate 90° clockwise. 
The two polygons are similar. Find the value of x. 


7. 38. 4 9. 45 
12 15 
. ‘\\ 
TY ‘ \ 
, 5 


Use logical reasoning to decide whether the conclusion is valid or invalid. 
If the conclusion is valid, name the type of argument used. 


1. If ABCD is a square, then ABCD is a rhombus. 2. If x = 4, then 2x — 7 = 1. 
ABCD is a rhombus. If 2x — 7 = 1, then 2x = 8. 
Therefore, ABCD is a square. Therefore, if x = 4, then 2x = 8 


TEMENTS, COUNTEREXAMPLES, AND JL 


Determine whether the statement is true or false. If it is false, give a 
counterexample. 

1. If an integer is not negative, then it is positive. 

2. If a triangle has 3 equal angle measures, then it is an equilateral triangle. 


3. If B is 7 inches from A and 4 inches from C, then A is 11 inches from C. 


Name the property that justifies the statement. 


4. If 3x — 4 = 17, then 3x = 21. 5. If 4x = 2.4, then x = 0.6. 

6. If 8(2x — 3) = 5, then l6x — 24 = 5. 7. If 7x + 8 = 15, then 7x = 7. 

8. If 12x + 9 = 18, then 4x + 3 = 6. 9. 1f* +13 = 10, then x + 13 = 20, 
Solve the equation for x. Justify each step. 
10. 2x = 32 1.x%+4= 12 12.x— 18 =2 13. -x+3=7 
14. 4x —5 = 15 15.5.=-7 16. —3(x — 6) =9 17. 3(12 — 3x) = 5 


Gal Pre-Course Practice 


Use an equation, formula, diagram, table, or list to solve the problem. 


1. A teacher must choose 2 students from a group of 5 to participate in a spelling bee. 
How many different possibilities are there? 


2. A triangle with an area of 15 square feet has a base length of 2.x feet and a height of 
5 feet. How long is the base of the triangle? 


3. John is driving from his home to the store. He drives the car 4.5 miles due east and 
6 miles due south. How far is the store from John’s home? 


Solve the problem by first solving simpler problems. 
4. What is the area of the figure at the right? 5 
5. Without using a calculator, compute (2000)°. ae: 14 
6. What is the last digit of (547,348)? 35 


Use the strategy guess, check, and revise to solve the problem. 


7. You have $100 to buy | pair of jeans and some t-shirts. The jeans cost $25 and the 
t-shirts cost $8. How many t-shirts can you buy? 


8. The sum of 4 consecutive integers is 50. What are the integers? 


Write the phrase as an algebraic expression. 


1. 15 less than a number 2. 11 minus twice a number 3. 2 times a number 


4. the quotient of a number and 4 5. 1 more than half a number 6. the cube of a number 


AND MULTIPLYING 


Simplify the expression by combining like terms. 
1.5a—3+2a-—6 2.3n7 +n—4+n*—8n 3. 5x(x — 1) — x? + x 4. y? + xy — 2y? 


Find the product. 


5. (x + 2)(x — 2) 6. (x + 3) — 9) 7. (4 + x)\(x — 6) 8. (x — 3) — 8) 
Solve the equation. 

1.3x-5=14 2.21 +8 =6 3. -0.25m +7 =4 4. —6x — 9 = 45 

5.c+12=4c—-6 6. 2y —5 = 10 — 8y 7. 0.8k = —0.2k — 3 8. —(x + 9) = 10 

9. 6(x — 3) = -6 10. 3(c — 12) =4-c 11. 4(n — 3) = —6(2n+ 1) 12. 5(3x + 7) = 15 


Pre-Course Practice fa 


Tools of Algebra 


APPLICATION: Arctic 


Scientists collect data about the environment to 
track and analyze conditions. The environment in the ; 
Arctic is known for its extremely cold temperatures. In pe et ; . yr i et 
Lesson 1.1 you will learn how using a number line can help ——" ‘ “ 
you compare and order temperatures. 


Think & Discuss 
The table shows the record low temperatures for five 
months in Barrow, Alaska. 


Month Low temperature 


| 


a mance ye 
1. Is the record low temperature colder in September or ee —=5 pi Ree ah “icf =< 
October? ’ rf ; - “a8 
2. Is the record low temperature warmer in October or 
November? 


3. Name a temperature that would set a new record low —_ 
temperature in December in Barrow, Alaska. 


Learn More About It 


You will use a number line to order temperatures at the 
South Pole in Example 3 on page 4. 


m. pine - 
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| PREVIEW | What's the chapter about? 


¢ Evaluating and simplifying algebraic expressions 

¢ Solving linear equations and rewriting formulas 

¢ Using verbal and algebraic models to solve real-life problems 
¢ Analyzing and representing data 


Key Words 

¢ origin, graph, coordinate, p. 3 ¢ equation, linear equation, p. 26 
° opposite, reciprocal, p. 5 e solution, p. 26 

¢ base, exponent, power, p. 9 ¢ mean, median, mode, p. 46 

¢ numerical expression, p. 9 ° range, p. 47 


¢ variable, p. 10 ¢ box-and-whisker plot, p. 47 
¢ algebraic expression, p. 10 e lower quartile, p. 47 

¢ term, coefficient, p. 16 ¢ upper quartile, p. 47 

¢ like terms, constant term, p. 16 e histogram, p. 52 

¢ simplified expression, p. 17 ¢ frequency distribution, p. 52 


| PREPARE | Chapter Readiness Quiz 


Take this quick quiz. If you are unsure of an answer, look at the 
reference pages for help. 


Vocabulary Check (refer to pp. 3, 9) 
1. Which of the following is not a rational number? 


® -4 2 © i Da 
2. Which part of the expression 3° is the exponent? 
® 3 @® 5 @® 3 D 243 


Skill Check (refer to p. 4) 


3. Choose the value that forms a true statement: —0.5 <_?. 


1 1 3 2 
® -} ® - © - ® -3 


TAKE NOTES Keep a Notebook 


Keep a notebook that includes 
new vocabulary, properties, 
and worked-out examples. 
‘You can keep your homework 
in a separate section. 


Vocabulary related to Number Lines 


Coordinate 


15, graph of -15 


ors 
x origin 


(| Chapter 1 Tools of Algebra 


Key Words 
¢ origin 

¢ graph 

¢ coordinate 
° opposite 

¢ reciprocal 


Order the numbers 


2. 3.55, 3.3, 0.3, 3.13 


3. 


. 


. 


lO Ble 


4. 


29? 4? 


WIR Nile 
NW] — 
| a|u 


"pieced HELP 
READING ALGEBRA 
The three dots at the 


end of a number show 
that the digits continue 


without end. 
The symbol ~ means is 
approximately equal to. 


from least to greatest. 
1. 0.95, 0.09, 0.192, 0.79 


Real Numbers and Number 
Operations 


| GOAL | Graph, order, and use real numbers. 


How cold does it get at the South Pole? 


In Example 3, you will list five of the 
lowest recorded monthly temperatures 
at the South Pole from least to greatest. 
You will use this list to find the lowest 
temperature. 


The numbers that are used most often in 
algebra are the real numbers. Every real 
number is either a rational number or an 
irrational number. 


Integers and whole numbers are subsets 
of the rational numbers. 


REAL NUMBERS 


Irrational Numbers 
V2 ~ 1.414213... 
~V14 ~ —3.74165... 
am ~ 3.14159... 


oe Rational 
= (7/5) 
4 Numbers 


=él Integers 


Rational numbers Irrational numbers 
* cannot be written as the ratios 


of integers 


* can be written as the ratios of 
integers 


* cannot be written as decimals 
that terminate or repeat 


* can be written as decimals that 
terminate or repeat 


Real numbers can be pictured as points on a line called a real number line. 
The numbers increase from left to right, and the point labeled 0 is the origin. 


origin 


of the number. Drawing the point is called graphing the number or plotting 
the point. The number that corresponds to a point on a number line is the 


1.1 Real Numbers and Number Operations fa 


Graph Numbers on a Number Line 


Graph the real numbers -2, v2, and 2.6. 


Solution 
First, recall that : = 13, so : is between —2 and —1. Then, approximate 
V2 as a decimal to the nearest tenth: V2 ~ 1.4. Finally, graph the numbers. 

-3 V2 26 


-4-3 -2 -1 0 1 2 3 4 


Inequality Symbols A number line can be used to order real numbers. 
The inequality symbols <, <, >, and 2 can be used to compare two numbers. 


Compare Real Numbers 


Graph the numbers —1 and —4. Then compare them using the symbol < or >. 


Solution 


Link ty, Begin by graphing both numbers on a real number line. 
CAREERS 4 i 


Because —4 is to the left of —1, it follows that —4 is less than —1, or —4< —1. 
You can also say that —1 is greater than —4, or —1 > —4. 


Order Temperatures 


Science The table shows the record low temperatures for five months at the 
South Pole. Use a number line to order the temperatures from lowest to highest. 


[wont [My | we | oy | Awe | Se 


Record low temp. —109°F | —117°F | —113°F | —108°F | —111°F 


METEOROLOGISTS working 


at the South Pole provide Solution 

information for scientists and =? =113 —111 —109 —108 
researchers who study global 

weather. —119 —-117 —115 —113 —111 —109 —107 


ANSWER > From lowest to highest, the temperatures are —117°F, —113°F, —111°F, 
—109°F, and —108°F. 


Graph the numbers on a number line. Then write the numbers in 
order from least to greatest. 


ra ee ee 2-6-3 10 3. —3, V2, -0.5 


Chapter 1 Tools of Algebra 


oe ene HELP 
SOLVING NOTE 
e If ais positive, then its 
opposite is negative. 
e The opposite of Ois 0. 


e If ais negative, then its 
opposite is positive. 


Opposite and Reciprocal The op », or additive inverse, of any number 
r ll, or multiplicative inverse, of any nonzero number 


ais . When you add or multiply real numbers, several properties can help you. 


Properties of Addition and Multiplication 


Let a, b, and c be real numbers. 


PROPERTY ADDITION MULTIPLICATION 
Commutative a+b=b+a ab = ba 
Associative (a+ b)+c=a+(btc) (ab)c = a(bc) 
Identity a+0=a4,0+a=a a°1=4,1*:a=a 
Inverse a+(-—a) =0 @e4—1,a70 


The following property involves both addition and multiplication. 
Distributive a(b+ c) = ab+ac 


Use Properties of Real Numbers 


Show how you can use the distributive property to evaluate 5 + 203. 
Solution 
5 + 203 = 5(200 + 3) Rewrite 203 as 200 + 3. 
= 5(200) + 5(3) Distributive property 
= 1000 + 15 = 1015 Simplify. 


Subtraction and Division Subtraction is defined as adding the opposite. 
Division is defined as multiplying by the reciprocal. 


Subtraction: a — b=a-+(—b) _ Division: 


Operations with Real Numbers 


a. Find the difference of 4 and —9. 
4—-—(-9)=4+4+9 Add 9, the opposite of —9. 
= 13 Simplify. 


b. Find the quotient of —15 and 7 


=13 > 


=-15+3 Multiply by 3, the reciprocal of f 


= —45 Simplify. 


Numbers 


Select and perform an operation to answer the question. 
4. What is the quotient of — 16 and -3? 5. What is the product of —5 and 8? 


1.1 Real Numbers and Number Operations fa 


PEED Exercises 


Guided Practice 


Vocabulary Check 1. List two ways that a rational number is different from an irrational number. 
2. What is the opposite of 2.8? 


3. Explain how you could use the distributive property to find the product 4 + 298. 


Tell whether the statement is always, sometimes, or never true. Explain 
your reasoning. 


4. An integer is an irrational number. 
5. An integer is a rational number. 
6. A whole number is an integer. 


7. A rational number is an integer. 


Skill Check — Graph the numbers on a number line. Then decide which number 
is greater. 


8. 3 and —5 9. 8 and 13 10. —4 and —7 
Identify the property shown. 

11.3 + (-3) =0 12.8+3=3+8 
13.7°-ll=11+°7 14. 13-1= 13 


Practice and Applications 


TUDENT HELP Using a Number Line Graph the numbers on a number line. 
Homework HELP 15. —2 and 3 16. —9 and —11 17. —6 and 0.2 
Example 1: Exs. 15-23, 

36-41 18. —3.3 and —3.9 19. Land —5 20. —L and —1 
Example 2: Exs. 24-29 2 2 3 
Example 3: Exs. 30—41 
Example 4: Exs. 42-49 21. 0.6 and & 22. -t and — 1.7 23. -4 and V7 


Example 5: Exs. 50-58 
Comparing Numbers Graph the numbers on a number line. Then 
compare the numbers using the symbol < or >. 


24. —53 and —78 25. —2.36 and —1.04 26. —V4 and —2.1 
2 1 me _2 aoe a 
27. 5 and 6 28. 5) and 3 29. 7m) and i4 


Ordering Numbers Graph the numbers on a number line. Then write 
the numbers in order from least to greatest. 


$0. —3.5, —6, 0; =10 31. 5,3, 5,6, -1 
32. |, —2, 4.5, -0.5, 6 33. 3.2, 3, 9's —36 
34. V5, 3, —5, -2, = 35. —4.2, —5, -V8, 4.8, 4.5 


fs Chapter 1 Tools of Algebra 


Golf Scores Use the information to complete the following. 


The table shows the final scores of several 
: ; Player Score 
competitors in a masters golf tournament. 


The lowest golf score indicates the best 
position in the tournament. 
oe ralieaigeieyiniieaanisce ie 
37. List the players in order from lowest 

score to highest score. 


38. Which player has the lowest score? 


Geography Use the information to complete the following. 


The table shows the elevations, in feet, iaeation Elevanon fil 
of five locations in Imperial Valley, 


GOLF Michelle Wie won the California. 
2003 U.S. Women’s Amateur ; 
Public Links Championship at 39. Graph the elevations on a number 
age 13. She was the youngest line. Label each point with the name Giesel 162 
winner ever of a USGA adult of the location, ea ea 
Buen; 40. List the locations in increasing order 
based on their elevation 
41. Which locations have elevations 


below — 100 feet? 


Naming Properties Identify the property shown. 


42.2°8=8+2 43.(33+5)+7=3+(5+7) 
44. (6°3)°8 =6°(3° 8) 45.499+2)=4°9+4-2 
Distributive Property Use the distributive property to evaluate the 
expression. 

46. 8(302) 47. 11(190) 48. —6(0.95) 


Error Analysis Describe and correct the error. 


50. 
9(603) = 9(600 + 3) 6 +(-3)=6-(-3) 
=9-600+3 a! eae 
x = 5400 +3 p.4 2 
= -9 


= 5403 
ee ee oe, Oe 


Operations Select and perform an operation to answer the question. 

51. What is the sum of —8 and 25? 52. What is the product of —12 and —3? 
53. What is the quotient of —15 and -2) 54. What is the difference of 3 and —4? 
55. What is the product of —6 and 0? 56. What is the sum of —7 and —5? 


57. What is the difference of —10 and —1? 58. What is the quotient of 7 and ai 


1.1 Real Numbers and Number Operations 


Linkite, Bar Codes In Exercises 59 and 60, use the following information. 


ECONOMICS Almost all products sold in the United States have a Universal Product Code 
(UPC), or bar code. The last digit of the UPC code is called the check digit. 
This digit allows a scanner to quickly determine whether an item was scanned 
correctly or not. The following operations are performed on the first eleven 
digits. The result should equal the check digit. 


ONlo 551 5lo4g5gil2 ¢ Add the six digits in the odd-numbered positions. Multiply by 3. 
AL check ¢ Add the five digits in the even-numbered positions. Do not add the 
digit Cee check digit. 
BAR CODES Using the e Add the results of the first two steps. 
operations on this bar code 
produces(0+5+1+0+ * Subtract the result of the previous step from the next highest multiple 
6 + 8)(3)+(2+2+54+4 of 10. 


Pal TS THe GENE greats: = noah a IPC of 043614 05306 6 chad? Explain, 
multiple of 10 is 80, and 
80 — 78 = 2, which is the 60. Does a UPC of 0 28835 71293 5 check? Explain. 


check digit. 
Challenge In Exercises 61 and 62, tell whether the statement is true 


or not true for all real numbers a, b, and c. Explain your reasoning. 
61.(a—b)+c=a-—(bt+c) 62. (—a) ° (—b) = (—bd) « (—a) 


Standardized Test 63. Multiple Choice What is the quotient of 12 and - 
Prachce = Gy 48 -3 ©3 B48 


64. Multiple Choice Which set of numbers is in increasing order? 


) -5.2,5, -7, 11,4 G) =7,—52;5, Z al 
CD —5.2, -7, Z 5,71 CI 7-53, Z 5,71 


Mixed Review Operations with Signed Numbers Perform the operation. 
(Skills Review Handbook, p. 748) 


65. 7 — (—2) 66. —-6+ 8 67. (—7)(—7) 68. —21 +3 
Fractions and Decimals Write the decimal as a fraction in simplest 
form. (Skills Review Handbook, p. 743) 

69. 0.25 70. 0.3 71. 0.8 


Algebraic Expressions Write the given phrase as an algebraic 
expression. (Skills Review Handbook, p. 774) 


72. 6 more than a number n 73. 14 times a number n 
74. 4 less than a number n 75. ; of a number n 


Geometry Skills _ Find the perimeter and the area of the geometric figure. 


76. 77. 78. 
ss : 17 in. 5m 5m 
8 in. 
15 in. 4m 4m 
14 ft 


fa Chapter 1 Tools of Algebra 


12 Algebraic Expressions and 
Models 


Key Words 
e base 
: Cr Define and use algebraic expressions. 
exponent 
¢ power 
° numerical expression In Lesson 1.1, you worked with addition, subtraction, multiplication, and 
* variable division. In this lesson you will work with exponents. The figures below 
e 


algebraic expression 


show how exponents are used to represent repeated factors in multiplication. 


AA 
fae, 
AA A 
A A A 
Simplify. cor 
AA AA 
1.2°2+2+2 ye ae - a: 
AAAAAAS AA 
2. (—4)(—4)(-4) 81=3-3+3-3=34 
_— 
a) 4 factors of 3 
4. —(5+5 +5) 


ent in a power tells the number of times the base is used as a factor. 


exponent 


base B=aTsT+7 


power 


Evaluate Powers 


a, —24 = —(2+2+2+2) b. (—2)* = (—2) + (—2) « (—2) + (—2) 
=-—16 = 16 


Evaluate the power. 
1.4 2. (—3)? 3. —37 4. 2! 


In Example 1, notice how parentheses are used in part (b) to show that the 
base is —2. In the expression —2*, however, the base is 2, not —2. An order of 
Cee ans aes avoid confusion when evaluating numerical expressions. A 

-al expression consists of numbers, operations, and grouping symbols. 


erupent HELP 
READING ALGEBRA 


; . Order of Operations 
The expression 3° is read Pp 


three to the fourth power. STEP @ Perform operations that occur within grouping symbols. 
Two commonly used 
powers have special STEP © Evaluate powers. 
names. Perper nes : 
STEP €& Perform multiplications and divisions from left to right. 
3? three squared 9 P g 
5° five cubed STEP @ Perform additions and subtractions from left to right. 


1.2 Algebraic Expressions and Models i 


ened HELP Use Order of Operations 
AVOID ERRORS 


In Example 2, you divide 36 +4¢(-1 + 4)? = 36 +4+3? Add within parentheses. 
before you multiply 


aes ali dcahase eevecccs seececeeeeses® = 364-9 Evaluate power. 
two operations from left =9-9 Divide. 
to right. ; 

= 81 Multiply. 


Algebraic Expressions A v e is a letter that is used to represent one or 
more numbers. Any number used to replace a variable i isa value of ake variable. 
An expression involving variables is called an al n 


When you replace the variables in an algebraic expression with numbers, you 
are evaluating the expression, and the result is called the value of the expression. 
To evaluate an algebraic expression, substitute values for the variables and then 
simplify using the order of operations. 


Evaluate an Algebraic Expression 


Evaluate 2(x + 5) — 7x when x = 4. 


Solution 
2@ +5) — 7x =2(4+ 5) —- 7A) Substitute 4 for x. 
= 2(9) — 7(4) Add within parentheses. 
= 18 — 28 Multiply. 
= —10 Subtract. 


Evaluate an Algebraic Expression 


Evaluate 4p? — (2p — 9) when p = —3. 


Solution 
4p* — (2p — 9) = 4(—3)? — [2(-3) — 9] Substitute —3 for p. 
= 4(9) — [2(-3) — 9] Evaluate power. 
= 36 — [-6 — 9] Multiply. 
= 36 — (—15) Subtract within parentheses. 
=51 Add the opposite. 


Evaluate the expression. 
5.8 —34+7 6.-2+2+6°4 7.4 —3(7 — 5)? 


Evaluate the expression for the given value of the variable. 


8. —3 + 6(y + 1) when y = 2 9. —2w? + 8w + 11 when w = —5 


fi Chapter 1 Tools of Algebra 


An expression that represents a real-life situation is a mathematical model. 


Write and Evaluate a Mathematical Model 


Shopping You have $40 and are buying some DVDs that cost $12 each. 
Write an expression that shows how much money you have left after buying 


d DVDs. Evaluate the expression when d = 2 and d = 3. 


Solution 
VERBAL Original |__| Price per |, Number of 
MODEL amount DVD DVDs bought 
LABELS Original amount = 40 (dollars) 
Price per DVD = 12 (dollars per DVD) 
Number of DVDs bought = d (DVDs) 
ALGEBRAIC 40 — 12d 
MoDEL 


ANSWER > If you buy 2 DVDs, you will have 40 — 12(2) = $16 left. 
If you buy 3 DVDs, you will have 40 — 12(3) = $4 left. 


Unit Analysis In Example 5, you can use unit analysis to check that your 
units make sense. Notice how units within a term can be canceled. 


dollars — ee 5 \(Dvps) = dollars — dollars = dollars 
Linkte, Write and Evaluate a Mathematical Model 
GEOGRAPHY 


Mexico For a trip to Mexico you need to exchange some U.S. dollars for Mexican 
pesos. The exchange rate is 11 pesos per dollar. You already have 110 pesos left 
from a previous trip. Write an expression that shows how many pesos you will have 
after exchanging d dollars. Evaluate the expression for d = 250. 


Solution 
VERBAL Pesos . Dollars r Pesos you 
MODEL per dollar exchanged already have 


LABELS Number of pesos per dollar = 11 (pesos per dollar) 
Number of dollars being exchanged = d (dollars) 
Number of pesos you already have = 110 (pesos) 
MEXICO Each year, about 
10,000 students from the ALGEBRAIC lid + 110 
United States spend the year MODEL 
studying in Mexico. ANSWER >} When you exchange $250, you will have 11(250) + 110 = 2860 pesos. 


Chediak 


10. Repeat Example 5 if you have $60 to spend and each DVD costs $16. 


1.2 Algebraic Expressions and Models ia 


WEP) Exercises 


Guided Practice 
Vocabulary Check 


Skill Check 


Practice and Applications 


event HELP 

HOMEWORK HELP 
Example 1: Exs. 15-32 
Example 2: Exs. 33-44 
Example 3: Exs. 45-64 
Example 4: Exs. 45-64 
Example 5: Exs. 65-73 
Example 6: Exs. 65-73 


1. Copy 7° and label the base and exponent. What does each number represent? 


2. What do you call an expression that involves only numbers, operations, and 
grouping symbols? 


3. When you substitute 3 for n to evaluate the algebraic expression 2n + 1, 
what is the value of the variable? What is the value of the expression? 


4. An algebraic model is an algebraic expression that represents a real-life situation. 
Compare this meaning of model to other English meanings. 


Evaluate the power. 

5. 2° 6. 3+ 7. (-6)? 8. —6° 
Evaluate the expression for the given value of x. 

9.x — 6whenx = 9 10. 4(2 + x) when x = 3 
11. x(x + 5) when x = —3 12. (x — 2)? when x = 1 
Error Analysis Describe and correct the error. 


13. 14. 
3+(2+5)?=3+4+2-25 3(5) + 2(5) = 3(5 + 2) 


XK a Ke 


Writing Powers Write the expression using exponents. 


15. nine to the fourth power 16. 3 to the fourth power 

17. nto the sixth power 18. 4 to the nth power 
19.7°7°7*7+7e97 20.y-yryryry 
Evaluating Powers Evaluate the power. 

21. 2° 22. 5° 23. 44 24. 9? 
25. (—3)* 26. —3* 27. -7° 28. (—7)! 
29. (—4)? 30. —4! 31. (-1)’ 32. (-1)8 


Using Order of Operations Evaluate the expression. 


33.20- 10+ 8 34.8°4+2 35.8 +3°4-3 
36.5+3°4+6 37. 16 + (6—2)*5 38. 3(—6 + 5) + 10 
39. 3? —(7 — 4) 40.(7—5)*(8+6)+7 41. (18 — 12) + (—3?) 
42.(5-8+2-+4) 43. 20? — 5? 44. (20 — 5)? 


ia Chapter 1 Tools of Algebra 


MOUNTAIN BIKING is an 
increasingly popular sport. 
About 9.2 million people 
participated in off-road 
mountain biking in 2005. 


Evaluating Expressions Evaluate the expression when x = 3. 


45.x+7 46. 5x 47. x2 48..°+%x 


Evaluating Expressions Evaluate the expression for the given value. 


49.x + 9 when x = 8 50. 28 + 4x when x = —6 
51. 16(x — 21) when x = 23 52. 4x(6 — 3x) when x = 3 
53. 2x + 4x + 8 whenx = —4 54. 2x? — 4x + 12 when x =5 


Evaluating Expressions Evaluate the expression for the given values 
of x and y. 


55. x + 8y when x = 4and y = 2 56. 6y — x when x = —6and y= 4 
57. 5x + 4y when x = 5 andy = —3 58. 9y — 6x when x = 0.7 and y = 0.5 
59. y(x — 5)? when x = 3 andy =3 60. x(4 + y)? when x = 4 and y = —7 
61. x-2 when x = 8 and y = —8 62.x +> —ywhenx= 14 and y = 10 


63. Statistics Link) The population of Florida (in thousands) from 1995 through 
2005 can be modeled by 316¢ + 14,194 where ¢ is the number of years since 
1995. For 1995, where t = 0, the model approximates Florida’s population as 
316(0) + 14,194 = 14,194 thousands, or 14,194,000. Substitute 10 for tin the 
expression to approximate Florida’s population in 2005. 


64. Mountain Biking You ride a bicycle through the mountains. You average 
6 miles per hour riding uphill and 22 miles per hour riding downhill. You can 
model your total distance by 6u + 22d where u is your total hours riding uphill 
and dis your total hours riding downhill. Use the model to find your distance if 
you ride uphill for 4 hours and downhill for 1 hour. 


Exercise In Exercises 65 and 66, use the following information. 


In 1992, the number of people in the 
United States who walked for exercise 
was about 67.8 million. From 1992 
through 2005, the number of people 
walking for exercise increased by an 
average of about 1.42 million people 
per year. 


People Walking for Exercise 


= 
a 
= 
= 
E 
= 
= 
a 
° 
o 
i“ 


Years since 1992 


VERBAL Average increase |, Years since , | Number of 

MODEL of people per year 1992 people in 1992 

LABELS Number of people in 1992 = 67.8 (millions of people) 
Average increase per year = 1.42 (millions of people per year) 
Years since 1992 = ¢ (years) 


65. Use the verbal model and labels to write an algebraic expression for the number 
of people who walked for exercise ¢ years after 1992. 


66. Evaluate the expression when ft = 5, t = 8, and ¢ = 10. Explain what these results 
mean in the context of the problem. 


1.2 Algebraic Expressions and Models fal 


Link to. 
COMMUNITY 
SERVICE 


CAR WASH Many nonprofit 
organizations hold car 
washes to raise money. Free 
car washes work by finding 
sponsors who pay a small 
amount for every car that is 
washed. 


Standardized Test 
Practice 


Car Wash In Exercises 67-69, use the following information. 


Your class holds a car wash to raise money for a local charity. You pay $35 for 
cleaning supplies. You charge $5.50 for each vehicle you wash. 


VERBAL . Numberof _ | Amount paid for 
MODEL per car cars cleaning supplies 
LABELS Charge per car = 5.50 (dollars per car) 
Number of cars = 0 (cars) 
Amount paid for cleaning supplies = 35 (dollars) 
67. Use the verbal model and labels to write an algebraic expression for the amount 


68. 
69. 
70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


of money you raise by washing n cars. 
Evaluate the expression when n = 70 and n = 100. 
Explain what each result from Exercise 68 means in the context of the problem. 


Movie Rentals You buy a DVD player for $57. You rent movies for $4.28 
each. Write an expression to represent the total amount that you spend for the 
DVD player and renting x movies during the first year. Evaluate the expression 
if you rent a total of 65 movies during the year. 


Used Cars You buy a used car with 67,150 miles on the odometer. You expect 
to drive the car 12,500 miles each year. Write an expression for the expected 
number of miles on the odometer after f years. Evaluate the expression to find the 
expected number of miles on the odometer on the day you have owned the car for 
4 years. 


Shopping Centers There were about 40,000 shopping centers in the United 
States in 1993. From 1993 through 2005, the number of shopping centers 
increased by an average of about 740 per year. Write an expression that models 
the number of shopping centers n years after 1993. Use the model to approximate 
the number of shopping centers in 2003. 


Challenge You earn $40 per week delivering newspapers. You also earn 
$6.50 per hour pet-sitting for your neighbors on the weekend. Write an 
expression that shows your total weekly earnings. Evaluate the expression 
if you spent 6 hours pet-sitting last weekend. 


Multiple Choice Evaluate the power —34. 

@ -81 —64 © 64 ®D 81 

Multiple Choice What is the value of the expression below? 
6°3+(9-7)*2 


®) 13 @® 22 CD 30 @® 40 
Multiple Choice What is the value of the expression x? + x? when x = 4? 
@ 20 80 © 96 @) 1024 
Multiple Choice Which expression has a value of 22? 

(5+ 3)*3-2 @5+34+3-2 

4 +5" =7 GI) 3:«2* = (8 +6) 


hal Chapter 1 Tools of Algebra 


Mixed Review 


Geometry Skills 


Quiz 1 


Lesson 1.1 


Lesson 1.1 


Lesson 1.2 


Lesson 1.2 


Lesson 1.2 


Using a Number Line Graph the numbers on a number line. Then 
compare the numbers using the symbol < or >. (Lesson 1.1) 


78. —4 and 7 79. —4 and —5 80. —5.1 and —5.8 
g1. Land 2 82. —2 and -0.6 83. V5 and 2.2 
Identifying Properties Identify the property shown. (Lesson 1.1) 
84.6°8=8-6 85.9+0=9 


86. (3.°5)*2=3°(5°2) 87. 5° 


Distributive Property Use the distributive property to evaluate the 
expression. (Lesson 1.1) 


88. 4(89) 89. 40(19) 90. 8(403) 


Area Write an expression for the area of the figure. Then evaluate 
the expression for the given value(s) of the variable(s). 


91. n = 30 92.r=5,s=3 93.a=9,b =3 


40 ‘ a+b 


Graph the numbers on a number line. Then write the numbers in 
order from least to greatest. 


7 13 
1. —7, 7, —4, 3,1 2. —4, > 3.8, 3 
33 

3. 1, —2.5, 4.5, —0.5, 6 4. 3.2, —0.7, roy 0 
Identify the property shown. 

5.44+5=5+4 6.2°9=1 

7.8 + 12+ (-12)=8 +0 8. (11° 7)°2=11+(7* 2) 
Evaluate the power. 

9. 2° 10. —104 
Evaluate the expression when x = —2. 
11. (7x + 4) + 3@— 1) 12. 2(3x7 + 5) 


13. Savings You have $155 in a savings account. You decide to add $20 to the 
account every week. Write an expression that shows your savings after n weeks. 
Evaluate the expression to find your savings after 6 weeks. 


1.2 Algebraic Expressions and Models | 


T3 Simplifying Algebraic 
Expressions 


Key Words 


¢ terms aa 4 ; 
coctident | GOAL | Simplify algebraic expressions. 


like terms 


constant terms How much does it cost to rent a rowboat? 
simplified expression 


In Example 5, you will use an algebraic 
expression to help answer this question. 


For an expression such as 2x + 1, the parts that 


Simplify. are added together, 2x and 1, are called terms. 


1.3+1+6)p In a term with a variable, such as 2x or 5x’, oe a 
i ( nt yey A Anh Mow «. . 
2. (-24 — 11)y the number is the nt of the term. : | 
eee) 
3. (—5 — (—8))x x + 4x 
—1 is the 4 h_ 4 is the 
4.(4+7— 10)q coefficient of x2. coefficient of x. 


Like terms in an exptcssion have the same variable Pian matching exponents. 
For example, 4x” and 2x? are like terms. The terms x? and x are not like terms. 
They have the same variable but not the same exponent. 
—3 and 2 are also considered like terms. 


Identify Terms in an Expression 


Identify the terms in the expression —11 — 7x — 2x”. 


Solution 


Write the expression as a sum. 11 — Tx — 2x2 = -11 + (—7x) + (—2x?) 


ANSWER > The terms of the expression are —11, —7x, and —2x?, 


Identify Coefficients and Like Terms 


Identify the coefficients and like terms in the expression x* — 7x + 5 — 3x? — 10. 
Solution 

Begin by writing the expression as a sum in order to identify the terms. 

P= Tet S = 3 — 10S 2° 4+ Cin +5 +30") + C10) 


ANSWER > The coefficients of the expression are 1, —7, and —3. The terms x? and 
—3x? are like terms. The terms 5 and —10 are also like terms. 


1. Identify the terms, coefficients, and like terms in the expression 
4x3 — 5x2 + x2 — 9x — 9x3 + Tx. 


bal Chapter 1 Tools of Algebra 


TUDENT HELP 

Givow ERRORS 

Be extra careful 

when the expression 

involves subtractions or 

negative signs. In part 

(a) of Example 4, you 

need to multiply each 

term in the parentheses 

by —5. 


Simplified Expressions The distributive property lets you combine like 


terms by adding the coefficients. An expression is si 


if it has no 


grouping symbols and if all the like terms have been combined. 


Two algebraic expressions are equivalent if, when you substitute the same value 
for the variable in each expression, you always get the same result. For example, 


the expressions 5x? + 2x? and 7x” are equivalent. 


Simplify by Combining Like Terms 


Simplify the expression. 


a. 5x + 9x b. 2x7 + 3x — x? + 6x 
Solution 
a. 5x + 9x = (5 + 9)x Distributive property 
= 14x Add. 


b. 2x7 + 3x — x? + 6x = (2x7 — x?) + (Bx + 6x) 
= (2—1)x?+G4+6)x 
= x7 + Ox 


c. 4y — Tx — 12y + 3x = (4y — 12y) + (—7x + 3x) 
(4 — 12)y + (-7 + 3)x 
—8y — 4x 


c. 4y — 7x — 12y + 3x 


Group like terms. 
Distributive property 
Add or subtract. 
Group like terms. 
Distributive property 
Add or subtract. 


Simplify Expressions with Grouping Symbols 


Simplify the expression. 


a. 12 — 5(x — 1) 
Solution 
a. 12 —S5(x—- 1) =12—-5x+5 
= —5x + (12 + 5) 
= —5x + 17 Add. 


b. 4(6 — x) + 3(x — 8) = 24 — 4x + 3x — 24 
= (—4x + 3x) + (24 — 24) 
= (-4 + 3)x + (24 — 24) 


SSX. 


Simplify the expression. 
2. 7x — 3x 
5.3 + 2(x + 4) 


3.1+x+ 10x-8 
6. x — 6(x — 2) 


1.3 Simplifying Algebraic Expressions 


b. 4(6 — x) + 3@ — 8) 


Distributive property 


Group like terms. 


Distributive property 
Group like terms. 
Distributive property 
Add or subtract. 


4.x 4+ x? — 4x? — 5x 
7.3a@—-1)-(@-—9) 


Use a Real-Life Model 


Rowboat Rentals A boat rental company ose 
charges customers for rowboats as shown in 
the advertisement. There is a 1 hour minimum 


rental time. a l 


a. Write and simplify an expression that 


gives the total cost to rent a rowboat for — First hour — 
h hours, where h > 1. Ky 13 
b. Find the total cost of renting a rowboat — Fach 
for 8 hours. Additional Hour 
56 
Solution 
a. VERBAL Cost for Cost for each F Number of 
MODEL first hour additional hour additional hours 
+ 
LABELS Cost for first hour = 13 (dollars) 
Cost for each additional hour = 6 (dollars per hour) 
| Number of additional hours = h — 1 (hours) 
ALGEBRAIC 13+ 6(A-1)=13+ 6h-6 
MobEL 
=6h+ 13-6 
=6h+7 


ANSWER > The total cost of renting a rowboat for 1 hour or longer is given by 
the expression 6/ + 7. 


b. To find the total cost of renting a rowboat for 8 hours, evaluate the expression 
for h = 8. 


6h + 7 = 6(8) + 7 Substitute 8 for h. 
=48+7 Multiply. 
= 55 Add. 


ANSWER > Renting a rowboat for 8 hours will cost $55. 


A calling card charges $1 for all phone calls up to 15 minutes and 
$.25 for each additional minute. 


8. Write and simplify an expression that gives the total cost of a phone call that 
lasts m minutes, where mis at least 15. 


9. Use your answer from Exercise 8 to find the total cost of a phone call that 
lasts for 28 minutes. 


10. Use your answer from Exercise 8 to find the total cost of a phone call that 
lasts for 1 hour 10 minutes. 


a Chapter 1 Tools of Algebra 


SLED Exercises 


Guided Practice 
Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 


HOMEWORK HELP 

Example 1: Exs. 18-23 
Example 2: Exs. 24-29 
Example 3: Exs. 30-38 
Example 4: Exs. 39-50 
Example 5: Exs. 51-56 


1. Is 3x a term in the expression 14 — 3x? Explain. 


2. In the expression 3x” — 7x + 2, what is the coefficient of the x?-term? What is 
the coefficient of the x-term? 


Copy and complete the statement. 


3. The terms in an expression that have the same variable with matching exponents 
are_? 


4. An expression that has no grouping symbols and has all like terms combined 
is called _? 


5. Two algebraic expressions that have the same value for all values of their 
variable(s) are called __?_. 


Identify the terms in the expression. 

6. 12 — 4x 7. -5y +3 8.w* —2wt+8 
Simplify the expression by combining like terms. 

9. 9p + 4p 10. 7d* —-3-—d?+7 
11. 557 + 5s + 5? — 7s 12. 3x — 4x? — 8x? — 6x 
Simplify the expression. 
13. 4(¢ + 1) — 2x 14. 6 + 12(n — 3) 
15.5(2 —r) + 3r 16. 7(a + 4) — 5(a — 6) 


17. Jobs There were about 155,000 physical therapy jobs in the United States in 
2004. The expected number of physical therapy jobs in the following years can 
be modeled by the expression 163,370 + 4185(t — 2), where ¢ represents the 
number of years after 2004. Simplify the expression. Then find the expected 
number of physical therapy jobs in the United States in 2008. 


Identifying Terms Identify the terms in the expression. 


18.54+9 19. l1f—3 
20. — 14x + 3y 21. 8m — 12n 
22. 4k —k? + 5k-2 23.9 — 3w + 2w? + 12 


Identifying Coefficients and Like Terms Identify the coefficients 
and like terms in the expression. 


24. 7a + 2a 25. 5b” — 10b? 
26.5+5+6s 27.2m+1+3m+3 
28. —4w+9+w— 3w2 29. 13x2 — 5x + 6x — 2x? 


1.3 Simplifying Algebraic Expressions Ga 


ISTORY 


CELL PHONES In 1973, 

Dr. Martin Cooper made 

the first cell phone call on 

a phone that weighed 30 
ounces. Now more than 50% 
of Americans own cell phones 
and their size has shrunk so 
they weigh about 3 ounces 
and fit in your palm. 


Combining Like Terms Simplify the expression by combining like terms. 
30. —2c + 7c 31. 3y — 4y 32.5d—2-d 

33. —7h + 6h + 8 34. 9z + 15 — 2z 35.10 —4n —-7—6n 
36. 6r—2r+5r+t 37. 4p + 2p? — 2p + p? 88. ie F 2x = 9 =x 
Simplifying Expressions Simplify the expression. 

39. —2(m — 2) + 3m 40.7 + 5(f + 2) 41. —(z +2) + 3z 

42. 2(a + 1) — 5(a— 1) 43.—-4(b+2)-(9-—b) 44. -3(4-2k) +5 
45. 5(h? + h) — 3(h? — 2h) 46. 5(x + y) — 3x — y) 47. 4(2g — 1) — 6g 

48. 12(n — 3) + 3(n + 13) 49.3 — 2(1.5w + 7) 50. x(x — 3) + 2(x — 4) 


Cable TV Rates In Exercises 51-53, use the following information. 


You subscribe to a digital cable TV service that also provides access to pay-per-view 
movies. The monthly fee for the service is $43.49, which includes 3 pay-per-view 
movies. Each additional pay-per-view movie costs $3.99. 


VERBAL Monthly Cost for each Number of 
MODEL fee additional movie additional movies 
w 
LABELS Monthly fee = 43.49 (dollars) 


Cost for each additional movie = 3.99 (dollars per movie) 


Number of additional movies = m — 3 (movies) 


51. Use the verbal model and labels to write an expression that gives the total cost 
for a month in which you ordered m pay-per-view movies. Assume that you order 
at least 3 movies. 


52. Simplify the expression. 

53. Find the total cost for your cable service last month when you ordered 
8 pay-per-view movies. 

Cell Phones In Exercises 54-56, use the following information. 


A cell phone company charges you a monthly fee of $35.00 for up to 400 minutes 
of cell phone usage and $.35 for each additional minute. 


VERBAL Monthly Cost for each Number of 
MODEL fee additional minute additional minutes 
e 
LABELS Monthly fee = 35.00 (dollars) 


Cost for each additional minute = 0.35 (dollars per minute) 


Number of additional minutes = m — 400 (minutes) 


54. Use the verbal model and labels to write an expression that gives the total cost 
of your monthly cell phone bill when you use m minutes. Assume that you use at 
least 400 minutes. 


55. Simplify the expression. 


56. Use your expression to find the total cost of your cell phone bill when you use 
450 minutes. 


fa Chapter 1 Tools of Algebra 


Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


57. Multiple Choice Which expression is not a term in the expression 
3x — Jy +z-— 12? 


@ 3x Ty ©: @® -12 
58. Multiple Choice Which expression is simplified? 

C)7+3x-2 G@ 2x + 7x 

CD 6 + 4x — 5x? CD 2x + 3x? — Tx 
59. Multiple Choice Simplify the expression 6y + 2y* — 3y? — y. 

@ S5y-y? Bty-24 Oty @ 8y — 4y? 
60. Multiple Choice Simplify the expression —(z — 2) + 4z. 

 3z-2 G@ 3z+2 CD 5z-2 CGD 5z+2 


Least Common Denominator Find the least common denominator. 
(Skills Review Handbook, p. 745) 


2 3 1 3 aS 7 
61.335 62. 7 a0 63. 8° 36 

134 1S 13 3 
64. Vas 65. VA’ 6 66. 4’ 8’ 10 

1 2 3 215 13 5 
om 35° 7 = 3°69 a2: 2 4 16 


70. The table shows the lowest recorded temperatures for five months in 
Detroit, Michigan. 


Months 


List the months in increasing order based on these temperatures. Which 
months have a record low temperature below —12°F? (Lesson 1.1) 


Finding Reciprocals Give the reciprocal of the number. (Lesson 7.1) 


= 5 5 
71. —-11 72.5 73. g 74. 4 

7 = = 
75. 5 76. 8 77. 42 78. —33 


Order of Operations Evaluate the expression. (Lesson 1.2) 


79.15-7+8 80.6 +2°3 81.8+3°5-1 
82.1+2°6+3 83. —2(1 + 3) —-1 84. 6 — 4(5 — 3) 
85.9 + 4 — 2(5* — 10) 86. —7(8 — 37) 87. (6 — 22)3 


Perimeter Write an expression for the perimeter of the figure. 
Then simplify the expression. 


88. 3x 89. 
2(x — 1) 2(x — 1) x+7 
3x 2x + 4) 


1.3. Simplifying Algebraic Expressions 


USING A GRAPHING CALCULATOR (For use with Lesson 1.3) 


TUDENT HELP 


KEYSTROKE HELP 
See keystrokes for 
several models of 
calculators at 
www.classzone.com. 


TUDENT HELP 


WRITING ALGEBRA 
The symbol 4 is 
commonly used on 
calculators and when 
typing to indicate that 
the following number is 
an exponent. 


You can use a scientific calculator or a graphing calculator to evaluate expressions. 
Keystrokes for evaluating several expressions are shown below. Because the 
keystrokes shown may not be the same keystrokes for your calculator, make sure 
you know how to evaluate the expressions using your calculator. 


On a scientific calculator, notice the difference between the change sign key, 
and the subtraction key, (3. Likewise, on a graphing calculator, the negation 
key, [@)} and the subtraction key, (J, do not perform the same operation. 


EXAMPLE 1 
Expression Calculator Keystrokes Result 
a.—3°+5 Scientific 3 ay = | —4 
—37+5 Graphing (Gy3 5 —4 
b. (—3)° +5 Scientific 3 Fa ay = | 14 
(-3)?+5 Graphing §@ 3B Fa 5 14 


EXERCISES 


Write an expression that corresponds to the calculator keystrokes. 
Then evaluate the expression. 


1. Scientific: 4 ix2f - KE = | 
2. Graphing: 87 (4 El 3 al o Bal 


Use a calculator to evaluate the expression. Round the result to 
three decimal places, if necessary. 


3.21+5 4. 17 — 2° 5. 2(9 — 3)? 
6. 112+ 4 7. 6 + (—3)4 8.12+274+ 57-4 


Grouping Symbols When evaluating some expressions using a calculator, 
parentheses must be used even if they do not appear in the expression. For example, 
fraction bars and square root symbols are grouping symbols. Expressions involving 
these symbols often require you to use the parentheses keys on your calculator. 


EXAMPLE 2 


Expression Calculator Keystrokes Result 
a. (48+ 6)* Scientific (43 Elo Bi 4a 4096 
(48+ 6)4 Graphing (43 EG 6 BD a4 4096 


Ti379« (Scientific SMEs ESoRE (Os 
Sy Gmphing 5 EE Es E> ES os 


a Chapter 1 Tools of Algebra 


EXERCISES 


Write an expression that corresponds to the calculator keystrokes. 
Then evaluate the expression. 


9. Scientific: 5 FE Hj 3 [- We) F =| 
10. Graphing: M2 £1 OS Eas 


Use a calculator to evaluate the expression. Round the result to three 
decimal places, if necessary. 


11. 2(9 — 3)2 12. (—6 — 5)4 13. 1024(1 + 0.42)° 

14. 3(-6)? — (4-7)? 15. (2 + 3)?-(-94+ 8) 16. (1.2)® — (5.3 + 7)? 
7 1+3-42 2344 

LS eae aa = 19. 252 


Square Roots Expressions may involve square roots. The square root key on 
a scientific calculator works differently than the square root key on a graphing 
calculator. Be sure you know how your calculator works. 


EXAMPLE 3 
Expression Calculator Keystrokes Result 
a. V63 + 37. Scientific fj o3 37 | = | 10 
V63 +37 Graphing (ERS) 63 37 10 
b. “ Scientific 141 Ra 2 
= Graphi 484 2 
a raphing EE) Ea) 484 


EXERCISES 


Write an expression that corresponds to the calculator keystrokes. 
Then evaluate the expression. 


20. Scientific: 5 Ej M32 E49 a Ee 
21. Graphing: A 4 Es GS) Ei 239 Es 


Use a calculator to evaluate the expression. Round the result to three 
decimal places, if necessary. 


22. 2V36 — 17 23. 5V579+ 7° 24. 3V137+ 4 
25. 46756 — 987 26. —V57846 + 34 27. —V26811 — 42 
28. ae 29. ceed ee 30. a 


1.3 Simplifying Algebraic Expressions laa 


DEVELOPING CONCEPTS 


(For use with Les. 


son 1.4) 


Goal 


Use algebra tiles to solve 
equations with variables 
on both sides. 


Materials and 


e algebra tiles 


each -) represents —x. 


QUESTION 


An equation is a statement in which two expressions are equal. The steps for 
solving an equation can be modeled using algebra tiles. 


Each + represents 1, and each MM represents —1. Each (3B represents x, 


How can you use algebra tiles to solve an equation with a variable on 
both the left and right sides of the equation? 


EXPLORE 


13] 


Use algebra tiles to model the 
equation 4x + 2 = 2x + 6. 


You want to have only x-tiles on 

one side of the equation. Remove 
two 1-tiles from each side. Write 
the new equation. 


ce) 


THINK ABOUT IT 


1. 


Use 
2. 
4. 
6. 


| Chapter 1 Tools of Algebra 


The model at the right shows the steps 
in solving an equation. Sketch the result 
of the last step. Write an equation and an 
explanation for each of the steps. 


algebra tiles to solve the equation. 
2x+4=3x4+3 3.5% +2=3x+ 
3x+3=x4 11 5.44 +5 =3x+ 
TIx+1=13+4 4x 7.10+2x=1+ 


2) You want to have x-tiles on only 
one side of the equation. Remove 
two x-tiles from each side. Write 
the new equation ? +2= 2. 


= 
© You know the value of 2x. To find 
the value of x, split the tiles on 


each side of the equation in half. 
You getx = 2. 


ar Sr 


5x 


An equation that involves subtraction or negative coefficients can be solved by 
using algebra tiles to create zero pairs. 


QUESTION 


How can you use algebra tiles to solve a subtraction equation with a 
variable on both the left and right sides of the equation? 


EXPLORE 


@O Use algebra tiles to model the 
equation 3x — 2 = —x + 6. 


3 } To isolate the x-tiles, add two 1-tiles 
to each side. Remove the two zero 
pairs on the left side. Write the new 
equation. 4x = _?. 


THINK ABOUT IT 
8. The model at the right shows the steps 


in solving an equation. Sketch the result 


of the last step. Write an equation and 
an explanation for each of the steps. 


Use algebra tiles to solve the equation. 
10.4x-l=x-7 


9. 5x-2=3x+6 


© You want to have x-tiles on only 
one side of the equation. Add one 
positive x-tile to each side. Remove 
the zero pair on the right side. Write 
the new equation. ? —2= 2. 


4] You know the value of 4x. To find 
the value of x, split the tiles on each 
side of the equation into fourths. 
You getx = 2. 


11. 6—3x=2x—-4 12. 
—6x + 13 =1-2x 


3x 4 
13. 


14.8 —2x=12-x 


a+ ee 
—= - 8 
- 
=: (ss 
a 
+ - 
4.19 = -- 
nei ie om a8 
+ == 
= lee 
__ 
+ =e 


1.4 Solving Linear Equations 


Key Words 


¢ equation 
¢ linear equation 
¢ solution 


Show the statement is 
true when x = 6. 


@o—2et T= —5 
~3x+1=4x%-5 
. ~3x = —2(¢ + 3) 


AL +x) = 
Tx — 2(x + 1) 


=—_ 


hk WO KN 


Solving Linear Equations 


| GOAL | Solve linear equations. 


As you climb a mountain, how can you estimate 
your altitude? 


In Example 6, you will use an equation to find a 
climber’s altitude based on the temperature. 


m is a statement in which two expressions 

linea ation in one variable is an 
equation that can Tbe written in the form ax = b 
where a and b are constants and a # (0. A number is 
S¢ n of an equation if the equation is true when 
the number is substituted for the variable. 


Two equations are equivalent if they have the same solutions. For example, the 
equations x — 2 = | and x = 3 are equivalent because both have the number 3 
as their only solution. You can use properties of equality to solve an equation. 


Properties of Equality 


To write an equivalent equation, you can use: 


Add the same number to each side: 
lfa=b,thenatc=bt+e. 


ADDITION 
_ PROPERTY 


SUBTRACTION 
_ PROPERTY 


Subtract the same number from each side: 
lfa=b,thena-—c=b-e. 


Multiply each side by the same nonzero number: 
Ifa= bandc#0,thena-c=b:-c 


Divide each side by the same nonzero number: 
lfa= bandc#0,thena+c=b-+e. 


MULTIPLICATION 
_ PROPERTY 


DIVISION 
_ PROPERTY 


Solve a One-Step Equation 


Solve x — 8 = 12. 


Solution 


Isolate the variable on one side of the equation. 


x—-8=12 Write original equation. 
x-8+8=12+8 Add 8 to each side. 
x = 20 Simplify. 
CHECK Substitute 20 for x in the original equation. 
20-8212 Substitute 20 for x. 
12=12V Solution checks. 


fF Chapter 1 Tools of Algebra 


"palatal HELP 
AVOID ERRORS 
You may want to keep the 
variable on the side of 


the equation that makes 
its coefficient positive. 


Solve a Multi-Step Equation 


Solve —3x + 6 = —12. 


Solution 
—3x +6 =-—12 Write original equation. 


—3x = —18 Subtract 6 from each side to isolate the variable. 
—> =— _ Divide each side by —3. 
x=6 Simplify. 


ANSWER} The solution is 6. Check x = 6 in the original equation. 


Solve an Equation with Variables on Both Sides 


Solve 3p + 7 = 5p — 1. 
Solution 
3p +7=S5p-1 Write original equation. 
7=2p-1 Subtract 3p from each side. 
8 = 2p Add 1 to each side. 
4=p Divide each side by 2. 


ANSWER > The solution is 4. Check p = 4 in the original equation. 


Solve the equation. Check your solution. 


t 


en 2.5n-—1=9 


3.2m—-S5=m-+3 4.-6+ 7r=2r-9 


Use the Distributive Property 


Solve 2(5x — 6) = —4(x — 3) + 4. 

Solution 
2(5x — 6) = —4(x — 3) + 4 Write original equation. 
10x — 12 = —4x + 12+ 4 Distributive property 


10x — 12 = —4x + 16 Combine like terms. 

14x — 12 = 16 Add 4x to each side. 

14x = 28 Add 12 to each side. 
x=2 Divide each side by 14. 


ANSWER > The solution is 2. Check x = 2 in the original equation. 


1.4 Solving Linear Equations 


"geil HELP 
SKILLS REVIEW 
For help with finding 


the least common 
denominator, see p. 745. 


TUDENT HELP 


SOLVING NOTE 

The rate 3°F per 1000 feet 
can be converted to 

°F per foot by dividing 

3 by 1000. This rate 

of change is negative 
because the temperature 
drops as altitude 
increases. 


1 
Solve a 


Solution 


fractions. 


= =e Write original equation. 


Solve the equation. Check your solution. 
5. 5(2x — 1) = 3(a—- 4) 


=8z-5 

=47-—5 

= 4z Add 5 to each side. 
= Divide each side by 4. 


Use a Verbal Model 


Solve an Equation with Fractions 


Distributive property 


Subtract 4z from each side. 


Multiply each side of the equation by the least common denominator of the 


Multiply each side by the LCD, 8. 


Mountain Climbing You are with a group of climbers at the base of a mountain 
where the temperature is 59°F and the altitude is 7000 feet. A climber in another 
group radios down to tell you the temperature at their altitude is 47°F. You know 
that the temperature drops about 3°F for every 1000 feet of increased altitude. 
Write and solve an equation to estimate the altitude of the other group. 


Solution 


VERBAL 
MODEL 


LABELS 


ALGEBRAIC 
MODEL 


| Temp. on 
| mountain 
LE = 


Temp. 
at base 


: 


Temperature on the mountain = 47 
Temperature at the base = 59 


Rate of temperature change = —0.003 


Increase in altitude = a 


47 = 59 + (—0.003)a 


—12 = —0.003a 
4000 =a 


Increase in 
altitude 


(degrees Fahrenheit) 
(degrees Fahrenheit) 
(degrees per foot) 


(feet) 


Write equation. 
Subtract 59 from each side. 


Divide each side by —0.003. 


ANSWER > The other group of climbers is at 7000 + 4000, or 11,000 feet. 


ia Chapter 1 Tools of Algebra 


WZ) Exercises 


Guided Practice 


Vocabulary Check 1. What is an equation? 
2. How do you know that the equations 3x — 2 = | and 3x = 3 are equivalent? 


3. Why is the equation 2x = 6 a linear equation? 


Skill Check Solve the equation. Check your solution. 


4.x+2=6 5.x-5=8 6. 3x =9 

x. = —_ x = 
7.57415 8.2x-—3=9 9.5+4 3 
10. 2x =x+3 11.5x-6=x+2 12. 3(x — 3) =x+3 


Error Analysis Describe and correct the error. 


13. 14. 


= Ale gl 
3x + 5 = 2x arts 1 
5x+5=0 6(Rx+ 5 =3 
Bx = —5 1. 
Z x haan > 
x=-1 
> ~b200 462A. a 


oe a Oe oS 


15. T-Shirts You are ordering T-shirts with your school’s mascot printed on the 
back. The T-shirt company charges $25 for the mascot design, plus an additional 
cost per T-shirt. If the total charge for 40 shirts is $345, what is the additional 
cost per T-shirt? 


Practice and Applications 


TUDENT HELP Naming Properties Name the property or properties you would use 
HOMEWORK HELP to solve the equation. 
Example (Ess Wes 16.x—14=5 17.x + 54 = 23 18. 5x = —20 
Example 2: Exs. 16-33, 
a 19.2 =4 20. 3x + 11 = 20 21.*-4=11 
Example 3: Exs. 37-42 “4 . “3 
Example 4: Exs. 43-46 
Example 5: Exs. 34-36, Solving Equations Solve the equation. Check your solution. 
48—56 _ -_ = = 
Example 6: Exs. 57-61 22.y+ 13=0 23.a— 12= 19 24.x +6 12 
25.b-—9=19 26. 8s = 24 27. —92 = 36 
b_ yo _ 
28.7 =7 29.5 = —21 30. 5n — 4 = 26 
31.16-z=—14 32.2x+4= 18 33.6 —5q = 21 
34.543 =5 35.2- 11 = -16 36.4,+1=2 
6 4 3 2 


1.4 Solving Linear Equations a 


AREERS 


VETERINARY TECHNICIANS 
are part of a veterinary health 
care team. They provide 
specialized nursing care and 
perform routine laboratory 
and clinical procedures on 
animals. 


Solving Equations Solve the equation. Check your solution. 


37. 
39. 


41 


43. 
45. 
47. 


Ix =x — 18 38. 8r — 36 = —-r 

Is —9 =4s 40. 6¢-4=51+8 

.5u + 10 = 3u + 26 42.2n — 8 =5n+ 10 

4(3x + 2) = 44 44.7(r+2)=49—-)nr) 

6(y — 5) =0 46. 3(w — 6) = -—7(w + 4) 
History Link), Abraham Lincoln’s Gettysburg Address begins with the phrase 


“Four score and seven years ago.” He was referring to a period of time that was 
87 years long. How many years are represented by a score? 


Equations with Fractions Solve the equation. Check your solution. 


48. 


51. 


54. 


57. 


58. 


59. 


tyt+4=y-2 ag. S(x — 8) =5 50. 1(p — 35) =4 
a ee: et [a eee 
rig + 4) 305 4) 52. 2d —6 qd +1 53. 7x + goa oS 
Sasi ee ee ee S84 

ae +5= 42 1 55. 37 — 9 34 + 9 56. 5 5? 5? 
Testing You took a standardized test on which all of the questions had to be 


answered. You received 2 points for each correct answer but lost 5 point for each 


incorrect answer. Your score on the test was 132 points and you answered 
68 questions correctly. How many incorrect answers did you have? 


Car Repair A car repair bill was $210. The cost for parts was $75. The cost for 
labor was $45 per hour. How many hours did the repair work take? 


Summer Jobs You have two summer jobs. For one of the jobs, you work 

18 hours per week and earn $9 per hour. For the other job, you earn $8 per hour 
and can work as many hours as you want. Suppose you want to earn $250 one 
week. How many hours do you need to work at your second job? 


In Exercises 60 and 61, use the following formula. 


60. 


61. 


62. 


degrees Fahrenheit = 2 * (degrees Celsius) + 32 


Dry Ice Dry ice is solid carbon dioxide. Instead of melting, dry ice changes 
directly from a solid to a gas. Dry ice changes to a gas at —109°F. What is this 
temperature in degrees Celsius, to the nearest degree? 


Veterinary Medicine The normal body temperature of a dog is 39°C. 
A veterinary technician finds that a dog’s temperature is 102°F. Does the dog 
have a fever? Explain. 


Challenge You are roping off a 
border around a sidewalk art piece. 
The art piece is 15 feet long and 

11 feet wide. You want the border 
to have a uniform width and you 
have 80 feet of rope. What is the 
maximum width of the border? 


fa Chapter 1 Tools of Algebra 


Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


63. Multi-Step Problem You are constructing a fence around the running track at 
a high school. The distance between the outside edge of the track and the fence is 
uniform all the way around. 


Fence 


Each curved end of the track is a semicircle with a radius of 40 meters. 
==) Find the total distance around both curved parts of the track. 
(Hint: Remember that the circumference of a circle is given by C = 2717.) 


b. Find the total distance around the entire track by adding your answer from 
part (a) to the lengths of the straight edges of the track. 


c. The curved edges of the fence are also semicircles. Write an expression for the 
total distance around both curved parts of the fence in terms of x. 


d. Write an expression for the total distance around the entire fence in terms of 
x. You have 500 meters of fencing. How far away from the track can you build 
the fence? Round your answer to two decimal places. 


Evaluating Powers Evaluate the power. (Lesson 1.2) 

64. 34 65. 4° 66. (—2)° 67. —2° 

68. —4° 69. (—4)° 70. —1* 71. (—1)° 
Using Order of Operations Evaluate the expression. (Lesson 1.2) 
72.12-6+3 73.1+4+2-5 74.7—3+2+3 
75. (2 + 23)? 76. 12 + (6-2) +3 77. (7-4) +(3 +6) 
Evaluating Expressions Evaluate the expression for the given value. 
(Lesson 7.2) 

78. x + 6 when x = 3 79. 18 + 4x when x = —5 

80. 5(x — 4) when x = 11 81. 3x(10 — 2x) when x = 3 


Simplifying Expressions Simplify the expression by combining like 
terms. (Lesson 1.3) 


82. 85 + 4s 83. 4x — 8x 
84. 677 + 5z — 32? + 6z 85. 472 + 5¢ + 612 — 81 


Using Formulas Find the dimensions of the figure. 


86. Area = 32 square units 87. Perimeter = 32 units 


8x — 24 x+3 


1.4 Solving Linear Equations ia 


USING A GRAPHING CALCULATOR (For use with Lesson 1.4) 


1:4 


You can use the Table feature of a graphing calculator to solve linear equations. 


TUDENT HELP EXAMPLE 
KEYSTROKE HELP Use the Table feature of a graphing calculator to solve the equation 
See keystrokes for 5x -2=2x+ 16. 
several models of 
calculators at SOLUTION 
www.classzone.com. . . 
@ Let y, equal the left side of the (2) Set the starting value of the table 
equation, and let y, equal the right at 0 and the step value (the value by 
side of the equation, as shown. which the x-values increase) to 1. 
| Y1f5X-2 \ | TABLE SETUP | 
Y22X+16 TblStart=0 
Y3= ATbL=1 
Y4= Indpnt : GMa) Ask 
ae Depend :—Wtiaed Ask 
6= 
Y7= 


J L J 


© Scroll down in the table, comparing the 
values for y, and y, in each row. Look | 
for a row where y, = y,. Where this 
occurs, the x-value in this row is the 
solution of the equation. For the equation 
5x — 2 = 2x + 16, the solution is x = 6. 


TUDENT HELP EXERCISES 
REASONING : P 
ifrio row iin table Use the table shown to decide whether the statement is true or false. 
shows y, = Y>, look for Explain your reasoning. 
Peale a the 1. The solution of 2. The solution of 
pow Alen nae 4 — 3x = 12 + 5xis 1. Tx + 19 = -2x + 55 is 4. 


y, and y,. The solution is 
a value between the x- 
values in these two rows. 
You can scroll up to 
check negative values 

of x. 


X 
0 
1 
2 
i) 
4 
5 
6 


Use the Table feature of a graphing calculator to solve the equation. 
Set Tb/Start to —10 and ATb/ to 1 for these exercises. 


3.8x+1=6x4+5 4.2x — 11 = 19 — 4x 5.5x+2=2x-1 
6. -10 + 7x = 11x +18 7.-3x+ 10 =59+4+ 4x 8. —13x + 8 = —9x —4 


Chapter 1 Tools of Algebra 


Rewriting Equations and 
Formulas 


Key Words 

¢ interest | GOAL | Rewrite common formulas and equations that have 

¢ principal more than one variable. 

e perimeter 

\ td When an equation involves more than one variable, you can solve for one of its 
SL eInE MINE Senne variables. Several common formulas are listed below. 


Common Formulas 


Solve the equation. 


FORMULA VARIABLES 
1. —3x — 8 = 13 Distance ol = fi d = distance, r = rate, t = time 
2. ox +4=-6 Simple Interest |= Prt | = interest, P = principal, 
r= rate, t= time 
3. —5(¢ + 1) = 15 


9 : 
—— + = 
4. 2(x — 2) = 3(x — 1) Temperature ie BC 32 F = degrees Fahrenheit, 


C = degrees Celsius 


Geometry Formulas 
RECTANGLE TRIANGLE 
Perimeter Perimeter 
P=2L + 2w 


Area 
A=iw 


TRAPEZOID CIRCLE 
Area Circumference 
A=1(b, + b,)h (E= qelor 6 = 2wr 
2 Area 


A=ar 


Rewrite a Common Formula 


A formula for the circumference of a circle is C = td. Solve for d. 


Solution 
C= td Write circumference formula. 
C _ 1d ss : 
= oe Divide each side by 7. 
GC 7 : 
ae Simplify. 


1.5 Rewriting Equations and Formulas a 


Use a Rewritten Formula 


Plumbing A plumber needs to replace a pipe but cannot measure the ee of 
the pipe directly. Instead, the plumber aeuner the circumference. It is 35 inches. 
What is the diameter of the pipe, to the nearest 3 Linch? 


Solution 
a= c Use the rewritten formula from Example 1. 
= 3.125 31 = 3.125; substitute 3.125 for C. 


= 0.995 Divide. Use the 7 key on a calculator. 


ANSWER > To the nearest ; inch, the diameter of the pipe is 1 inch. 


Equations with Two Variables Given an equation in two variables, x and y, 
you can use either of two methods to find the value of y for a given value of x. 


Method 1: First substitute for x. Solve the resulting equation for y. 


Method 2: First solve for y. Then substitute for x. 


Calculate the Value of a Variable 


Find the value of y in the equation 2x + 3y = 9 when x = —6 and when x = 9. 


Solution 
Method 1: First substitute for x. Then solve for y. 


When x = —6 When x = 9 
2x + 3y=9 2x + 3y=9 
2(—6) + 3y =9 2(9) + 3y =9 
—12+3y=9 18 + 3y=9 
3y = 21 3y = —9 
y=7 y=-3 
Method 2: First solve for y. Then substitute for x. 
2x + 3y =9 Write original equation. 
3y = —2x +9 Subtract 2x from each side. 
y= — +S Divide each side by 3. 


Whenx = —6:y = —4(-6)+3=7 Whenx =9:y = -29) +3 = -3 


1. Find the value of y in the equation 2y + x = 5x + 6 when x = —3 and 
when x = 6. 


a Chapter 1 Tools of Algebra 


Link to. 
STUDENT 
ACTIVITIES 


YEARBOOK Members of 
the yearbook staff use page 
layout software to design the 
pages that will be included in 
the printed book. 


TUDENT HELP 


SOLVING NOTE 
You can solve this 
equation for either hor f 


Write an Equation with Two Variables 


Yearbook Ads in your school’s yearbook sell for $150 per half page and $250 
per full page. Write an equation with more than one variable to represent the total 
revenue from the sale of the ads. 


VERBAL Total Price of Number of Price of Number of 
MODEL revenue | =| half-page . half-page + | full page|. full-page 
ads ads ads ads 
LABELS Total revenue = R (dollars) 
Price of half-page ad = 150 (dollars) 


Number of half-page ads = h (ads) 
Price of full-page ad = 250 (dollars) 
Number of full-page ads = f (ads) 


R = 150h + 250f 


ALGEBRAIC 
MODEL 


Use an Equation with Two Variables 


Yearbook The yearbook staff needs to raise an additional $3500 through the sale 
of ads before printing the yearbook. What are some combinations of full-page ads 
and half-page ads that will meet this objective? 
Solution 
Use the algebraic model from Example 4. Substitute 3500 for R and solve for f. 
R = 150h + 250f 
3500 = 150h + 250f 
3500 — 150h = 250f 


Algebraic model 
Substitute 3500 for R. 
Subtract 150h from each side. 


sou WOR =F Divide each side by 250. 
250 
50(70 — 3h) _ eee 
550 =f Distributive property 
70 : an. f Divide numerator and denominator by 50. 


Make a table showing some 
values that solve the problem. 


2. Refer to Example 5. Suppose the goal was to sell $6000 worth of ads. 
What is one combination of full-page and half-page ads that meets this 


objective? 
1.5 Rewriting Equations and Formulas fa 


WES Exercises 


Guided Practice 


Vocabulary Check 1. Copy and complete the statement: A = mr? is an example of a(n) __?_. 


2. Describe the two methods you could use to find the value of y in the equation 
2x + Sy =4whenx = —1. 


Skill Check — Solve the equation for y. Then find the value of y when x = 3. 
3.2x + 3y=9 4. —x + 3y = -6 5. 5y —3x=1 
6. -2y + 7x =9 7.4y+x= 15 B.ix—y=2 


Parks In Exercises 9-11, use the following information. 


A park employee is enclosing two rectangular gardens with fencing. The gardens are 
exactly the same size and share one common side as shown in the diagram. 


9. The equation for the total amount of fencing to be used for the garden is 
P = 3w + 4f. Solve the equation for w. 


10. Write an equation for the combined area of the two gardens. 


11. The park employee uses 100 feet of fencing. Express the combined area of the 
gardens in terms of the length only. 


Practice and Applications 


= HELP Rewriting Formulas Solve the formula for the indicated variable. 
Homework HELP 12. Distance formula D = rt for t. 13. Energy formula E = mc? for m. 
Example 1: Exs. 12-17 
Example 2: Exs. 19-21 14. Interest formula J = Prt for t. 15. Volume formula V = Lwh for h. 
sil heya 16. The height of a falling object h = —161? + hy for ho, 


Example 5: Exs. 34—43 17. The height of a launched object h = —161? + Vot + hy for vo. 


18. Critical Thinking The solution steps below show the equation x + 2y — z= 1 
solved for the variable y. Write an explanation for each step. 


Solution Step Explanation 
x+2y-z=1 Original Equation 
xt+t2y=1+z a. 
2y=1+z2-x b. 
_1l+z-x 
ar: c. 


2 Chapter 1 Tools of Algebra 


In Exercises 19-21, use the formula for simple interest, / = Prt. 

19. Solve the formula for the rate r. 

20. After one quarter | t year}, the interest on a principal of $1000 is $8.75. 
Find the rate. Write your answer as a percent. 


21. You deposit $1000 in an account that earns interest at a rate of 3.5%. After 
one full year, how much interest will you earn? How much money will be 
in the account? 


Exploring Methods Find the value of y for the given value of x using 
Method 1 on page 34. (Substitute for x. Then solve for y.) 


22.x+y=7;x =2 23. —x + 2y=6;x =2 
24. 3x — 8y = -3;x= —-1 25. —x — 5y= 14;x = —4 
26. $x = —Zy + 10; x= 12 27. —2(y — 1) — 2x = -8;x =4 


Exploring Methods Find the value of y for the given value of x using 
Method 2 on page 34. (Solve for y. Then substitute for x.) 


28.x—-—y=8;x=5 29. -y+ 3x =6;x=4 
30. 4x — 2y = 18;x =8 31. —2x — 9y = 63;x = 0 
32. 3x + Zy=5,x=2 33. 6x — 5(y + 1) = 39;x =4 


Linkstmy, Biology Linky, In Exercises 34-37, use the following information. 
BIOLOGY A forager honeybee spends the first three weeks of its life becoming 

accustomed to the immediate surroundings of its hive. Then the bee leaves 
the hive and spends the rest of its life collecting pollen and nectar. The verbal 
model below shows the total number of miles a forager honeybee flies during 
its lifetime. 


~ 


< 


VERBAL Distance Average Life Time 
MODEL flownina = distance flown ed — spent in 
lifetime daily P the hive 
LABELS Distance flown in a lifetime = D (miles) 
Average distance flown daily = m (miles per day) 
Life span = L (days) 
HONEVBEES Hone yuee Time spent in the hive = 21 (days) 


has 5 functional eyes. Three 
simple eyes are located on 

the top of the bee’s forehead 
and see polarized light. They 
help a bee to navigate when 35. Solve the equation for L. 
the sun is not shining. The 

other two eyes see objects. 


34. Use the verbal model and labels to write an equation with more than one variable 
for the total number of miles a forager honeybee flies in its lifetime. 


36. A forager honeybee flies 360 miles over a lifetime, flying about 30 miles 
each day. Approximately how many days does this bee live? 


37. Critical Thinking In Exercise 35, you solved the equation for L. Explain why 
this was helpful when finding the answer to Exercise 36. Then write an exercise 
similar to Exercise 36 for which solving the equation for m would be helpful. 


1.5 Rewriting Equations and Formulas 


Phone Charges In Exercises 38-40, use the following information. 


A cell phone company charges a monthly fee of $17.50 for up to 250 minutes of 
long distance calls. After 250 minutes, the company charges $.10 per additional 
minute. 


38. Write an equation that represents the total long distance phone charge T for 
one month if you talked for m minutes and m is greater than 250. 


39. Solve the equation you wrote in Exercise 38 for m. 


40. Your long distance phone charge last month was $24.30. How many minutes 
of long distance calls did you make during that month? 


Challenge In Exercises 41-43, your baseball team is raising money 
by selling baseball caps and T-shirts. 


41. Write an equation with more than one variable that represents the total amount 
of money you raise. 


42. How many variables are in the equation you wrote in Exercise 41? Describe what 
each variable represents. 


43. The price of a baseball cap is $8 and the price of a T-shirt is $12. Your team 
raises a total of $4500 and sells 132 baseball caps. How many T-shirts did your 
team sell? 


Standardized Test 44. Multi-Step Problem The formula for the height / of an 


Practice equilateral triangle is h = 2y3 where b is the length of a side. 


a. Write and simplify a formula for the area of an : : 


equilateral triangle in terms of the length of a side. 


b. Find the area of the triangle when b = 5 and when b 
b = 15. Round to the nearest tenth. 


45. Multi-Step Problem The surface area S of a 
rectangular solid with a square base is given by 
the formula S = 202 + 4hZ In the solid shown, 
the length £ of each side of the base is one third 
of the height h. h 


a. Write a formula for the surface area of the 
solid in terms of the length of its base. 

b. Find the surface area of the solid when f 
L=landl =4. i 


Mixed Review _ Writing Expressions Write an expression to answer the question. 
(Skills Review Handbook, p. 774) 


46. You buy 7 birthday cards for $1.95 each. How much do you spend? 
47. You have $30 and spend x dollars. How much money do you have left? 
48. You drive 55 miles per hour for 4 hours. How many miles do you drive? 


49. You have $250 in your bank account and you deposit x dollars. How much 
money do you now have in your account? 


50. A ball bearing weighs 2 ounces. A box contains b ball bearings. What is 
the total weight of the ball bearings in the box? 


a Chapter 1 Tools of Algebra 


Geometry Skills 


Quiz 2 


Lesson 1.3 


Lesson 1.4 


Lesson 1.5 


Lesson 1.5 


Solving Equations Solve the equation. Check your solution. 


(Lesson 1.4) 
51.y+ 13 =0 


54. +3=5 


52.b—-9= 19 


55.2x +3 =x+5 


53. —9¢ = 36 


1 —_— — 
56. ris 8) 5 


Solving Formulas Solve the formula for the indicated variable. Then 
evaluate the rewritten formula for the given values. Use 3.14 for 7. 


57. Area: A = shh 


Solve for b. Find the value of b 
when A = 160 and h = 20. 


b 


59. Volume: V = mr2h 
Solve for h. Find the value of h 
when V = 790 and r = 5. 


r 


Simplify the expression. 
1. —8x + 3x 
4. —2(x + 1) + 4x 


2.3x+2y—x 


58. Volume: V = amrh 


Solve for h. Find the value of h 
when V = 84 andr = 4. 


60. Area: A = 5(b, + b, jh 
Solve for b,. Find the value of b, 
when A = 30, b, = 8,andh =5. 


3. —x + Ty — 9y — x 


5.6 + 3(0x—- 1) 6. 5x — 7(x + 1) 


Solve the equation. Check your solution. 


7.x+4=9 


10. 5(x — 6) = —40 


8.3x-5=1 9. 


11. —(x+3)=3@—5) 12. 


Solve the formula for the indicated variable. 


13. Perimeter of a triangle 
Solve forb: P=at+b+c. 


15. Surface area of a prism 


Solve for h: S = 2Lw + 2Lh + 2wh. 


14. Surface area of a cone 
Solve for £: S = mr? + arb. 


16. Celsius to Fahrenheit 
Solve for C: F = 2c + 32. 


17. Fitness Each day you exercise at a fitness center for 1 hour. You lift weights and 
do aerobics during each visit. Today you spent 25 minutes doing aerobics. If you 
spent 7 minutes at each weight-lifting machine, how many machines did you use? 


1.5 Rewriting Equations and Formulas ia 


Key Words 
e verbal model 
e algebraic model 


Solve the formula 
or equation for the 
indicated variable. 


1. | = Prt for P 
2.A= sbh for h 


3. 10 = 3x + 7 forx 


4. 7w—-3(w- 4) =4 
for w 


 peeadl HELP 
AVOID ERRORS 
Use unit analysis to 
confirm that your answer 


is in the correct units. 
_ feet : 
feet = ——— X minutes 
mnuinute- 


16 Problem Solving Using 


Algebraic Models 


Co Use problem solving strategies to solve real-life problems. 


In previous lessons, you have seen how to solve real-life problems by writing an 
equation in words before writing the equation using mathematical symbols. The 
equation written in words is called a v The verbal model is used 

to write a mathematical statement, called an a el. The key steps in 


this problem solving plan are shown in the flow chart below. 


Write a Write an Solve the Answer 
verbal labels algebraic algebraic the 
model. ’ model. model. question. 


Chairlifts Chairlifts transport snowboarders 
and skiers to the tops of the ski runs. The Iron 
Horse Quad Chairlift in Montana carries skiers 
a distance of 3250 feet. The chairlift moves at 
a speed of 450 feet per minute. Find the time it 
takes the chairlift to travel the entire distance. 


Solution 


You can use the formula d = rt to write a verbal model. 


MeoEE Distance |=) Rate |- Time 
LABELS Distance = 3250 (feet) 
Rate = 450 (feet per minute) 
Time = ¢ (minutes) 
ALGEBRAIC 3250 = 450¢ Write algebraic model. 
MODEL 4556 
150 ~ t Divide each side by 450. 
72=t Use a calculator. 


ANSWER > It takes the chairlift about 7 minutes to travel the entire distance. 


1. Find the time it takes the chairlift in Example | to travel 1800 feet. 


ea Chapter 1 Tools of Algebra 


TUDENT HELP 


AVOID ERRORS 

The solution of the 
equation in Example 2 
is about 3.3, but this is 
not the answer to the 
question. You must next 
compare 3.3 to 2.5. 


qr HELP 
SOLVING NOTE 

The lobby of the Republic 
Plaza is the first floor of 
the building. So, the ninth 


floor of the building is 
8 stories above the lobby. 


Write and Use an Algebraic Model 


Conservation Low-flow faucets help conserve water. They have a flow rate 
of at most 2.5 gallons per minute. To test whether a faucet meets this standard, 
you time how long the faucet takes to fill a 1-gallon container. The result is 
0.3 minute. Find the flow rate for the faucet. Is it a low-flow faucet? 


Solution 
VERBAL Volume of |= Flowrate . Time needed 
MODEL container of faucet to fill container 
LABELS Volume of container = 1 (gallon) 
Flow rate of faucet = r (gallons per minute) 
Time needed to fill container = 0.3 (minute) 
ALGEBRAIC 1 = r(0.3) Write algebraic model. 
MOopDEL 


3.3=1r Divide each side by 0.3; use a calculator. 


ANSWER > The flow rate is about 3.3 gallons per minute, which is greater than 
the standard for low-flow faucets. This is not a low-flow faucet. 


Look for a Pattern 


Skyscrapers The table below gives the heights from the ground to the top 
of the first few stories of the Republic Plaza in Denver, Colorado. Determine 
the height from the ground to the top of the 9th story. 


de 


Height to top of story (ft) | 36 | 45 | o | 735 | 86 | 


Solution 


Look at the difference in the heights given in the table. After the lobby, the 
height increases by 12.5 feet per story. You can use the observed pattern to 
write a model for the height. 


VERBAL Height to top Height Height | , Number of stories 
MODEL of a story of lobby of story above lobby 
* 
LABELS Height to top of a story = h (feet) 
Height of lobby = 36 (feet) 


Height of story = 12.5 (feet per story) 


Number of stories above lobby = n (stories) 


AtcesRraic f/f = 36+ 12.5n 
MODEL 
h = 36 + 12.5(8) Substitute 9 — 1 = 8 for n. 
h = 136 Simplify. 


Write algebraic model. 


ANSWER > The height to the top of the 9th story is about 136 feet. 


1.6 Problem Solving Using Algebraic Models iia 


Link to, 
HISTORY 


RAILROADS In 1862, two 
companies were given the 
rights to build a railroad 
from Omaha, Nebraska, to 
Sacramento, California. The 
Central Pacific Railroad 
began from Sacramento in 
late 1863. Twenty months 
later, the Union Pacific 
Railroad began from Omaha. 


Draw a Diagram 


Railroads Use the information under the illustration at the left. The Central 
Pacific Railroad averaged 10.5 miles of track per month. The Union Pacific 
Railroad averaged 23.6 miles of track per month. The illustration shows the two 
companies meeting in Promontory Summit, Utah, as the 1780 miles of track were 
completed. When did the companies meet? How many miles of track did each 
company build? 


Solution 


Begin by drawing and labeling a diagram, as shown. 


1780 miles 


Central Pacific ——_—>—_—__— Union Pacific —_——_——_+] 


Sacramento Promontory Summit Omaha 


VERBAL Total Central Central Union 
MoDEL miles Pacific |- Pacific + {| Pacific |+- Pacific 
of track rate time time 


+ 


LABELS Total miles of track = 1780 (miles) 
Central Pacific rate = 10.5 (miles per month) 
Central Pacific time = f (months) 
Union Pacific rate = 23.6 (miles per month) 
Union Pacific time = t — 20 (months) 


Atcesraic =: 11780 = 10.5¢ + 23.6(¢ — 20) Write algebraic model. 
MoDeEL 
1780 = 10.5t + 23.6t — 472 Distributive property 


1780 = 34.1t — 472 Combine like terms. 
2252 = 34.1t Simplify. 
66 ~ t Divide each side by 34.1. 


ANSWER > The construction took 66 months (54 years | from the time the Central 


Pacific Railroad began in 1863. So, the companies met in early 1869. 
The number of miles of track built by each company is: 


Central Pacific: 10.5 miles ¢ 66 months = 693 miles 


Union Pacific: = Mes « (66 — 20) months ~ 1086 miles 


2. You borrow $195 from your aunt. Your aunt is not charging you any interest, 
but you want to repay her as soon as possible. You can afford to pay her 
$15 per week. Use the problem solving plan to find how long it will take 
you to repay your aunt. 


=) Chapter 1 Tools of Algebra 


WES Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


Se TUDENT HELP 

HOMEWORK HELP 
Example 1: Exs. 7-23 
Example 2: Exs. 7-23 
Example 3: Exs. 24-26 


Example 4: Ex. 27 


1. What is a verbal model? 


2. What is an algebraic model? 


Science Link», In Exercises 3-6, use the following information. 


While at a park, you take a ride in a 
hot-air balloon. The balloon takes about 
3.8 minutes to rise to its maximum 
height of 400 feet. 


3. Copy and complete the verbal model 
for the height of the balloon. 
a | 


4. Copy and complete the labels for the 
parts of the verbal model. 


Rate of 
ascent 


Height 


Height = ?. (feet) 
Rate of ascent = _? (feet per minute) 
Number of minutes = _?_ (minutes) 


5. Use the labels to translate the verbal model into an algebraic model. 


6. Solve the algebraic model to find the average rate at which the balloon rises 
during the ride. Round to the nearest foot per minute. 


7. Look back at Example 2 on page 41. Tell whether each of the following faucets 
is a low-flow faucet. Faucet A takes 0.25 minute to fill the container. Faucet B 
takes 0.41 minute to fill the container. Faucet C takes 0.0075 hour to fill the 
container. 


Steamboat In Exercises 8-11, use the following information. 


You are taking a steamboat cruise on the Mississippi River from New Orleans 
to Baton Rouge, a distance of 108 nautical miles. The steamboat will travel at a 
steady rate of 8 nautical miles per hour. Use the following verbal model. 


Time 


= | Rate 


| Distance 


8. Assign labels to the parts of the verbal model. 
9. Use the labels to translate the verbal model into an algebraic model. 
10. Solve the algebraic model. 


11. How long will the cruise last? 


1.6 Problem Solving Using Algebraic Models fie 


Music In Exercises 12-14, use the following information. 


Musicians use a metronome to keep the desired tempo while practicing musical 
pieces. Suppose a violinist is practicing a musical piece that is 160 measures 
long, with each measure having 4 beats. The instructor has a metronome set for 
a tempo of 80 beats per minute. Use the following verbal model. 


Number of Number of 
eee id oe of =] measuresin |°*| beats per 
ene seieswers deed musical piece measure 


12. Assign labels to the parts of the verbal model. 

13. Use the labels to translate the verbal model into an algebraic model. 

14. How long does it take to perform the piece? Use unit analysis to check 
your answer. 

Owning a Car In Exercises 15-18, use the following information. 


You just bought a used car and are determining your monthly costs. Your monthly 
car payment will be $252. Your car insurance costs $684 every 6 months. 


15. Write a verbal model for the monthly 
car expenses. 


16. Assign labels to the parts of the verbal 
model. 


17. Write an algebraic model. 


18. If you have budgeted $450 each month 
for car expenses, how much money will 
you have available for buying gasoline 
each month? 


Science\Link», In Exercises 19-22, use the following information. 


The table shows the number of calories in three food nutrients. You can determine 
the number of calories in a food item by adding the numbers of calories it provides 
from its fat, protein, and carbohydrate content. 


19. Write a verbal model that gives the ; 
nae : F Calories per 
number of calories in a food item Nutrient 
: ; Gram 
in terms of the grams of fat, protein, 


and carbohydrate in the item. 
20. Assign labels to the parts of the verbal carbohydrate 
model. 


21. Use the labels to translate the verbal 


model into an algebraic model. 


22. A peanut butter sandwich provides 253 calories. It has 17 grams of fat and 
15 grams of carbohydrates. How many grams of protein are in the peanut 
butter sandwich? 


23. Borrowing Money You have borrowed $529 from your parents to buy a 
computer. Your parents expect you to pay back the money at a steady weekly 
rate. Write an algebraic model for the situation. Use it to determine how many 
weeks it will take to pay back your parents at $20 per week. 


Fe) Chapter 1 Tools of Algebra 


Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


Pets In Exercises 24-26, use the table, which shows the weight of a 
German shepherd puppy at weekly intervals from 3 to 8 weeks of age. 


netveots) ERR Ca 


voit owes) ESS CS TE CC 


24. Use the pattern of the weights to write a verbal model for the puppy’s weight. 


25. Assign labels to the parts of the verbal model. Use the labels to translate the 
verbal model into an algebraic model. 


26. Use the algebraic model to predict the puppy’s weight at 12 weeks of age. 


27. Woodshop You are working on a project in woodshop. You have a wooden 
rod that is 72 inches long. You need to cut the rod so that one piece is 6 inches 


longer than the other piece. Copy and 72 in, 


complete the diagram. Write an algebraic a 


model to find how long each piece ; ; 
should be. — xin. —_{——__? in. — 


28. Challenge You need to cut a wooden rod into four pieces. The rod is 64 inches 
long. You need one piece of one length, two pieces twice that length, and one 
piece that is three times the smallest length. Use a diagram and algebraic model 
to find the length of each piece. 


29. Multi-Step Problem You and three friends are ordering sunglasses from 
a catalog. The cost of the first pair is one and one half times the cost of each 
additional pair. Shipping is free for orders over $99. 


a. Write a verbal model for the total cost of the sunglasses. 


b. Assign labels to the parts of the verbal model. Use the labels to translate the 
verbal model into an algebraic model. 


c. If the total cost for the four pairs of sunglasses is $144, what was the charge 
for the first pair? 


Naming Properties Name the property or properties you would use 
to solve the equation. (Lesson 1.4) 


30.x+11=7 31. 3x = —24 32.x—(-7)=—-17 


=-12 34.5 +6=15 35. 8x — 20 = 44 
Evaluating Equations Find the value of y for the given value of x. 
(Lesson 1.5) 

36. 3x — 4y =7;x =5 37. -2x +y=—-3;x=—-1 
38. —x + 3y = -3;x =6 39. 6x — Sy = 44;x = 4 


Bisectors An angle bisector is a ray that divides an angle into two 


angles that have equal measure. In the diagram, BD bisects ZABC. 
Find the value of x. 


40. 41. 42. 
A D 


2x° A 82°] (x + 50)° 
B C B C 


1.6 Problem Solving Using Algebraic Models ‘ig 


Key Words 

® mean, median, mode 
° range 

e box-and-whisker plot 
¢ lower quartile 

¢ upper quartile 


Evaluate the 
expression. 


124+ 144+ 13 
3 


4+7+5+4+10 


1. 


2 


5 


85 + 93 + 97 + 89 
: 4 


3 


"hea HELP 

READING ALGEBRA 
The notation Xx, is read 
as “x sub one.” The 
subscript numbers 
indicate which value in 


a set of values for xis 
meant. 


1:7 Analyzing and Displaying Data 


Co Use statistical measures and data displays to represent data. 


How many points per game do 
professional basketball teams 
normally score? 


In Example 4 you will use a box-and- 
whisker plot to help answer this question. 


The two data sets below show the average 
number of points per game scored by 

the teams in the National Basketball 
Association during the 2005-2006 season. 


The following measures of central tendency are three commonly used statistics. 


The mean, or average, of n numbers is the sum of the numbers divided by n. 
. HX, tx, te +X, 
For the data ee ee ae the mean is: = y 


1 of m numbers is the middle number when the numbers are written 


node of n numbers is the number or numbers that occur most frequently. 
There may be one mode, no mode, or more than one mode. 


Find Measures of Central Tendency 


Find the mean, median, and mode(s) of the 30 team scores. 


Solution 
89 +90 +... +108 _ 2912 _ 
30 30 97.1 
Median: Write the scores in numerical order. 
89, 90, 92, 92, 92, 93, 94, 94, 95, 96, 96, 97, 97, 97, 97, 
98, 98, 98, 98, 99, 99, 99, 99, 99, 100, 100, 101, 102, 103, 108 


Mean: 


The median is between the 15th and 16th numbers. Median = res = 97.5. 


Mode: The number that occurs most frequently is 99. 


1. Find the mean, median, and mode of the 15 Eastern Conference scores. 


a Chapter 1 Tools of Algebra 


ae TUDENT HELP 
SOLVING NOTE 

The points for Western 
Conference teams show 
a greater range. So, the 
numbers of points per 


game for these teams are 
more spread out. 


oe repent HELP 
VOCABULARY 

The minimum value and 
the maximum value of a 


data set are sometimes 
called the extremes. 


Measures of Dispersion Measures of central tendency tell you what the 
center of the data is. Other commonly used statistics are called measures 

of dispersion. They tell you how spread out the data are. One measure of 
dispersion is the range. It is the difference between the greatest and least 
data values. 


Find Ranges of Data Sets 


Find the range of the two data sets on the previous page. 


Solution 

The ranges of the points per game in the two data sets are: 
Eastern Conference: Range = 102 — 94 = 8 

Western Conference: Range = 108 — 89 = 19 


Box-and-Whisker Plots Although statistics are useful in describing a 
data set, sometimes a graph of the data can a Be more informative. One type of 


0 | 20 (40 60 | 80 100 120 | 140 
l | | | l 
15 38 64 80 125 
minimum lower median upper maximum 


quartile quartile 


The “box” encloses the middle half of the data set and the “whiskers” extend 
to the n minimum and maximum values. The median divides the data set in half. 
pwer qua e is the median of the lower half, and the e 

the median of the upper half. 


Find Lower and Upper Quartiles 


Find the lower and upper quartile of each set of data. 
a. 10, 15, 17, 18, 20, 21 b. 31, 33, 33, 35, 36, 39, 40, 41, 41 


Solution 


a. The values are already in order. The median is between 17 and 18. Each half 
of the data has three items. 


Lower quartile: The median of 10, 15, and 17 is 15. 
Upper quartile: The median of 18, 20, and 21 is 20. 


b. The values are already in order. The median is 36. This value does not belong 
to either the upper half or the lower half of the data set. So, each half of the 
data has four items. 


Lower quartile: The median of 31, 33, 33, and 35 is 33. 
Upper quartile: The median of 39, 40, 41, and 41 is 40.5. 


1.7. Analyzing and Displaying Data 


and Upper Quartiles 


Find the range, median, lower quartile, and upper quartile of the 
data set. 
2. 11, 15, 16, 16, 17, 20, 24, 24, 24, 27, 29 


3. 47, 50, 51, 55, 55, 55, 57, 63, 66, 68, 68, 75 


Drawing Box-and-Whisker Plots You can use the following steps in order 
to draw a box-and-whisker plot. 


Drawing a Box-and-Whisker Plot 


STEP @ Order the data from least to greatest. 

STEP © Findthe minimum and maximum values, the median, and 
the lower and upper quartiles. 

STEP © Plotthe five numbers below a number line. 


STEP @ Draw the box, the whiskers, and a line segment through the 
median. 


Linki Draw a Box-and-Whisker Plot 


CAREER . Draw a box-and-whisker plot of the Eastern Conference data set on page 46. 
How many points per game did Eastern Conference teams normally score in the 
2005-2006 season? 


Solution 
@ The 15 values are already in order. 


@ Find the significant values for this data set. The minimum is 94 and the 
maximum is 102. The median is 98. The lower quartile is 96 and the upper 
quartile is 99. 


HIGH SCHOOL COACH 


A high school coach conducts © Plot these five numbers below a number line. 


practice sessions that © Draw the box, the whiskers, and a line segment through the median. 
improve the abilities of ’ 
the members of the team. 93 95 97 99 101 103 
A coach also manages the 
team during games. — + fF }+—— 
94 96 98 99 102 


4. Use your answers to Checkpoint Exercises 2 and 3 to draw box-and-whisker 
plots of each data set. 


5. Draw a box-and-whisker plot of the Western Conference data on page 46. 
How do the scores for the Western Conference teams compare to those for 
the Eastern Conference teams? 


a Chapter 1 Tools of Algebra 


Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 


HOMEWORK HELP 
Example 1: Exs. 10-17, 
25-27 
Example 2: Exs. 18-24 
Example 3: Exs. 29-36 
Example 4: Exs. 37-46 


1. Define mean, median, mode, and range of a set of n numbers. 


2. When you read a box-and-whisker plot, can you determine the mean of the data? 
Can you determine the median? Can you determine the mode? 


In Exercises 3-9, use the following data set which gives the lengths 
of calls in minutes by a cellular telephone user. 


1,2, 2, 4,5, 5, 8, 12, 15 


3. Find the mean. 4. Find the median. 
5. Find the mode(s). 6. Find the range. 
7. Find the lower quartile. 8. Find the upper quartile. 


9. Draw a box-and-whisker plot of the data set. 


| Measures of Central Tendency Find the mean, median, and 
==] mode(s) of the data set. 


10. 2, 2, 3,5, 6, 8,9 11. 6, 7, 9, 9, 9, 10 


12. 12, 18, 28, 32, 34, 35, 37, 44 13. 60, 75, 75, 75, 80, 85, 85, 90, 95 
14. 10, 12, 9, 6, 11, 9, 15, 12 15. 16, 33, 31, 9, 37, 32, 33, 29, 24, 36 
16. 373, 364, 360, 380, 372, 379 17. 350, 80, 880, 1040, 290, 500, 710 


Finding Range Find the range of the data set. 


18. 77, 80, 81, 81, 81, 83, 84, 84 19. 33, 56, 59, 62, 76, 89, 90 
20. 78, 54, 24, 46, 98, 27, 66, 61 21. 52, 114, 102, 34, 158, 85 
22. 158, 137, 144, 129, 165, 181, 130 23. 24.5, 22.7, 26.8, 28.1, 25.3, 23.9 


Car Prices In Exercises 24-28, use the following information. 


At acar lot, you find six used cars that fit your needs. The prices of these cars 
are $9460, $10,400, $7500, $9720, $10,400, and $9800. 


24. Find the range of the prices. 
25. Find the mean, median, and mode(s) of the prices. 


26. You are also interested in a new car on the lot. The sticker price is $20,250. Find 
the mean, median, and mode(s) of the prices of the seven cars. 


27. Describe how the price of the seventh car changes the mean. Describe how this 
price changes the median. 


28. Critical Thinking Does the mean or median better represent the prices of the 
seven cars you are considering? Explain. 


1.7. Analyzing and Displaying Data a 


Quartiles Find the lower quartile and upper quartile of the data set. 


29. 2, 4, 6, 8, 10, 12 30. 1, 3, 3,5, 5, 6, 7, 8 
31. 44, 48, 49, 51, 52, 52, 52, 54 32. 121, 124, 133, 134, 148, 148 
33. 228, 335, 442, 192, 267, 211 34. 62, 9, 23, 54, 48, 33, 17, 11, 28, 41 


35. 10.3, 10.5, 10.1, 9.9, 10.7, 11.0, 10.8 36. 3.4, 1.2, 5.1, 1.8, 1.7, 2.3, 3.1 


Drawing Box-and-Whisker Plots Draw a box-and-whisker plot of 
the data set. 


37. 1,2, 2,4,5,7 38. 20, 30, 30, 40, 60, 80, 90, 100 
39. 44, 22, 32, 48, 52, 18, 30, 42 40. 56, 42, 51, 54, 40, 59, 48, 47 
41. 40, 90, 20, 40, 100, 70, 90 42. 47, 88, 89, 61, 70, 71, 79 


Travel Time In Exercises 43-46, use the following box-and-whisker 
plots representing the numbers of minutes that the students at two 
schools spend traveling to school. 


‘+P. B. 
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35 
i536 @ 3 10 17 22 34 


43. About half of the students at school A take fewer than how many minutes to get 
to school? 


44. About three quarters of the students at school B take fewer than how many 
minutes to get to school? 


45. At which school is the range of travel times greater? 


46. What fraction of the students at school B take longer to get to school than any of 
the students at school A? 


Find the Interquartile Range of a Data Set 


The difference between the upper quartile and the lower quartile is called the 
interquartile range. Find the interquartile range of the following data set. 


12, 17, 25, 28, 36, 45, 46, 51, 59, 62, 66, 70, 77 


Solution 
1. Find the upper and lower quartiles. 
The values are already in order. The median is the seventh value, 46. 


25 + 28 62 + 66 _ 
2 


The lower quartile is = 26.5. The upper quartile is ——— 64. 


2. Subtract the lower quartile from the upper quartile. 


The interquartile range is 64 — 26.5 = 37.5. 


47. Find the interquartile range of the data set in Exercise 34. 


48. Find the interquartile range of the data set in Exercise 42. 


| Chapter 1 Tools of Algebra 


Standardized Test 49. Multiple Choice What is the mean of 2, 2, 4, 5, and 6? 


Practice @® 2 3.4 © 3.8 @ 4 

50. Multiple Choice What is the median of 1, 3, 4, 6, 11, and 11? 
® 5 @® 6 @ 8.5 Dil 

51. Multiple Choice What is the lower quartile of 5, 2, 1, 5, 3, 8, and 6? 
@ 1 2 © 3 ® 4 

52. Multiple Choice What is the upper quartile of 26, 14, 11, 22, 15, and 30? 
® 22 @® 26 HD 28 @® 30 

53. Multiple Choice For the data set 5, 3, 7,5, 4, 1, which measure has a 
value of 5? 
CA) mean median ©) mode @ range 


54. Multiple Choice What is the range of the data set represented by the 
box-and-whisker plot below? 


0 5 10 15 20 25 30 35 


a 


3 6 23 26 34 


& 20 @® 23 @® 31 D 34 


Mixed Review _ Solving Equations Solve the equation. Check your solution. 
(Lesson 1.4) 


55.d+7=0 56. b — 20 = 10 57. = = 35 
58. 9s = 45 59.3c+3=12 60. 13 — 4n = -3 
61. 7x = 3x + 24 62.x-9=-x+3 63. 6x —5 =2x+ 11 


Two Variable Equations Find the value of y for the given value of x. 
(Lesson 1.5) 


64. 2x + 3y = 15;x =6 65. x — 5y = -7;x =3 
66. 4x = 6y + 2;x = —4 67. 6y — ll =5x+1;x=6 


68. Petition Signatures You are collecting signatures on a petition. If you 
collect an average of 22 signatures per hour, write an algebraic model for the 
total number 7 you collect in x hours. (Lesson 1.6) 


Geometry Skills — Finding Angle Measures The measure of a straight angle is 180°. 
Find the value of x for the given value of y. 


69. y = 40 71. y = 34 


1.7. Analyzing and Displaying Data Pal 


T8 Frequency Distributions and 
Histograms 


Key Words 
e histogram 
¢ frequency distribution 


Ca Display data in frequency distributions and histograms. 


How much money does a popular 
film earn during its opening 
Find the mean, median, weekend? 


and mode(s) of the 
data. The data below show the money earned 


on opening weekend for the top 20 films 
1. 21, 40, 56, 83, 90 in arecent year. Displaying this data 
2. 3,4, 4, 7, 7, 7,9, 10 using either a frequency distribution or a 
3. 48, 26, 34, 80, 61, 48 histogram can help you see what is typical 


of the data. 
4. 6, 1,5, 4, 3, 3, 2,5, 1 


Ahi n is a special type of bar graph. Data values in a histogram are 


grouped into intervals of the same size. The number of data values in each 
interval is the frequency of the interval. 


Before you draw a histogram, you need to determine the intervals and make a 
frequency distribution. A frequency dis m shows how many times the 
numbers in each interval occur in the data. 


Make a Frequency Distribution 


Make a frequency distribution of the film data above. Use eight intervals 
beginning with the interval 31—40. 


Solution Opening Weekend Earnings 


Use these steps to make a frequency (millions of dollars) 


distribution. | Interval _| Tally 
1. Write the eight intervals. The 31-40 ran 
second interval extends from 
41 to 50. 4i-so | om 
2. Tally the data values by interval. 51-60 we 
3. Count the tally marks to obtain 61-70 Lie | 
the frequencies. 71-80 fo || 


| Frequency | 
| 8 
| 0 
_ 


| Chapter 1 Tools of Algebra 


oo HELP 

READING GRAPHS 
Notice that a histogram 
does not have space 
between the vertical 
bars. The spaces at 
81-90 and 91-100 are 
because the frequency 
for those intervals is 0. 


Checkpol 


Distribution 


In Exercises 1 and 2, use the following table, which shows the test 
scores for 16 students on a recent Algebra 2 test. 


Algebra 2 Test Scores 


67, 68, 72, 73, 77, 81, 83, 83, 86, 88, 91, 95, 95, 98, 98, 100 


1. List seven intervals you would use for a frequency distribution of the 
data. Make the first interval 66-70. 


2. Make a frequency distribution of the test scores. Use the intervals you 
found in Exercise 1. 


Draw a Histogram 


Draw a histogram of the film data on the previous page. What can you conclude 
about how much money is earned during opening weekend by a popular film? 
Solution 


Use the frequency distribution in Example 1. Follow these steps. 


1. Divide the horizontal axis into eight equal sections. Label the sections 
with the intervals shown in the frequency distribution. 


2. Draw a scale on the vertical axis to measure the frequencies. 


3. Draw bars of the appropriate heights to represent the frequencies of the 
intervals. Label the axes, and include a title. 


Opening Weekend Earnings 


— 


31-40 41-50 51-60 61-70 71-80 81-90 91-100 101-110 
Earnings (millions of dollars) 


From the histogram you can see that popular films will usually earn between 
$30 and $60 million on their opening weekends. A few very popular films 
earn over $100 million on their opening weekends. 


3. Make a histogram of the test scores in the Checkpoint at the top of the page. 
Use the same intervals as the frequency distribution. Most of the test scores are 


between which values? 
1.8 Frequency Distributions and Histograms al 


PE} Exercises 


Guided Practice 


Vocabulary Check 1. What are two differences between a bar graph and a histogram? 


2. How is a frequency distribution used to draw a histogram? 


Skill Check __ In Exercises 3-5, use the following data, which show the lengths of 
songs (in seconds) on a CD. 


190, 235, 230, 256, 227, 227, 242, 219, 288, 244, 178, 257, 291, 174 
3. List five intervals for a frequency distribution if the first interval is 150-179. 
4. Make a frequency distribution of the data. Use the intervals from Exercise 3. 


5. Draw a histogram of the data. Use the frequency distribution from Exercise 4. 


Practice and Applications 


Listing Intervals List the intervals needed to make a frequency 
TUDENT HELP distribution of the data. Start with the given interval. 
HOMEWORK HELP he 
Example 1: Exs. 6-18, 22 6. 1, 2, 3, 3, 4, 5, 5, 6, 6, 7, 8, 8, 10, 12; first interval: 1-3 
Example 2: Exs. 16-18, 7. 44, 48, 49, 51, 52, 52, 52, 54, 55, 57, 60, 61; first interval: 42-44 
23,24 
8. 95, 84, 88, 100, 89, 91, 79, 81, 96, 94, 84, 91, 99, 86, 99; first interval: 76—80 


9. 133, 121, 124, 144, 134, 148, 148, 141, 157, 160, 129; first interval: 121-125 


Frequency Distributions Make a frequency distribution of the data. 
Start with the given interval. 


10. The data in Exercise 6 11. The data in Exercise 7 

12. The data in Exercise 8 13. The data in Exercise 9 

14. 11, 14, 18, 22, 23, 25, 27, 28, 30, 36, 38, 39, 42, 45; first interval: 11-15 
15. 46, 55, 57, 63, 66, 67, 68, 74, 77, 82, 83, 84, 86, 88, 91; first interval: 46-55 


Histograms Make a frequency distribution of the data set. Then 
draw a histogram of the data set. 


16. Use five intervals beginning with 1-2. 


Numbers of chin-ups done in 20 seconds: 
1,1, 1, 2, 2, 2, 3, 3, 4, 4, 4, 4, 5, 6, 6, 7, 7, 7, 7, 8, 8, 8, 8, 9,9 


17. Use five intervals beginning with 10-19. 


Numbers of minutes spent on math homework: 
10, 12, 14, 15, 15, 23, 26, 26, 27, 28, 37, 37, 37, 37, 38, 39, 39, 40, 48, 58 


18. Use four intervals beginning with 69-76. 


Student test scores: 
78, 87, 92, 70, 94, 99, 76, 70, 81, 95, 82, 71, 78, 79, 88, 98, 77, 84, 72, 75 


ia Chapter 1 Tools of Algebra 


Link to. 
$ 


SS 


SPACE MISSIONS 
Astronaut Koichi Wakata 
delivers supplies to the 
International Space Station 
ona Discovery Space Shuttle 
mission. 


Standardized Test 
Practice 


Space Missions In Exercises 19-21, use the histogram. It shows 
flight duration information for the missions of one space shuttle. 


19. How many missions were 


4-5.99 days long? Space Shuttle Discovery 


20. In which interval were the 
greatest number of missions? 


21. How many more missions 
were 8—9.99 days long than 
were 6-7.99 days long? 


” 
= 
— 
a 
ae 
= 


2 Oy 2 
& & S$ 


Y & 
wo 2° 
v x OS 


S 
KY & ey 
Mission duration (days) 


History Link», In Exercises 22-24, use the table below. It gives the 
ages at inauguration of the Presidents of the United States. 


Ages at Inauguration of the First 43 U.S. Presidents 


42, 43, 46, 46, 47, 48, 49, 49, 50, 51, 51, 51, 51, 51, 52, 52, 54, 54, 54, 54, 54, 55, 55, 
55, 55, 56, 56, 56, 57, 57, 57, 57, 58, 60, 61, 61, 61, 62, 64, 64, 65, 68, 69 


22. Make a frequency distribution of the data set using six intervals beginning with 
40-44. 


23. Draw a histogram of the data set. 


24. Visual Thinking What is one conclusion you can make about the ages of the 
presidents based on your histogram? 


25. Multiple Choice A frequency distribution has six intervals beginning with 
6-10. What is the fourth interval? 


CAD 18-22 19-23 © 20-24 @) 21-25 


26. Multiple Choice Use the histogram shown below. How many students have a 
grade point average (GPA) greater than 3.4? 


® 6 @®9 14 ®D 15 


Grade Point Average of Students in Math Club 


Students 


2.81-3.0 3.01-3.2 3.21-3.4 3.41-3.6 3.61-3.8 3.81-4.0 
Grade point average (GPA) 


27. Multiple Choice What is the highest GPA shown in the histogram above? 


A) 3.81 3.9 
©) 4.0 @) Cannot determine 


1.8 Frequency Distributions and Histograms ia 


Mixed Review 


Geometry Skills 


Quiz 3 


Lesson 1.6 


Lesson 1.7 


Lesson 1.8 


Simplifying Expressions Simplify the expression. (Lesson 7.3) 
28. 7a+3—S5a 29. 9w — (4w + 7) 30. —10 + 8(2 — 3b) 
31. 6(x + 4) — 4x 32. —3(n + 2)—(5n +1) 33. 3p — 5(2 — p) 


Mean, Median, and Mode Find the mean, median, and mode(s) 
of the data set. (Lesson 1.7) 


34. 14, 23, 30, 37, 44, 49, 53, 54, 65 35. 3, 3, 4,5, 6, 8, 8, 8, 10, 12, 12, 14 
36. 142, 121, 175, 155, 109, 162 37. 4.6, 3.3, 1.8, 2.2, 5.7, 1.8, 6.3, 3.3 


38. Quartiles Find the lower and upper quartiles of this data set: 
6, 12, 15, 10, 8, 5, 21, 16, 11, 22, 9, 15, 20, 18, 24. (Lesson 1.7) 


Finding Midpoints Give the coordinates of the midpoint of the line 
segment. 


In Exercises 1-4, use the following information. 
You are taking flying lessons to get a private pilot’s license. The cost of the 
introductory lesson is 2 of the cost of each additional lesson, which is $80. 
So far, you have spent $450 on the lessons. How many lessons have you taken? 
1. Write a verbal model for the cost of the lessons. 
2. Assign labels to the parts of the verbal model. 
3. Use the labels to translate the verbal model into an algebraic model. 
4. Solve the algebraic model. Answer the question. 
In Exercises 5-7, use the following data set. 
1, 2, 3, 4, 6, 8, 10, 10 
5. Find the mean. 
6. Find the mode(s) and range. 
7. Draw a box-and-whisker plot of the data set. 
In Exercises 8-9, use the following data set. 
0,0, 0, 1, 1, 1, 1, 2, 2, 2, 3, 3, 3,6, 8 
8. Make a frequency distribution using five intervals beginning with 0-1. 


9. Make a histogram of the data set. Use five intervals beginning with 0-1. 


ia Chapter 1 Tools of Algebra 


Chapter Summary 
and Review 


VOCABULARY 


° origin, p. 3 e term, coefficient, p. 16 ¢ mean, median, mode p. 46 
¢ graph, coordinate, p. 3 e like terms, constant term, ¢ range, p. 47 

* opposite, p. 5 p. 16 ¢ box-and-whisker plot, p. 47 
¢ reciprocal, p. 5 * simplified expression, p. 17 e lower quartile, upper 

* base, exponent, power, p. 9 ¢ equation, linear equation, quartile, p. 47 

¢ numerical expression, p. 9 R26 * histogram, p. 52 


¢ variable, p. 10 *solutlon, pi 26 ¢ frequency distribution, 


; . ¢ verbal model p. 40 p. 52 
¢ algebraic expression, p. 10 
¢ algebraic model p. 40 


VOCABULARY EXERCISES 


1. Give an example of each of the following: a whole number, an integer, 
a rational number, and an irrational number. 


2. State the order of operations. 


3. What does it mean for an algebraic expression to be simplified? Give 
two examples of simplified algebraic expressions. 


4. What is the relationship between a verbal model and an algebraic 
model? 


FEAL NUMBERS AND NUMBER OPERATIONS a 
8 3 ’ 
| EXAMPLE | Graph the numbers 3 LS, > 3.6, and V3 on a number line. 


Then write the numbers in order from least to greatest. 


Graph the numbers on a number line. 


-3 -3 15 V3 3.6 
a 
REVIEW HELP 3 2 1 0 1 2 3 4 
Exercises Examples 
5-7 3,p.4 From the number line, you can see that the numbers in increasing 
8-10 4,p.5 order are —* —. 1.5, V3, and 3.6. 


Graph the numbers on a number line. Then write the numbers in order 
from least to greatest. 


63.1.4 1, 6. 2, —4.1, —3, 5.2, 3.5, -1 7. -16, 4 ~0.5, 0.8, 2, 5A 


Use the distributive property to evaluate the expression. 
8. 7(405) 9. 12(198) 10. 9(330) 


Chapter Summary and Review 


| EXAMPLES | Evaluate the expression. 


a. Evaluate 5 + 3(4 — 2)°. 
5+3(4-2)2=5 4+ 32) Subtract within the parentheses. 


=5 + 3(8) Evaluate power. 
=5+24 Multiply. 
= 29 Add. 


b. Evaluate 2(x — 3) + 4x when x = —3. 


REVIEW HELP PACS —= 33) ap Ce = (3) —= 3) ar AY) Substitute —3 for x. 
Exercises Examples oe 
11-16 2, p. 10 = 2) ar 433) Subtract within the parentheses. 
17-19 3, p. 10 = —12 + (-12) Multiply. 
20-22 4, p. 10 
= —24 Add. 
Evaluate the expression. 
11.6-4+8 12.4+ 16+4 13.10+2-—3-4 
14.24 +(7—5)+-3 15. 4 — (—6 + 2)? 16. (4° 5)? = (12 — 2) 


Evaluate the expression for the given value of x. 
17. x + 5 when x = 3 18. 10 — 2x when x = 5 19. 3x(x — 14) when x = —1 
20. 6(2 — x)? when x = 6 21. x* — 25 when x = —7 22. —x? + 5x — 4 when x =2 


| EXAMPLES | Simplify the expression. 


Eh S ar se = Se = 8) = Oe = 3) se © = &) Group like terms. 
REVIEW HELP aK 3 Combine like terms. 
Exercises Examples 7 ay, 
23-25 3, p. 17 b. 4(x + 1) — 24 —- 2) = 4x4 +4-—2x+4 Distributive property 
26-28 4,p. 17 = (4x — 2x) + (44+ 4) Group like terms. 
29 5, p. 18 
= Dye ap & Combine like terms. 


Simplify the expression. 
23. —5x + Ix 24.8 —5x+7x-2 25. x + 9x? + 3x? — 11x 
26. 6 — 4x — 1) 27. 15 + 2(3x — 7) 28. 3(x + 4) — 5(x — 2) 


29. A restaurant charges $9.95 for a large pizza with two toppings, and $1.25 for 
each additional topping. Write an algebraic model for the total cost C of a 
pizza with f toppings. Find the cost of a pizza with three toppings and the 
cost of a pizza with five toppings. 


ia Chapter 1 Tools of Algebra 


| EXAMPLE | Solve the linear equation — 15x = 4(« — 3) — 7. 


To solve, isolate the variable on one side of the equation. 
—15x =4(@—3)-—7 Write original equation. 


lox — 42 Distributive property 


REVIEW HELP 
Exercises Examples | — 15x = 4x — 19 Combine like terms. CHECK —15(1) 2 41 — 3) —-7 
30-31 -2,p.27 a 15 2 A(—2) — 
39-33 3.27 0 = 19x — 19 Add 15x to each side. 15 2 Ae) = 7 
34-36 4, p. 27 19 = 19x Add 19 to each side. =(5 2 =0=7 
37-38 5, p. 28 
l=x Divide each side by 19. -15=-15 Vv 


Solve the equation. Check your solution. 


30. 2x +5=—-3 31.18 —7x=4 32.2x+3=4x—-15 
33. 7x —3 =5x+17 34. -(x+2)=—-8 35. 6(x — 6) = —2x—4 
_ye- a ye 4 1_ 3 4 
36. 30x - l)=x+7 37.5 +2 4 38. 9x 3 gt +3 


iG EQUATIONS AND FORMULAS 


| EXAMPLES | Solve the equation for the given variable. 


a. Solve the equation 3x — 4y = 12 for y. 


3x — 4y = 12 Write original equation. 
—4y = —3x+ 12 Subtract 3x from each side. 
y= se =13 Divide each side by —4. 
b. Solve for / in the formula for the area of a triangle, A = S bh. 
A= shh Write original formula. 


REVIEW HELP 

Exercises Examples 2A = bh Multiply each side by 2. 
39-40 ~—s- 1, p. 33 
41-46 = -3, p34 2A _ 4p Divide each side by b. 


b 


39. Solve the formula for the perimeter of a triangle, P= a+b +c, fora. 


40. Solve the distance formula, D = rt, for r. 


Solve the equation for y. 
41.3x+ 2y=6 42. —6x + 4y = —44 43. 3x — Sy = 15 


Find the value of y for the given value of x. 
44.x—2y=5;x=11 45. 2x + 5y = 18;x =9 46. -y+ 3x =4;x=—-5 


Chapter Summary and Review fa 


| EXAMPLE | A new snowboard costs $405. How many weeks must you save to 


buy the snowboard if you can save $15 each week? 


VERBAL Amount saved |, Numberof _| Cost of 
MODEL per week snowboard 


LABELS Amount saved per week = 15 (dollars per week) 
Number of weeks = w (weeks) 
Cost of snowboard = 405 (dollars) 
ALGEBRAIC 15w = 405 Write algebraic model. 
REVIEW HELP MODEL 
Exercises Example w= 27 Divide each side by 15. 


47-48 3, p. 42 


ANSWER > You must save for 27 weeks. 


47. A taxi charges $3.50 plus $1.75 per mile. Your ride in the taxi costs $21.00. 
Write and solve an algebraic model to find the length (in miles) of your ride. 


48. Tulip bulbs cost $7 per pack. Crocus bulbs cost $4 per pack. You buy n packs of 
each type of flower bulb and pay $44. How many packs of each do you buy? 


| EXAMPLE | The following data set shows the ages of the players on a baseball team. 
Display the data using a box-and-whisker plot. 


38), 22), 38, 23), 2D), VS), ZO, LA, Bil, Zh, Sil, By HS, BO), BH, Bik, 3S 


Write the numbers in increasing order and locate the minimum value, 
maximum value, and median. Then find the lower and upper quartiles. 
Jp Dah, Mah, dey AG, PA, PD}, PB), 210), Ble, Bile Sill, BV2,, 38h, SIS, Sh she} 


Sp yp a 
REVIEW HELP Lower quartile: 2328 95,5 20 2 ©~=—-30 35 40 
Exercises Examples 2 


49,52 2,p.53 a 30 33 
50 1, p. 46 Upper quartile: “= = 32.5 oe oo 


51 4, p. 48 22 255 30 325 38 


49. Display the data in the Example using a histogram. Begin with the interval 21-23. 
In Exercises 50-52, use the data set of test scores below. 
95, 65, 90, 55, 88, 70, 88, 100, 80, 88 
50. Find the mean, median, mode(s), and range of the data set. 
51. Draw a box-and-whisker plot of the data. 


52. Draw a histogram of the data. Use five intervals beginning with 51-60. 


he Chapter 1 Tools of Algebra 


er j Chapter Test 


Graph the numbers on a number line. Then write the numbers in 
order from least to greatest. 


1. —4, 5, 2,0, —5, 6 2. V3, -2,3, -3,-1 3. —2.25, —1, —VI5, 3.8, 1.6 
Identify the property shown. 

4.6+0=6 5.8 +(-l)=(-1) +8 6.7(2+ 3) =7°2+7°23 
Evaluate the expression. 

7.12-9+3 8.6+5-2-4 9.20 +(8 —3)*7 
Simplify the expression. 
10. —3(x — 2) + 5x 11. 2(y” + 2y) — (y? — y) 12. 6z(z — 4) + 4(z — 7) 
Solve the equation. 
13.y+15=8 14. 5s = 35 15. Ju + 12 = 3u — 12 


Solve the equation for y. Then find the value of ywhen x = —2. 


16. 3x + 4y =0 17. —x + 3y = 5x +24 18. —x=4 


Road Trip In Exercises 19-21, use the following information. 


You are driving from Los Angeles to San Francisco, California. The total distance 
of the trip is about 340 miles. You drive at a steady rate of 60 miles per hour. Use the 


following verbal model. 


19. Assign labels to the parts of the verbal model. 
20. Use the labels to translate the verbal model into an algebraic model. 


21. Solve the algebraic model. How long (in hours) is your car ride? 


Football In Exercises 22-25, use the table. It gives the age of the Most 
Valuable Player (MVP) in each Super Bowl from 1984 to 2006. 


Ages of Super Bow! MVPs 


26, 25, 24, 25, 28, 38, 25, 26, 26, 33, 24, 26, 
29, 34, 33, 26, 32, 31, 25, 28, 23, 25, 29 


22. Draw a box-and-whisker plot of the data set. 
23. Make a frequency distribution of the data using four intervals, starting with 20-24. 
24. Draw a histogram of the data set. 


25. Critical Thinking What is one conclusion you can draw about the ages of the 
Most Valuable Players in Super Bowls based on your displays? 


Chapter Test a 


Chapter Standardized Test 


\ lest Tip Work backward from the answer choices. 
DD O D 


| EXAMPLE | Which value is the solution of the equation —5x = 2x + 14? 


@ -+ -2 

© 2 Or 
Solution 
Choice A: 5( 4) 22 | 4) +14 Dex 
(Chores 138 = S(=2)} & (=D) ae 14 10=10 ¥ 


Choice B is the correct answer. You do not have to solve the equation directly to 
choose the correct answer. 


= 


Multiple Choice 


1. Which set of numbers is in order from 4. Evaluate —2x? + 5x + 3 when x = 4. 
least to greatest? 
; ® -49 @© -9 
—2.5, V6, —3, 2.5, 4,5 
- 3 ® 49 D 55 


205 25.6, 05. * 5 


5. Which expression is simplified? 
(A) 5+ 2x= 11 (BB 2ebor 1 
7 
@® -3, -25, V6, 2.5,5,3 © S492 4x CB) 344 ox 


@® -3, -2.5, : V6, 2.5, 5 


2. Which property is illustrated by the 


statement 3(9 + 2) = 3(2 + 9)? 6. Simplify the expression —(x + 1) — 4x. 


& —-5x-1 @ -5x+1 
CHD -3x-1 GD -3x+1 


© Associative property of addition 
@) Commutative property of addition 


@® Distributive property 7. Which property would you use to solve the 


C) Inverse property of addition equation 6x = 42? 
CA) Addition property of equality 


3. What is the value of —4 + 6 +2 — 7? Subtraction property of equality 
@ —10 —3 ©) Multiplication property of equality 


©! @® 9 @) Division property of equality 


fied Chapter 1 Tools of Algebra 


8. What is the solution of 5r —4)=1? 


Ey 35 @ -2 

CD 4.5 D 6 

9. Solve 5x + 2y = 4 for y. 

Dy=3-2 @®y=-Fr+2 
© 2y = -5x +4 @®M y=-5x+2 


10. A plane is flying from New York City, 
New York, to Philadelphia, Pennsylvania, 
at a speed of 300 miles per hour. The 
distance between the two cities is about 
86 miles. Which equation can be used 
to find the time ¢ in hours that it takes to 
make the trip? 


CF) 86 = 3002 @® t= > 
CHD 861 = 300 ®D 1 = 86(300) 


Gridded Response 


14. What is the opposite of —3.2? 
15. What is the quotient of —15 and 7 


16. What is the value of the expression 
5x* — x + 3 when x = 3? 


17. A video store charges $4 to rent a DVD for 
one night and $6.50 to rent a DVD for five 
nights. How much would it cost in dollars to 
rent one DVD for one night and two DVDs 
for five nights? 


Extended Response 


22. You are saving money to buy a new computer. So far you have saved $152. 


Each week you save $11. 


a. Use a verbal model to write an equation for your savings s after w weeks. 


b. Solve the equation for w. 


c. The computer costs $592. How long does it take to save enough money to 
buy it? How long would it take if you could save $20 each week? 


11. You mow lawns to earn extra money. You 
charge $14 per lawn. How many lawns do 
you have to mow to earn $70? 


@ 4 5 
© 6 @M7 
12. What is the median of 4, 7, 9, 7, 6, 8, 7, 3? 
® 6 @® 6.2375 
@D 6.5 D7 


13. Which data set matches the box-and-whisker 
plot shown? 


12 3 4 5 6 7 8 9 10 


2 4 6 8 9 
@® 2, 4, 5, 6, ‘ds 8, 8 2, 4, 6, 6, 8, 8, 9 
© 2, 4, 4, as 7, 8, 9 ®D 1, 3; 3: 6, ds 7, 9 


In Exercises 18-21, use the data, which 
show the prices of several used cars. 


$5500, $8000, $9500, $8000, $8500, 
$3900, $9600, $7000, $7500, $6700 


18. What is the mean of the data? 
19. What is the mode of the data? 
20. What is the median of the data? 


21. What is the range of the data? 


Back xo 
Schoo! ' 


SNE 


Chapter Standardized Test a 


pals 


[> How can you predict the wind 
speed of a hurricane? 


Hurricanes can cause great destruction with their 
strong winds and heavy rain. Weather forecasters use many 
factors and tools to make predictions about hurricanes. 


Think & Discuss 


The graph below compares wind speed (in miles per hour) 
and pressure (in millibars) for tropical storms and hurricanes 


in 2005. 


. As minimum pressure decreases, what happens to the 
maximum wind speed of a hurricane? 


. Predict the maximum wind speed of a hurricane with a 
minimum pressure of 940 millibars. Explain. 


Learn More About It 


You will make a scatter plot of the number of hurricanes 
per year in Exercises 16 and 17 on page 111. 


« QD study Guide @Homelutor 
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| PREVIEW What's the chapter about? 


+ Multi-Language Glossary 
* Vocabulary practice 

¢ Graphing and using relations and functions 

¢ Writing and graphing equations of lines using points, slopes, and intercepts 

¢ Writing and graphing direct variation equations 

¢ Using scatter plots to identify correlation and find best-fitting lines 


Key Words 

e relation, function, p. 67 

¢ domain, range, p. 67 

¢ equation in two variables, p. 68 
¢ independent variable, p. 69 


¢ slope-intercept form, p. 87 

e x-intercept, p. 88 

¢ standard form of a linear 
equation, p. 88 

¢ direct variation, p. 101 

¢ constant of variation, p. 101 

¢ scatter plot, p. 107 

¢ correlation, p. 107 

¢ best-fitting line, p. 108 


¢ dependent variable, p. 69 
¢ linear function, p. 73 

¢ function notation, p. 73 

¢ slope, p. 79 

e y-intercept, p. 87 


| PREPARE | Chapter Readiness Quiz 


Take this quick quiz. If you are unsure of an answer, look back at the 
reference pages for help. 


Vocabulary Check (refer to p. 9) 
1. What is the variable in the expression 3x? — 4x + 2? 


@ 3x? ® —4x @© 2 @® x 


Skill Check (refer to p. 33) 
2. What is the result of solving 6x — 2y = 10 for y? 


® y=3x+5 @W y=—-3x-—5 GD y=3x-5 GD y=-3x4+5 
3. What is the value of y when x = 2 for the equation 6x — 2y = 10? 


@ -ll B1 © 1 ® 


TAKE NOTES Vocabulary 


Definition 


To understand and remember a 
new vocabulary term, you need 
more than just a definition. 
Also include in your notebook 
properties, examples, and 
non-examples of the term. 


(=) Chapter 2 Linear Equations and Functions 


Properties 
Set of output values 


y-values in Y = f(x) 


Non-example 
range of data: 
Max — min = 
iO = 3 


range 


range is 7, 8, 9,10 


Key Words 


¢ relation 

domain 

range 

function 

equation in two variables 
independent variable 
dependent variable 


Evaluate the expression 
when x = —2. 


1. 3x+5 
2. 250 — 8x 


3. 1,46 


Functions and Their Graphs 


| GOAL | Identify and graph functions. 


How is a hang glider’s height related to 
the time descending? 


In Example 4, you will use an equation and 
graph to model a hang glider’s height when 
the glider descends at a constant rate. 


A relation is a mapping, or pairing, of input values with output values. The set 
of input values is the domain, and the set of output values is the range. 


A relation is a function if each input has exactly one output. A relation is not a 
function if any input has more than one output. Relations and functions may be 
represented by mapping diagrams, tables, ordered pairs, graphs, equations, or 
verbal descriptions. 


Identify Functions 


Identify the domain and range. Then tell whether the relation is a 
function. Explain. 


a. Input Output b. Input Output 


Solution 


a. The domain consists of the inputs: —2, 1, and 4. The range consists of the 
outputs: —3, 1, 2, and 3. The relation is not a function because the input 1 is 
mapped onto both —3 and 1. 


b. The domain consists of the inputs: —3, —2, 1, and 4. The range consists of 
the outputs: —3, —1, and 1. The relation is a function because each input is 
mapped onto exactly one output. 


Identify the domain and range. Then tell whether the relation is a 
function. Explain. 


1. Input Output 2. Input Output 3. Input Output 


2.1 Functions and Their Graphs 


Vertical Line Test You can tell whether a relation is a function from its 
graph in the coordinate plane by applying the vertical line test. 


"lait HELP Vertical Line Test for Functions 
SKILLS REVIEW Maia ee eee ACIOnIn dt CADE’ h 
Aifand only if B meansif relation is a function if and only if no vertical line intersects the 
Athen Band if Bthen A. graph of the relation at more than one point. 
For help with if and only if 
statements, see page 765. Function \ = 4y , | Not a function 


TUDENT HELP Apply the Vertical Line Test 

SKILLS REVIEW 

For help with ordered Graph the relations from Example 1. Use the vertical line test to tell 

pairs and graphing points whether the relations are functions. 

= see plans a. First, write the relation as b. First, write the relation as 

, a set of ordered pairs. a set of ordered pairs. 

(—2, 2) 901; — 3), Gy D4, 3) (=o; >), (2, DAG 43) 
Then plot the points. Then plot the points. 


The vertical line at x = 1 contains No vertical line contains more 
two different points in the relation. than one point in the relation. 
So, the relation is not a function. So, the relation is a function. 


Line Test 


4. Graph the relation shown in the diagram. Input Output 
5. Explain how to use the vertical line test to 
show whether the relation is a function. H 


EET if ues the values of x and y into the equation makes a true 
statement. For example, (3, 1) is a solution of y = 2x — 5 because | = 2(3) — 5. 


fal Chapter 2 Linear Equations and Functions 


othe DENT HELP The input variable in an oC is the in ble. The output 


VOCABULARY variable is the di e 2 = 5, x is the independent 
The value of the variable and y is the cemaren mole The graph of an equation in two 
dependent variable variables is all points (x, y) whose coordinates are solutions of the equation. 


depends onthe value of 


the ind dent variable. ° 3 ; i 
EINGEPEHBEHE VAT Ane Graphing Equations in Two Variables 


STEP @ Make a table of values, and write the ordered pairs. 
sTeP © Plot enough solutions to recognize a pattern. 


STEP © Connect the points with a line or a curve. 


Graph an Equation 


Graph y=x+1. 


Solution 


@ Make a table of values, and write the ordered pairs. 


(x, y): (—2, —1), (1, 0), ©, 1), , 2), 2; 3) 


© Plot the points. Notice that all the points lie on a line. 


© Connect the points with a line. Observe that the graph represents a function. 


Graph a Real-World Equation 


TUDENT HELP Hang Gliding A hang glider at a height of 450 feet begins descending at a rate of 
READING ALGEBRA 10 feet per second. The height h in feet after descending for ¢ seconds is given by: 
Equations in real-world h = 450 — 102 
situations often use 
variables other than Graph the equation. Use input values of t = 0, 10, 20, and 30 seconds. 

Xand y. In Example 4, 
hrepresents height Solution 


and frepresents time. 


@ Make a table of values, and write the ordered pairs. 


' ee 


= 
‘o 
(t, h): (0, 450), (10, 350), (20, 250), (30, 150) ™ St od 
0 
© Plot the ordered pairs. 0 10 2 30 ¢ 


Time (seconds) 


© Connect the points with a line. 


Graph the equation. 
6.y=x-3 7.y=-x+4 8. y=2x+3 


2.1 Functions and Their Graphs Fa 


DEAD Exercises 


Guided Practice 


Vocabulary Check 1. Copy and complete the statement: A mapping of input values with output values 
iscalleda_?_. 


2. What are the domain and range of a relation? 


Skill Check Identify the domain and range of the relation. Then tell whether the 
relation is a function. 


3. Input Output 4. 5. (— 10, 0) 
100 (—6, 2) 
(=6, —2) 
200 (-1.3) 
Ll) 
(6, 4) 
(6, —4) 
Graph the equation. 
6.y=x-1 7.y=xt+2 8. y = 2x 
9.y = —3x 10.y=2x+1 11.y=3x-4 


Concerts In Exercises 12 and 13, use the following information. 


A radio station gives away 16 pairs of concert tickets at a rate of 2 pairs of 
tickets each hour. The number of pairs of tickets p remaining can be modeled 
by p = 16 — 2t where fis the time in hours after the giveaway begins. 


12. Copy and complete the table of values. 


13. Use the table of values to graph the equation. 


Practice and Applications 


* sii HELP Identify Functions Identify the domain and the range. Then tell 
HOMEWORK HELP whether the relation is a function. Explain. 
fain ey vag 14. Input Output 15. Input Output 16. Input Output 


Example 2: Exs. 21-35 
Example 3: Exs. 36-47 
Example 4: Exs. 48-51 


17. (8, 0), (7, 4), (6, 8), (5, 12) 18. (5, 4), GB, D, (5, 0), (2, 7) 
19. (4, 4), (2, 2), (0, 0), (2, —2), (4, —4) 20. (—3, 2), (—1, 6), (1, 6), (3, 2) 


Chapter 2 Linear Equations and Functions 


Vertical Line Test Use the vertical line test to determine whether 
the graph represents a function. Explain. 


Ordered Pairs Write the relation as a set of ordered pairs. Then 
graph the relation. 


24. Input Output 25. Input Output 26. Input Output 


DS a 


Graphing Relations Graph the relation. Then tell whether the 
relation is a function. 


28. 


29. 


Logical Reasoning In Exercises 30-34, copy and complete the 
statement with always, sometimes, or never. 


30. A function is _?_ arelation. 


31. A relation is _? a function. 


32. The graph of a vertical line _? _ represents a function. 


33. The first coordinate of an ordered pair is__? _ a number in the domain. 


34. For each input value of a function, there is__? _ more than one output value. 


35. Critical Thinking Explain why the vertical line test works to distinguish 
functions from relations that are not functions. 


Graphing Equations Graph the equation. 


36. y=x 37.y=x-3 38.y=-x+9 
39.y=-x+6 40. y = —2x 41.y=2x+7 
42.y=—-5x+1 43. y = —2x—3 44.y=4x+2 
45.y=3x-1 46.y=5x-1 a7.y=—ixt4 


2.1 Functions and Their Graphs 


Link Recreation In Exercises 48 and 49, use the following information. 


RECREATION The pressure on a scuba diver at the ocean’s surface is 1 atmosphere. The pressure 
increases by 1 atmosphere for every 33 feet the diver descends. For a recreational 
diver, the maximum recommended depth is 130 feet. The pressure p in atmospheres a 
recreational diver experiences at a depth d in feet is given by the equation below. 


p=xat 1 where 0 <d< 130 


48. Make a table of values. Round values of p to one decimal place. 


49. Use the table of values to graph the equation. 


SCUBA DIVING Basic scuba Hot Air Balloons In Exercises 50 and 51, use the following information. 
diving certification requires You are 250 feet above the ground in a hot air balloon when you fire the balloon’s 
about 30 hours of instruction. burner and begin rising at a rate of 6 feet per second. Your height h in feet t seconds 
Half a million Americans after firing the burner is given by the equation below. 

become certified to scuba 

dive each year. h = 250 + 6t 


50. Make a table of values where 0 < t < 60. 


51. Use the table of values to graph the equation. 


Standardized Test 52. Multiple Choice What is the domain of the relation shown below? 


Practice G5) 42) 2), 5) 0; =), 11,2) 
A 0, 1, 2,3 ® —2,2,5 © 0, 2,3 D> =2,.0,1, 2, 3.5 
53. Multiple Choice Which point lies on the graph of y = 8x — 2? 
® (8, 2) @® (8, 6) @D (2, 14) D (2, 18) 
54. Multiple Choice Which ordered pair is included Input Output 
in the function represented by the diagram? 
@ (—S, 0) (0, 3) 4 
© 6,3) ® (5,5) | 


Mixed Review _ Evaluating Expressions Evaluate the expression for the given values 
of x and y. (Lesson 1.2) 


55. x — > whenx =3 andy =7 56. 3x — 4y when x = —5 and y = —4 
y—5 _ _ *—(-1) _ = 
57. ya When x = 9andy = —9 caer Sal a when x = Il andy =5 


Solve the equation. (Lesson 1.4) 


59. 2x = —7 60. 3x + 8= —4 61. 3(x + 1) +2 =2x 
Geometry Skills — Vertical Angles Vertical angles have equal measures. Find the value 
of x. 
62. 130° 63. 64. 
(5x + 16)° (4x — 14)° 
(5x + 45)° 9x7 


Chapter 2 Linear Equations and Functions 


Key Words 


e linear function 
e function notation 


Evaluate the 
expression. 


1. —4(5) +7 
. 1-2-1) 

TP — 5(7) + 10 
. (—3)? + 6(-3) + 11 


kh WN 


SP TUDENT HELP 
AVOID ERRORS 
Notice that f(x) does not 
mean “ftimes x.” 


Linear Functions and 


Function Notation 


Ca Identify, evaluate, and graph linear functions. 


How much does it cost to join a fitness 
club for one year? 


Fitness clubs frequently charge a monthly fee 
in addition to a one-time membership fee. In 
Example 4, you will write a linear function to 
model the cost of a fitness club membership. 


A function of the form y = mx + b where 
m ang b are constants, such as y = 2x + 1, 

function. The graph of a linear 
function! is a line. By naming a ee! a 
you can write it using function 


f(x) = mx + b <«—Function notation 


Read as “the value of f at x” 
or simply as “f of x.” 


Note that in function notation f(x) is used in the place of y. The domain of a 
function f consists of all values of x for which fis defined. The range consists 
of all values of f(x) where x is in the domain of f- 


A function does not have to be named by the letter f You can also use other 
letters such as g or A, as in the following example. 


Identify a Linear Function 


Tell whether the function is linear. Explain. 


a. f(x) =x? + 2x41 b. g(x) = 


Solution 


x 
x+1 


a. fis not a linear function because it has an x?-term. 


c. h(x) = — 


b. g is not a linear function because it has a variable term in the denominator. 


c. is a linear function because it can be rewritten as h(x) 
m= Oandb= —4. 


Tell whether the function is linear. Explain. 


1. fix) = 4x — 1 2. g(x) =5 — x? 


3. h(x) =2 


= Ox + (-4), so 


4. r(x = - 


2.2 Linear Functions and Function Notation 


Evaluate a Function 


Evaluate the function when x = —2. 


a. f(x) = —3x + 7 b. g(x) = x7 + 2x — 10 
Solution 
a. f(x) = —-3x +7 Write original function. 
f(-2) = -3(-2) + 7 Substitute —2 for x. 
=6+7 Multiply. 
= 13 Simplify. 
b. g(x) =x? + 2x — 10 Write original function. 
g(—2) = (-2)* + 2(-2) — 10 —_ Substitute —2 for x. 
=4-4-10 Multiply. 
= —10 Simplify. 


"geile HELP 
AVOID ERRORS 
To check your work, 
substitute to find a third 
point. If your work is 


correct, the third point 
will lie on the line. 


Evaluate the function when x = 3. 


5. f(x) = 4x —- 1 6. g(x) = —2x2 + 5 7. p(x) = x7 + 3x48 


Graphing Linear Functions In Lesson 2.1, you graphed functions by first 
making a table of values. Because the graph of a linear function is a line, you 
need only two points to graph a linear function. 


Graph a Linear Function 


Graph f(x) = 2x — 1. 


Solution 


Rewrite the function as y = 2x — 1. Find a point on the graph by substituting a 
convenient value for x. 


y=2x-1 Write equation. LPT TALI 
y=2(0) - 1 Substitute 0 for x. ry = 2x -1) 
y= 1 Simplify. 1th) 


One point is (0, —1). Find a second point. 
y= 20) = 1 Substitute 1 for x. 
y=l Simplify. 


A second point is (1, 1). Draw a line through the two points. 


Reasonable Domains In a real-world situation, a function model may not make 
sense for all mathematically possible values of the independent variable. For example, 
a function relating the circumference of a circle to its radius makes sense only for 
positive radius values. In cases like this, you can restrict the domain of the model. 


Chapter 2 Linear Equations and Functions 


Link to, Write and Use a Linear Function 
FITNESS 


Fitness Clubs You are joining a fitness club that charges a one-time membership 
fee of $60 and a monthly fee of $50. 


a. Write a function that models your total membership cost. 


b. Graph your function from part (a). 


c. Use your function model to find the cost of membership for the first year. 


=a \ ed q 
ae a Solution 
F 
QP / (By a. Use a verbal model to write an algebraic model for the situation. 
i] 
f t bal VERBAL Total _ Monthly |, Numberof , | One-time 
a MODEL cost fee months fee 
LABELS Total cost = f(0) (dollars) 
FITNESS CLUBS offer a Monthly fee = 50 (dollars per month) 
variety of equipment, classes, Nunherotmonthe =e (months) 
and training to help you ; 
achieve a healthy lifestyle. One-time fee = 60 (dollars) 
Joining a fitness club with ALGEBRAIC (t) = 50t + 60 
others can also help provide MODEL ft 
motivation to reach fitness b. Note that (4) is a linear function. To graph f(0), first rewrite it as y = 50¢ + 60. 
goals. Then find two points by substituting convenient values for t. 
y = 50t + 60 Write equation. 
y = 50(0) + 60 Substitute 0 for t. 
y = 60 Simplify. 
One point is (0, 60). Find a second point. g 
y = 50(2) + 60 Substitute 2 for t. = 
y = 160 Simplify. 3 
A second point is (2, 160). Because neither 
time nor cost can be negative, draw the graph 
in the first quadrant as shown. Time (months) 


c. Since there are 12 months in a year, substitute 12 for ¢ to find the total cost for 
the first year. 


SO = 50t + 60 Write function model. 
fA2) = 600 + 60 Substitute 12 for t. 
= 660 Simplify. 


ANSWER > The cost of membership for the first year is $660. 


Graph the function. 
8. h(x) = 4x — 1 9. p(t) = -t-2 10. s(x) = —2x+5 


11. For the club in Example 4, find the cost of membership for the first two years. 


2.2 Linear Functions and Function Notation 


WP) Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 


HOMEWORK HELP 

Example 1: Exs. 14-19 
Example 2: Exs. 20-27 
Example 3: Exs. 28-36 
Example 4: Exs. 38-46 


1. What is a linear function? 


2. Write y = 2x + 5 in function notation. 


Tell whether the function is linear. 

3. fix) = x7 +2 4. h(x) =1—-2x 5. g(x) = —0.2x + 4 
Evaluate the function when x = 4. 

6. h(x) = —2x +3 7.f) =2-x-1 8. g(x) = Sx +6 


Graph the function. 
9.h(x)=x-1 10. f(x) = 2x4+ 1 11. g(%) = -—x—-3 
Gardening In Exercises 12 and 13, 


suppose that a garden center sells 
hosta plants for $8 each. 


12. Write a linear function f(p) that 
models the cost of p plants. 


13. Use your function from Exercise 12 
to find the cost of 15 plants. 


Identifying Linear Functions Tell whether the function is linear. 
14. f(x) = —3 15. A(x) =x-1 16. dx) = —441 
17. g@) =x +1 18. p(x) = ee 19. v(x) = —3x-2 


Evaluating Functions Evaluate the function for the given value of x. 


20. h(x) = —2x;x = 2 21. fx) = 3x -4,x=1 

22. g(x) =x° + I3x = -3 23. b(x) = —x° + 33x =2 

24. r(x) =4x7—x-23x=2 25. w(x) =e + 4;x= 9 
2 

26. r(x) = 6x9 — 4x7 — 33x = -1 27. w(x) ="— tx= —6 


Graphing Linear Functions Graph the function. 


28. f(x) = —x 29. q(x) = 3x 30. v(x) =x +3 
31. A(x) = 2x +2 32. g(x) = 4x — 3 33. p(x) = —3x + 2 
34. g(x) = —2x—-—4 35. f(x) = 3x —3 36. h(x) = $x + 5 


37. Critical Thinking The equation y = 1 represents a linear function, but the 
equation x = | does not. Explain why this is true. 


Chapter 2 Linear Equations and Functions 


LEWIS GORDON PUGH 
is known especially for his 
cold water swims. In 2005, 
he became the first person 
to complete long-distance 
swims in the Arctic and 
Antarctic Oceans. 


Standardized Test 
Practice 


Flying In Exercises 38 and 39, use the following information. 


An airplane on a flight from Chicago, Illinois, to Amsterdam, the Netherlands, 
flies 4100 miles in about 8 hours. The function d(f) = 510t¢ models the distance 
din miles that the plane flies in ¢ hours. 


38. Graph d(p). 
39. How far does the plane fly in 5 hours? 


Sports Link, In Exercises 40-42, use 


the following information. 


In 2004, British swimmer Lewis Gordon 
Pugh swam 100 kilometers around the Cape 
Peninsula in South Africa from Cape Town to 
Muizenberg in water temperatures as cold as 
52°F. Because of the cold, he swam in stages 
over a 13-day period. His total swimming 
time was 37 hours. 


The function d(f) = 2.7t models the total 
distance d in kilometers that Pugh traveled 
in f hours of swimming. 


40. Writing Explain how you can 
choose reasonable domain and range 
values for d(t). 


41. Graph d(a). 


42. Use the model to predict how far 
Pugh swam in 12 hours. 


Car Payments In Exercises 43-46, use the following information. 


You buy a used car from a local dealership. You pay $1600 and agree to make 

payments of $200 per month for the next 3 years, at which time the car will be 
paid off. The function p() = 200t + 1600 models the total amount p that you 

have paid for the car after making payments for f months. 


43. What is a reasonable domain for p(‘)? Explain. 
44. Graph p(t). 


45. How much have you paid for the car after you have been making payments for 
16 months? 


46. What is the total amount that you pay for the car? Explain. 


47. Critical Thinking You graph a linear function using two input values. Your 
friend graphs the same function using two different input values. Will you 
sometimes, always, or never obtain the same graph? Explain. 


48. Multiple Choice Which of the following is a linear function? 


@ fear +1 ® hx) =x +x 
© ax =4 D poy =-3-1 

49. Multiple Choice What is the value of f(x) = x? + 2x — 3 whenx = —3? 
(3 @ —1 @ 0 3 


2.2 Linear Functions and Function Notation 


Standardized Test 50. Multiple Choice What function is shown in the graph? 
C20) = 2241 ® g(x) =3x-1 


51. Multiple Choice The function d(t) = 0.125t models 
the distance in miles a jogger runs in ¢ minutes. How 
many miles does the jogger run in half an hour? 


) 0.0625 mi @® 3.75 mi CH 6.25 mi @® 7.5 mi 


Mixed Review Combining Like Terms Simplify the expression by combining like 
terms. (Lesson 1.3) 


52. 4x — 3x 53. y + Jy 54.55 — 7s + 2 
55.9 — 62 + 82-8 56. 4b + 3b°-—7b+2b* 57.a?—a+ 3a’ 
Basketball In Exercises 58-61, use the bar graph. It shows the 


margin of victory for games played by the U.S. Men’s Basketball 
team in the 2000 Summer Olympics. (Lesson 7.8) 


U.S. Men’s Olympic Basketball 2000 


4 
3 | 
2 | 
0 


1-10 11-20 21-30 31-40 41-50 


Margin of victory (points) 


58. How many games were won by 11-20 points? 


59. How many more games were won by 1-10 points 
than by 31—40 points? 


60. What percent of the wins were by more than 30 points? 


61. What is the smallest possible total margin of victory for all the games? Explain. 


Identify the domain and the range. Then tell whether the relation is a 
function. Explain. (Lesson 2.1) 


62. Input Output 63. fx | y | 
g 


Geometry Skills Finding Angles The sum of the measures of the angles of a triangle 
is 180°. Write and solve an equation to find the value of x. Then give 
the measure of each angle. 


65. 66. 67. 115° 


(x — 10)° 
(2x + 6)° 25° 
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Key Words 


¢ slope 


Evaluate the 
expression. 


event HELP 
AVOID ERRORS 
When finding the slope of 
a line, be sure to subtract 
the coordinates of one 


ordered pair from the 
other in the same order. 


Slope and Rate of Change 
Cr Find and use the slope of a line. 


How can you describe the steepness of a skateboard ramp? 


The slope of a nonvertical line is the ratio 
of the line’s vertical change, or rise, to its 
horizontal change, or run. Slope gives a 
measure of steepness. To find the slope of 
the skateboard ramp shown, write the ratio 
of the ramp’s rise to its run. 


— rise _ 3 
slope = tan a 


Just as two points determine a line, two 
points are needed to find a line’s slope. 
The slope of a line is the same regardless 
of which two points on the line are used to 
find the slope. 


‘Tne Slag ofa Line 


The slope m of the nonvertical line 
passing through the points (x,, y,) 
and (x,, y,) is given by the formula 
below. 


Y2~ Vi _ rise 


MS =S 
X,— X, run 


slope 


Find the Slope of a Line 


Find the slope of the line passing through (— 1, 5) and (3, 2). 
Solution 
Let (x,, y,) = (1, 5) and @,, y,) = (3, 2). 


Y, —Y, <— Rise: Difference of y-values 
x, — x, <—— Run: Difference of x-values 


m= 


pe ee : 

=F- Substitute values. 
Sie jee 

ee a Simplify. 


You can check that the result is the same if you let (x,, y,) = (3, 2) and 


(x,, Y>) = (= i, 3): 
2.3 Slope and Rate of Change 


TUDENT HELP 


AVOID ERRORS 

For horizontal lines, the 
ie oe = 

riseis0,som=—— =0. 

For vertical lines, the run 

is0,som =o which is 

undefined. 


Positive and Negative Slope In Example 1, the graphed line falls from 
left to right, and the line’s slope is negative. This relationship is true in general. 
The box below details the relationship between the slope of a line and its graph. 


Classifying Lines by Slope 


Positive slope Negative slope Zero slope Undefined slope 
m>0O m<0O m=0 mis undefined. 


y Y iy yy 


Line falls from Line is Line is 
left to right. horizontal. vertical. 


Line rises from 
left to right. 


Classify Lines Using Slope 


Without graphing, tell whether the line through the given points 
rises, falls, is horizontal, or is vertical. 


a. (—4, 1), (-1, —2) b. (3, 2), (3, 5) 
Solution 
_m=—2—1 = =3 = -1, Because m <0, the line falls 
-1-(-4) 3 : 
b. m= po = . which is undefined. Because m is undefined, the 


line is vertical. 


Find the slope of the line passing through the given points. Then tell 
whether the line rises, falls, is horizontal, or is vertical. 


15(3,2),(—2, =3) 2.(—1,3),(-1,.-0 3. (—5, 4), (-1, 4) 
Steepness of Lines The slope of a line tells you not only if the line rises, 
falls, is horizontal, or is vertical, but also how steep the line is. For two lines 


with positive slope, the line with the greater slope is steeper. For two lines with 
negative slope, the line whose slope has the greater absolute value is steeper. 


Negative slopes ij TN 4 — >" Positive slopes 
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Compare Steepness of Lines 


Tell which line is steeper. 
Line 1: through (2, 5) and (4, —1) Line 2: through (—1, 6) and (4, 2) 


Solution 
Line | and Line 2 pass through the given points. 


PY ee ee eee 
Slope of line 1: m, 5 5 3 
‘ 2-6 4 
Slope of line 2: m, = 4-(-)~ 75 
Both lines have negative slope. Because 
|m,| > |m, , line 1 is steeper than line 2. 
Tell which line is steeper. 
4. Line 1: through (—3, 0) and (1, 5) 5. Line 1: through (21, 2) and (2, 27) 
Line 2: through (—2, —6) and (4, —1) Line 2: through (2, 3) and (5, —5) 


Rate of Change In real-world situations, the slope of a line often represents an 

average rate of change, or how much a quantity changes, on average, compared 

to a given change in another quantity. A slope representing a rate of change will 
Linkite, involve units of measure such as miles per hour or dollars per month. 


CAREERS 


Slope as a Rate of Change 


Volcanoes A volcanologist measures the temperature of a lava sample to be 
2100°F. Thirty minutes later, the lava sample has cooled to a temperature of 
1800°F. Find the average rate of change in the temperature of the sample. 


Solution 
Let @,. 9) = (0, 2100) and (%5, ¥4) = (30, 1800). 


Change in temperature 


Average rate of change = Change in time 


VOLCANOLOGISTS 
are scientists who study — 1800°F — 2100°F _ —300°F _ _ 1Q°F/min 
volcanoes. One goal of 30 min — 0 min 30 min 


volcanologists is to predict 
accurately when eruptions 
may occur. 


ANSWER > The average rate of change is — 10°F per minute. On average, the 
lava cools 10 degrees Fahrenheit each minute. 


6. Cellular Phones The estimated number of cellular phone subscribers in the 
United States was 13 million in 1993, 61 million in 1998, and 219 million in 
2006. Find the average yearly rate of change in the number of subscribers 
(a) from 1993 to 1998 and (b) from 1998 to 2006. 


2.3 Slope and Rate of Change ia 


PX} Exercises 


Guided Practice 


Vocabulary Check Copy and complete the statement. 


1. The ratio of vertical change (rise) to horizontal change (run) of a nonvertical line 
isthe _? of the line. 


2. A(n) _? line has a slope of 0. 


3. A(n) _? line has a slope that is undefined. 


Skill Check __ Find the slope of the line passing through the given points. Then tell 
whether the line rises, falls, is horizontal, or is vertical. 


4. (0, 0), (1, 3) 5. (2, 5), (4, 3) 6. (1, 1), (1, —2) 
7. (3, 2), (1, 2) 8. (2, —2), (-7, D 9. (6, —3), (-4, —8) 


Tell which line is steeper. 


10. Line 1: through (2, —2) and (4, 6) 11. Line 1: through (—3, —5) and (1, 0) 
Line 2: through (1, 0) and (2, 3) Line 2: through (—2, 7) and (—1, 9) 


12. Snowfall At 8:00 A.M., you measure the depth of snow in your backyard to be 
4 inches. At 6:00 P.M., you measure the snow depth to be 19 inches. What is the 
average rate of change in the snow depth? 


13. Reading You read a 210 page novel for an American Literature class. It takes 
you 8 hours to read the novel. What is the average rate of change per hour in the 
number of pages you have read? 


Practice and Applications 


SpeTUDENT HELP Finding Slope Find the slope of the line. 


HOMEWORK HELP 

Example 1: Exs. 14-17, 
21-30, 48-50 

Example 2: Exs. 18-30 

Example 3: Exs. 31-38 

Example 4: Exs. 39-47, 
51-53 


17. Slope of a Road A road rises 50 feet over a horizontal distance of 600 feet. 
What is the slope of the road? 


Classifying Slope Tell whether the slope of each segment in the 
figure is positive, negative, zero, or undefined. 
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Finding Slope Find the slope of the line passing through the given 
points. Then tell whether the line rises, falls, is horizontal, or is 
vertical. 


21. (3, 1), (2,6) 22. (—2, 5), (-2, 4) 23. (0, 8), (2, 10) 
24. (—3, —3), B, 1) 25. (5, 0), (6, —2) 26. (—2, —8), (5, —8) 
27. (1, 2), (5, 3) 28. (5 4), (-1, 4) 29. [4. a [s. 4 


30. Graphing and Slope Graph the line through the points (— 1, —3) and (7, —8). 
From the graph, tell whether the slope of the line is positive, negative, zero, or 
undefined. Then calculate the slope to verify your answer. 

Matching Match the slope with the correct line. 

31. —2 32. — 


33. 0 34. | 


Comparing Steepness Tell which line is steeper. 


35. Line |: through (3, 4) and (1, 2) 36. Line |: through (1, 9) and (5, 3) 
Line 2: through (3, —2) and (7, 5) Line 2: through (—1, 3) and (1, — 1) 
37. Line |: through (3, —8) and (5, 6) 38. Line 1: through (2. 5 and (1, 0) 


Line 2: through (—4, 1) and (—2, 11) : 
Line 2: through (—4, 3) and (3, 10) 


Average Rate of Change In Exercises 39-43, find the average rate 
of change in y relative to x for the ordered pairs. Include the units of 
measure for the rate of change. 


39. (2, 8) and (6, 16), where x is measured in hours and y is measured in miles. 

40. (1, 10) and (4, 25), where x is measured in seconds and y is measured in meters. 
41. (3, 5) and (5, 11), where x is measured in days and y is measured in inches. 

42. (8, 3) and (5, 15), where x is measured in weeks and y is measured in feet. 


43. (4, 0) and (2, 4), where x is measured in hours and y is measured in degrees 
Fahrenheit (°F). 


Visual Thinking The graph represents the distance d traveled by a 
vehicle in time t. 


44. During what interval was the 


Distance Travel 
average speed greatest? sheila cool Bled 


Q 


45. During what interval was the | \—€ 
average speed least? T 


46. Between which two intervals 
did the average speed decrease? 


o 
ro) 
= 
g 
a4 
[=] 


47. Between which two intervals 
did the average speed increase? 
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Link to. 
C 


LIMATE 


Si 


GRAND CANYON The 
coldest recorded temperature 
at the Grand Canyon is 
—22°F. The hottest recorded 
temperature is 120°F. 


Standardized Test 
Practice 


48. 


49. 


51. 


52. 


53. 


Rome The ancient Romans built aqueducts to carry water from rivers to towns 
using gravity. In a common design, an aqueduct fell 3 meters for each kilometer 
in length. What is the slope of an aqueduct built using this design? 


Pitch of a Roof A town’s building codes 
require the roof of a house to have a minimum 
slope, or pitch. To comply, a roof must rise at 
least 1 foot for every 3 horizontal feet. Does the 
roof of the house shown in the diagram comply 
with the code? Explain. 


. Volcanoes Cone-shaped Shishaldin Volcano in Alaska rises to a height of 


9372 feet. One mile in elevation below the top of the volcano, its diameter is 
about 33 miles. What is the slope of the sides of Shishaldin Volcano? 


Grand Canyon You are camping on the North Rim of the Grand Canyon at 
an elevation of 8200 feet. When it is 75°F at your camp, it is 104°F along the 
Colorado River at the canyon’s bottom at an elevation of 2400 feet. What is 
the average rate of change in temperature with rising elevation? 


Gas Stations A storage tank at a 24-hour gas station contains 25,000 gallons 
of gasoline at 8:00 A.M. on Monday. At 8:00 A.M. on Friday of the following 
week, the amount of gasoline in the tank has decreased to 7000 gallons. What is 
the average hourly rate of change of gasoline in the tank? 


Downloads You begin downloading a 1400 megabyte (MB) movie, then go do 
homework. Fifty minutes later, you find that 825 MB remain to be downloaded. 
What is the average rate of change per minute in the amount downloaded? 


Challenge In Exercises 54-57, find the value of k so that the line 
through the given points has the given slope. 


54. 
56. 


58. 


59. 


(k, 2) and (0, 0), m = 2 
(k, 4) and (3, 2k), m = —1 


55. (1, 0) and (3, k), m = 3 


57. (1, —k) and (3k, 5), m = ; 


Multi-Step Problem You are in charge of building a handicapped-access 
ramp for a school. To meet federal regulations, the ramp will extend 12 inches 
for every inch of rise. The ramp needs to rise 18 inches. 


a. What is the slope of the ramp? 
b. How far must the ramp extend horizontally? 


c. How does shortening or lengthening a ramp of a given height affect the slope 
of the ramp? Explain. 


Multiple Choice The line passing through which pair of points has a slope 
of —3? 


CA) (—2, 2) and (0, 8) 
©) (1, 6) and (2, —3) 


(—3, 7) and (1, 1) 
@) (2, 3) and (3, —1) 
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Mixed Review 


Geometry Skills 


Quiz 1 


Lesson 2.1 


Lesson 2.1 


Lesson 2.2 


Lesson 2.3 


Lesson 2.3 


Evaluating Evaluate the expression for the given value of x. (Lesson 1.2) 
60. x — 3 whenx =4 61. 7 + 5x when x = 2 
62. 2(8 + x) when x = —11 63. 3x(2x — 6) when x = 4 


Evaluating Find the value of y for the given value of x. (Lesson 1.5) 
64.y—x=7;x=4 65. 3x + 2y = —8;x = —2 
66.9 —S5y=7+1,x=-1 67. 3(x — 4) — 6y = 22;x =3 
Measures of Central Tendency Find the mean, median, and 
mode(s) of the data set. (Lesson 1.7) 

68. 1, 2, 2, 2, 3,3, 4,5, 7,8 69. 8, 12, 7, 11, 3, 17, 12 


Similar Triangles Triangles RTQ and QSP are similar. Find the 
coordinates of P. Compare the slopes of PQ, OR, and PR. 


Identify the domain and the range. Then tell whether the relation 
is a function. Explain. 


1. Input Output 2. Input Output 


F si 
al 4 
| 


Graph the equation. 

3.y=xt+5 4.y=x-2 

5.y=3x+2 6. y = —3x -—3 
Tell whether the function is linear. Then evaluate the function when 
x= —-2. 

7.y=x-1 8. y=4x+7 

9.y=—2x—4 10.y=3x-3 
In Exercises 11-13, find the slope of the line passing through the 
given points. 
11. (6, —1), (0, —1) 12. (—3, —1), 6, 3) 13. (—2, 1), 9, -1) 


14. Rent The amount your family pays for rent increases from $1125 per month to 
$1395 per month over a 6 year period. What is the average annual rate of change 


in the rent that your family pays? 
2.3 Slope and Rate of Change (ae 


DEVELOPING CONCEPTS (For use with Lesson 2.4) 


2'4 


Goal 


Determine how the 
constants mand b 
affect the graph of 
y=mx+ b. 


Materials 
e graph paper 
¢ protractor 
e straightedge 


TUDENT HELP 
Look BACK 
Lines that intersect ata 
right angle (or 90°) are 
perpendicular. 


90° angle 


QUESTION 


How do the values of m and b affect the graph of y = mx + b? 


EXPLORE 
© Copy the graph of y = x shown below on a coordinate grid. Then graph each 


given equation on the same grid. Describe any patterns you see. 


ay=ar-l 
1 

b.y=3x+2 
_ 1 

cy=axt3 


@ For each equation in Step 1, give the slope of the line and the coordinates of the 
point where the graph crosses the y-axis. 

I 

4 

equation given on the same grid. Use a protractor to measure the angles formed 


by all pairs of intersecting lines. Which pairs of lines are perpendicular? 


3 ] On another grid, copy the graph of y = ——x shown below. Then graph each 


a. y = 4x 

b. y = 4x —2 
c.y= —4x+4 
d. y= —4x—-2 


4) For each equation in Step 3, give the slope of the line and the coordinates of the 
point where the graph crosses the y-axis. 


THINK ABOUT IT 


1. Predict the slope and the coordinates of the point where the graph crosses the 
y-axis for the equation y = 3x + 5. 


2. Graph the line y = 3x + 5 to test your predictions from Exercise 1. Were your 
predictions correct? 


3. Based on your observations, predict the relationship between the graphs of 
y = 2x and y = 2x — 4. Explain your reasoning. 


4. Based on your observations, predict the relationship between the graphs of 
a2 __5 ; : 
y= 5x and y = 5% Explain your reasoning. 
5. What information do you think the values of m and b give you about the graph 


of an equation of the form y = mx + b? How can you use m or b to determine 
whether two lines are parallel or perpendicular? 
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Key Words 

e y-intercept 

¢ slope-intercept form 

e x-intercept 

¢ standard form of a linear 
equation 


Solve for y. 
1. 4x + 2y =8 


2. x + Sy = 10 
3. 3x — by = 12 
4. —2y — 7x = 42 


DA Quick Graphs of 


Linear Equations 


| GOAL | Use slope-intercept form and standard form to graph equations. 


In Activity 2.4, you saw that the graph of y = mx + b has slope m and 
intersects the y-axis at (0. ois The y-coordinate of a point where a graph 
intersects the y-axis is a y-int t. So, the graph of y = mx + b has 
y-intercept b. A linear equation y = mx + bis ins! m 


slope ~y ,_ y-intercept 
y=mxt+b 


Graphing Equations in Slope-Intercept Form 


STEP @ Write the equation in slope-intercept form by solving for y. 
STEP © Find the y-intercept and plot the corresponding point. 
STEP © Find the slope and use it to plot a second point on the line. 


steP © Draw a line through the two points. 


Use Slope-Intercept Form to Graph a Line 


Graph y — ax =2. 


Solution 
O Write the equation in slope-intercept form by 
adding 25 to each side: y = 35 + 2. 


© Find the y-intercept. Comparing y = 3x +2 


to y = mx + b, you can see that b = 2. Plota 
point at (0, 2). 


© Find os slope. The slope is m = 7 so 


rise — 
aT ae 3. From (0, 2), move up 3 units and 


right ie units. Plot a second point at (4, 5). 


© Draw a line through the two points. 


n to Graph a Line 


Graph the equation. 


2.y=—-x-—2 


2.4 Quick Graphs of Linear Equations 


=e 
3.y—3 3% 


Wy = 3x 


een HELP 
SOLVING NOTE 
To find the x-intercept, 
lety=0. 


To find the y-intercept, 
let x =0. 


Standard Form In Example 1, you found a y-intercept. An x 
the x-coordinate of a point where a graph intersects the x-axis. Every linear 
equation can be written in the st form Ax + By = C where A and B are 
not both zero. Using the standard form of a linear equation, you can easily find 
x- and y-intercepts and then draw a graph. 


Graphing Equations in Standard Form 


Erm 
STEP @ Write the equation in standard form. 


STEP ® Find the x-intercept by letting y = 0 and solving for x. 
Plot the corresponding point. 


STEP © Find the y-intercept by letting x = 0 and solving for y. 
Plot the corresponding point. 


steP @ Drawa line through the two points. 


Draw Quick Graphs 


Graph 3x + 2y = 12. 


Solution 


Method 1 Use Standard Form 


@ The equation is already written in standard form. 


© Find the x-intercept. 
3x + 2(0) = 12 Let y = 0. 
x=4 Solve for x. 


The x-intercept is 4, so plot the point (4, 0). 


© Find the y-intercept. 
3(0) + 2y = 12 Let x = 0. 
y=6 Solve for y. 
The y-intercept is 6, so plot the point (0, 6). 
© Draw a line through the intercepts. 


Method 2 Use Slope-Intercept Form 


Solve for y to rewrite the equation. 


3x + 2y = 12 Standard form 
2y = —3x+ 12 Solve for y. 
y= 3x +6 Slope-intercept form 
Now graph using the method of Example 1. 


Graph the equation. Choose either method. 


6. 5x + 2y = 10 


4.xt+y=7 B.y=—}xt3 
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TUDENT HELP 


VOCABULARY 

To help you remember 
the definition of 
“parallel” notice that 
there are two parallel |’s 


in the middle of the word. 


Parallel and Perpendicular Lines Two lines are parallel if they lie in the 
same plane and never intersect. Two lines are perpendicular if they intersect 
to form a right angle. You can use slope to determine whether two different 
nonvertical lines are parallel or perpendicular. 


Slopes of Parallel and Perpendicular Lines 


— 


Consider two different nonvertical lines £, and £, 
with slopes m, and m,. 


The lines are parallel if and only if they have the 
same slope. 


The lines are perpendicular if and only if their 
slopes are negative reciprocals of each other. 


Graph Parallel and Perpendicular Lines 


a. Draw the graph of y = 3x + 4. 


b. Graph the line that passes through (0, —1) and is parallel to the graph of 
y=3xt4. 


c. Graph the line that is perpendicular to the graph of y = 3x + 4 at its 
y-intercept. 
Solution 


a. Draw the graph of y = 3x + 4 using the y-intercept 4 
and slope 3. 


b. Graph the point (0, —1). Any line parallel to the graph 
of y = 3x + 4 has the same slope, 3. From (0, —1), 
move up 3 units and right 1 unit. Plot a second point 
at (1, 2). Draw a line through the two points. 


. The slope of any line perpendicular to the graph of 


y = 3x + 4 is the negative reciprocal of 3, or -¥. 


So, from (0, 4), move down 1 unit and right 3 units. 


Plot a second point at (3, 3). Draw the line. 


ndicular Lines 


Graph the line. On the same grid, graph (a) the line passing through 
the origin that is parallel to the original line, and (b) the line 
perpendicular to the original line at its y-intercept. 


7.y=2x-1 B.y=Sxt2 9y=—ixtl 


2.4 Quick Graphs of Linear Equations (aa 


WP) Exercises 


Guided Practice 


Vocabulary Check 1. What are the slope-intercept form and the standard form of a linear equation? 


2. What is the slope of any line perpendicular to the line y = 7x + 3? Explain. 
3. What is the slope of any line parallel to the line y = 7x + 3? Explain. 


Skill Check Find the slope and y-intercept of the line. 
4.y=x+ 10 5. y= —-2x-7 6.y=2x-2 
In Exercises 7-9, find the x- and y-intercepts of the line. 
7.x+y=9 8. 2x —y=12 9. 3x — 2y = 18 


10. Movies The average cost y in dollars of a movie ticket in the United States can 
be modeled by y = 0.22t + 4 where f represents the number of years since 1994. 
Identify the slope and the y-intercept. Then graph the equation. 


Practice and Applications 


TUDENT HELP Graph of a Line Use the graph to find the indicated value. 
HOMEWORK HELP 11. slope of the line 
Example 1: Exs. 14-28 
Example 2: Exs. 29-37, 12. x-intercept of the line 
57-66 : : 
Example 3: Exs. 38-49, 13. y-intercept of the line 
67-68 


Matching Graphs Match the equation with its graph. 


14. y= —5x+ 10 15. y= —3x—5 16. y= 4x — 12 


Using Slope and y-Intercept Draw the line with the given slope 
and y-intercept. 


17.m =3,b= —2 18.m = —2,b=0 19.m=1,b=1 
20. m= —1,b=0 21.m=3,b=5 22.m=5,b=—1 
Slope-Intercept Form Graph the equation. 


23.y=-x+5 24.y=4x+1 25.y=x-9 


26. y = —3x —6 27.y=jxt4 28. y=2x-1 
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Matching Graphs Match the equation with its graph. 
29. x — 4y = -8 30. 3x + 6y = —9 31. 2x — 3y = -12 


Standard Form Graph the equation. Label the intercepts. 
32.2x+y=8 33.x + 2y = —8 34. 3x + 4y = —10 
35. 3x -—y=3 36. x — by = —-1 37. —9x + 6y = 12 


Parallel and Perpendicular Lines Tell whether the lines are parallel, 
perpendicular, or neither. 


38. y = 6x + 2andy=—ix+4 39. y=3x+6andy=6x+ 3 
40. y= —2x + 2and y = —2x —2 41.x+y=3andx—-—y=3 
42. 2x +y=Sand4x + 2y=1 43. 3x — 2y = 0 and 4x + 6y =5 


Graphing Related Lines Graph the line. On the same grid, graph 
(a) the line passing through (1, 1) that is parallel to the original line, 
and (b) the line perpendicular to the original line at its y-intercept. 


44. y= —-x 45.y=7x+2 46. y = 3x + 10 


a7. y =2x 48.x+2y=8 49.-x+4y=-4 


Horizontal and Vertical Lines 


Graph the equation. 


a.y=4 b. x = —1 


Solution 


a. The y-coordinate is 4 no matter what the 
value of x is. So, the graph of y = 4 is the 
horizontal line that passes through (0, 4). 
The y-intercept is 4. 


. The x-coordinate is —1 no matter what 
the value of y is. So, the graph of x = —1 
is the vertical line that passes through 
(—1, 0). The x-intercept is —1. 


Horizontal and Vertical Lines Graph the equation. 
50. x = 0 51.x= 15 52.y=3 
53.y=—-1 54. y = 4.5 55.x = —3 


56. Critical Thinking Can a line have no x-intercept? no y-intercept? 
no x-intercept and no y-intercept? If so, describe the lines that satisfy 


each condition. 
2.4 Quick Graphs of Linear Equations a 


Quick Graphs Graph the equation using any method. 


57.y=3x+7 58. y= —6 59. —7y = —2x+ 14 
60. —x + 8y = 18 61. x = 15 62. x = —2y + 6 
63. |—| Taxes The amount a (in billions of dollars) in taxes collected from 1980 to 


2005 by the Internal Revenue Service can be modeled by a = 72.2t + 396 
where ¢ represents the number of years since 1980. Graph the equation. 


64. Sales The numbers of individual memberships x and family memberships y 
a zoo employee must sell to meet a weekly sales goal of $4000 is modeled by 
50x + 80y = 4000. Graph the equation. 


Backpacking In Exercises 65 and 66, 
use the following information. 


The weight W (in pounds) of a backpack 

a hiker carries on a multi-day hike can 

be modeled by W = 2.5d + 35 where 

d represents the length of the trip (in days). 


65. Identify the slope and the y-intercept. 
Then graph the equation. 


66. Writing Describe what the slope and 
the y-intercept represent in this situation. 


Challenge Find the value of h that makes the line through the 
given points perpendicular to the graph of y = x + 14. 


67. (0, h) and (2h, 5) 68. (A + 1, 5) and (4, h) 
Standardized Test 69. Multiple Choice What is the slope-intercept form of x — 3y = 4? 
ipa ale aS ye 
@ -y=-gxty Dy=5x-3 


70. Multiple Choice Which equation represents the graph shown? 
®y=5x+1 @y=5x-2 
@ y=2x+1 GD y=2x-—2 


Mixed Review _ Box-and-Whisker Plots Draw a box-and-whisker plot of the data set. 
(Lesson 1.7) 


71. 11, 15, 19, 15, 12, 14, 16, 10, 14 72. 32, 24, 23, 39, 29, 21, 38, 23 
Finding Slope Find the slope of the line passing through the given 
points. (Lesson 2.3) 
73. (5, 5), (2, 4) 74. (4, 3), (0, 0) 75. (3, —3), (7, -7) 
Geometry Skills 76. Right Triangles In a right triangle, two 
sides are perpendicular to one another. 
Find the slope of each side of the triangle 


shown. Is the triangle a right triangle? 
Explain. 
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USING A GRAPHING CALCULATOR (For use with Lesson 2.4) 


2'4 


TUDENT HELP 


KEYSTROKE HELP 
See keystrokes for 
several models of 
calculators at 
www.classzone.com. 


oe rUpeNt HELP 
CALCULATOR HELP 


On many calculators, 
the standard viewing 
window is —10< x< 10 
and —10<y<10. 
Choose a viewing 
window that shows 

a graph’s important 
features, such as its 
intercepts. 


You can use a graphing calculator to graph linear equations. 


EXAMPLE 
Use a graphing calculator to graph 2x + Sy = 30. 


SOLUTION 


@ Solve the equation for y to change it 
from standard form to slope-intercept 
form, which is the form required by 
most calculators. 


@ Enter the equation into the 
calculator, using parentheses for 
the fractional coefficient. So, enter 
y = —(2/5)x + 6. 


2x + 5y = 30 | 

Y1B-(2/5)X+6 | 

5y = —2x + 30 Y2= 

2.46 a 

Yee ae Y4= 
5 Y5= | 

Y6= 

Y7= 


L J 


3 ] Set a viewing window for the graph. To do this, enter the least and greatest 
x- and y-values and the x- and y-scales as shown. Then graph the equation. 


| WINDOW | \ 
Xmin=-5 
ales 

|RReSe | | 
Yscl=1 


t Xres=1 , q J 


EXERCISES 


Use a graphing calculator to graph the equation in the standard 
viewing window. 


1.2x+y=-3 2.-5xt+ty=1 3.x -—4y =3 


Use a graphing calculator to graph the equation in the indicated 


viewing window. 
4. —4x + 2y = —34 Xmin = —2, Xmax = 12, Xscl = 2, 


Ymin = —20, Ymax = 2, Yscl = 5 


Xmin = —10, Xmax = 30, Xscl = 10, 
Ymin = —3000, Ymax = 1000, Yscl = 1000 


5. 100x — y = 2200 


Use a graphing calculator to graph the equation. Choose a viewing 
window that shows the x- and y-intercepts. 


6. 7x = 3y + 40 7. —x — 2y = —24 


2.4 Quick Graphs of Linear Equations fal 


8. 150x — y = 3000 


25 Writing Equations of Lines 


Key Words | GOAL | Write linear equations. 


¢ point-slope form 


How many California condors live in 
the wild? 


In 1987, the last wild California condor was 
captured as part of an effort to breed condors 
in captivity. In 1992, the first condors were 


Find the slope and 
y-intercept of the line. 


1.y=4x-7 released back into the wild. In Example 5, 
2y=- 2048 you will write a linear model to represent the 
° 5 number of California condors in the wild. 
3. —x-y=6 
If you know the slope and y-intercept of a line, you can write its equation using 
4. 5x + 2y = 20 


slope-intercept form. If you know the slope and any point on a line, you can 
write its equation using point-slope 


Writing an Equation of a Line 


SLOPE-INTERCEPT FORM Given the slope m and the y-intercept b, 
use slope-intercept form: y = mx + b. 


POINT-SLOPE FORM Given the slope mand a point (x,, y,), 
use point-slope form: y — y, = m(x — x,). 


Write an Equation Given Slope and y-Intercept 


Write an equation of the line shown. 
Solution 
From the graph, you can see that the slope is m = 2. 


Because the line intersects the y-axis at (0, —2), the 
y-intercept is b = —2. 


Use slope-intercept form to write an equation of the line. 
y=mxt+b Use slope-intercept form. 
y= 2x +.(=2) Substitute 2 for mand —2 for b. 


y= 2x aa Simplify. 


and y-Intercept 


Write an equation of the line that has the given slope and y-intercept. 


1.m=3,b=1 n=. p=—4 3.m=3,b=—5 
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Write an Equation Given Slope and a Point 


Write an equation of the line that passes through (4, 2) and has a slope of -}. 
Solution 
Because you know the slope and a point on the line, use point-slope form 
with (x,, y,) = (4, 2) and m = —4. 

yyy = mx —x,) Use point-slope form. 


y-2= ari — 4) Substitute 2 for y,, - for m, and 4 for x,. 


Rewrite the equation in slope-intercept form. 


TUDENT HELP y-2= Le — 4) Point-slope form 
AVOID ERRORS i 
Watch out for negatives ++«+++++e+« Py-2= get 1 Distributive property 


when you use the 
distributive property. ie 
Here you must multiply ya 4* 


t 3 Slope-intercept form 


=i cou 
4 py each renninside CHECK You can check the result by graphing the 


the parentheses. equation. Draw a line that passes through (4, 2) 
and has a slope of -t. Notice that the line has a 


y-intercept of 3, which agrees with the slope-intercept 
form found above. / 


n Slope and a Point 


Write an equation of the line that passes through the given point 
and has the given slope. Write your equation in slope-intercept form. 


4. (—1,3),m=2 5. (4, —5),m = —3 6. (—2,4),m=5 


oi a = 2 Sot 
7. (—3, 3), m= 3 8. (8,0),m = —3 


9. (10, —8),m=2 


Write Equations of Parallel Lines 


Write an equation of the line that passes through (— 1, 4) and is parallel to the line 
y= 2x +5, 
Solution 


The given line has a slope of —2. Any line parallel to this line will also have a 
slope of —2. Use point-slope form with (x,, y,) = (~1, 4) and m = —2 to write 
an equation of the line. 


yy, = me — x) Use point-slope form. 
y—4=-2[x-(-D] Substitute 4 for y,, —2 for m, and —1 for x,. 
y—-4=-2x-2 Distributive property 

y=-2x+2 Slope-intercept form 


2.5 Writing Equations of Lines 


Write Equations of Perpendicular Lines 


Write an equation of the line that passes through (— 1, 4) and is perpendicular to 
the line y = —2x +5. 

Solution 

The given line has a slope of —2. The slope of any line perpendicular to this line 
will be the negative reciprocal of —2, which is a Use point-slope form with 


(x,,¥,) = (F1, 4) and m = 5 to write an equation of the line. 
y-y, =m —x,) Use point-slope form. 


y-4= 5k -—(-D] Substitute 4 for y,, } for m, and —1 for x,. 


y-4= 5X + 5 Distributive property 
y= 5x + 3 Slope-intercept form 


and Perpendicular Lines 


Write an equation of the line described. 

10. passes through (—6, —5); parallel to y = —x + 2 

11. passes through (—6, —5); perpendicular to y = —x + 2 
12. passes through (—2, 3); parallel to y = 4x — 1 


13. passes through (—2, 3); perpendicular to y = 4x — 1 


ILDLIFE Write a Linear Model 


Condors In 1995 there were only 6 California condors living in the wild (all 

in California). In 2006 there were 138 California condors living in the wild (Gin 
California, Arizona, and Mexico). Write a linear model that represents the number 
of California condors living in the wild between 1995 and 2006. 


Solution 
: : «os 138-6 
The average rate of change in the wild population is m = 7006 — 1995 12. 


The average rate of change is the slope in a linear model. 


VERBAL Number of _| Number in Average rate |, Years since 
MobDEL condors 1995 of change 1995 
LABELS Number of condors = y (condors) 


CONDORS The California : 
condor is North America’s Number in 1995 = 6 (condors) 


largest bird, with a wingspan 
that can reach over 9 feet. 


Average rate of change = 12 (condors per year) 


Introducing condors into the Years since 1995 = ¢ (years) 

wild in multiple locations peri as y=6+ 12¢ 

increases the chances that 

the species will survive. ANSWER > A linear model for the number of condors is y = 6 + 12z. 
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WD Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 12-23 
Example 2: Exs. 24-36 
Example 3: Exs. 37-39, 

43 
Example 4: Exs. 40-42, 

55 
Example 5: Exs. 53-54 


1. An equation written in the form y — y, = m(x — x,)isin__?_ form. 
Describe the meaning of m, x,, and y, in this equation. 


2. Compare writing an equation of a line using the slope and y-intercept with 
writing an equation of a line using the slope and any point on the line. 
Write an equation of the line that has the given slope and y-intercept. 
3.m=2,b=-3 4.m=-5,b=7 5.m=2,b=1 
In Exercises 6-8, write an equation of the line that passes through 
the given point and has the given slope. 
6. (0, 3), m = —3 7. (—4, -—D,m =2 8. (—3, 5), m = —4 
9. Parallel Lines Write an equation of the line that passes through (6, —2) 
and is parallel to the line y = 2x — 1. 


10. Perpendicular Lines Write an equation of the line that passes through 
(—1, 1) and is perpendicular to the line y = —x + 2. 


11. Car Value A car that cost $19,000 in 2003 was sold for $10,200 in 2007. Find 
the average rate of change in the car’s value. Write a linear model for the value V 
of the car from 2003 to 2007 where ¢ represents the number of years since 2003. 


Slope and Intercept Identify the slope and y-intercept of the line 
shown in the graph. 


Slope-Intercept Form Write an equation of the line that has the 
given slope m and y-intercept b. 


15.m=1,b=3 16,72 -—3.5= 1 17.m=0,b=5 
18.m=-7,b=0 19. m =3,b = —3 20. m= —2,b=4 


Graphical Reasoning Write an equation in slope-intercept form of 
the line shown in the graph. 


22. 


2.5 Writing Equations of Lines 


24. Error Analysis Describe and correct the 
error in writing an equation of the line that ee = (x. — x) 
passes through (—5, 3) and has slope 4. y—-3=4(x— 5) 


y—3=4x—-—20 Po 
y =4x—-17 


Point-Slope Form Write an equation of the line that passes through 
the given point and has the given slope. 


25. (0, 2),m =3 26. (—1, 0),m =2 27. (—5, —2),m=0 
28. (3, —1),m = —2 29. (—3, —5),m = —5 30. (4, 1),m = + 
31. (6, 4), m= -2 32. (—2, 8), m= : 33. (—13, 0), m= 2 


Graphical Reasoning Write an equation of the line shown in the graph. 


Parallel Lines Write an equation of the line that passes through the 
given point and is parallel to the given line. 


37. (2,5),y=2x-1 38. (1,—-l),y=—3x+7 39.(—-6,3),y= $x 4 


Perpendicular Lines Write an equation of the line that passes 
through the given point and is perpendicular to the given line. 


40. (—2, 0), y = ix —2  41.(4,-l,y= —$x —3 42.(1,),y=—2x+5 


43. Fundraising You and a friend spend a day selling candy bars to raise money 
for the school choir. The number of candy bars c you have remaining / hours 
after you begin selling is modeled by c = 60 — 8h. A graph of your friend’s sales 
is parallel to a graph of yours and passes through (h, c) = (2, 60). Write a model 
for your friend’s sales. How many candy bars does your friend start the day with? 


Write an Equation Given Two Points 


Write an equation of the line that passes through (— 1, —2) and (1, 4). 
— HELP 
ANOTHER WAY Solution 
After you find the slope, First findithe dl Let = (1). 9) and ayia 
you can substitute the CT a ae a 
slope for mand the _ 9.79,  4-(-2) _ 6 
coordinates of one of m X-X, 1-(-D 2? or 3 
the points for xand yin 
slope-intercept form. Use point-slope form to write an equation and then simplify. 
Tien solveiior), yy, =m —x,) Use point-slope form. 
y —(-2) = 3 -(-D] Substitute —2 for y,, 3 for m, and —1 for x,. 
y+2=30a4+) Simplify. 
y=3x+1 Slope-intercept form 
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Writing Equations In Exercises 44-52, write an equation of the line 
that passes through the given points. 


44. (4,7), (3, 4) 45. (—2, 3), (2, —5) 46. (—5, —4), (-7, 6) 
(0.313, 41 Sa = 0.3 (6. —).(4,-— 

Link to. 47. (0, 2), ( ) 48. ( ), ¢ ) 49. (6, —9), ( 9) 

HABITAT 50. (—6, —4), (8, 4) 51. (6, 5), (6, —4) 52. (—8, 10), (—2, 17) 


53. Grizzly Bears In 1979, 13 female grizzly bears with first-year cubs were 
observed in the Greater Yellowstone Ecosystem (GYE). In 2004, the number 
observed was 49. Use the verbal model shown to write a linear model for the 
observed number of females with first-year cubs in the GYE from 1979 to 2004. 


Years since 
1979 


Number in 
1979 


Number of 
bears 


Average rate | , 
of change 


54. Politics In 1971, 4.5% of the state legislators in the United States were women. 
The percent of state legislators who were women had increased to 22.5% by 
2000, after which the percent leveled off for several years. Write a linear model 
for the percent of state legislators who were women from 1971 to 2000. 


55. Nature Trails The new Link Trail in Spruce Creek Park will run from the 
Woodland Trail to the Lake Trail in a straight line as shown in the diagram. 
Write an equation of the line that contains the Link Trail. 


GRIZZLY BEARS once 
ranged from Texas to North 
Dakota and westward to 
Washington and California. 
Hunting and habitat loss 
eliminated grizzlies from 98% 
of their original U.S. range 
outside of Alaska by the 


1970s. 
56. Challenge Show that an equation of the line that has x-intercept a and 
y-intercept b is the following: 
x ) 
Standardized Test 57. Multiple Choice What is an equation of the line with a slope of 2 and 
Practice a y-intercept of —3? 
Dy=3r-F  DBy=jr-3 ©yafrt3 Dy=3rt7 


58. Multiple Choice What is an equation of the line that passes through (3, —2) 
and has a slope of —1? 


®y=3x-2  @y=-x-1 Wyaxtt Dy=-xt1 


59. Multiple Choice The graph of which equation is a line perpendicular to the 
line y = —3x + 4? 


60. Multiple Choice What is an equation of the line that passes through 
(—2, 5) and has a slope of —2? 


®y=-fxt+1 @y=-2x+1 @y=2x+9 GQDy=-2x-1 


2.5 Writing Equations of Lines ia 


Mixed Review Identifying Coefficients and Like Terms Identify the coefficients 
and like terms in the expression. (Lesson 1.3) 


61. 4c — 3c 62. 5y* — lly +y 
63. 7x — 2+ 5x— 8x2 +1 64. 6n + 2n? — 14+ 5n4+ 2.5 — 6n? 


Graphing Functions Graph the equation. (Lesson 2.4) 

65. y = 2x 66. y = 3x 67.y=x-2 

68. y= 2x + 1 69. y= —4x+1 70. y= —3x—-4 
Geometry Skills Triangle Proportionality If a line segment divides two sides of a 


triangle proportionally, then it is parallel to the third side. Determine 
whether WY is parallel to VZ in the diagram. 


71. x 72.V 7W 21 x 
21 
i 18 - 
7 
V 
: ey 
Z 
Zz 
73. V 74. x 
10 
We 14 21 
18 r ' 
18 
x mY 6 Zz 12 
V Zz 


Quiz 2 


Lesson 2.4 Graph the equation. 
1.y=3x+4 2.y=px-2 3.y=-7 4. 3x — 2y = 10 


Lesson 2.4 Graph the line that is perpendicular to the graph of the equation at 
its y-intercept. 


5.y=—-2x+5 6.y=x 7.y=2x-3 
Lesson 2.5 Write an equation of the line that has the given slope and y-intercept. 
8. m = 3,b = —3 9.m = —4,b=9 10.m=3,b=4 


Lesson 2.5 Write an equation of the line with the given characteristics. 
11. passes through (—4, 3); slope m = 4 
12. passes through (4, —1); perpendicular to y = 5x + 4 
13. passes through (6, 0); parallel to y = 3x — 2 


Lesson 2.5 14. House Value In 1991 a house was valued at $125,000. The same house was 
valued at $225,000 in 2007. Write a linear model for the value v of the house for 
the period 1991 to 2007 where ft represents the number of years since 1991. 
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2'6 


Key Words 


e direct variation 
¢ constant of variation 


Direct Variation 


Cr Write and graph direct variation equations. 


How can you adjust this salsa recipe to serve more people? 


By the recipe, 2 tomatoes make 4 servings. 
So, 4 tomatoes make 8 servings, 6 tomatoes 
make 12 servings, and, if tf represents the 
number of tomatoes and s the number of 
servings, s = 2t. 


SALSA (serves 4) 


@ tomatoes, diced 

ae onion, diced 

+ DSP. cilantro, cho 

: : Sp. lime juice sie 
clove garlic, chopped 

Salt, Pepper, chilis to taste 


Direct variation equation 
y=kx 
= constant of variation 
So, s = 2tis a direct variation equation with constant of variation k = 2. 


The graph of y = kx is a line with slope k. Also, the y-intercept is 0, so the 
graph of any direct variation equation passes through the origin. 


Graph a Direct Variation Equation 


Graph y = ix. 


Solution 
Plot a point at the origin. 


Find a second point by substituting a convenient value for x. 


y= ix Write equation. 
y= a) Substitute 4 for x. 
y= 7 Simplify. 


A second point is (4, 7). 


Plot the second point. Then draw a line through 
the two points as shown. 


Graph the equation. 


4. y = 2x 


2.6 Direct Variation a 


1.y=-x 2. y = 2x 3. y = —4x 


Linkitey Write a Direct Variation Equation 
CAREERS 


Recipes To make mango salsa, replace the tomatoes in the recipe on the previous 
page with mangoes, using 3 mangoes for 2 recipes. Write an equation relating the 
number of servings y to the number of mangoes x given so that y varies directly 
with x. How many servings of salsa can you make if you have 5 mangoes? 


Solution 


In 2 recipes there are 2(4) = 8 servings, so 3 mangoes make 8 servings. This means 
y = 8 when x = 3. Write an equation using these values of y and x to solve for k. 


y=kx Write a direct variation equation. 
8 = k(3) Substitute 8 for y and 3 for x. 
: =k Simplify. 
An equation is y = Sx. To find how many servings of salsa you can make using 
CHEES create dishes and 5 mangoes, substitute 5 for x. 
menus that will appeal to their 8 8 5 40 3! 
customers. Executive chefs a3 3 ) 3 3 


supervise kitchen operations 


ANSWER > Fi ill make about 1 ings. 
sari Fad aervieg stare S > Five mangoes will make about 13 servings 


The variables x and y vary directly. Write an equation that relates x and y. 
5.x =3,y=-9 6.x = 10,y=2 


Identify Direct Variation You can rewrite y = kx as : = k. So, a set of 


data pairs (x, y) shows direct variation if the ratio of y to x is constant. 


TUDENT HELP Identify Direct Variation 
SOLVING NOTE Tell whether the data, the numbers of words y in the first x lines of the Declaration 
In a real-world data set, of Independence, show direct variation. If so, write an equation relating x and y. 


the ratio of the variables 


not always have to be : 
exactly the same to 


assume direct variation, LiL 


but the ratio should vary 


only by a small amount. Solution 
Find the ratio of y to x for each data pair. 
153 305 _ 454 602 _ 757 _ 
5 30.6 10 30.5 5 30.27 40 30.1 75 30.28 


The ratio of y to x in each pair is nearly the same, so the data show direct variation. 
Substituting 30.3 for k in y = kx gives the direct variation equation y = 30.3x. 


7. Tell whether the data (1, 2), (2, 4), (3, 8), (4, 14), (5, 22) show direct variation. 
If so, write an equation relating x and y. 
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WP X3 Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


ep TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 10-21 


Example 2: Exs. 22-40 
Example 3: Exs. 41-48 


Copy and complete the statement. 
1. If y = kx and k # 0, then the equation is a(n) __? _ equation. 


2. If y = kx is a direct variation equation, then k is called the _?_. 


Graph the direct variation equation. 


3. y = 3x 4. y = —2x 5.y= 4x 


The variables x and y vary directly. Write an equation that relates 
xXand y. 
6.x=3,y= —6 1.2 = by —24 8.x = 22, y = —2 


9. The variables x and y vary directly, and y = 3 when x = 4. Write and graph an 
equation relating x and y. Then find y when x = 2. 


Recognizing Direct Variation Graphs Tell whether the graph 
represents direct variation. Explain. 


11. 5 12. 


Graphing Direct Variation Equations Graph the equation. 
13. y = —3x 14. y = 4x 15.y=7% 


1 


16. y = —5x 17.y = —5x 18. y = 3x 


Logical Reasoning Tell whether the statement is sometimes, 
always, or never true. 

19. The origin is a point on the graph of a direct variation equation. 
20. The graph of a direct variation equation has a positive slope. 


21. The constant of variation in a direct variation equation is the opposite of the 
slope of the graph of the equation. 


Finding a Constant of Variation Find the constant of variation. 
22. y varies directly with x, and y = 14 when x = 2. 

23. d varies directly with ft, and d = 36 when t = —4. 

24. P varies directly with x, and P = —3 when x = —15. 


25. z varies directly with w, and z = —8 when w = 84. 


2.6 Direct Variation a 


Link to. 


SCIENCE 


APOLLO 11 On July 20, 
1969, the Apollo 11 mission 


landed the first two humans, 


Neil Armstrong and Buzz 
Aldrin, on the moon. 
Armstrong was on the lunar 
surface for about 2.5 hours, 


and Aldrin for about 2 hours. 


26. Geometry Link, The circumference C of a circle varies directly with its 
diameter d. The constant of variation is the number 7, which is about 3.14. 
What is the circumference of a circle whose diameter is 5 inches? 


Writing Equations The variables x and y vary directly. Write an 
equation that relates x and y. Then find the value of y when x = 9. 


27.x=2,y= 16 28. x = 3, y = 27 29.x = —8,y = 64 
30. x = —18, y = —54 31.x = 12,y=6 32.x = -21,y=7 
33. x =54,y = —-6 34.x= —2,y=4 35.x=2y=14 


36. Waves A wave’s length is the distance from its crest to the crest of the next 
wave. The height / at which a wave breaks varies directly with its length L. A 
wave that breaks at a height of 3 feet has a length of 21 feet. Write an equation 
that relates h and L. Then predict the height of a wave with a length of 35 feet. 


A wave's length Lis the distance between one crest and the next. 


37. Sales Tax The sales tax ¢ on an item varies directly with the price p of the 
item. Write an equation that relates ¢ and p for a state that has a sales tax rate 
of 6%. What is the sales tax on a $250 digital camera? 


38. Tipping In general, the tip ¢ on a restaurant meal varies directly with the total 
amount of the bill b. Write an equation that relates t and b for a meal if you 
wish to tip the server 15% of the amount of your bill. How much should you 
tip if the total bill is $18? 


39. Discount For a percent discount, the amount d of the discount on an item 
varies directly with the price p of the item. Write an equation that relates d 
and p for winter coats that are discounted by 60%. What is the amount of the 
discount on a coat that regularly costs $180? What is the discounted price? 


40. Science Link’, Weight varies directly with the force of gravity. An object 
that weighs 6 pounds on Earth weighs only | pound on the moon, where the 
gravitational force is weaker. The rocks gathered from the moon during the 
Apollo 11 mission weighed 46 pounds on Earth. How much, to the nearest 
pound, did the rocks weigh on the moon? 


41. Challenge If y varies directly with x, does x vary directly with y? Explain. 


Identifying Direct Variation Tell whether the data show direct 
variation. If so, write an equation that relates x and y. 


44. 
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Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


Measurement Conversions Write and use a direct variation 
equation to perform the conversion. Use the given variables. 


45. Convert 7.5 inches to centimeters. | inch (n) = 2.54 centimeters (c) 
46. Convert 8.3 ounces to grams. | ounce (z) = 28.4 grams (g) 
47. Convert 5 kilometers to miles. 1 mile (m) = 1.61 kilometers (k) 


48. Convert 3 liters to quarts. 1 quart (g) = 0.946 liter (L) 


49. Multiple Choice The variables x and y vary directly. When x = —4, 
y = 16. What is the constant of variation? 


@® -4 ® -j ©} D4 


50. Multiple Choice The variables x and y vary directly. When x = 3, 
y = 15. Which equation correctly relates x and y? 


® y = 5x @ x=5y ® y = 6x D x = by 


51. Multiple Choice The variables ¢ and p vary directly. When t = —12, 
p = —4. What is the value of p when t = 9? 


@ -27 =3 © 3 @® 27 
Solving Equations Solve the equation. (Lesson 1.4) 
52.6 —x= —3 53.2m+ 11=7 54. 10 — 5p = 65 


Identifying Linear Functions Tell whether the function is linear. 
Then evaluate the function when x = 3. (Lesson 2.2) 


55. f(x) = 2x —7 56. f(x) = x? — 3x41 57. fix) = ax 42 


Standard Form Graph the equation. Label the intercepts. 
(Lesson 2.4) 


58.2x+y=2 59. —2x + 5y = 10 60. 6x + y = —2 
Point-Slope Form Write an equation of the line that passes through 
the given point and has the given slope. (Lesson 2.5) 

61. (0, —1),m = 2 62. (4,0), m = —1 63. (—3, —4), m = 0 


64. (—2, 5),m=3 65. (—8, 3), m= -+ 66. (2, —3), m= 5 


67. Volume of a Prism Write an equation relating 
the volume V of a rectangular prism to its height h if 


the area of the base of the prism is held constant at h 
16 square units. 
16 units? 
68. Volume of a Pyramid Write an equation relating 
the volume V of a rectangular pyramid to its height h h 
if the area of the base of the pyramid is held constant 


at 9 square units. i 
9 units? 
2.6 Direct Variation fal 


DEVELOPING CONCEPTS (For use with Lesson 2.7) 


27 


Goal QUESTION 

Sal inode viGraset How can you approximate the best-fitting line for a set of data? 
Materials EXPLORE 

* overhead projector @ Draw a line segment 15 centimeters long on 

* overhead transparency a transparency, and place the transparency on 


and marker 
metric ruler 
meter stick 


an overhead projector. Position the projector = 
a convenient distance from the screen, and : 
measure this distance in centimeters. Then 
graph paper measure the length of the segment projected 
on the screen. 


2] Record your Step | data in a table like the one 
below. (Sample projector-to-screen distances are 
given.) Move the projector a little farther from 
the screen several times, each time measuring 
and recording the projector-to-screen distance 
and the length of the projected segment. 


Distance from projector 


200 220 240 
to screen (cm), x 


Length of line segment 
on screen (cm), y 


© Write the data recorded in your table 
as ordered pairs (x, y). Then graph the 
ordered pairs on a coordinate grid. 


TUDENT HELP 
READING GRAPHS 


model the overall trend 
of the data as closely as 
possible. 


Describe any pattern you see. i 
Your line does not have to a ‘ roe 
contain any of the actual 4) Use a ruler to draw a line on your 5 FE j 
data points, but it should graph lying as close as possible to as ire 


many of the plotted points as possible. 
Your line approximates the best-fitting 
line for the data. 


THINK ABOUT IT 


1. Find the slope of your line. To do this, you may first need to estimate the 
coordinates of two points on your line. What does the slope represent? 


2. Estimate the y-intercept of your line. What does the y-intercept represent? 
3. Use the slope and y-intercept to write an equation of your line. 


4. Using your equation from Exercise 3, predict the length of the projected segment 
for a particular projector-to-screen distance greater than those in your table. 


5. Test your prediction from Exercise 4. How accurate was your prediction? 
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hy | Scatter Plots and Correlation 


Key Words GD See correlation in a scatter plot and find a best-fitting line. 


¢ scatter plot 

¢ positive correlation 

e negative correlation 

¢ relatively no correlation 
¢ best-fitting line 


Find the slope of the 
line passing through 
the given points. 

1. (-3, i (2, 6) corre 1g tic 0 


As x increases, y tends Re x increases, y tends There is no obvious pattern 
2. (—2, 8), (1, —4) to increase. to decrease. between x and y. 


3. (5, 2), (—3, 6) 
4. (0, 7), (4, 0) Identify Correlation 


Televisions The scatter plots compare unit sales of plasma television sets with 
those of LCD television sets and with those of analog direct-view color television 
sets (older-style “picture-tube” sets). Describe the correlation shown by each plot. 


Television Set Sales 2002-2007 


dN 
ot< 


=> _ 
Co uo 


LCD (millions) 


o1 


Direct view analog 
(millions) 


0 0 
0 08 16 24 3.2 40* 0 08 16 24 32 40* 
Plasma (millions) Plasma (millions) 


Solution 


The first scatter plot shows a positive correlation: as sales of plasma sets increased, 
sales of LCD sets increased. The second plot shows a negative correlation: as sales 
of plasma sets increased, sales of analog direct-view color sets decreased. 


1. Draw a scatter plot of the data. Then tell whether the data show a 
positive correlation, a negative correlation, or relatively no correlation. 


(1, 7), (1, 5), (2, 3), (3, 2), (3, 6), (5, 5), (6, 4), (6, 8), (7, 6), (8, 2) 
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Lines of Fit If the points in a scatter plot appear to lie close to some line with a 
positive or negative slope, then the correlation is strong, and you can reasonably 
model the data with a line. The line that most closely models the data is called the 
You can approximate a best-fitting line by graphing. 


Approximating a Best-Fitting Line 


eT UDENT HELP STEP @ Draw a scatter plot of the data. 
s 


els NOTE STEP © Sketch a line that follows the trend of the data points. The line 
GESTION AE Use should be close to as many points as possible. There should 


raphing calculator to 5 ‘ : 
are beceftana lint be about as many points above the line as below it. 


see page 114. STEP © Choose two points that appear to lie on the line, and estimate 
the coordinates of each point. These points do not have to be 
original data points. 


STEP © Write an equation of the line that passes through the two 
points from Step 3. This equation gives a model for the data. 


Find a Best-Fitting Line 


Movies The table gives the total number y (in billions) of U.S. movie admissions 
x years after 1993. Approximate the best-fitting line for the data. 


a 
a 


Solution 


O Draw a scatter plot of the data. 


© Sketch the line that appears to best 
fit the data. A possibility is shown. 


© Choose two points. The line shown 
appears to pass through the data 
point (3, 1.34) and through (11, 1.6), 
which is not a data point. 


| Admissions (billions) — 


© Write an equation of the line. First 
find the slope using the two points: 


_ 16-134 _ 0.26 


a = Oe = 0.0325 


Now use point-slope form to write an equation. Choose (x,, y,) = (11, 1.6). 
yyy =m —x,) Point-slope form 
y — 1.6 = 0.0325 — 11) Substitute for y,, m, and x,. 
y — 1.6 = 0.0325x — 0.3575 Distributive property 
y = 0.0325x + 1.2425 Solve for y. 


ANSWER > An approximation of the best-fitting line is y = 0.0325x + 1.24. 
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Link £0. 


PHYSICAL 


FITNESS 


WALKING On a walk in 
the woods, you might travel 
approximately 1 or 1.5 yards 


per second (about 2-3 mi/h). 


A race walker might reach a 
speed of 4 yards per second 
(over 8 mi/h) or more. 


Use a Best-Fitting Line 


Walking In aclass experiment, students walked a given distance at various 
paces, from normal to as fast as possible (“race walking”). By measuring the time 
required and the number of steps, the class calculated the speed and the stride, or 
step length, for each trial. The table shows the data recorded. 


[seoaivasesd [om [ows [9 [as [uw [ae [is] is | 
Psvieivar—_[-05 | 06 | 06 | 07 | 07 | om | on | 09 | 
[ecaivared [215] 25 [28 [30] sr] as [as] a 
[sie [08 [0 [ios [us [as [us| 2 [12 | 


a. Approximate the best-fitting line for the data. 


b. Predict the stride length for a class member walking at 2 yards per second. 


Solution _ — 
a. Draw a scatter plot of the data. |) Walking Speeds | 


Sketch the line that appears to best fit the 
data. A possibility is shown. 


Choose two points on the line. It appears 
to pass through (0.9, 0.6) and (2.5, 1). 


Write an equation of the line. First find 
the slope using the two points: 


1-06 _ 04 
25-09 1.6 


‘Stride length (yd) 


= 0.25 


Use point-slope form as in Example 2 to write an equation. 
ANSWER > An approximation of the best-fitting line is y = 0.25x + 0.38. 


. To predict the stride length for a class member walking at 2 yards per second, 
use the equation from part (a), substituting 2 for x. 


y = 0.25x + 0.38 Write the linear model. 
y = 0.25(2) + 0.38 Substitute 2 for x. 
y = 0.88 Simplify. 


ANSWER > A class member walking at 2 yards per second will have a stride 
length of about 0.88 yard. 


2. Employment The table shows the percent p of the U.S. work force made up 
of civilian federal government employees ¢ years after 1970. Approximate the 
best-fitting line for the data. What does your model predict for the percent of 
the work force made up of civilian federal government employees in 2015? 


vers. EA ACO CD 


Be 851 [295 [301 [20 [om [236 [20 [a 


2.7 Scatter Plots and Correlation Fa 


Exercises 


Guided Practice 


Vocabulary Check 1. Explain the meaning of positive correlation, negative correlation, and 
relatively no correlation between two variables x and y. 


2. Copy and complete the statement: The line that most closely models the 
data on a scatter plot is called the _?_. 


Skill Check 3. Does the scatter plot at the right show a 
positive correlation, a negative correlation, 
or relatively no correlation? Explain. 


Internet Use The table shows estimates of the U.S. annual average 
total hours of consumer Internet use per person (ages 12 and over) 
since the year 2000. 


weossncomx of 1 [2 [>] * [51 


Hours, y 104 131 147 


4. Draw a scatter plot of the data. 
5. Approximate the best-fitting line for the data. 


6. Use your best-fitting line to predict the hours of Internet use in 2010. 


Practice and Applications 


TUDENT HELP Describing Correlations Tell whether x and y show a positive 


HoMEWorK HELP correlation, a negative correlation, or relatively no correlation. 


Example 1: Exs. 7-17 7. 
Example 2: Exs. 18-26 
Example 3: Exs. 27, 28 


Drawing Scatter Plots Draw a scatter plot of the data. Then tell 
whether the data show a positive correlation, a negative correlation, 
or relatively no correlation. 


* ERR ESEAESESESEARSES 
mo} s [sisi s[2titilto|o | 
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EATHER 


HURRICANES A tropical 
storm becomes a hurricane 
when its sustained winds 
reach 74 miles per hour. The 
word hurricane refers to 
storms in the North Atlantic 
or Northeast Pacific Oceans. 
In other areas, these storms 
are known as typhoons or 
tropical cyclones. 


Stars In Exercises 12-15, use the scatter plot, which represents stars of 
various types. The plot compares the magnitude, or brightness, of a star 
with its surface temperature, which influences the star’s color. 


Red as 
supergiants Blue ° 
supergiants 


Increasing Magnitude 


White dwarfs 


Increasing Temperature 


Tell whether the stars plotted for the given class show a positive 
correlation, a negative correlation, or relatively no correlation. 


12. blue supergiants 13. giants 


14. main sequence 15. white dwarfs 


Hurricanes For Exercises 16 and 17, use the table. It shows the 
number of hurricanes y that have formed in the North Atlantic Ocean 
during the annual hurricane season x years after 1995. 


16. Draw a scatter plot of the data. 


17. Tell whether the data show a positive correlation, a negative correlation, or 
relatively no correlation. 


Approximating Best-Fitting Lines Copy the graph. Then approximate the 
best-fitting line for the data shown by the graph. 


For Exercises 21 and 22, use the graph shown. 


21. Critical Thinking Explain why the line shown is 
not a good fit for the data. 


22. Copy the graph and draw an approximation of the 
best-fitting line. Then find an equation of your line. 


2.7 Scatter Plots and Correlation 


Fitting a Line to Data In Exercises 23-26, (a) draw a scatter plot of 
the data, (b) approximate the best-fitting line, and (c) predict the 
value of y when x = 9. 


Biology Link», In Exercises 27 and 28, use the table below. It shows 
the average life expectancy at birth (in years) for a person born in the 
United States in the indicated year. 


27. Approximate the best-fitting line for the data. 


28. Use your equation to predict the life expectancy at birth of a person born in the 
United States in 2010. 


29. Logical Reasoning Explain how you can use a table to determine the type of 
correlation that a data set shows without drawing a scatter plot. 


Standardized Test 30. Multi-Step Problem The table below shows the number of commercial 
Practice television stations in the United States beginning in the year 2000. 


Years since 2000, x 0 1 2 3 4 5 
Stations, y 1288 1309 1333 1349 1366 1370 


a. Draw a scatter plot of the data. 


b. Describe the type of correlation shown by the data. 
c. Approximate the best-fitting line for the data. 


d. Use the best-fitting line to predict the number of commercial television 
stations in the United States in 2011. 


31. Multiple Choice Which equation best y 
models the data shown in the scatter plot? 30 

@ y=15 ® y=x+ 30 20 
© y=-x+ 30 D y= 3x4 33 10 

0 
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Mixed Review 


Geometry Skills 


Quiz 3 


Lesson 2.6 


Lesson 2.6 


Lesson 2.7 


Lesson 2.7 


Rewriting Formulas Solve the formula for the indicated variable. 
(Lesson 1.5) 


32. Area of an ellipse formula A = tab for a. 
2 
33. Kinetic energy and momentum formula K = om for m. 
34. Surface area of a right cylinder cone formula S = wrf + tr? for J. 


Evaluating Functions Evaluate the function for the given value of x. 
(Lesson 2.2) 


35. f(x) = 1.8x + 32; x= 100 36. g(x) = —16x? + 80; x =2 
_ 43 
37. h(x) = x4 -— x 4x? -— xx = -2 38. k(x) = =—AE x = 3 


Finding Slope Find the slope of the line passing through the given 
points. (Lesson 2.3) 


39. (0, —3), (4, 1) 40. (—2, 7), (—2, 4) 41. (12, 1), (4,9) 
42. (3, —3), (—1, 2) 43. (1, —6), (—4, —6) 44. (14, 6), (7, —5) 


Lines of Symmetry Tell whether the line indicated in the 
photograph is a line of symmetry. 


In Exercises 1-6, the variables x and y vary directly. Write an 
equation that relates x and y. 


1.x=-4,y=—-4 2.x =20,y=5 3.x = 3,y = —30 
4.x=—17,y=—5l 5.x = —6,y = 15 6.x = —27,y = —18 


7. Business A company’s market value v varies directly with the price per share 
p of its stock. A company has a market value of $1.2 billion when its price per 
share is $39. What is the market value if the price per share drops to $32? 


In Exercises 8-10, tell whether x and y show a positive correlation, a 
negative correlation, or relatively no correlation. 


11. Baseball In his first six seasons, a baseball player hits 7, 5, 9, 11, 16, and 14 
home runs. Draw a scatter plot of the data where x represents the season and 
y the number of home runs. Then approximate a best-fitting line for the data. 
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USING A GRAPHING CALCULATOR (For use with Lesson 2.7) 


Zi 


TUDENT HELP You can use a graphing calculator to find the best-fitting line for a set of data. 
KEYSTROKE HELP EXAMPLE 


See keystrokes for 
several models of The table gives the price p (in cents) of a first-class stamp over time where f is 
the number of years since 1975. Use the linear regression feature of a graphing 


calculators at 
Wvaiiclasszpne-cam: calculator. Find an equation of the best-fitting line for the data. 


t 0 3 6 6 10 |} 13 | 16 | 20 | 24 | 26 | 27 | 31 
, SSeS eece 


SOLUTION 
@ Use the Stat Edit feature to (2) Use the Stat Calc feature to 
enter the data into two lists. find an equation of the 
Enter years since 1975 in L, best-fitting (“linear regression’) 
and prices in L,. line. Rounding, p = 0.840¢ + 13.7. 
| LinReg | 
y=axtb 
a=.8404434465 
b=13.66994106 


L J 


© Now graph the data pairs and the best-fitting line in the same viewing window 
to see how the line fits the data. To make a scatter plot, you can use the Stat Plot 
and ZoomStat features. Then you can add the best-fitting line to your plot. 


TUDENT HELP | NE Plotz Plots | : 
Oy off 
ANOTHER Way a wi 
ZoomStat chooses a v= HTH | 
graphing window, but XList:L1 | a 
you can also choose a YList:L2 
window by observing the —— Bis: , L J 
data. For example, 
0<x<35,0<y<45is 
an appropriate window. EXERCISES 


Use a graphing calculator to find and graph an equation of the 
best-fitting line. 


1. 


4 50 75 80 100 150 175 210 250 260 
Bs [05 [a6 [or [ons [oss [ios [oo [ua | 
2, Cc ce 


B50 [50 [0 | exo | 00 [oo | 50 | 0 | 00 
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Chapter Summary 
and Review 


VOCABULARY 


e relation, p. 67 ¢ function notation, p. 73 ¢ direct variation, p. 1017 

¢ domain, range, p. 67 ¢ slope, p. 79 ¢ constant of variation, p. 101 

e function, p. 67 e y-intercept, p. 87 scatter plot, p. 107 

¢ equation in two variables, e slope-intercept form, p. 87 ¢ positive correlation, p. 107 
p. 68 e x-intercept, p. 88 ¢ negative correlation, p. 107 

¢ independent variable, p. 69 ¢ standard form of a linear ¢ relatively no correlation, 

¢ dependent variable, p. 69 equation, p. 88 p. 107 


e linear function, p. 73 ¢ point-slope form, p. 94 ¢ best-fitting line, p. 108 


VOCABULARY EXERCISES 


1. Explain how to identify the domain and range of a relation. How can you 
tell whether a relation is a function? 


2. In an equation, what does the value of the dependent variable depend on? 


3. Sketch and label one line that has a positive slope, one that has a negative 
slope, one that has a slope of zero, and one whose slope is undefined. Which 
line is not the graph of a function? 


4. You create a scatter plot using solutions of a direct variation equation. The 
equation has a positive constant of variation. What type of correlation does 
the graph show? 


| EXAMPLE | You can represent a relation with a table of values or a graph. 


REVIEW HELP The domain consists of —3, —2, 0, 1, and 3. The range 
Exercises Example 


consists of —1, 1, 2, and 3. The relation is not a function 
5, 6 1, p. 67 


because x = | is paired with both y = 1 andy = —1. 


Identify the domain and range. Tell whether the relation is a function. 
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AR FUNCTIONS AND FUNCTION Nomnon = 


| EXAMPLE | You can (a) identify, (b) evaluate, and (c) graph linear functions. 


a. f(x) = 2x — 3 is a linear function because it has the form f(x) = mx + b. 


b. Evaluate f(x) = 2x — 3 when x = 2. 
FiC9 Nei) ee) 
f2)=22)— 3— 1 


c. From part (b), you know that one point on the graph of f(x) = 2x — 3 is (2, 1). 
Rewrite f(x) = 2x — 3. as y = 2x — 3. 


Find a second point on the line by substituting an x-value, such as x = 0. 


y=2x—3 
y= 20) 3 
REVIEW HELP =—2 
Exercises Examples y 
7-10 1, p. 73 A second point is (0, —3). 


710 2,p.74 
1-14 3, p.74 


The graph of y = 2x — 3 is the line passing 
through (2, 1) and (0, —3). 


Tell whether the function is linear. Then evaluate the function when x = 2. 
7. f(x) =5x-4 8. h(x) = 2x? 9. p(x) = —-2 -3 10. 2) = -§ =7 


Graph the function. 
11. h(x) =x—-2 12. fix) = -2x +4 13. g(x) = 3x +5 14. p(x) =3x-1 


| EXAMPLES | You can find the slope of a line passing through two points. Then you can tell 
whether the line rises, falls, is horizontal, or is vertical. 


My oh OS (2) _ 8 


POINTS (1, —2) and (5, 6) SEIS ae = ey eS 
REVIEW HELP Because m > 0, the line passing through the points rises from left to right. 
Exerci E I = 
xercises Examples Fae A {fies =9 


15-20 1, p. 79 POINTS (—3, 5) and (—3, —4) SLOPE m=5—, = 3-3) = 0 
2a te Set 


21,22 3,p.81 


Because m is undefined, the line passing through the points is vertical. 


Find the slope of the line passing through the given points. Then tell 
whether the line rises, falls, is horizontal, or is vertical. 


15. (5, 2), (1, —2) 16. (0, —6), (0, 2) 17. (—6, 3), (—5, 1) 
18. (—6, —2), (—3, —2) 19. (—4, 1), 2, -) 20. (3, —4), (33, 4) 
Tell which line is steeper. 


21. Line 1: through (—3, 7) and (4, 3) 22. Line 1: through (—8, —5) and (2, 0) 
Line 2: through (5, —3) and (4, —2) Line 2: through (—4, 6) and (5, 9) 
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| EXAMPLES | You can graph a linear equation in slope-intercept form or in standard form. 


EQUATION y = —3x+ 4 EQUATION 5x + 2y= —10 
slope = —3; y-intercept = 4 x-intercept: 5x + 2y = —10 
5x + 2(0) = —10 

x=-2 


REVIEW HELP 


Exercises Examples (nee SS SI 


23,24 —«*'1, p. 87 CLI 
25,26 2, p.88 5(0) + 2y = —10 
27-30 «3, p. 89 SRL es 


Graph the equation. 
23.y=x-—7 24. y=2x+5 25. 6x + 3y = 18 26. x — 2y=8 


Graph the line that is perpendicular to the given line at its y-intercept. 
27.y=xt+3 28.y=—-x-4 29. y= —-2x +2 30. y=5x—5 


| EXAMPLES | There are several approaches to writing equations of lines. 


In the graph at the right, the lines are parallel. 


a. Solid line: Use slope-intercept form with m = + and b = 1. 


pe 
y= axl 


b. Solid line: Use point-slope form with m = “= and (x,, y,) = (4, 2). 


¥=2== in — (4) 


4 
oe 
Di aa ar dl 
c. Dashed line: Any line parallel to y = —7x + 1 also has a slope of -t 
Substitute values using (x, y) = (—3, —1) to find the value of b. 
REVIEW HELP 
Exercises Examples y=—+y+pb 
31,32 1,p.94 4 
2, p. 95 =4= a3) +b 
3, p. 95 “ 
4, p. 96 -t =b An equation of the line is y = as = i 


Write an equation of the line with the given characteristics. 


31. slope: —2; y-intercept: 8 32. slope: 6; y-intercept: —3 
33. slope: —3; point: (1, —4) 34. slope: i point: (—8, 0) 


35. point: (2, —3); parallel to y = 3x — 11 36. point: (0, 8); perpendicular to y = 5 +S 
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| EXAMPLE | You can write and graph a direct variation equation y = kx 


given any point on the line. 


The variables x and y vary directly, and y = 35 when x = 7. 


y=kx 
REVIEW HELP 35 = k(7) 
Exercises Examples 
37-40 2, p. 102 5=k 


41, 42 3, p. 102 


An equation that relates x and y is y = 5x. 


The variables x and y vary directly. Write an equation that relates 
Xand y. 


37.x=6,y= 12 38.x=—-6,y=—-27 39.x=-—100,y=20 40.x = 30,y = 12 


Tell whether the data show direct variation. If so, write an equation 
that relates x and y. 


| EXAMPLE | You can graph a set of data pairs to see what relationship, if any, exists. 


The table shows the number of millions of barrels b of crude oil produced 
in Alaska where ¢ is the number of years since 1995. 


' EERE 


Alaska Crude Oil Production 


b 
The scatter plot shows a negative correlation. 2) 

Approximate the best-fitting line. Use (1, 508) 2 000 
and (3, 429). = 
” 
= 2 
m = EW = P= 395 5 
REVIEW HELP = 

Exercises Example y — 508 = —39.5~@ — 1) Point-slope form 2 4 5 ft 
4 1, p. 107 : 
; : y = —39.5x + 547.5 Best-fitting line Years since 1995 


43. Draw a scatter plot of the data. Then tell whether the data show a 
positive correlation, a negative correlation, or relatively no correlation. 
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er 2 Chapter Test 


Identify the domain and range. Tell whether the relation is a function. 


1. Input Output 2. Input Output 3. Input Output 


Tell whether the function is linear. Then evaluate the function when 
x=-3. 


4. h(x) = x2 -2 5. f(x) = —3x + 6 6. g(x) = ix —4 
Find the slope of the line passing through the given points. Then tell 
whether the line rises, falls, is horizontal, or is vertical. 

7. (1, 3), (3, 5) 8. (—2, 1), (—2, —4) 9. (2, 7), (—4, 7) 
10. Skiing Section A of a ski trail at a ski resort falls 45 feet over a horizontal 


distance of 75 feet. Section B falls 80 feet over a horizontal distance of 
125 feet. Which section is steeper? 


11. Graph y = —2x + 3. 
12. Graph the line that is perpendicular to y = —x + 7 at its y-intercept. 


Write an equation of the line with the given characteristics. 

13. slope: —3; y-intercept: 5 14. slope: 3; point: (—1, —3) 

15. point (1, —4); paralleltoy = —2x+9 — 16. point (3, 5); perpendicular to y = 3x + 1 
17. Credit Unions In 1995 there were 4358 credit unions. The number decreased 


to 3735 in 2002. Write a linear model for the number of credit unions n from 
1995 to 2002 where t represents the number of years since 1995. 


The variables x and y vary directly. Write an equation that relates 
xX and y. 


18.x=l,y=-5 19.x = —4,y = —20 20. x = —33,y= 11 


21. Machinery The number of parts p that a machine can make varies directly 
with the time ¢ that the machine is operating. The machine can make 
36 parts in 6 hours. How many parts can it make in 72 hours? 


22. Draw a scatter plot of the data in the table. Then tell whether the data show a 
positive correlation, a negative correlation, or relatively no correlation. If the 
correlation is positive or negative, approximate the best-fitting line. 


Chapter Test ia 


Chapter Standardized Test 


\ Jest Tip Eliminate unreasonable answer choices. 


DD O wD 


| EXAMPLE | What is an equation of the line perpendicular to y = ix ae il 


that passes through (0, 1)? 
@ y= —-4x4+1 (® y= —4. -1 © y=4.+1 @M y=4x-1 


Solution 
Sometimes you can quickly eliminate answer choices. The slope of the perpendicular 


line must be the negative reciprocal of -4 which is 4. This eliminates choices A and B. 


When the point (0, 1) is substituted into C and D, only choice C is correct. 
. 


Multiple Choice 


1. Which relation is not a function? 5. What is the slope of the line y = —x + 2? 


@®-1 ®Wo © 1 @®2 


6. The line passing through which two points is 
parallel to y = 3x + 1? 


CP) @2,—2),0, 1) @) (1,2), 2, -1) 
cD 3; 4), (-4, 1) D (3, 3); Q, —2) 


2. Which of the equations does not represent a 


function? 7. Which function does the graph represent? 
® y=2x-5 @ x«=7 C(@ y=-2x-1 
WD x«-y=1 CD y= -3 @® y= -2x4+ 1 
© y=2x-1 
3. Which of the functions below is not a linear 
function? @®M y=2x+1 
@ fx) = 2 ® fox) = —Fx+2 


® f@ =5x* +1 @ fx) = 1.1 — 2.3x 
4. What is the value of f(x) = 2x? — x when 
x=-1? 


QO-3 @-1 ®Wi D3 


fa Chapter 2 Linear Equations and Functions 


9. What is an equation of the line that has a slope | 11. The variables x and y vary directly, and 
of 3 and passes through (2, 2)? x = 5 when y = —10. Which equation relates 


and y? 
Mees @® y=3x+8 ei 
= —] = —— 
©@yan-4  Dy=ar-8 eS ee 
© y= —2x @®D y=2x 


10. What is an equation of the line that is 


area ’ - —x + 3 and passes 12. The variables x and y vary directly, and 
through (~1, —2)? y = 2 when x = 4. What is the value of y 

® y=x-1 @ y=-x-1 when x = 10? 

@My=-xt1 Dyaxt 20 oe 

@D 5 D 4 

Gridded Response 
In Exercises 13 and 14, use the table below. 15. Whats the value of h(x) = 3x7 —x +3 
It gives the price y (in dollars) of x items. when x = —8? 


16. Two variables x and y vary directly, and y = 4 
when x = 5. What is the constant of variation 
in the direct variation equation that relates 
x and y? 


m2 | 4 | 6 | 8 | 10 


13. The ordered pairs (x, y) all lie on a line. What 
is the slope of this line? 17. What is the slope of a line that is perpendicular 


. . : ' toy= =2% +2? 
14. What is the y-intercept of the line that contains : 


all of the data pairs? 


Extended Response 


18. The table shows the U.S. average annual consumption of bottled water g (in gallons) 
per person from 1996 to 2004 where f represents the number of years since 1996. 


. Draw a scatter plot of the data. 


s 9 


. Describe the correlation shown by the data. 


c. Approximate the best-fitting line for the data. Explain your steps. 


a 


. Using your equation in part (c), find the average rate of change in consumption. 


e. Predict the average amount of bottled water consumed per person in 2012. 


Chapter Standardized Test a 


Systems of 
Linear Equations 


The Calories yOu use while exercising varies 
depending on the type of exercise. You use about 
12 Calories per minute swimming. 


Think & Discuss 

1. Suppose you want to use a total of 180 Calories while 
swimming. Write and solve a linear equation to find the 
number of minutes you should swim. 


2. The graphs of the equations y = 180 and y = 12x are 
shown below. What are the coordinates of the point of 
intersection? 


3. Explain the significance of the point of intersection in 
terms of the situation. 


Learn More About It 


You will solve a system of linear equations to determine the 
time you should spend swimming. 


« 3 Study Guide @HomeTutor 
classzone.com 
| PR EVIEW What's the chapter about? 


+ Multi-Language Glossary 
* Vocabulary practice 

* Graphing a system of linear equations in two variables 

* Solving a system of linear equations in two variables 

¢ Graphing linear equations in three variables 

* Solving a system of linear equations in three variables 


Key Words 


¢ system of two linear equations, ° z-axis, p. 147 
p. 125 * ordered triple, p. 147 


¢ solution of a system of two linear ¢ octants, p. 147 
equations, p. 125 * linear equation in three variables, 


¢ substitution method, p. 132 p. 148 
* linear combination method, p. 139 * system of three linear equations, 
p. 153 


¢ three-dimensional coordinate 
system, p. 147 


| PREPARE | Chapter Readiness Quiz 


Take this quick quiz. If you are unsure of an answer, look back at the 
reference pages for help. 


Vocabulary Check (refer to p. 87) 
1. What is the slope of the equation y = 3x +6? 
® -6 -3 © ; ® 6 


Skill Check (refer to p. 26) 
2. What is the solution of 3x + 4 = —4x — 10? 


® -14 @® -6 HD -2 D 2 
3. What is the solution of 2(x — 13) = —4x — 14? 
@® 20 2 © - ® -2 


NOTES 


Review th 
€ Vocabulary and 
ae examples f; 
i notes. These are the inborn ta 
"cepts you need to know 


HOMEWORK 


Using Your Notebook 


TAKE NOTES 


Use your notes and homework 
exercises to study for tests. 
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Key Words 

¢ system of two linear 
equations 

¢ solution of a system of 
two linear equations 


1. Graph the equations 
x+y =3 and 
x — y = 2 in the same 
coordinate plane. 


Tell whether the point 
is a solution of the 
equation. 


2. (1,2), 2x + y =3 
3. (2, -l), x -—3y=5 
4. (—3,5), 2x ty =1 


Solving Linear Systems by Graphing 


| GOAL | Solve a system of linear equations in two variables by graphing. 


How can a system of linear equations be 
used to help you plan a vacation? 


In Example 3, you will use a system of linear 
equations to budget for a trip to two California 
cities, Anaheim and San Diego (shown). 


A system of two linear equations in two 
variables x and y consists of two equations. 
The coefficients of the terms in the equations 


can be any real numbers. 


3x —y=3 Equation 1 
x+2y=8 Equation 2 


A solution of a system of two linear equations in two variables is an ordered 
pair (x, y) that satisfies both equations. When you graph the system, the solution 
is represented by the point (or points) of intersection of the two lines. 


Solve a System by Graphing 


Solve the system by graphing. Then check your solution algebraically. 
3x—y=3 Equation 1 
x+2y=8 Equation 2 

Solution 


Graph both equations, as shown. From the graph, 
you can see the lines appear to intersect at (2, 3). 


You can check the solution by substituting 
2 for x and 3 for y into the original equations. 


Equation 1 Equation 2 
3x —y =3 x +2y=8 
3(2) -3 23 2+ 2(3) 28 
6-323 2+628 
3=3V 8=8Vv 


ANSWER > The solution of the system is (2, 3). 


raphing 


Solve the system by graphing. Then check your solution. 


1.y=-x+3 2.x—-—3y=1 3. —x + 4y =2 
y=2x+9 -xty=-l 2x — 3y =6 


3.1 Solving Linear Systems by Graphing ‘ial 


Solutions of Systems The system in Example 1 has exactly one solution. It 
is also possible for a system to have infinitely many solutions or no solution. 


Systems with Many or No Solutions 


Tell how many solutions the linear system has. 


a.2x-—y=1 b.x + 2y=4 
—4x + 2y = —2 x+2y=1 
Solution 
a. Because the graph of each equation b. Because the graphs of the equations 
is the same, each point on the are two parallel lines, the two lines 
line is a solution. So, the system have no point of intersection. 
has infinitely many solutions. So, the system has no solution. 


Finding the Number of Solutions You can find out how many solutions a 
linear system has by graphing each equation and analyzing the graphs. 


Number of Solutions of a Linear System 


EXACTLY ONE SOLUTION y 


The graph of the system is a pair of lines that 
intersect in one point. x 


The lines have different slopes. 


The system has exactly one solution. 


INFINITELY MANY SOLUTIONS y 
The graph of the system is a pair of identical lines. 


The lines have the same slope and the same 
y-intercept. 


The system has infinitely many solutions. 


NO SOLUTION % 
The graph of the system is a pair of parallel lines, 
which do not intersect. 


The lines have the same slope and different 
y-intercepts. 


The system has no solution. 


Chapter 3 Systems of Linear Equations 


Write and Use a Linear System 


Vacation You are planning a 7-day trip to California. You estimate that 
it will cost $300 per day in San Diego and $400 per day in Anaheim. Your total 
budget for the trip is $2400. How many days should you spend in each city? 


Solution 


You can use a verbal model to write a system of linear equations. 


VERBAL Days in + Daysin _ Total 
MODEL San Diego Anaheim “| vacation time 


oes Daysin | eae Daysin  _| Total 
Di Anaheim ~ 
San Diego San Diego Lahelini naheim Budget 
v 
Lasets Days in San Diego = x (days) 
VACATION The San Diego ; ae 
Zoo is one of the world’s DES Se ae 


largest zoos, featuring over Total vacation time = 7 (days) 
800 species of animals. 


Daily cost in San Diego = 300 (dollars per day) 
Daily cost in Anaheim = 400 (dollars per day) 
Total budget = 2400 (dollars) 

ALGEBRAIC X + y =7 Equation 1 (total vacation time) 


MoDEL = 300x + 400y = 2400 — Equation 2 (total budget) 


Graph both equations only in the first 


E 
quadrant because the only values that ‘s 
make sense in this situation are be 
positive values of x and y. 3 
The lines appear to intersect at (4, 3). 5 
CHECK Substitute 4 for x and 3 for y ae 2 4 6 8 10 12 14% 


in the original equations. Days in San Diego 


Equation? x+y=4+3=7V 
Equation 2 300x + 400y = 300(4) + 400(3) = 2400 V 


ANSWER > The solution is (4, 3). You should plan to spend 4 days in San Diego 
and 3 days in Anaheim. 


Tell how many solutions the linear system has. 


4.2x+3y=1 5.x —4y=5 6.x —S5y=5 
4x + 6y = 3 —x+4y=—5 x+5y=5 


7. Vacation Your family is planning a 6-day trip to Florida. You estimate 
that it will cost $450 per day in Tampa and $600 per day in Orlando. Your 
total budget is $3000. How many days should you spend in each city? 


3.1 Solving Linear Systems by Graphing 127 


DER Exercises 


Guided Practice 


Vocabulary Check 1. Copy and complete the statement: An ordered pair (x, y) that satisfies both 
equations in a system of linear equations is called a(n) ___? _ of the system. 


Skill Check Tell whether the ordered pair (3, 4) is a solution of the system. 


2.—2x+ y= —-2 3.x + 2y = 11 4.x+y=7 
4x —2y =3 2x —-y=2 x-y=-l 
Graph the linear system. How many solutions does it have? 
5. 2x + 3y = —-1 6.2x-—y=4 7. 9x — 3y =3 
x—2y=3 —6x + 3y = —18 —3xty=-l 


Practice and Applications 


TUDENT HELP Identifying Solutions Tell whether the ordered pair is a solution of 
HOMEWORK HELP the system. 
Example 1: Exs. 8-22 8. (2, 0); 9. (3, —1); 10. (—4, 3); 


Example 2: Exs. 23-34 


: _ 2x+y=4 x+2y=1 xty=-l 
Example 3: Exs. 35-40 nad =e ay gat os 
11. (—2, —2); 12. (4, —5); 13. (0, 3); 
2x — 3y = —10 3x + 2y =2 —4x + 3y =9 
—4x+ y=6 —2x+ y= —13 2x — 5y = —16 
Graphing Systems Solve the system by graphing. Then check your 
solution. 
14.y=—-1r-1 15.y=-x- 1 16. y=154+3 
; 2 : 3 3 
y=ir-3 Y= 3K SD yoixtZ 
17.3x+ y= 16 18. 3x — 2y =9 19. 3x + 4y =9 
—x+2y= 11 2x + Sy = 25 x—2y=-7 
20. 2x + 5y =2 21. —2x + 3y= —-ll 22. 5x — 3y = —-14 
—x + 2y = —10 2x —5y =9 —2x + Ty = -6 


Matching Graphs Match the linear system with its graph. Tell how 

many solutions the system has. 

23.2x—y=5 24. —x + 5y=8 25. 4x — Jy = 27 
—4x + 2y = —10 2x — 10y = 6 —6x — 9y = —21 


Fal Chapter 3 Systems of Linear Equations 


Finding Solutions Graph the linear system and tell how many 
solutions it has. If it has exactly one solution, find and check the 


solution. 

26. 2x + 3y =2 27. 3x — 4y = 6 28. —S5x+y=17 
—x + 4y = 21 —9x + 12y = —18 3x + 2y = 8 

29. y=2x+4 30. -4x + y=3 31. 5x — 6y = 12 
y=2x-1 8x — 2y = —6 x+2y = 12 

32.2x-—y=2 33.x — 3y =6 34. 3x — Sy = 15 
x+2y=—14 2x — by =8 3x — 10y = 30 

35. Basketball You played in a basketball game in which you scored a total 


36. 


37. 


38. 


39. 


of 21 points. In the game, you made twice as many two-point shots as 
three-point shots. Use the verbal model to write and solve a system of linear 
equations. How many of each type of shot did you make? 


Number of | _ 2. Number of 
two-point shots | ~ three-point shots 


2 points 
per shot | * 


Number of 
three-point shots 


Number of 
two-point shots 


3 points . 
per shot 


_| Total 
~ | points 


Theater You attend a play with a group of people. Each adult ticket costs $15, 
and each student ticket costs $10. There are 15 people in your group, and the 
total price of the tickets is $175. Use the verbal model to write and solve a system 
of linear equations. How many adults and students are there in your group? 


Number of + Number of |_| Number of 

adults students |~ | people in group 

Cost of | || Number of rn Cost of , | Number of | _ | Total cost 
adult ticket adults student ticket students | ~ | of tickets 


Decoration Costs You decorate the community center with balloons and 
paper lanterns. You can spend $75 on decorations. Balloons cost $1, and paper 
lanterns cost $4. You want to have 25 more balloons than lanterns. Use a verbal 
model to write and solve a system of linear equations. How many of each 
decoration can you buy? 


Math Club You purchased T-shirts and sweatshirts for the math club at your 
school. T-shirts cost $12 each, and sweatshirts cost $20 each. You ordered 

6 more T-shirts than sweatshirts. The total cost is $296. Use a verbal model to 
write and solve a system of linear equations. How many T-shirts did you order? 
How many sweatshirts did you order? 


Commuting You take a bus from the 
center of town to your street. You have 
two payment options. Option A is to 
buy a monthly pass and pay $1 per ride. 
A monthly pass costs $30. Option B 

is to pay $2.50 per ride. Use a verbal 
model to write and solve a system of 
linear equations. After how many rides 
will the total costs of the two options 
be equal? 


3.1 Solving Linear Systems by Graphing 


40. Weekend Jobs You and a friend mow lawns and wash cars on the weekends. 
Last month, your friend mowed four lawns and washed five cars. You mowed 
five lawns and washed three cars. Your friend earned $155, and you earned $145. 
Use a verbal model to write and solve a system of linear equations. How much do 
you earn for washing one car? How much do you earn for mowing one lawn? 


41. Critical Thinking You graph a system of linear equations. The coefficients 
of the second equation (including the constant term) are each twice the 
corresponding coefficients of the first equation. What can you conclude about 
the graph of the system? Explain. 


Standardized Test 42. Multiple Choice Which ordered pair is a solution of the system of linear 
Practice equations? 
5x + 2y=5 
—x + 3y=—-18 
@ (-3, 5) (—5, 3) © (3, -5) ® (5, —3) 


43. Multiple Choice Which system of linear equations has no solution? 


® z+ y= 10 @ 2x-y=7 
3x — 2y = —3 2x-y=-7 
CH 6x — 2y =8 Dxty=-5 
—3x+y=—-4 x+2y=-9 
44. Multiple Choice Which system of linear equations has infinitely many 
solutions? 
@ 3x-y=-1 B® x—-2y=5 
2x + Sy = 22 —3x + oy = 10 
©) 7x + 3y = -6 @M) —2x + 3y=5 
—x + 2y = 13 6x — 9y = —-15 


Mixed Review _ Solving Equations Solve the equation. (Lesson 1.4) 


45.3x+5=-7 46.y-7=—-4 47.2a—5=1 
4s. 4n+ 2 = —10 49. -x+3=—-3 50. —2y-—-7=9 
51. —3n + 12 = —42 52. —10x — 13 = —3 53. —2b — 13 = 10 


Rewriting Equations Solve the equation for y. (Lesson 1.5) 


54.x+ 3y=5 55. dy —x = —10 56. 2x — 3y = 8 

57. —6y + 3x =2 58. 3y —x=5 59.x + 7y = —12 
60. —12y + 36x = 24 61. —6y — x = 54 62. 2x + y= —21 
63. —4x — l4y = —16 64. I5y + 5x = 45 65. —x + 3y = —9 


Geometry Skills —_ Finding Angle Measures Find the value of the variable. 


66. 67. ‘ 
(x+ 10" ® AR (3x + 5) 


al Chapter 3 Systems of Linear Equations 


USING A GRAPHING CALCULATOR (For use with Lesson 3.1) 


31 


TUDENT HELP 


KEYSTROKE HELP 
See keystrokes for 
several models of 
calculators at 
www.classzone.com. 


You can solve a system of linear equations by graphing the equations using a 
graphing calculator. A graphing calculator provides an answer that is either 
very close to or exactly equal to the actual answer. 


EXAMPLE 


Solve the linear system using a graphing calculator. 


x+2y=-16 Equation 1 
6x + 3y = 12 Equation 2 


SOLUTION 


@ Solve each equation for y. 2] Enter each rewritten equation 
into a graphing calculator. Use 


x+2y=-16  Equation1 : 
parentheses to enter any fractions. 


2y = —-x — 16 
ile. 2 | Y1B-(1/2)x-8 
y= 3x — 8 Y2B-2x+4 
Y3= 
Y4= 
- | Y5= 
6x + 3y = 12 Equation 2 Yo= 
Y7= 
3y = —6x + 12 a dl 
y=-2x+4 
© Graph the equations in the standard © Use the Intersect feature to find 
viewing window of the graphing the point where the graphs 
calculator. intersect. The solution is (8, —12). 
If the graphs do not intersect on Remember to check your solution 
the screen, set a different viewing to be sure that you entered the 
window. equations correctly. 
| 
Intersection 
X=8 VEA12 


§ J L J 


EXERCISES 

Use a graphing calculator to solve the linear system. 

y=xt+4 2.y=-xt+8 3.y =2x—-6 
y=2x+5 y=4x- 12 y=—3x+4 

4.2x-—y=9 5. —4x + 2y =4 6. y = —3x + 30 
6x — 3y = 27 3x +y= —13 5x — y = —40 


Solving Linear Systems by Graphing i 


32 Solving Linear Systems 
by Substitution 


Key Words 
e substitution method 
| GOAL | Solve a system of linear equations in two variables by substitution. 


How many people visited the Henry Ford 
Museum during one day? 


Solve the equation for 


the indicated variable. ; ; 
In Example 3, you will write and solve a 


1.3x+y=1,y system of linear equations to determine how 
2.x + 2y =3,x many students and adults visited the museum 


based on the amount of ticket sales. 
3. 2x — 2y = —3,x 
One way to solve a linear system without 
using graphs is the substitution method 


4. 6x — 3y = 9, y 


d. 


Rosa Parks exhibit 


Solving a Linear System by Substitution 


STEP @ Solve one equation for one of its variables. 


STEP © Substitute the expression from Step 1 into the other equation 
and solve for the other variable. 


STEP © Substitute the value from Step 2 into the revised equation from 
Step 1 and solve. 


steP © Check the solution in each of the original equations. 


Use Substitution 


Solve the system using substitution. y = 2x Equation 1 
4x —y=6 _— Equation 2 


Solution 
Substitute 2x for y in Equation 2. Solve for x. 


4x -—y=6 Write Equation 2. 
4x — 2x = 6 Substitute 2x for y. 
2x =6 Combine like terms. 
x=3 Solve for x. 


Substitute 3 for x in Equation 1. Solve for y. 
y= 2x Write Equation 1. 
y = 2(3) Substitute 3 for x. 
y=6 Solve for y. 
You can check your answer by substituting 3 for x and 6 for y in both equations. 


ANSWER > The solution is (3, 6). 
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TUDENT HELP 


SOLVING NOTE 

When using substitution, 
you will getthe same 
solution whether you 
solve for y first or x first. 
You should begin by 
solving for the variable 
that is easier to use. 


Use Substitution 


Solve the system using substitution. 


Solution 
© Solve Equation 2 for x. 
x—2y=-3 
x=2y—3 


3x + 2y=7 
x—-—2y=-3 


Equation 1 
Equation 2 


Choose Equation 2 because the coefficient of x is 1. 


Solve for x to get revised Equation 2. 


© Substitute 2y — 3 for x in Equation 1. Solve for y. 


3x + 2y=7 
3(2y — 3) +2y =7 
6by —-9+2y=7 
8y —9 =7 
8y = 16 

y=2 


Write Equation 1. 

Substitute 2y — 3 for x. 

Use the distributive property. 
Combine like terms. 

Add 9 to each side. 


Solve for y. 


© Substitute 2 for y in revised Equation 2. Solve for x. 


x=2y —-3 Write revised Equation 2. 
x =2(2)—-3 Substitute 2 for y. 
x=1 Simplify. 


© Check by substituting 1 for x and 2 for y in the original equations. 


Equation 1 Equation 2 

3x + 2y =7 Write original equations. x—2y=-3 

3(1) + 2(2) 27 Substitute for x and y. 1 — 2(2) 2 —3 

34+427 Simplify. 1-42-3 

T=TV Solution checks. —-3=-3V 
ANSWER > The solution is (1, 2). 
Use a Graph to Check After you use — a 
substitution to solve a system of linear ] ( 
equations, you can use a graph to check 1 

the reasonableness of your solution. | | 


For example, you can see the graphs of 
the equations in Example 2 appear to . 
intersect at (1, 2). 4 


Solve the system using substitution. Tell which equation you chose 
to solve and use for the substitution. Explain. 


2.2x + 3y=4 
x+2y=1 


3.2 Solving Linear Systems by Substitution ia 


1.2x+y=3 
3x +y=0 


3.3x-—y=5 
4x + 2y = 10 


Write and Use a Linear System 


Museum Admissions On one day, the Henry Ford Museum in Dearborn, 
Michigan, admitted 4400 adults and students and collected $57,200 in ticket sales. 
The price of admission is $14 for an adult and $10 for a student. How many adults 
and how many students were admitted to the museum that day? 


Solution 
VERBAL Number Number __| Total number 
MoDEL of adults of students ~ admitted 
Adult || Number ae Student |, Number _ | Total amount 
price of adults price of students ~| collected 
vw 
MUSEUM CURATOR LABELS Number of adults = x (adults) 
Curators are responsible 
P Number of students = y (students) 


for obtaining artifacts and 
specimens for display at Total number admitted = 4400 (people) 
museums, zoos, nature 
centers, or historic sites. 
They also study, document, Price for one student = 10 (dollars) 
and help preserve the items 
they acquire. 


Price for one adult = 14 (dollars) 


Total amount collected = 57,200 (dollars) 


ALGEBRAIC x + y = 4400 Equation 1 (number admitted) 
M 
aie 14x + 10y = 57,200 — Equation 2 (amount collected) 


Use substitution to solve the linear system. 


x = 4400 -y Solve Equation 1 for x; revised Equation 1. 
14(4400 — y) + 10y = 57,200 Substitute 4400 — y for x in Equation 2. 
61,600 — 14y + 10y = 57,200 Use the distributive property. 
61,600 — 4y = 57,200 Combine like terms. 
—4y = —4400 Subtract 61,600 from each side. 
y = 1100 Divide each side by —4. 
x = 4400 — y Write revised Equation 1. 
x = 4400 — 1100 Substitute 1100 for y. 
x = 3300 Simplify. 


ANSWER > There were 3300 adults and 1100 students admitted to the Henry Ford 
Museum that day. 


4. On another day, the Henry Ford Museum admitted 1300 more adults than 
students and collected $56,000. How many adults and how many students 
were admitted to the museum that day? 


5. Solve the system of equations in Example 3 by solving Equation | for y instead 
of x. Compare your solution to the solution in Example 3. What conclusion 
can you make? 
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EW) Exercises 


Guided Practice 


Vocabulary Check 1. Describe how to solve a system of two linear equations using the substitution 
method. 


2. After solving a system of equations using the substitution method, describe two 
ways you can check your solution. 


Skill Check In Exercises 3-6, use the following system of linear equations. 


4x + Ty = —3 Equation 1 
3x -—y=4 Equation 2 


3. Which equation would you choose to solve and use for the substitution? Explain. 
4. Solve the equation you chose in Exercise 3 for one of its variables. 


5. Substitute the expression from Exercise 4 into the other equation and solve for 
the remaining variable. 


6. Substitute the value of the solved variable into the equation from Exercise 4. 
What is the solution of the linear system? Check your solution. 
Solve the system using substitution. Justify each step. 
7.2x-y=1 8. 4x + 2y = 16 9.2x+2y=6 
x=—-yt5 —2x+y=4 —2x — 3y = —9 


10. Parks The perimeter of a rectangular park is 2000 feet. The length is three 
times the width. What are the dimensions of the park? 


Practice and Applications 


TUDENT HELP Critical Thinking Tell which equation you would choose to solve 
HOMEWORK HELP and use for the substitution. Explain. 
Example 1: Exs. 11-28 


Example 2: Exs. 11-29 11. : Ras “3 12. . a . . 13. fs = 
Example 3: Exs. 30-34 —— sca cae = 7 

14. 3x + 4y = 12 15. 7a — 5b = 21 16. 3r + 2s = 19 

xty=3 a—b=3 2r — 45 = 12 


Solving Linear Systems Solve the system using substitution. 


17. y = 3x 18. 2m — 4n = 16 19. 5x + 3y =8 
—2x+y=7 m = 6n y= —5x + 16 
20. —3x + 4y = 11 21.x-y=2 22. 2x + 3y=5 
2x +y=0 5x —2y=7 2x+y=4 
23. 2x — 3y =2 24.3x+y=4 25.5x+y=5 
3x -—y=—-4 5x — 2y =3 9x — 4y = —20 
26.2a + b=0 27.3x-—y=4 28. 5x +y=9 
6a + b= 10 5x + 3y =9 Tx + Ay = 26 


3.2 Solving Linear Systems by Substitution fea 


29. Error Analysis Describe and correct the error in solving the system. 
2x—-—y=7 Equation 1 
x—S5y=-1 Equation 2 


x = Sy — 1 Solve Equation 2 for x. 
5y -1-y=7 Substitute in Equation 1. 
4y-1=7 Combine like terms. pA 
4y=8 Add 1 to each side. 
y=2 Divide each side by 2. 
x = 5(2) -1 Substitute 2 for y in revised Equation 2. 
x=9 Solve for x. 


30. Museum Admissions On one day, the Rock and Roll Hall of Fame and 
Museum in Cleveland, Ohio, admitted 541 adults and children and collected 
$9020 in ticket sales. The price of admission is $20 for an adult and $11 for a 
child. Use the following verbal model to find how many adults and children 
were admitted to the museum that day. 


Number Number |_| Total number 

of adults of children | ~ admitted 

Price for Number Price for |_| Number | _ | Total amount 
one adult of adults one child of children | ~ collected 


31. Investing An investor decides to buy two different types of stock in a company, 
Class-A and Class-B. The investor buys a total of 800 shares worth $3200. One 
Class-A share of the stock costs $4.75, and one Class-B share of the stock costs 
$2.25. How many shares of each type of stock did the investor buy? 


Renting an Apartment In Exercises 32 and 33, use the following 
information. 


Two friends rent a two-bedroom apartment for $1040 per month. One of the 
bedrooms has 50 square feet more floor space than the other. They decide to 
split the rent based on bedroom sizes. They will each pay $3.25 per square 
foot of bedroom floor area. 


32. Assign labels to the verbal model below. Then write an algebraic model. 


Areaof |_| Areaof Difference of 
bedroom 1 bedroom 2 |~ | bedroom areas 

Rate per |_| Area of Rateper ||) Areaof | _ Total 
square foot bedroom 1 square foot bedroom 2 |~ | monthly rent 


33. Find the area of each bedroom. 


34. Food Your friend bought a total of 8 pounds a 
of sliced turkey and sliced ham for a party. The % Deli Specials 
total cost was $28.50. How much of each type 2 Sliced turkey $3/Ib 
of meat did your friend buy? Use the data from & Sli ced Ham $4/Ib 
the sign to help you write the equations. 
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Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


35. Challenge Find values of v and ¢ that will make the solution of the system 
below be (3, 3). 


w— y=3 Equation 1 
x+ty=12 — Equation 2 


36. Multiple Choice Which linear system has a solution of (6, —2)? 


@) —3x+y=0 @® x — 2y= 10 
4x + 3y = 15 —3x+Ty=4 

©) 2x — lly = 34 @) 8x + 4y = 12 
x+4y = —-2 x—y=20 


37. Multiple Choice The total number of points you can earn on a math test is 
200 points. Your grade is 85% and you answered 42 problems correctly. Each 
problem is worth either 3 points or 5 points. How many 5-point problems did 
you answer correctly? 


®7 © 22 CD 29 D 30 
Distributive Property Simplify the expression. (Lesson 7.3) 
38. 2(x + 3y) 39. —(2x — 3y) 40. —2(—4x + y) 
a1. —3(2x + y) a2. 3 (—6x + 8y) 43. —6( $x + *| 
44. 3(—2x + 3y) + 4x 45. —4(x — 5y) + 12y 46. 3(4x + 2y) — 15x 


Matching Graphs Match the equation with its graph. (Lesson 2.4) 


47.y = —4x+5 48. y =3x-—4 a9. y= ix +9 


Slope-Intercept Form Write an equation of the line that has the 
given slope m and y-intercept b. (Lesson 2.5) 


50. m = 3,b = -2 51.m = —4,b=0 52.m=0,b=4 


2 ps ~72,= = 
53. m = 5,5 5 54. m 23,5 1 55. m 3? 3 


56. Perimeter The Parthenon was 
built in Athens, Greece, starting 
in 447 B.c. The height of the 
Parthenon is shown. The ratio 
of the length to the height of the 
rectangle shown is 9:4. To the 
nearest tenth of a meter, what is 
the length of the rectangle? 
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DEVELOPING CONCEPTS (For use with Lesson 3.3) 


33 


Goal QUESTION 


Hiseavela tise 0s ; A system of two linear equations in two variables may have exactly 
between the graph of a linear 


system and the graph of the one solution. How is the graph of the sum of the equations in such a 
line whose equation is the sum system related to the graph of the system? 


of the equations in the system. EXPLORE 


Materials A) Graph the system of linear equations. Label the point of intersection. 
e graph paper 
e ruler 2x +y=4  Equation1 


4x —y=2 Equation 2 


© Find the sum of the two equations in the 
system. Solve the resulting equation. Then 
graph the equation in the same coordinate 
plane you used in Step 1. 


2xt+y=4 
4x-—y=2 
6x =6 
x=1 


© How is the graph of the sum of the equations from Step 2 related to the graph of 
the system from Step 1? 


THINK ABOUT IT 

In Exercises 1-9, repeat the steps above for the system of linear 

equations. 

1.3x+y=1 2.x +2y=2 3.x — 3y=0 
—3x+y=7 x—2y=6 2x + 3y =3 

4.2x+y=-—l1 5. 2x —2y = —3 6.2x+y=3 
x—3y=-l11 x+2y=6 —2x — 5y = —6 

7.3x+2y=9 8.2x+y=3 9.x—-4y=—-8 
—3x+y=5 x—4y=7 3x — 2y =6 


10. What seems to be true about the graph of the sum of the equations in a system of 
linear equations that has exactly one solution? 


Reasoning Use your observations to complete the following 
exercises. 


11. When will the graph of the sum of the equations in a system of equations be a 
vertical line? How is this vertical line related to the solution of the system? 


12. When will the graph of the sum of the equations in a system of equations be a 
horizontal line? How is this horizontal line related to the solution of the system? 


13. When will the graph of the sum of the equations in a system of equations be 
neither a vertical nor a horizontal line? 
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Key Words 


e linear combination method 


Simplify the 
expression. 


1. 3(x — 2y) 

. —4(-4x + y) 
- —6(3x + y) 

- 5(4x — 3y) 


am W KN 
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Linear Combinations 


Ce Solve a system of linear equations in two variables by the 
linear combination method. 


Sometimes you obtain an equation with fractions when you solve for one 
ale in a linear system. These systems may be easier to solve using the 

. A linear combination of two equations is an 
equation obtained by (1) multiplying one or both equations by a constant, if 
necessary, and (2) adding the resulting equations. 


Using the Linear Combination Method 


STEP @ Multiply, if necessary, one or both equations by a constant so 
that the coefficients of one of the variables differ only in sign. 


STEP ® Add the revised equations from Step 1. Combining like terms 
will eliminate one variable. Solve for the remaining variable. 


STEP © Substitute the value obtained in Step 2 into either of the 
original equations and solve for the other variable. 


steP © Check the solution in each of the original equations. 


Multiply One Equation 


Solve the linear system using the linear combination method. 


2x —3y=6 — Equation 1 
4x — Sy =8 Equation 2 
Solution 
@ Multiply the first equation by —2 so that the coefficients of x differ only in 
sign. 
2x — 3y =6 x (-2) —4x + 6y = -12 
4x — Sy =8 = 4x — 5y =8 


© Add the revised equations and solve for y. y=-4 


© Substitute —4 for y in one of the original equations and solve for x. 


2x — 3y =6 Write Equation 1. 
2x — 3(-4) =6 Substitute —4 for y. 
2x+12=6 Simplify. 
2x = —6 Subtract 12 from each side. 
x=-3 Solve for x. 


© Check by substituting —3 for x and —4 for y in the original equations. 
ANSWER > The solution is (—3, —4). 


3.3 Solving Linear Systems by Linear Combinations a 


Multiply Both Equations 


Solve the system using the linear 7x — 12y = —22 Equation 1 
combination method. —5x + 8y = 14 Equation 2 
ahaa HELP Solution 

ANOTHER WAY O Multiply the first equation by 2 and the second equation by 3. 

In Step 1, the multipliers _ _ 

2 and 3 are used because ee ae a? 14x — 24y = —44 

the least common = = <a = = 

multiple of 12 and 8 is 24. a aa iste aay 82 

Other multipliers, such as ; . 

4. and 6, could have been © Add the revised equations and solve for x. —x = —2 

used for this step. e9 


© Substitute 2 for x in one of the original equations and solve for y. 


—5x + 8y = 14 Write Equation 2. 
—5(2) + 8y = 14 Substitute 2 for x. 
—10+ 8y= 14 Multiply. 
y=3 Solve for y. 


© Check by substituting 2 for x and 3 for y in the original equations. 
ANSWER > The solution is (2, 3). 


Solutions of Linear Systems When Step 2 of the linear combinations 
method yields a coefficient of 0 for both variables, the system has no unique 
solution. If you get the true equation 0 = 0, the system has infinitely many 
solutions. If you get a false statement, such as 0 = 6, the system has no solution. 


A Linear System with No Solution 


Solve the system using the linear —4x + 8y = —-12 Equation 1 
combination method. 2x —4y=7 Equation 2 
Solution 


Multiply the second equation by 2 so that the coefficients of y differ only in sign. 


—4x + 8y = —12 => —4x + 8y = -12 
2x —4y =7 <> Ax — 8y = 14 
Add the revised equations. 0=2 


ANSWER > Because the statement 0 = 2 is false, there is no solution. 


Solve the system using the linear combination method. 


1.x-—4y=5 2.2x-—y=4 3.3x-—2y=2 
Qxty=1 4x —2y =8 4x —3y=1 


4. How can you tell when a system has no solution? infinitely many solutions? 


a Chapter 3 Systems of Linear Equations 


Link to. 


CAREERS 


CATERER Some caterers do 
social events like weddings 
and family reunions. Others 


handle only business events. 


Whatever the occasion, 
caterers work with their 
clients to plan both the food 
and the beverages. 


Use a Linear System as a Model 


Catering A customer hires a caterer to prepare food for a party of 30 people. 
The customer has $80 to spend on food and would like there to be a choice 

of sandwiches and pasta. A $40 pan of pasta contains 10 servings, and a $10 
sandwich tray contains 5 servings. The caterer must prepare enough food so that 
each person receives one serving of either food. How many pans of pasta and how 
many sandwich trays should the caterer prepare? 


Solution 


acai Servings |. Pans of Servings per Sandwich _ | Servings 
ODEL ° + ; 7 = 
per pan pasta sandwich tray trays needed 
Price |, Pans of + Price |, Sandwich _ |Money to spend 
per pan pasta per tray trays on food 


LaBeLs _ Servings per pan of pasta = 10 (servings) 
Pans of pasta = p (pans) 
Servings per sandwich tray = 5 (servings) 
Sandwich trays = s (trays) 
Servings needed = 30 (servings) 
Price per pan of pasta = 40 (dollars) 
Price per sandwich tray = 10 (dollars) 
Money to spend on food = 80 (dollars) 


Atcesraic 10p + 5s = 30 Equation 1 (servings needed) 


M 
oper 40p + 10s = 80 — Equation 2 (money to spend on food) 


Multiply Equation 1 by —2 so that the coefficients of s differ only in sign. 


10p + 5s = 30 x2 > —20p — 10s = —60 
40p + 10s = 80 => 40p + 10s = 80 
Add the revised equations and solve for p. 20p = 20 
p=l1 
Substitute 1 for p in one of the original equations and solve for s. 
10p + 5s = 30 Write Equation 1. 
10(1) + 5s = 30 Substitute 1 for p. 
5s = 20 Subtract 10 from each side. 
s=4 Solve for s. 


ANSWER > The caterer should make 1 pan of pasta and 4 sandwich trays. 


5. Another customer asks the caterer in Example 4 to plan a party for 40 people. 
This customer also wants both sandwiches and pasta and has $120 to spend. How 
many pans of pasta and how many sandwich trays should the caterer prepare? 


3.3 Solving Linear Systems by Linear Combinations a 


DER) Exercises 


Guided Practice 


Vocabulary Check 1. When you use the linear combination method to solve a linear system, why do 
you add the revised equations in Step 2? 


Skill Check — Error Analysis In Exercises 2 and 3, describe and correct the error. 
2. 3. 

2x-y=7 4x-2y=7 3x + 2y=15 3x + 2y =13 

3x + 2y=14 3x + 2y = 14 2x-y=4 4x-2y=8 


7x = 21 aX =5 
x 6=9 a «= -8 


Solve the system. Explain each step. 


4. 2x + 3y = 1 5. 4x — 3y =2 6. 2x + 3y =7 
x —3y = —-13 x+2y=6 3x + 5y = 10 


7. Counting Change You have a jar with quarters and dimes in it. There are 
a total of 47 coins worth $7.70. Use a verbal model to write a system of linear 
equations. Use the linear combination method to solve the system. How many 
quarters are in the jar? How many dimes are in the jar? 


Practice and Applications 


TUDENT HELP Using Addition Solve the system using the linear combination 
HOMEWORK HELP method. Then check your solution. 
Example WExs- 0-2) 8.xty=-l 9.x-y=7 10.x+2y=-ll 
Example 2: Exs. 14-25 a: M+ y=5 oe ae 
Example 3: Exs. 27-32 
Example 4: Exs. 26, 11. 3x — 2y = 17 12.3x-—y=—-3 13.x + 2y = 14 
33-37 —3x + 5y=—-11 x+y =3 = ya) 


Using Multiplication and Addition Solve the system using the 
linear combination method. Then check your solution. 


14.3x-—y=4 15. 4x — 3y = 10 16. 2x + 2y = —16 
2x + 3y = 32 x+2y=—14 2x + 3y = -3 
17.x —3y=2 18. 3x + 2y = —2 19. 4x —y=3 
2x + Sy = 15 x-y=l11 —2x + 3y = 21 
20. —2x — 2y = 30 21. 4x + Sy = —6 22. 3x + Ty = —4 
5x + 3y =7 3x + 2y = 27 2x + 5y = -2 
23. 4x + 3y = 33 24. 5x — Ty = —2 25. 3x + 2y = 27 
5x — 4y = -13 3x + 2y = 36 —4x + 5y = —36 


26. Fundraiser You are selling sandwiches for a school fundraiser. You are selling 
vegetarian sandwiches for $3 each and turkey sandwiches for $4 each. You sell 
25 sandwiches for a total of $85. Use a verbal model to write a system of linear 
equations. Use the linear combination method to solve the system. How many of 
each type did you sell? 


a Chapter 3 Systems of Linear Equations 


Standardized Test 
Practice 


Number of Solutions Tell whether the system has one solution, 
no solution, or infinitely many solutions. 


27. 4x — l4y = 12 28. 2x + 5y =0 29. 5x — 3y = 15 
—2x + Ty = —6 4x + 6y = 24 —10x + 6y = -15 

30. 3x + 2y =3 31. 3x — 4y = —4 32. 4x + 6y = —10 
—6x + 3y = 43 —5x + 2y =2 6x + 9y = —-15 


Using Linear Combinations In Exercises 33-37, use a verbal model 
to write a linear system. Use the linear combination method to solve. 


33. Cross-Training You want to burn 580 Calories during 60 minutes of exercise. 
You burn about 8 Calories per minute in-line skating and 12 Calories per minute 
swimming. How long should you spend doing each activity? 


34. Concert Your school band is performing a concert. Tickets for the concert cost 
$3 for students and $5 for adults. A total of 125 people attend the concert. Ticket 
sales total $475. How many students are at the concert? How many adults are at 
the concert? 


35. Birdhouses You are selling handmade birdhouses and bird feeders. You sell 
birdhouses for $12.50 and bird feeders for $15. You earned $245 from selling a 
total of 17 items. How many birdhouses and bird feeders did you sell? 


36. Compact Discs A store sells recordable compact discs in packs of 5 for $5 
and packs of 10 for $8. You buy 45 discs for $37. How many of each type of pack 
did you buy? 


37. Supplies A supply clerk for a company is ordering two kinds of light bulbs. 
One kind comes in a pack of 24 for $12, and the other comes in a pack of 12 
for $18. The clerk ordered a total of 108 light bulbs at a cost of $66. How many 
packs of each kind of light bulb did the clerk order? 


38. Multiple Choice Which ordered pair is a solution of the system of equations? 
3x + 2y = 2 
6x + Sy = -1 


@ (4, —5) (5, 4) © (-4, 5) ® (5, —4) 


39. Multiple Choice Which ordered pair is a solution of the system of equations? 


5x + 6y = 1 
2x + 5y = 16 
® (7, 6) @ (-7, 6) ® (6, -7) @® no solution 
40. Multiple Choice Which system of equations has a solution where y = 3? 
®xt4=14 ® 4xt+y=-4 
2x —-S5y=1 3x +y=-1 
© 2x + 5y =—-1 @M) -2x+y=2 
2x + 2y = 14 3x -y=1 
41. Multiple Choice Which system has a solution of the form (0, y)? 
&) 3x — 4y = —20 @ 5x +3y= -2 
25x + 2y = 10 Tx —2y = —9 
CHD 4x + 6y = 8 ®D 7x + Sy = -1 
2x + 3y = —4 9x + 8y = —6 


3.3 Solving Linear Systems by Linear Combinations a 


Mixed Review Finding Quartiles Find the median, the upper quartile, and the lower 
quartile of the data set. (Lesson 1.7) 


42. 13, 26, 19, 8, 16, 17, 22 43. 71, 44, 92, 37, 65, 54, 80, 28 

44. 10.1, 22.8, 15.7, 13.4, 19.2, 9.3 45. 2, 1, 6, 4, 6, 5, 5, 3, 1, 8,7 
Finding Slope Find the slope of the line passing through the given 
points. (Lesson 2.3) 

46. (3, —1), (7,7) 47. (—2, —2), (5, 3) 4s. (—4, 1), (-1, —5) 
49. (4, 3), (—7, 3) 50. (—3, 4), (—1, 6) 51. (2, 7), (5, 2) 


Graphing Equations Graph the equation. (Lesson 2.4) 

52. 2x + 3y =6 53.x — 3y =8 54.5x —2y=4 
Solving Linear Systems Solve the system by graphing. Then check 
your solution. (Lesson 3.1) 


55. 3x —y=5 56.x+ y=0 57.2x-—y=6 
xty=3 2x + 2y=9 x-y=2 


Geometry Skills — Area Find the area of the circle. Round to the nearest tenth. 
58. r = 2.25 in. 59.d=1.5ft 60. d=5.1cm 


e 
Quiz 1 
Lesson 3.1 Solve the system by graphing. Then check your solution. 
1.3x+y=4 2.5x + 2y =3 3.2x-—y=1 
6x + y = 10 —4x+y=8 x + 2y = 13 


Lesson 3.2 Solve the system using substitution. 
4.x —2y = 13 5. 3x + 2y = 16 6. 2x + 7y = —3 
2x + 3y=5 4x -—y= 14 x + 3y = —2 
Lesson 3.3 Solve the system using the linear combination method. 


7.2x + 5y=9 8. 5x — 2y = —2 9. 4x — 5y =8 
—4x + 2y = 42 3x + 5y = 36 3x + 2y = —-17 


Lesson 3.3 10. Books The manager of a bookstore at a mall placed some hardcover books 
and some paperback books on a table for the mall’s “Sidewalk Sale.” Hardcover 
books cost $14.95, and paperback books cost $4.95. Mary bought 6 books for 
$49.70. Use a verbal model to write a linear system of equations. Solve the 
system using the linear combination method. How many hardcover books did 
she buy? How many paperback books did she buy? 
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Extension 
Key Words 


e substitution method, 
p. 132 

¢ linear combination 
method, p. 139 


ioe DENT HELP 

SOLVING NOTE 
To avoid working with 
fractions you may 
want to use the linear 
combination method. To 
avoid working with large 
numbers you may want 
to use the substitution 
method. 


Choosing a Method 


| GOAL | Choose a method to solve a system of linear equations. 


To solve a linear system algebraically, you can use either the substitution method or 
the linear combination method. You must decide which method is more convenient. 


¢ If one of the variables has a coefficient of 1 or —1, the substitution method is 
convenient. In general, you should solve for that variable. 


¢ If neither variable has a coefficient of 1 or —1, the linear combination method is 
often more convenient, although you can still use substitution. 


Choose a Method to Solve a Linear System 


Choose a method to solve the linear system. 
Explain your choice. Then solve the system. 


Solution 


—3x+y=-S5 Equation 1 
5x — 3y =3 Equation 2 


The coefficient of y is 1 in Equation 1. So, you should use the substitution method. 


@ Solve for y in Equation 1. 


—3x+ty=—-5 


y=3x-—5 


Write Equation 1. 


Solve for y to get revised Equation 1. 


© Substitute 3x — 5 for y in Equation 2 and solve for x. 
5x — 3y =3 

5x — 3(3x — 5) =3 

5x —9x+15=3 


Write Equation 2. 


Substitute 3x — 5 for y. 


Use the distributive property. 


Combine like terms. 


—4x+ 15 =3 
—4x = -12 
x=3 Solve for x. 


Subtract 15 from each side. 


© Substitute 3 for x in revised Equation 1| and solve for y. 


y =3x—-5 Write revised Equation 1. 
y = 3(3) -5 Substitute 3 for x. 
y=4 Simplify. 


© Check by substituting 3 for x and 4 for y in the original equations. 


ANSWER > The solution is (3, 4). 


| Linear System 


Choose a method to solve the system. Explain your choice. Then 


solve the system. 


1.2x+y=7 
3x + 4y = 8 


2.3x + 5y=—-1 
6x + 7y = —5 


3.2x-—y=7 
x + 3y = 14 


Choosing a Method a 


Choose a Method to Solve a Linear System 


Choose a method to solve the linear system. 2x — 5y = —1 Equation 1 
Explain your choice. Then solve the system. 4x +3y =11 Equation 2 
Solution 


Neither variable has a coefficient of 1 or —1. So, it is more convenient to use the 
linear combination method. 


@ Multiply the first equation by —2 so that the coefficients of x differ only in 


sign. 
2x — 5y= —-1 x (-2) © —4x + 10y =2 
4x + 3y = 11 = 4x + 3y=11 
© Add the revised equations and solve for y. 13y = 13 


y=1 

© Substitute 1 for y in one of the original equations and solve for x. 
2x —5y = —-1 Write Equation 1. 
2x-5a)=-1 Substitute 1 for y. 

2x =4 Add 5 to each side. 
x=2 Solve for x. 
© Check by substituting 2 for x and 1 for y in the original equations. 
ANSWER > The solution is (2, 1). 


Exercises 


Choose a Method Tell which method you would use to solve the 
system. Explain your choice. 
1.-x+2y=—-4 2. 2x — Sy = 12 3. 3x + 5y =2 
3x — Sy =7 x + 5y = —24 6x + 7y = —8 


Solve Linear Systems Choose a method to solve the linear system. 
Then solve the system. 


4.—-x+2y=—-2 5. 2x + 5y = 17 6. 3x — 4y = 12 
x + 4y = —-10 3x — Sy = —12 5x — 2y = —8 
7.2x+y=-1 8. 4x + 3y = 2 9.x—-4y=—-6 
3x —y= 16 —2x + Sy = —-14 2x + 3y = 21 
10. 3x — 2y = 14 11. 4x + 3y = -1 12. 2x + 3y=9 
x + 3y = 23 5x + 6y = 10 5x-y=-3 


13. Sports Cards Ata yard sale, you buy a box of 240 football and baseball cards. 
The seller says there are three times as many baseball cards in the box as there 
are football cards. How many baseball cards are in the box? 


14. Movies Tickets at a local movie theater are $4 for students and $7 for adults. 
One night, the theater sells 578 tickets and collects $3365 in ticket sales. How 
many student tickets were sold? How many adult tickets were sold? 
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Key Words 
three-dimensional 
coordinate system 
z-axis 

ordered triple 

octants 

linear equation in three 
variables 


Find the x- and 
y-intercepts of the 
graph of the equation. 


1. 3x + 2y =6 
2. 2x — 5y = 10 
3. -4x + y=8 
4. 5x + 4y = 20 


34 Graphing Linear Equations in 


Three Variables 


| GOAL | Graph linear equations in three variables. 


Solutions of equations in three variables can be 
ee with at e 
m. To construct such a system, begin with 


N 


ey 


_ ye-plane | 
the xy-coordinate plane in a horizontal position. Lp | 
Then draw the z- as a vertical line through origin (0, 0, 0) 


the origin, as shown. 


Points in a two-dimensional coordinate system 
are represented by ordered pairs. Each point in 
space can be represented by an or ale 
(x, y, z), such as (1, —2, 3). 


xy-plane 


The three axes, taken two at a time, determine three coordinate planes. These 
planes divide space into eight 0 . The first octant is the one for which all 
three coordinates are positive. 


Plot Points in Three Dimensions 


Plot the ordered triple in a three-dimensional coordinate system. 


a. (—5, 3, 4) b. G, —4, —2) 


Solution 
a. To plot (—5, 3, 4), first find the 
point (—5S, 3) in the xy-plane. The 
point (—5S, 3, 4) lies 4 units above it. (3, 


b. To plot (3, —4, —2), find the point 
(3, —4) in the xy-plane. The point 
—4, —2) lies 2 units below it. 


imensions 


Plot the ordered triple in a three-dimensional coordinate system. 
1. (1, 2, 4) 2. (—2, 1, 3) 3. (-4, —-1, -5) 4. (3, —2, —4) 
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ee UDENT HELP 
READING GRAPHS 
Recall that a plane has 
two dimensions and that 
it extends without end, 
even though the drawing 


of a plane appears to 
have edges. 


a HELP 
SOLVING NOTE 
To find other solutions of 


the equation, solve for 
one of its variables, such 
asZ= 3x ly +3. 
Substitute any real 
numbers for xand y 

and simplify to find the 


corresponding value of z. 


A linear equation in three variables x, y, and z is an equation of the form 


ax + by + cz=d 


where the constants a, b, and c are not all zero. An ordered triple (x, y, z) is a 
solution of a linear equation in three variables if the values of x, y, and z make 
the equation true. The graph of a linear equation in three variables is a plane. 
In a three-dimensional coordinate system, the graphs of equations in one or two 
variables are also planes. 


Plane ax + by + cz = 
intersects all three axes. 


4 


Plane cz = d intersects the 
z-axis and is parallel to 
the xy-plane. 


Plane by + cz = 
intersects the y-axis and 
z-axis and is parallel 

to the x-axis. 


Graph a Linear Equation in Three Variables 


Sketch the graph of 3x + 2y + 4z = 12. Label the points where the graph crosses 


the x-, y-, and z-axes. 


Solution 


Find the points where the graph intersects the axes. 
First let x = 0 and y = 0, and then solve for z. 


3(0) + 2(0) + 4z = 12 
4z = 12 


z=3 Solve for z. 


Substitute 0 for x and for y. 
Simplify. 


The z-intercept is 3, so plot the point (0, 0, 3). 
Next, let y = 0 and z = 0, and then solve for x. 


3x + 2(0) + 4(0) = 12 
3x = 12 


x=4 Solve for x. 


Substitute 0 for y and for z. 
Simplify. 


The x-intercept is 4, so plot the point (4, 0, 0). 


Finally, let x = 0 and z = 0, and then solve for y. Zz 
3(0) + 2y + 4(0) = 12 _—_ Substitute 0 for x and for z. 
2y = 12 Simplify. 


y=6 Solve for y. 
The y-intercept is 6, so plot (0, 6, 0). 
Connect the points with lines. The lines (0, 6, 0) 
form the triangular region of the plane 
that lies in the first octant. 
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CIENCE 


GARDENING Tulips come 

in a variety of sizes, shapes, 
and colors. The bulbs must 
be planted in late fall or early 
winter in order to bloom the 
following spring. 


Three Variables 


Sketch the graph of the equation. Label the points where the graph 
crosses the x-, y-, and z-axes. 


5.x + 3y + 2z7=6 6. 5x + y+ 2z = 10 7.x+y=4 


Model a Real-Life Situation 


Gardening You are planting tulip bulbs and daffodil bulbs in a community 
garden. Tulip bulbs cost $6 per dozen, and daffodil bulbs cost $5 per dozen. 
Fertilizer for the bulbs costs $10. 
a. Write a linear model for the total cost of the bulbs and the fertilizer 
for the garden. 
b. Evaluate the model for several different numbers of tulip bulbs and daffodil 
bulbs. Organize your results in a table. 


Solution 


a. Your total cost involves two variable costs (for the two types of bulbs) and one 
fixed cost (for the fertilizer). 


Cost of Dozens Cost of Dozens 
VERBAL Total ae, of tg of se 
MopDeEL cost = * tulip +] 7 * daffodil + ys 
(per bulbs (per bulbs fertilizer 
dozen) dozen) 
LaBets ‘Total cost = C (dollars) 
Cost of tulip bulbs (per dozen) = 6 (dollars) 
Dozens of tulip bulbs = ¢ (dozens of bulbs) 
Cost of daffodil bulbs (per dozen) = 5 (dollars) 
Dozens of daffodil bulbs = d (dozens of bulbs) 
Cost of fertilizer = 10 (dollars) 
ALGEBRAIC 


Mona C= 6t + 5d + 10 


b. To evaluate the model, substitute values for t and d. For example, substitute 


4 for ¢ and 3 for d. 
C= 6t + 5d + 10 Write algebraic model. 
C = 6(4) + 5(3) + 10 Substitute 4 for t and 3 for d. 
C = 49 Simplify. 


The total cost is $49 for 4 dozen 
tulip bulbs and 3 dozen daffodil 
bulbs. 


The table shows the total cost for 
several more values of t and d. 


t(dozens of tulip bulbs) 


Peper 
ce 
Pa [sm [see | 556 | 
D3 [sr [seo | sot | 
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DEV) Exercises 


Guided Practice 


Vocabulary Check 1. Copy and complete the statement: Each point in space can be represented by 
a(n) _? of the form (x, y, z). 


2. Copy and complete the statement: The three axes, taken two at a time, determine 
three coordinate planes that divide space into eight __? 


3. Write the general form of a linear equation in three variables. 
4. Copy and complete the statement: The graph of a linear equation in three 
variables is represented by a(n) __?__ in three-dimensional space. 
Skill Check Plot the ordered triple in a three-dimensional coordinate system. 
5. (2, 1,3) 6. G3, =2,=5) 7. (—1, —3, 4) 
Sketch the graph of the equation. Label the points where the graph 
crosses the x-, y-, and z-axes. 


8. 3x + 2y + 6z=6 9. 4x + 8y + 2z = 16 10. 5x + 10y = 20 


11. 3x + 4y + 6z = 12 12. 6x + 9y + 12z = 36 13. 6y = 18 


Practice and Applications 


ait HELP Plotting Points Plot the ordered triple in a three-dimensional coordinate 
HOMEWORK HELP system. 
Example 1: Exs. 14—21 14. (3, 5,0) 15. (4, 1,3) 16. (0, —3, -1) 17. (2, 5,2) 
Example 2: Exs. 22-33 
Example 3: Exs. 38-44 18. (3,5, —2) 19. (2, —1, 1) 20. (1, —2, —3) 21. (—3, —1, —5) 


Sketching Graphs Sketch the graph of the equation. Label the points 
where the graph crosses the x-, y-, and z-axes. 


22.xt+y+z=3 23.x + 2z7=6 24. 3x + 5y + 15z = 15 
25. 12x + 8y + 6z = 24 26. 8x + 12y + 16z = 48 27. 4x + 2y + 8z = 16 

28. 3y — 7z = 21 29. 6x + Oy + 4z = 36 30. 8x = 32 

31. 4x + 14y — 7z = 28 32. —5x — I5y + 9z = 45 33. 4x + 2y + 8z = —-8 
Geo Use the given coordinates to find the coordinates of 


the vertices J, K, L, and M of the rectangular prism. 
34. 
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Geometry Link» Use the given point to find the volume of the 
rectangular prism. 


36. 


(5, 4, 3) 


38. Family Vacation A family of four is planning a camping trip. The family 
spends $300 on new camping equipment. The campsite costs $17 per night, and 
the family budgets $6 per meal for each person. Use the verbal model below 
to write an algebraic model for the total cost C of the camping trip. Let x be 
the number of nights, and let y be the number of meals. Evaluate the model for 
several values of x and y. Organize your results in a table. 


Campsite | | Number Budgeted Total Cost of 

Total | _ 

cost || cost per |° of +] cost per |*| number of | + new 
night nights meal meals equipment 


After-School Jobs In Exercises 39 and 40, use the following information. 


After school you work as a cashier at a grocery 
store for $6 per hour. On weekends, you work as 
a lifeguard for $8 per hour. You also receive a 
weekly allowance of $15 for doing chores. 


39. Write a verbal model for your total weekly 
earnings. Then write an algebraic model. 
Let c be the number of hours you work as 
a cashier, and let £ be the number of hours 
you work as a lifeguard. 


40. Evaluate the model for several values. 
Organize your results in a table. 


Transportation In Exercises 41 and 42, use the following information. 


Every month you buy a bus pass for $30. The pass allows you to ride the bus for 
free and get discounts on the express bus and the subway. The discounted cost 
for the express bus is $.75. The discounted cost for the subway is $.50. 


41. Write a model for the total cost of transportation for the month. Let b be the 
number of times you ride the express bus and s be the number of subway rides. 


42. Evaluate the model for several numbers of express bus and subway rides. 
Organize your results in a table. 


43. Uniforms A summer basketball league buys a T-shirt for each member of each 
team in the league. The league pays $30 to have artwork designed for the shirts. 
A medium shirt costs $10 and a large shirt costs $13. Write a model for the total 
cost of the artwork design and both medium and large T-shirts. Evaluate the 
model for several orders. Organize your results in a table. 
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44. Home Aquarium You want to buy an aquarium starter kit for $180 and stock 
the aquarium with rainbow fish, tetras, and angelfish. A pet store sells rainbow 
fish for $4.50 each, tetras for $2 each, and angelfish for $9 each. Using a verbal 
model, write an algebraic model for the amount you will spend given the number 
of rainbow fish, tetras, and angelfish you buy. Evaluate the model for several 
numbers of rainbow fish, tetras, and angelfish. Organize your results in a table. 


Standardized Test 45. Multiple Choice At which point does the graph of the equation 
Practice 4x + Ty + 28z = 56 cross the y-axis? 


@ (0,7, 0) (0, 8, 0) © (0, 14, 0) ®) (0, 2, 0) 
46. Multiple Choice Which equation is represented by the graph? 


) 3x + 6y + 5z = 30 @ 15x + 10y + 12z = 60 
WMuxty+z=6 @®) 10x + 5y + 6z = 30 


Mixed Review Identifying Direct Variation Tell whether the data show direct variation. 
If so, write an equation relating x and y. (Lesson 2.6) 


Graphing Linear Systems Graph the linear system and tell how many 
solutions it has. If it has exactly one solution, find and check the solution. 
(Lesson 3.1) 


49. 2x + 4y =8 50.x + 5y= 18 51.x — 2y = 10 
x+2y=4 2x + 3y=8 x—2y=—-3 


Solving Linear Systems Solve the system using substitution. 
(Lesson 3.2) 


52. y = 4x 53. 4m — 5n = 21 54. 2a + 3b = —2 
—3x+ 2y=5 m—2n=0 6a + b= 10 

55. —3x + 4y = —-9 56. x — 2y =2 57. —x + 3y=5 
2x+y=6 5x — 2y = —6 2xty=4 


Geometry Skills Parallel Lines and Angles Find the values of x and y. 
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Key Words 


e system of three linear 
equations 

¢ solution of a system of 
three linear equations 


Solve the linear 
system. 


1. —2xt+y=2 


x—3y=-1 
2. 4x + 8y = —2 

—x —2y=1 
3. 3x+ 4y=5 


—6x — 8y = —10 


Solving Systems of Linear 
Equations in Three Variables 


| GOAL | Solve systems of linear equations in three variables. 


How many adults, students, and 
children attended a band concert? 


A system of equations in three variables 
is needed when a situation involves three 
variable quantities. You will use such a 
system in Exercise 32 to determine the 
number of adults, students, and children 
who attended a band concert. 


x + 3y —4z = —16 Equation 1 


—x —2y + 3z=11 Equation 2 
4x —y —6z=—5 Equation 3 


A solution of such a system is an ordered triple (x, y, z) that is a solution of all 
three equations. For example, (1, —3, 2) is the solution of the system above. 


1+ 3(-3) —- 42) =1-9-8=-l6Vv 
—1—2(-3) +322) = -1+6+6=l11v 
4) — (-3) — 622) =44+3-12=—-5V 


In Lesson 3.4, you learned that the graph of a linear equation in three variables 
is a plane. The graphs of three such equations that form a system are three 
planes whose intersection determines the number of solutions of the system. 


Exactly one solution Infinitely many solutions No solution 
If the planes intersect in If the planes intersectina If the three planes do not 
a single point, the system lineora plane, the system _ intersect, the system has 
has exactly one solution. has infinitely many no solution. 

solutions. 
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aoe HELP 
ANOTHER WAY 

In Step 1, you could also 
eliminate x to get two 
equations in yand z, or 
you could eliminate zto 


get two equations in x 
and y. 


¢ TUDENT HELP 
AVOID ERRORS 
In Example 1, be careful 
not to write the ordered 
triple in the order in 
which you solved for the 
variables. 
(4, —3, 2) X 
(-3,2,4)¥ 


The Linear Combination Method (3-Variable Systems) 


STEP @ Rewrite the linear system in three variables as a linear system 
in two variables using the linear combination method. 


STEP © Solve the new linear system for both of its variables. 


STEP © Substitute the values found in Step 2 into one of the original 
equations and solve for the remaining variable. 


STEP © Check the solution in each of the original equations. 


Use the Linear Combination Method 


Solve the system. 


3x + 2y+4z= 11 Equation 1 
2x -—y+3z=4 Equation 2 
5x — 3y + 5z=—1 Equation 3 
Solution 


@ Rewrite the system as a system in two variables. First, add 2 times Equation 2 
to Equation 1 to eliminate y. 


Wom 3x4+2y+4z=11 
x2 4x -2y+6z=8 


71x + 10z = 19 


3x + 2y+4z= 11 
2x-—y+3z=4 


New Equation 1 


Now add —3 times Equation 2 to Equation 3 to eliminate y. 


5x—3y+5z=-1 >) 5x-3y4+5z=-1 
2x-y+3z=4 Wes —6x + 3y —9z = -12 


1 — 4z = —13 New Equation 2 


© Solve the new system of linear equations in two variables. First, add 7 times 
new Equation 2 to new Equation | to eliminate x. 


Tx + 10z = 19 mp 7x + 10z = 19 
—x—4z,= —-13 mp —7x — 282 = -91 
—18z = —72 
z=4 Solve for z. 
Substitute 4 for z in new Equation | or 2 and solve for x to get x = —3. 


© Substitute —3 for x and 4 for z in one of the original equations and solve 
for y. 


2x —y+3z=4 
2(-3) — y + 3(4) =4 


Equation 2 
Substitute —3 for x and 4 for z. 


-6-y+12=4 Multiply. 
-y+6=4 Combine like terms. 
y= Solve for y. 


© Check by substituting —3 for x, 2 for y, and 4 for z in each of the original 
equations. 


ANSWER > The solution is x = —3, y = 2, and z = 4, or the ordered triple (—3, 2, 4). 
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STUDENT HELP 


SOLVING NOTE 

In Example 2, a numeric 
statement is obtained in 
the first step. Depending 
on how you start, you 
may not obtain a numeric 
statement until the third 
step. 


" hbebaeed HELP 

SOLVING NOTE 
When a system of linear 
equations in three 
variables has infinitely 
many solutions there 
are two possibilities: 
The planes intersect in 
a line or the planes are 
coplanar. 


Systems Without Unique Solutions Recall that it is possible to obtain a 
numerical statement in any of the steps using the linear combination method. 


Solve a System with No Solution 


Solve the system. x+ty+z=2 Equation 1 
3x + 3y+3z=14 Equation 2 
x—2y+z=4 Equation 3 
Solution 


Multiply Equation 1 by —3 and add the result to Equation 2. 


3x — 3y —3z = —6 Add —3 times Equation 1 
3x + 3y + 3z = 14 to Equation 2. 


0=8 False statement 


ANSWER > Because solving the system resulted in the false statement 0 = 8, the 
original system of equations has no solution. 


Solve a System with Infinitely Many Solutions 


Solve the system. xty+z=4 Equation 1 
x+ty—-z=4 Equation 2 
3x + 3y + z= 12 Equation 3 


Solution 


@ Rewrite the system as a system in two variables. 


xty+z=4 Add Equation 1 
x+y-z=4 to Equation 2. 
2x +2y = 8 New Equation 1 
x+y-z=4 Add Equation 2 
3x+ 3y+z= 12 to Equation 3. 
4x + 4y = 16 New Equation 2 


© Solve the new system of linear equations in two variables. 
—4x — 4y = —-16 Add —2 times new Equation 1 
4x + 4y = 16 to new Equation 2. 
0=0 
ANSWER > Because solving the system resulted in the true statement 0 = 0, the 


original system of equations has infinitely many solutions. The three 
planes intersect in a line. 


Tell how many solutions the linear system has. If the system has one 
solution, solve the system. Then check your solution. 


1xtyt+3z=1 2.x-yt+z=4 3.x +y+2z= 10 
xty-z=1 3x +y—2z=—-2 —x+2y+z=5 
x—3y+4z=-1 2x —2y+2z=5 —x + 4y + 3z = 15 
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DENS Exercises 


Guided Practice 


Vocabulary Check 1. Give an example of a system of three linear equations in three variables. 


Copy and complete the statement. 


2. If the graphs of three linear equations in three variables intersect in a(n) __?_, 
then the system of equations has exactly one solution. 


3. If the graphs of three linear equations in three variables are parallel planes, then 
the system has _?__ solution(s). 


Skill Check Tell whether the ordered triple is a solution of the system of linear 


equations. 

4. (1, —4, 2); 5. (7, = 1, 0); 6. (0, 3; 2); 
—2x —y+5z= 12 3x + 4y — 2z7 = —25 Tx — 2y + 3z = —12 
3x +2y—-z=-7 4x — 9y + 82 = —19 —x + by — 4z = 19 
—5x + 4y + 2z = -17 —x — 10y + 3z = 3 —5x+ y+ 3z= 12 


Solve the system using the linear combination method. 


7.x + 2y —3z= —-13 g.oxty 2z2=—-5 9.x—-3y+z=-2 
3x —y+2z= 15 I 2x — 5y + 4z=9 
x+3y=-7 “ye 3x —2y+z=5 

2x + 4y + 3z = 13 


Tell how many solutions the linear system has. 


10.x+y+z=—9 11. 2x + 3y — 4z =6 12.2x + y— 3z=5 
x—2y=3 x + 4y + 5z= 12 x—-yt+2z=6 
—x + 3y = -6 2x — 3y + 4z = —-10 xt+y—2z=—-6 


Practice and Applications 


pe DENT HELP Checking Solutions Tell whether the ordered triple is a solution of 
HOMEWORK HELP the system of linear equations. 
cami me 13. (—6, 1, 2); 14. (3, 1, -2); 15. (5, 0, 4); 
Example eee ie a a BE Le a 3 a = = 
Example 3: Exs. 22-24 —2x + 3y Fz = 17 dy + 3z=-2 4x + 6y — 5z=0 
—x+5y—-3z= 11 2x+ 3y+z=—5 —x + 3y+2z=3 


Linear Combination Method Solve the system using the linear 
combination method. 


16.*+ 2y=—-1 17.2x —y—3z=6 18.x + 2y —3z=5 
—x —3y+2z= —-4 xtyt+4z=-1 -y+4z=1 
—x+y-—4z=10 3x —2z7=8 3x — 4y + 3z = -3 

19. 2x —2y+z=5 20.—4x + 3y+2z= 1 24.2xty—Zz=7 
2x + 3y+2z=—-1 x-2y+z=11 2x —y+3z=3 
x—4y+5z=4 2x -—y—2z=2 3x + 2y—z=17 
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TUDENT HELP 


AVOID ERRORS 

In Steps 2 and 3, be 
careful that you don’t 
substitute into the 
equation you solved for a 
variable. 


Number of Solutions Tell whether the linear system has no solution, 
exactly one solution, or infinitely many solutions. 


22.x-y+z=6 23.x+y—2z=5 24. 2x —y— 2z=3 
—3x + 3y — 3z = 10 xt+2y+z=8 —x + 2y+5z=7 
x+2y—-4z=1 2x + 3y — z= 13 3x ty+z=8 


Use the Substitution Method 


Solve the system. 


x-y-z=3 Equation 1 
x+2y+5z=-1 Equation 2 
xty+4z=4 Equation 3 


Solution 
@ Solve for one of the variables in any of the equations. 
K=y-Z2='3 Write Equation 1. 
x=3+yt+z Solve for x. 


© Substitute 3 + y + z for x in another equation. 


x +2y+5z=-1 Write Equation 2. 


—3+yt+z)+2y+5z=~-—I1 Substitute 3 + y + zforx. 


3-—y-—z+2y+5z=-1 Use distributive property. 
—3+y+4z=-—1 Combine like terms. 
y+4z=2 New Equation 2 
© Substitute 3 + y + z for x in the third equation. 
xty+4z=4 Write Equation 3. 


Bt+tytz+yt+4z=4 Substitute 3 + y + z for x and simplify. 
2y +5z=1 New Equation 3 


© You now have a system of two equations in two variables. Use your preferred 
method to solve the system. 


y+4z=2 New Equation 2 
2y +5z=1 New Equation 3 


© When you solve this system you get y = —2 and z = 1. Substitute these values 
into original Equation 1, and you get x = 2. 


ANSWER > The solution is x = 2, y = —2, and z = 1, or (2, —2, 1). 


Substitution Method Solve the system using substitution. 


25. 2x —3y+z=4 26. 2x —z=—5 27. —y — 3z = —4 
x—2z=1 x+ 3y+ 2z7=5 x+2z=1 
ytz=2 3x +y=-7 3x —y—2z=9 

28. -x+z=2 29. 2x -—3y+z=-l1 30. 2x —y + 3z=2 
x + 2y —3z=2 3y —z=3 x+2y—2z7=-3 
3x + 4y — 2z = —3 x+4y+3z=—-8 3x -—yt+3z=7 
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31. 


32. 


Sale Prices Joe, Stacy, and Rob are shopping during a sale at a local 
department store. The sale items are jeans, shorts, and shirts. The purchases 
made by the three people are as follows. 


¢ Joe buys one pair of jeans, four pairs of shorts, and two shirts for $84. 
¢ Stacy buys two pairs of jeans, one pair of shorts, and three shirts for $76. 


* Rob buys one pair of jeans, two pairs of shorts, and one shirt for $52. 
What is the sale price of each piece of clothing? 


Band A high school band performed a spring concert for a crowd of 600 people. 
The tickets for students sold for $3 each, the tickets for adults sold for $7 each, 
and tickets for children sold for $2 each. The revenue for the concert was $3150. 
There were 150 more adults at the concert than students. Use the verbal models 
to write a system of three linear equations. Solve the system to determine how 
many of each type of ticket were sold. 


Price of Number Price of} |Number Price Number Total 
student |* |of student| +| adult | ° | of adult} + |of child] | of child | = veveniib 
ticket tickets ticket tickets ticket tickets 
Number of | hen of Number of | — | Total number of 
students adults children people at concert 
CONDUCTORS lead groups 
of musicians in rehearsals 
and performances. They Number of | _ | Number of| — 459 
prepare musical scores adults students 
for the musicians and plan 
programs for concerts. 33. Geometry Link, The sum of the measures of angle B and angle C of 


triangle ABC is twice the measure of angle A. The measure of angle B is 32° less 
than the measure of angle C. Find the measures of the three angles. 


Challenge In Exercises 34-36, use the system of equations. 


34. 
35. 


36. 


Standardized Test 
Practice 


38. 


37. 


x+y—2z=5 Equation 1 
x+2y+z=8 Equation 2 
2x + 3y—z=13 Equation 3 


Verify that (—3, 6, —1) and (7, 0, 1) are solutions of the system of equations. 


Explain how it is possible for both ordered triples to be solutions of the system of 
equations. 


Find another solution of the system of equations. 
Multiple Choice What is the value of z in the solution of this system? 


x+3y+2z=1 
—2x + 4y+5z=5 


2x +y=0 
@-1 1 ©2 D 3 
Multiple Choice Which ordered triple is a solution of the system? 

3x —y + 4z = —10 

—x+y+2z=6 

2x-y+z=—8 
Cf) U,1,-3) @® (—2, 4, 0) CH) (0,=3,,.100) GD (3,0, =2) 
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Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


Quiz 2 


Lesson 3.4 


Lesson 3.5 


Lesson 3.5 


Lesson 3.5 


39. Multiple Choice How many solutions does the linear system have? 


x + 3y — 2z=0 


—x+ty—4z=4 
x + 5y + 5z=2 
CAD none exactly one ©) exactlytwo ©) infinitely many 


Solving Equations Solve the equation. (Lesson 1.4) 
40. —2n+4=—-12+8n 41.3x+4= —4x— 10 42. 3(—2m + 4) =4m 


Rewriting Formulas Solve the formula for the indicated variable. 
(Lesson 1.5) 


43. Solve the area of a trapezoid formula, A = 5b, + b,)h, for h. 
44. Solve the surface area of a cylinder formula, § = 2arh + Qnr?, for h. 


Solving Linear Systems Solve the system using the linear 
combination method. (Lesson 3.3) 


45.x+3y=4 46. —3x + 5y = —30 47.4x+y=5 
—2x — 4y = —10 2x — 3y = 19 —2x-—y=3 

48. 3x + 5y = 10 49. 2x — 3y = —15 50. —x + y=—8 
—2x — 4y = —10 —5x + 4y = 27 x + 6y = —6 


Pythagorean Theorem Find the unknown length. 
51. 52. 17 ft 53. b 


c 
9mm " 
a 15 ft 89m ro 
12mm 


Sketch the graph of the equation. Label the points where the graph 
crosses the x-, y-, and z-axes. 


1. 3x + 4y + 8z = 24 2. 5x + I5y + 9z = 45 3. 2x + 4y + 3z = —12 
4. 15x + 12y — 10z = —60 5. 6x — 18y + 27z = 54 6. 20x + 5y + 4z = 40 


7. Copy and complete the statement: If the graphs of three linear equations in three 
variables intersect in a line, then the system of equations has __? _ solution(s). 


Solve the system using any method. 


8. -x+2y+z=—-—l 9.3x+ 2y-—z=-—l 10. 2x + 3y+z=-7 
x+yt+3z=3 —3x-—yt+4z=3 —y+2z= 12 
—4x —S5y+z= 16 x—3y—-5z=5 x + 2y + 6z = 10 


11. Car Wash A car wash company offers three types of car washes. The ultimate 
car wash costs $12, the premium car wash costs $10, and the regular car wash 
costs $7. In one week, the total revenue for 500 car washes was $5450. The car 
wash company sold twice as many ultimate car washes as premium car washes 
that week. How many car washes of each type were sold that week? 


3.5 Solving Systems of Linear Equations in Three Variables fil 


REVIEW HELP 
Exercises Example 


4-7 


Chapter Summary 
and Review 


VOCABULARY 


¢ system of two linear equations, p. 125 


¢ solution of a system of two linear equations, 
p. 125 


¢ substitution method, p. 132 

¢ linear combination method, p. 139 

¢ three-dimensional coordinate system, p. 147 
¢ z-axis, p. 147 


VOCABULARY EXERCISES 


¢ ordered triple, p. 147 

¢ octants, p. 147 

e linear equation in three variables, p. 148 
¢ system of three linear equations, p. 153 


¢ solution of a system of three linear equations, 
p. 153 


1. Explain how to solve a system of two linear equations by graphing. How 
do you know that a linear system of equations has no solution by looking 


at its graph? 


2. Explain how to solve a system of two linear equations by using 


substitution. 


3. The solution of a particular system of three linear equations in three 
variables is one ordered triple. What can you say about the graphs of the 


equations? 


LVING LINEAR SYSTEMS BY GRAPHING a 


| EXAMPLE | Solve the system by graphing. 2x—y=-—S5 _ Equation] 


Graph both equations as shown on the right. 


From the graph, you can see that 
the lines appear to intersect at (—1, 3). 


You can check the solution by substituting 
—1 for x and 3 for y into the original equations. 


3x + 2y = 3 Equation 2 


2(-D 


1, p. 125 


\ 


(3) = -2-3= 
3(-1D) + 23) = -3 + 6=3 ¥ 


ANSWER > The solution is (— 1, 3). 


oS) of 


Solve the system by graphing. Then check your solution. 


4.2x+ y= -—2 
x-y=5 


5.3x+ y=3 
—3x + 2y = -12 
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6. 2x + 4y = 12 
—x+3y=9 


7. 2x + 3y = 13 
4x -y=5 


LINEAR SYSTEMS BY SUBSTI 
| EXAMPLE | Solve the system using substitution. 2 — y= Il Equation 1 
—3x + 4y = 11 Equation 2 
Solve Equation 1 for y. 
2x—-y=1 Write Equation 1. 
y=2x-1 Solve for y to get revised Equation 1. 
Substitute 2x — 1 for y in Equation 2 and solve for x. 
—3x + 4y = 11 Write Equation 2. 
—3x + 4Qx — 1) = 11 Substitute 2x — 1 for y. 
—3x+ 8x -4=11 Use the distributive property. 
x =3 Combine like terms and solve for x. 


Substitute 3 for x in revised Equation 1| and solve for y. 


y=2x -1 Write revised Equation 1. 
REVIEW HELP y = 2(3) - 1 Substitute 3 for x. 
Exercises Example y=5 Simplify. 


8-11 1, p. 132 


ANSWER > The solution is (3, 5). Check by substituting in the original equations. 


Solve the system using substitution. 


8. y = —5x 9.-2x+y=7 10. —5x+2y=12 11.2x+ 3y = —27 
4x + 2y =6 3x +y=—8 x+3y=1 2x + 5y = —41 


LINEAR SYSTEMS BY LINEAR ‘ 


| EXAMPLE | Solve the system using the linear combinations method. 


4x + 3y =—5 Equation 1 
De se Sy = || Equation 2 


Multiply the second equation by —2 to eliminate the variable x. 


4x + 3y = —5 => 4x + 3y = —5__ Rewrite Equation 1. 
254 Sy = | x (-2) —4x —10y = —2 Multiply Equation 2 by —2. 
—Ty = —7 _ Add Equation 1 to Equation 2. 
y=1 Solve for y. 
Suis Hee 4x + 3y = —5 Write Equation 1. 
Exercises Examples 454 33) = 5 Substitute 1 for y. 


12, 13 1, p. 139 gS =? Solve for x. 
14,15 2, p. 140 


ANSWER > The solution is (—2, 1). Check by substituting in the original equations. 


Solve the system using the linear combination method. 


12. x —3y =8 13.3x-y=4 14. 4x — 3y = 10 15. 5x + 4y = 10 
—Ixt+y=9 2x + 3y = 32 3x + 2y = —-18 2x + 3y = —3 


Chapter Summary and Review a 


ING LINEAR EQUATIONS IN THREE V, 


| EXAMPLE | Sketch the graph of 6x + 12y + 9z = 36. 


To graph 6x + 12y + 9z = 36, find the intercepts. 
When y = 0 and z = 0, then x = 6. Plot (6, 0, 0). 
When x = 0 and z = 0, then y = 3. Plot (0, 3, 0). 


++ 
ae eaarie When x = 0 and y = 0, then z = 4. Plot (0,0, 4). ~ 
Exercises Example Connect the points to form the plane. (6, 0, 0) + 
16-18 2, p. 148 ie 
v 
Sketch the graph of the equation. Label the points where the graph 
crosses the x-, y-, and z-axes. 
16. 2x + 3y + 62 =6 17. 6x + 3y + 9z = 18 18. 16x + 8y + 12z = 48 


NG SYSTEMS OF LINEAR EQUATIONS IN 


| EXAMPLE | Solve the system. x —y+2z=—4 Equation 1 


REVIEW HELP 
Exercises Example 


19-21 1, p. 154 


3x +y—4z=-—6 — Equation 2 
pie oP bye =| Equation 3 


Rewrite the system as a system in two variables. First add Equation | and 
Equation 2 to eliminate y. 
x-yt2z=-4 
Sear p= ae = =O 
4x = ea O) New Equation 1 


Solve the new system of linear equations in two variables. First, add —2 times 
Equation 3 to new Equation | to eliminate x. 


4x — 2z = —10 
—4x — 6z=2 
—8z= —-8 
z=1 Solve for z. 


Solve Equation 3 for x. 


Dx 3 (1) ol Substitute 1 for z in original Equation 3. 
x=-2 Solve for x. 
Solve Equation 2 for y. 
3(-—2) + y — 40) = -6 Substitute —2 for x and 1 for z in original Equation 2. 
y=4 Combine like terms and solve for y. 


ANSWER > The solution is x = —2, y = 4, and z = 1, or (—2, 4, 1). 


Solve the system using the linear combination method. 


19. 2x + 2y + 6z=8 20.x+y+z=—l 21. 3x —y-— 2z= 15 
x+y—2z=—-6 4x + y—3z= -3 2x + 2y + 3z= —2 
x—4y—-2z=9 2x — 3y + 2z = —12 6x — 3y+z=8 
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fer 3 Chapter Test 


Solve the system by graphing. Then check your solution. 

1.2x+y=7 2.x+2y=7 3. 4x + 2y = 12 
—x+ty=1 —3x-y=-l x—2y=8 

Solve the system using substitution. 

4.3x+2y=4 5.x —4y=7 6. 3x +y=4 
2xty=1 3x + 5y=4 4x + 3y = 17 


7. Football Tickets A total of 1025 student and general admission tickets were 
sold at the gate for a high school football game. The cost for students was $3 per 
ticket and the cost for general admission was $4 per ticket. The school collected 
$3525 selling tickets for the game. How many student tickets were sold? 


Solve the system using the linear combination method. 
8. 4x + 3y = 11 9. —3x — 2y = —4 10. 5x + y=—4 
x—3y=-14 5x + 6y = 4 3x + 4y = 18 


11. Carnival On the first night of a carnival, 300 children and 175 adults bought 
tickets. The total revenue from ticket sales was $1150. On the second night, 
520 children and 350 adults bought tickets. The total revenue that night was 
$2180. What are the admission prices to the carnival for a child and for an adult? 


Sketch the graph of the equation. Label the points where the graph 
crosses the x-, y-, and z-axes. 


12.x + 2y + 3z=6 13.2x+ y—2z=8 14. 2x — 3y + 4z = 12 


Solve the system using any algebraic method. 


15.x+ 3y + 2z=3 16.4% —y+2z=3 17.3x+y—2z=7 
3x —3y +z= —10 y—3z=6 2x + 5y —4z = —5 
2x + 3y — 4z =8 x + 2y —5z= 13 x—3z=-2 


18. Geometry The figure shown has both vertical and horizontal symmetry. Find 
the values of x, y, and z. (Hint: The sum of the angle measures of any pentagon 
is 540°.) 


(340 — x — z)° 


\ 7 


(360 — 2z)° 


19. School Store A school store sells jackets for $50, hooded sweatshirts for $30, 
and T-shirts for $15. Last month, the total revenue from the school clothing was 
$7800, from the sale of 360 pieces of clothing. The school store sold eight times 


as many T-shirts as jackets. How many of each type of clothing were sold? 
Chapter Test eA 


Chapter Standardized Test 


\ Jest Tip Check your answers using a different method. 
DD OD wD 


| EXAMPLE | Solve the system. 


2x +y=-—1 _ Equation 1 
3x +3y=3 Equation 2 


Solution 


On standardized tests, it can be more efficient to check each 
given ordered pair in the system of equations until you find 
the correct one. 


Croce As 2(—i)) ar il 2 —l——$ = 2 lel 4 
S10) se 2X0) & 3 —= = 3) sp 3) 2 Bh). 5 
Choice B: 2(—2) +3 2 -1——-4+3=—-lV 
3(—2) + 33) 23—»-6+9=3V | | RAT I» 


Choice B is the solution of the system. 


You can check your answer by graphing. The graph of the 
system of equations is shown. 


Multiple Choice 


1. Which ordered pair is the solution of the 3. How many solutions does the system have? 

system? 3x -—y=9 

3x -—y=—-4 —6x + 2y = —14 

—2x —4y= —-2 

@ 0 1 
@ (-2,;-2) (1, 0) © ® 
2 infinitely many 

© (-L) ®D (3, —2) 


4. A construction company placed two orders 
with a building supply store. The first order 
was for 12 cases of nails and 5 cases of screws, 
and it totaled $695. The second order was for 


2. The perimeter of a rectangular backyard is 
130 feet. The length is 5 feet longer than three 
times the width. What is the length of the 


backyard? 4 cases of nails and 3 cases of screws, and it 
E) 100 feet G 50 feet totaled $305. What is the cost of one case of 
nails? 
20 feet 15 feet 
” oe ® $17 ® 525 
CD $35 @® $50 
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5. Which ordered triple is the solution of the 


system? 
—x —2y —3z=6 
x—3y+z=-10 
2x +y—4z = 12 
@ (— 1, 25 =) (3, —1, 2) 
© (0, 3, —4) @®) no solution 


6. How many solutions does the system have? 
x-yt4z=-1 


x-ytz=0 
—2x + 2y — 82 =2 
® 0 ® 1 
@ 2 @®) infinitely many 


Gridded Response 


9. What is the value of x in the solution of the 
system of equations? 
3x + 2y=4 
—x + 4y = —-6 


10. What is the value of y in the solution of the 
system of equations? 


4x+y=-7 
2x + 5y=1 


11. What is the y-coordinate of the point where the 


graph of 8x + 12y — 18z = 72 crosses the 
y-axis? 


Extended Response 


7. 


12. 


13. 


Which ordered triple describes where the graph 
of 6x + 10y — 15z = 60 crosses the x-axis? 


CA) (0, 6, 0) (— 10, 0, 0) 
©) (10, 0, 0) @® (0,0, —4) 


. A sports stadium has 10,000 seats, divided into 


box seats, lower-deck seats, and upper-deck 
seats. Box seats sell for $10, lower-deck seats 
sell for $8, and upper-deck seats sell for $5. 

If all the seats are sold, the total revenue for a 
game is $70,000. The stadium has four times as 
many upper-deck seats as box seats. How many 
lower-deck seats are in the stadium? 


CF) 1000 seats @) 5000 seats 
CD 6000 seats CG) 8000 seats 


What is the value of z in the solution of the 
system of equations? 
—x+3y+z=-2 
2x —y+2z= 11 
4yt+z=—-l 


You are making bags of trail mix with mixed 
nuts and raisins for a camping trip. The mixed 
nuts cost $6.75 per pound and the raisins cost 
$2 per pound. You want to spend $33 total and 
make 7 pounds of trail mix. How many pounds 
of raisins should you buy? 


14. You want to paint your bedroom, living room, and kitchen. The new painting 
equipment you need for this project costs $100. The paint you decide to use costs 


$12 per gallon and the primer costs $15 per gallon. 


a. Write a model for the total cost C of the project where x is the number of gallons 
of paint needed and y is the number of gallons of primer needed. 


b. Evaluate the model for several different values of x and y, and organize your 


results in a table. 


c. You use a total of 15 gallons of paint and primer to complete the project. You 
spend $195 on paint and primer. How many gallons of each do you use? 


Chapter Standardized Test 


ers [3 Cumulative Practice 


Graph the numbers on a number line. Then write the numbers in order 
from least to greatest. (Lesson 1.1) 


422-1 2,9, 3 2. 2.5, 1, —0.5, 0, —1.5 3. 80, 10, —50, —40, —10 
Evaluate the expression for the given value of x. (Lesson 1.2) 


4.x2—2x+4whenx=4 5.x° —xwhenx = —3 6. x2 — 5x + 7 when x = —4 


Simplify the expression. (Lesson 1.3) 
7. —4x + 3(x + 1) 8. 3x + 5y + 2x — 3y 9. —3(—x)? 
10. 2x + 4(x + y) 11.6 — 5x + 4(2x + 1) 12. 2(—x)? 


Solve the equation. Check your solution. (Lesson 1.4) 
13. y— 17 = -13 14. 9x = 45 15.3 = 12 
16.2x+5=-1 17.3t+7=5t-—9 18. 3(y — 5) =6 


19. Phone Company A long distance phone company charges $.03 a minute for 
each call. The company also charges a $.10 connection charge. Write a verbal 
model for the price of a phone call. How much will a 25-minute phone call cost? 
(Lesson 1.4) 


Find the value of y for the given value of x. (Lesson 7.5) 
20. 3y + 2x = 13;x =2 21. 4x — 3y = -Il;x=5 22. 2x —7 = —3y;x = —4 


23. —-3x=—-y—-5;x=7 24. ax + ay = 032 = 6 25. 3(y —- 1) + 4x =1;x = —-2 
In Exercises 26-29, use the following information. (Lesson 1.6) 


You have 160 feet of fencing to enclose an area for a 
swimming pool. You want the length of the pool area 
to be 40 feet greater than the width. 


26. Write a verbal model for the perimeter of the pool area. 
27. Assign labels to the parts of the verbal model. 
28. Write an algebraic model. 


29. What dimensions should you make the pool area? 


Find the mean, median, and mode(s) of the data set. (Lesson 1.7) 
30. 33, 35, 15, 27, 18, 29, 30, 23, 20, 10 31. 95, 100, 75, 83, 87, 90, 90, 100, 85, 90 


32. 19, 12, 16, 10, 15, 10, 20, 16, 17 33. 112, 127, 140, 112, 135, 124, 139 


Graph the linear function. (Lessons 2.1, 2.2, 2.4) 
34.y=x-1 35. y = 2x 36. y= -x+3 37. y = 3x-4 


Find the slope of the line passing through the given points. (Lesson 2.3) 
38. (3,5), (—1, 7) 39. (—2, 1), (0, 3) 40. (5, —4), (2, —3) 41. (~4, 8), (—5, —6) 
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Write an equation of the line that passes through the given point and has 
the given slope. (Lesson 2.5) 


42. (2,3),m = —2 43. (—6, —2), m = 3 44. (5, —3),m= —1 
45. (4, 1),m= 5 46. (3, —4), m= 3 47. (1,5),m= 3 


The variables x and y vary directly. Write an equation that relates the 
variables. (Lesson 2.6) 


48. x = 5, y = 20 49.x=4,y=3 50. x =2,y = —-6 51.x = —-3,y=5 


Draw a scatter plot of the data. Then tell whether the data have a positive 
correlation, a negative correlation, or relatively no correlation. (Lesson 2.7) 


Solve the system. (Lessons 3.1, 3.2, 3.3) 


5B.x+y=4 56. 3x -—y=4 57.4x + y=3 
2x-—y=5 —3x + 2y = —-8 —x + 2y = 15 

58. 2x + 7y = —4 59.x+y=—9 60. 2x — 5y = —3 
3x — 2y = 19 —2x + 3y = —-7 3x — 4y =6 

61. 3x + Sy = —2 62. 4x + y=6 63. 5x + 6y = 10 
x—2y=—8 —x+2y= —-15 3x — 2y = 34 


64. Fundraiser The football team at your school is selling T-shirts and hats for a 
fundraiser. The team sells T-shirts for $10 and hats for $15. The team sells 95 items 
for $1140. How many T-shirts were sold? How many hats were sold? (Lesson 3.3) 


Sketch the graph of the equation. Label the points where the graph crosses 
the x-, y-, and z-axes. (Lesson 3.4) 


65.x + 2y—z=2 66. x — 2y + 4z=8 67. 4x + 6y + 3z = 12 
68. 6x — 3y + 2z = 12 69. —x + 8y—-z=8 70. 5x + 6y — 3z = 30 


Solve the system using any algebraic method. (Lesson 3.5) 


71.x+y+z=0 72. 2x —y —3z =6 73.x—4y-z=1 
4x — 2y + 3z = 15 3x + 3y+z= —-13 2x+ 5y+z=21 
x—3y+4z=-1 x+2y-—Zz=1 =4F 2y — 32 = —11 


Cumulative Practice 167 


Some amusement parks charge for admission and 
for each ride ticket. If you have a limited amount of money 
you can spend, a graph can help you determine the 
possible numbers of ride tickets you can purchase. 


Think & Discuss 


The graph below shows the amount A in dollars spent at 
an amusement park as a function of t ride tickets. 


1. About how much will it cost for 15 rides? 


2. If you have $45 to spend, can you buy 10 ride tickets? 
20 ride tickets? 30 ride tickets? Explain. 


Learn More About It 


You will use a linear inequality to describe the number of 
ride tickets you can buy in Example 3 on page 173. 
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classzone.com 
| PR EVIEW What's the chapter about? 


+ Multi-Language Glossary 
* Vocabulary practice 

¢ Solving and graphing linear inequalities in one or two variables 

¢ Solving, graphing, and using systems of linear inequalities 

¢ Solving and graphing absolute value equations and inequalities 

* Graphing absolute value functions 


Key Words 
¢ linear inequality in one variable, 
p. 172 


¢ system of linear inequalities in 
two variables, p. 185 

¢ absolute value, p. 192 

¢ absolute value equation, p. 192 


¢ compound inequality, p. 174 


¢ linear inequality in two variables, 
p. 179 ¢ absolute value inequality, p. 198 


¢ half-plane, p. 179 ¢ vertex, p. 204 


| PREPARE | Chapter Readiness Quiz 


Take this quick quiz. If you are unsure of an answer, look back at the 
reference pages for help. 
Vocabulary Check (refer to p. 9) 

1. How many variables are in the equation 3x — y + 5z = 0? 


@ 0 ® | © 2 ® 3 


Skill Check (refer to pp. 125, 132, 139) 


2. What is the solution of the following linear system? x — 3y = 1 
2xt+ty=9 


3. Which linear system has (—3, 4) as the solution? 


@ x+2y=5 —x+3y=9 © 2x4+2y=2 @® 5x4+3y=-3 
4x -—y=-7 2x + y= —-2 —3x —2y=1 x-y=1 


Notes About Graphs 


TAKE NOTES 


tt Graph the boundary 

line. Use a dashed line 
because the inequality 
symbol is <, 

2. Test the Point (0, O). 

3. (0, O) satisfies the 

'néquality, so Shade 

the half-plane that 

Contains (0, O). 


Including graphs with labels 
can help you remember 
vocabulary and methods 
for solving problems. 
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DEVELOPING CONCEPTS (For use with Lesson 4.1) 


4] 


Goal 


Discover which arithmetic 
operations change the 
direction of an inequality 
symbol. 


Materials 
e pencil 
¢ paper 


QUESTION 


How do arithmetic operations affect an inequality? 


EXPLORE 


1) Apply the operations below to each side of the inequality 4 > —2. Write 
the correct inequality symbol between the resulting values. Two samples 
are shown below. 


a. Add 2. b. Subtract 2. 
a. 4>-2 b. 4>-2 
44+2_? -2+2 4-2 _? -2-2 
6>0O 2>-4 
c. Add —2. d. Subtract —2. 
e. Multiply by 2. f. Divide by 2. 
g- Multiply by —2. h. Divide by —2. 


© When did you have to change the direction of the inequality symbol? 
3 ] Repeat Steps 1 and 2 using the inequality 2 < 6. 


THINK ABOUT IT 


Predict whether the direction of the inequality symbol will change 
when you apply the given operation. Check your prediction. 


1.3 <7; add 4. 2.5 >-—3; add —1. 3. 3 <5; subtract —2. 
4. 6> 1; multiply by 7. 5.2>—5; multiply by —3. 6.0 < 8; divide by —4. 


Reasoning Copy and complete the statement with stays the same or 
reverses direction. 


7. When you add the same positive or negative number to each side of an inequality, 
the direction of the inequality symbol _ ? 


8. When you subtract the same positive or negative number from each side of an 
inequality, the direction of the inequality symbol __? 


9. When you multiply each side of an inequality by the same positive number, 
the direction of the inequality symbol _ ? 


10. When you multiply each side of an inequality by the same negative number, 
the direction of the inequality symbol _ ? 


11. When you divide each side of an inequality by the same positive number, 
the direction of the inequality symbol _ ? 


12. When you divide each side of an inequality by the same negative number, 
the direction of the inequality symbol _ ? 


4.1 Solving Linear Inequalities 171 


411 


Key Words 

linear inequality in one 
variable 

solution of an inequality 
in one variable 

graph of an inequality in 
one variable 

compound inequality 


Solve the equation. 
1.8x+5=4x-3 
2. 12—3t=-t+6 


1 an 
orl =y 4 


=in-4 


Solving Linear Inequalities 


| GOAL | Solve and graph simple and compound inequalities in one variable. 


How many amusement park ride tickets 
can you buy for a given amount? 


In Example 3, you will solve a linear 
inequality to find the maximum 
number of ride tickets you can buy. 


Inequalities such as x < 1 and p — 3>7 
in one variable. 
jality in one 
variable is a value of the variable that 
makes the inequality true. For example, 
—4, 0.7, and | are solutions of x < 1. 


Two inequalities are equivalent if they have the same solutions. The following 
properties can be used to solve inequalities, because they create equivalent 
inequalities. 


Properties of Inequalities 


To write an equivalent inequality: 

Add the same number to each side. 

Subtract the same number from each side. 

Multiply or divide each side by the same positive number. 


Multiply or divide each side by the same negative number 
and reverse the inequality symbol. 


Inequality with a Variable on One Side 


Solve the inequality. 


a.x—4>—-6 b. —5S5y + 22-13 


Solution 
Write original inequality. 
Add 4 to each side. 


a.x—-4>-6 
x>-2 
ANSWER > The solution is all real numbers greater than —2. 
b. —Sy + 22-13 
—Sy2-15 

ys3 
ANSWER > The solution is all real numbers less than or equal to 3. 


Write original inequality. 
Subtract 2 from each side. 


Divide each side by —5 and reverse the inequality. 
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Graphing Inequalities The graph of an inequality in one variable consists 


of all points on a real number line that are solutions of the inequality. To graph 
an inequality in one variable, use an open dot for < or > and a solid dot for < or 
2. For example, the graphs of x < 2 and x = —1 are shown below. 


-3 -2 -1 0 1 2 3 —-3 -2 -1 0 1 2 3 
Graph of x<2 Graph of x>-1 
In lity with a Variable on Both Si 
qe HELP equality with a Variable on Both Sides 
AVOID ERRORS Solve 7 — 4x < 1 — 2x. Graph the solution. 
To check the solution, . 
try several numbers Solution 
Greater stan gin ate 7—4x<1—2x Write original inequality. 
original inequality. Also, 
try some numbers that 7—2x<1 Add 2x to each side. 
are less than or equal to ; 
3 to see that they are not —2x'< —6 Subtract 7 from each side. 
solutions. x>3 Divide each side by —2 and reverse the inequality. 


ANSWER > The solution is all real numbers 


greater than 3. The graph is <<  t 
shown at the right. -1 0 1 2 3 4 =«5 


Solve the inequality. Then graph your solution. 
1.x+3<8 2.4—-—x<5 3.2x—1>2 4.2x—3>x 


Use a Simple Inequality 


Amusement Park Admission to an amusement park costs $9 and each ride 
ticket costs $1.50. The total amount A in dollars spent is given by A = 1.51 + 9 
where ¢ is the number of ride tickets. Use an inequality to describe the number of 
ride tickets you can buy if you have at most $45 to spend at the park. 
Solution 
As45 The most money you can spend is $45. 
1.5¢+9<45 Substitute 1.5t + 9 for A. 
1.5t <$ 36 Subtract 9 from each side. 


t<24 Divide each side by 1.5. 


ANSWER > You can buy up to 24 ride tickets. 


5. Admission to an amusement park costs $5 and each ride ticket costs $1.25. 
You have at most $45 to spend. Write and solve an inequality to describe 
the number of tickets you can buy. 
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TUDENT HELP A com| is two simple inequalities joined by the word “and” or 
READING ALGEBRA the word “or.” Here are two examples. 
The inequality a< x<b 


is read as “xis between AND OF 
aand b.” All real numbers greater than or All real numbers less than —1 or 
The inequality a< x= b equal to —2 and less than 1 can be greater than or equal to 2 can be 
is read as “xis between written as —2<x< 1. written as x< —1 orx>2. 
aand 5, inclusive.” 
ef es 
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 
Linkste, Solve an “And” Compound Inequality 


CAREERS 


Music The B-flat trumpet plays tones that range from 607 hertz greater than 
concert A (440 hertz) to 255 hertz less than concert A. Solve the inequality 
—255 < x — 440 < 607 to find the range of the B-flat trumpet (in hertz). 


Solution 


To solve, isolate the variable between the two inequality symbols. 


—255 <x — 440 < 607 Write original inequality. 
—255 + 440 <x — 440 + 440 < 607 + 440 Add 440 to each expression. 
; 185 <x < 1047 Simplify. 
MUSICIAN The music 
profession is competitive ANSWER > The range of the B-flat trumpet is from 185 hertz to 1047 hertz. 
and demands discipline and 185 1047 
talent. Trumpet players in 2 . -______.. 
orchestras may play trumpets 0 200 400 600 800 1000 1200 


pitched in different keys, such 
as B-flat, C, D, or F. 


Solve an “Or” Compound Inequality 


Solve 3x +2 <8 or 2x —9>3. 


Solution 


Solve each part separately. 


FIRST INEQUALITY SECOND INEQUALITY 
3x+2<8 Write first inequality. 2x —9>3 Write second inequality. 
3x<6 Subtract 2 from each side. 2x>12 Add 9 to each side. 
x<2 Divide each side by 3. x>6 Divide each side by 2. 


ANSWER > The solution is all real numbers less than 2 or greater than 6. 


Solve the inequality. Then graph your solution. 
6.4<x+5<7 7. -1<3x+8<8 


8.x+3<4o0rx—-—62-1 9. —x>4or —2x —6<0 
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ZED Exercises 


Guided Practice 


Vocabulary Check 1. How does the solution of the inequality 3x — 2 < 1 differ from the solution of the 
equation 3x — 2 = 1? 


2. Explain the difference between the graphs of the inequalities x < 2 and x <2. 


3. Explain the difference between the graph of the “and” compound inequality 
—6 <x <7 and the graph of the “or” compound inequality x < —6 or x > 7. 
Skill Check Solve the inequality. Then graph your solution. 
4.x+3<1 5.4- 22-1 6. 3x>9 
7852 8.—x-5>-4 9.-x+2<-3 
Graph the inequality. 
10. x< —2orx23 11.x< —2orx>3 12. —-2<xs3 


13. The sum of the lengths of two sides of a triangle is 
greater than the length of the third side. 


Sin 
a. For the triangle shown, write three inequalities J 
using the information above. 
b. Describe the possible lengths s using a compound 6 in. 
inequality. 
e e e 
Practice and Applications 
TUDENT HELP Checking Solutions Decide whether the given number is a solution 
HOMEWORK HELP of the inequality. 
acc a io 14. x>—2;0 15. x>8;5 16.x-2<1;4 
Example 2: Exs. 23-28, 17.x+3<0; -6 18.4x+2>6;1 19. —2x —3<5;-3 
35-37 
Example 3: Exs. 38, 39 20. —3<x+1<3;1 21. —L<x-2<2:5 22. —3<—-3x<9;1 
Example: rae Matching Inequalities Match the inequality with the graph. 
Example 5: Exs. 23-28, 23.x<2 24.x>-2 25. —2<x<2 
40-56 
26. —2<x<2 27.x< —2orx>2 28. x< —2orx22 
A. <6 B. 
-4-3-2-1 0 12 3 4 -4-3-2-1 0 12 3 4 
C. <--> D. 
-4-3-2-1 0 12 3 4 -4-3-2-1 0 12 3 4 
E. <6 F. 
-4-3-2-1 0 12 3 4 -4-3-2-1 0 12 3 4 


4.1 Solving Linear Inequalities 175 


ETEOROLOGY 


TORNADOS are categorized 
by using damage reports to 
estimate wind speed. The 
Enhanced Fujita scale ranges 
from FO for the weakest 
tornados up to F5 for 
“incredible” tornados. 


Simple Inequalities Solve the inequality. Then graph your solution. 
29.x—2<-6 30. 4x > 12 31.6—x>1 

32. 2x —3<3 33. 5x +3213 34.2 —3x<17 
35.x+22>-x-2 36. 5x <2x + 18 37.6 —2x>5x- 1 


38. Bowling The total amount A in dollars you spend in a visit to a bowling alley 
is given by A = 2.5x + 10 where x is the number of games you bowl, $2.50 is 
the cost of a game, and $10 is the cost of food. Write and solve an inequality to 
describe the number of games you bowl if you can spend at most $25. 


39. Postage The total weight W of a letter is given by W = 0.16s + 0.2 where s is 
the number of sheets of paper, the weight of a sheet is 0.16 ounce, and the weight 
of the envelope is 0.2 ounce. Write and solve an inequality to describe the 
number of sheets you can include if the total weight cannot exceed 4 ounces. 


Writing Inequalities In Exercises 40-42, write a compound inequality 
that represents the statement. 


40. x is greater than or equal to 2 and less than or equal to 5. 
41. x is less than —7 or greater than 4. 


42. x is less than 0 or greater than or equal to 6. 


43. Tornados The Enhanced Fujita scale for tornados designates an F3 tornado 
as having estimated maximum wind speeds of 158—206 miles per hour. Write a 
compound inequality representing the estimated maximum wind speeds s of an 
F3 tornado. 


Geography Link, In Exercises 44 and 45, use the following information. 


The highest point in California is 14,494 feet above sea level on Mount Whitney. 
The lowest point is 282 feet below sea level in Death Valley. 


44. Write a compound inequality describing the range of elevations / in California. 


45. Critical Thinking A friend tells you that the average elevation in California 
is the mean of 14,494 and —282, or 7106 feet above sea level. Explain why your 
friend is probably wrong. 


Botany In Exercises 46-48, use the following information. 


A map of hardiness zones identifies regions where different plants can tolerate the 
winter temperatures. The zones are defined by the average lowest temperature in 
winter. The hardiness zones for New York are shown. Assume each range includes 
the lower temperature but not the higher temperature. 


46. Write an inequality for the average 
lowest winter temperature in Zones 
5A and 5B combined. 


47. Write an inequality for the average 
lowest winter temperature in all of the 
hardiness zones found in New York. 


48. Write an inequality for the average 3 Ae _40 to -35 / -35 to > 
lowest winter temperature for the 4(1_) -30 to -25 / -25 to -20°F 
hardiness zones colder than Zone 5{ )) -20 to -15 /-15 to -10°F 
6 —10 to —5 /—5 to 0°F 
3A and warmer than Zone 7A. 7H (Oto SF 


176 Chapter 4 = /nequalities and Absolute Value 


Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


Compound Inequalities Solve the inequality. Then graph your solution. 


49. -—4<x+3<7 50. —8<x-— 10<-2 

51. -1<2x-—1<5 52. -1l<-x+2<3 

53. 4x< —120rx —3>-—2 54. 2x —5< —30r3x-—8>7 
55. —2x + 6< 100r-x-92-4 56. —2x.— 3<—J7or—x + 2>3 


57. Challenge Write a compound inequality that has no solution. Show why it has 
no solution. 


58. Challenge Write a compound inequality whose solution is all real numbers. 
Show why the solution is all real numbers. 


59. Multiple Choice What is the solution of 8 — 5x > 3x — 16? 


@ x>-3 B® x>3 © x<3 @M x<-3 
60. Multiple Choice Which number is not a solution of 3x > 12 or 2x < —6? 
® -2 @®0 D 6 ® 12 


61. Multiple Choice The graph below represents which inequality? 


-1 012 3 4 5 67 
(A) «<= lore ss ® x<lorx>5 
©) x<1lorx25 @M x<lorx>5 


Determining Steepness Tell which line is steeper. (Lesson 2.3) 


62. Line 1: through (—2, —3) and (—5,6) 63. Line 1: through (5, 9) and (3, 5) 
Line 2: through (7, —1) and (—3, —1) Line 2: through (4, 5) and (—2, —1) 


Slope-Intercept Form Graph the equation. (Lesson 2.4) 
64. y = —2x 65. y= 3x +2 66. y = 2x - 1 


67. y = —-2x +1 68. y = —4x — 3 69. y= 5x43 


Correlation Tell whether x and y have a positive correlation, 
a negative correlation, or relatively no correlation. (Lesson 2.7) 


Triangles and Inequalities In triangles, longer sides are opposite 
larger angles. Complete the statement with < or >. 


73.mZA_2?_ mZC 74.mZD_2?_ mZF 
A 8 ft B D 
6 ft 12m 
C FE 15m F 
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USING A GRAPHING CALCULATOR (For use with Lesson 4.1) 


41 


TUDENT HELP 


KEYSTROKE HELP 
See keystrokes for 
several models of 
calculators at 
www.classzone.com. 


One way to solve a linear inequality is to use the Test feature of a graphing 
calculator. The Jest feature evaluates whether a statement is true or false. If a 
statement is true, the calculator returns a 1. If a statement is false, the calculator 
returns a 0. 


In this Activity, you will use this feature to determine which values of x make 
an inequality true. 


EXAMPLE 
Solve the inequality 2x + 3 > —S. 
SOLUTION 
© Enter the inequality y = (2x + 3 > —5) 
on your calculator as shown at the right. | ¥1B(2x+3>-5) : 
To enter the inequality symbol, press Y2= 
l2nd| and choose it from ee 
a list. | Ys= 
Yo= 
Y7= 


0 Press Ce The y-values are 1 for 


all x-values greater than —4. So, the | : 
inequality is true for all real numbers 
greater than —4. 


/ 
a Pi 
EXERCISES 


The Test feature of a graphing calculator was used to create the 
graph shown. Use the graph to solve the inequality. 


1.y = (4x —5< 11) 2.y = Gx + 62 —4) 


: 
L J L J 


Use a graphing calculator to solve the inequality. Check several 
solutions in the original inequality. 


3.2x-—7>-1 4.4x+2<18 5.0.5x*x+2<-1 
6. -x+52>-3 7. —6x —3>-9 8. —0.5x — 15 <3 
9.5x<4x+6 10. 3x —4<2x+5 11.x—8>4x+ 1 
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LV) Linear Inequalities in 
Two Variables 


Key Words 

¢ linear inequality in two 
variables 

¢ half-plane 


| GOAL | Solve and graph linear inequalities in two variables. 


is an inequality that can be written in one 
of foe forms, where A, B, and C are constants: 


Graph the equation. Ax+ By<C Ax+By<sC Ax+By>C Ax+By2C 


1.y=-5x4+1 An ordered pair (x, y) is a solution of a linear inequality if the inequality is true 
when the values of x and y are substituted into the inequality. For example, 


a A aa (4, —1) is one solution of 2x + y > 5 because 2(4) + (—1) > 5 is a true statement. 


Check Solutions of Inequalities 


Check whether the given ordered pair is a solution of 2x + y<5. 


a. (1, 4) b. (2, —1) 
Solution 
ORDERED PAIR SUBSTITUTE CONCLUSION 
a. (1, 4) 20) +4=6<5X (1, 4) is not a solution. 
b. (2, —1) 2(2) + (-1l) =3<5v (2, —1) is a solution. 


Inequalities 


Check whether the given ordered pair is a solution of x — 3y>4. 
1. (0, 0) 2. (4, -1) 3. (—2, —2) 4. (3, —5) 


Graphs of Linear Inequalities The graph of a linear 
inequality in two variables is the graph of all solutions of 
the inequality. The boundary line of the a divides 
the coordinate plane into two half: eS. 


One half-plane, which is shaded, contains the points that 
are solutions of the inequality. The other half-plane, which 
is not shaded, contains the points that are not solutions 


‘Graphing a Linear Inequality 


STEP @ Graph the boundary line of the inequality. Use a dashed line 
for < or >. Use a solid line for < or >. 


STEP © Test a point that is not on the boundary line to see whether 
it is a solution of the inequality. Then shade the appropriate 
half-plane. 
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Graph Linear Inequalities in One Variable 


ee unes HELP Graph (a) y < —2 and (b) x < 3 in a coordinate plane. 

READING GRAPHS Solution 
A dashed line indicates 
that the points on the a. Graph the boundary line y = —2. b. Graph the boundary line x = 3. 
line are not solutions. A Use a dashed line because y < —2. Use a solid line because x < 3. 
solid line indicates that . : . 
the points on the line are Test the point (0, 0). It is nota Test the point (0, 0). It is a 
solutions. solution, so shade the half-plane solution, so shade the half-plane 


that does not contain (0, 0). that contains (0, 0). 


One Variable 


Graph the inequality in a coordinate plane. 
5.x>-1 6. y21 7.ys-3 8.x<4 


Graph Linear Inequalities in Two Variables 


Graph (a) y < 2x and (b) 3x — 2y 2 8 in a coordinate plane. 


Solution 
TUDENT HELP 


AVOID ERRORS 
Because your test 
point cannot be on the Test the point (1, 1). Because (1, 1) is a solution, 
boundary line, you may shade the half-plane that contains (1, 1). 

not always be able to 

use (0, 0). In that case, 

test another convenient 

point, such as (0, 1), 

(1,0), or (1, 1). 


a. Graph the boundary line y = 2x. Use a dashed line 
because y < 2x. 


b. Graph the boundary line 3x — 2y = 8. Use a solid 
line because 3x — 2y = 8. 


Test the point (0, 0). Because (0, 0) is not a solution, 
shade the half-plane that does not contain (0, 0). 


wo Variables 


Graph the inequality in a coordinate plane. 
9.y2x 10. y< —3x 1.x+ 2y<6 12.x—3y>1 
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Link to. Write and Use a Linear Inequality 
BIOLOGY 


Fish Tank You receive a $50 gift certificate to stock your fish tank with 
moonfish and minnows. Moonfish cost $2.00 each, and minnows cost $3.30 each. 


a. Write a linear inequality in two variables to represent the numbers of 
moonfish and minnows you can buy. 


b. Graph the inequality. Then give three possible combinations of moonfish and 
minnows you can buy. 


Solution 


MOONFISH, which are a a. VERBAL | Moonfish| , Number of , |Minnow|, Number of _ | Value of 
type of fish called p/atys, are MODEL price moonfish price minnows ~| gift 
popular aquarium fish. They - 


are adaptable, peaceful, 
and come in many different 


colors. Moonfish are native to Number of moonfish = x (moonfish) 
Central America. 


LABELS Moonfish price = 2.00 (dollars) 


Minnow price = 3.30 (dollars) 
Number of minnows = y (minnows) 
Value of gift = 50 (dollars) 


AtGeBRAIc «2x + 3.3y <50 
MoDEL 


b. Use these steps to graph the inequality. 


1. Graph the boundary line 2x + 3.3y = 50. Use a solid line because the 
boundary line is included in the solution. 


2. Test the point (0, 0). Because (0, 0) is a solution of the inequality, shade the 
half-plane that contains (0, 0). Finally, because x and y cannot be negative, 
restrict the graph to points in the first quadrant. 


Possible solutions are points within the shaded region shown. Only points 
with whole number coordinates are reasonable in this situation. 


One solution is (5, 10). So, you can buy 
5 moonfish and 10 minnows. The total 
amount spent is $43. 


~~) 
o< 


Another solution is (15, 6). So, you can 
buy 15 moonfish and 6 minnows. The total 
amount spent is $49.80. 


Number of minnows 
o 


Oo 


10 20 x 


Munieelacuinch Another solution is (25, 0). So, you can buy 


25 moonfish and no minnows. The total 
amount spent is $50. 


r Inequality 


13. Give three more possible combinations of moonfish and minnows you can buy 
in Example 4. 


14. Redo Example 4 if you receive a $30 gift certificate, moonfish are $1.50 each, 


and minnows are $3.50 each. 
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OF) Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


ee rUENT HELP 
HOMEWORK HELP 
Example 1: Exs. 16-23 
Example 2: Exs. 24-31 


Example 3: Exs. 32-43 
Example 4: Exs. 44—55 


Tell whether the statement is true or false. Explain your reasoning. 
1. Any point that lies on the line x + y = 4 is a solution of the inequality x + y>4. 
2. The graph of y < 3x + 5 is the half-plane below the line y = 3x + 5. 
3. The graph of the inequality x — y 2 7 contains the points on its boundary line. 
Check whether (0, 0) is a solution of the inequality. 
4.y>5 5, —2< x 6.ys—-4x+1 
7.y< 14x 8. 2x + Sy> —-2 9.—-4x+ y< 13 


Tell whether you would use a dashed line or a solid line to graph the 
inequality. 


10.x<-—7 11.y>8x+1 12.x—y>14 


Matching Graphs Match the inequality with its graph. 
13. y>3 14.x<3 15. y>3 


Checking Solutions Check whether each given ordered pair is a 
solution of the inequality. 


16. x< —5; (0, 2), (—5, 1) 17. y <4; (10, 2), (—4, 4) 
18. 2y>7; (1, —6), (0, 4) 19. —x > 3; (1, —3), (-5, 5) 
20. y < —9x + 7; (—2, 2), (3, —8) 21. y> 4x — 6; (—2, 1), (0, 3) 
22. 19x + y>—0.5; (2, 3), (1, 0) 23. x — 2y <5; (4, 4), (2, 3) 


Inequalities in One Variable Graph the inequality in a coordinate 
plane. 


24.x>5 25. y<—4 26. —x = 20 
27. 3x<1 28. 8y > —4 29.7 >3 


30. Logical Reasoning Describe the graph of an inequality of the form x 2c 
where c is any real number. 


31. Logical Reasoning Describe the graph of an inequality of the form y < c 
where c is any real number. 
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Link to, 
SCIENCE 


EE 


HEAT STRESS When it's 
humid outside, your body 

is less able to cool itself 

than when the air is dry. Too 
much exercise in hot, humid 
conditions can put you at risk 
for heat exhaustion and even 
heat stroke. 


Matching Graphs Match the inequality with its graph. 
32.x+y>2 33. y<—-x+2 34.x + y<2 


Inequalities in Two Variables Graph the inequality. 


35. y2>—-x+7 36. y>2x-1 37.y>-4-x 
38. y<5 — 2x 39. 2x — 3y 26 40. 9x — 9y > —36 
at.y<sx-5 42. 7x + 3y<21 43. 3x — 8y< —14 


Baseball Equipment In Exercises 44-46, use the following information. 


A baseball coach will spend at most $600 of the budget to buy new baseballs 
and batting helmets. Baseballs are $4 each and helmets are $30 each. 


44. Write a linear inequality in two variables to represent the numbers of baseballs 
and helmets the coach can purchase. 


45. Graph the inequality. 

46. Give three possible combinations of the numbers of baseballs and helmets that 
can be purchased. 

Nutrition In Exercises 47-49, use the following information about 

calcium requirements. 


Teenagers should consume at least 1300 milligrams of calcium per day. One 
cup of skim milk contains 300 milligrams of calcium and one cup of plain 
yogurt contains 275 milligrams of calcium. 


47. Write an inequality to represent the amounts of skim milk and yogurt you could 
consume to meet your daily requirements of calcium. 


48. Graph the inequality. 


49. Give three possible combinations of yogurt and skim milk you could consume to 
meet your daily requirements of calcium. 


Science Link», In Exercises 50-52, use the following information. 


When a hot day is also humid, it feels even hotter. The Heat Stress Index 
measures this apparent temperature. You should be careful when exercising or 
working outside if the apparent temperature is above 90°F, which happens when 
the sum of 10 times the relative humidity r (where 0.4 <r < 1) and 0.6 times the 
temperature is greater than 58. 


50. Write a linear inequality in two variables to represent the relative humidity and 
temperature conditions that give an apparent temperature above 90°F. 


51. Graph the inequality. 


52. Give three possible combinations of relative humidity and temperature conditions 
that give an apparent temperature above 90°F. 
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Web Sites In Exercises 53-55, use the following information. 


Your Internet service provider allows you to create your own World Wide Web 
site. Suppose you have 100 megabytes (MB) of storage space for photographs 
and video clips. A photograph requires 1.4 MB of space and a video clip 
requires 6.2 MB of space. 


53. Write an inequality to represent the numbers of photographs and video clips you 
can offer on your site. 


54. Graph the inequality. 


55. Give three possible combinations of numbers of photographs and video clips you 
can offer on your site. 


56. Challenge Write an inequality for the 
graph shown at the right. Explain how you 
determined the inequality. 


Standardized Test 57. Multi-Step Problem You plan to open your own truck rental company. You 
Practice find that the majority of truck rental companies in your area charge a flat fee 
of $30, plus $.99 for every mile driven. You want to charge less so that you can 
advertise your lower rate and get more business. 


a. Write and graph an equation for the cost of renting a truck from other truck 
rental companies. 


b. Shade the region of the coordinate plane where the amount you will charge 
must fall. 


c. Write an equation for the cost of renting a truck from your company. Then 
graph the equation in the same coordinate plane used in part (b). 


Mixed Review — Choose a Method Graph the linear equation. (Lesson 2.4) 


58. y = —8 59.1 => 60. y= —2x+1 
61.y=1x-3 62. x — 4y =8 63. 5x + 2y = 12 


Graph and Check Solve the linear system graphically. Then check 
your solution algebraically. (Lesson 3.1) 


64.x+y=2 65. 4x — y= 12 66. 2x —y=-7 
5x -y=4 2x + 3y = —8 x+2y=9 
Geometry Skills = Drawing Translated Figures Draw the image of the figure after the 
given translation. 


67. (x, y) > («— 1l,y + 3) 68. (x, y) > (x + 2, y + 2) 
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Key Words 


system of linear 
inequalities in two 
variables 

solution of a system 
of linear inequalities 
graph of a system 
of linear inequalities 


Graph the inequality. 


1. y< —4x 
2.x + 3y>3 


Systems of Linear Inequalities 


| GOAL | Graph, write, and use a system of linear inequalities. 


'S in two variables consists of two or more linear 
inequalities in the same variables. An example is shown below. 


xt+ys<2 Inequality 1 

4x —y>3 Inequality 2 
y 1 of linear inequalities is any ordered pair that is a solution 
of each inequality in the system. The system above has (3, —2) as one solution. 


Check Solutions of Inequalities 


Check whether (4, 2) is a solution of the system of inequalities. 


a.xty>-—2 b.x — 3y <4 
x—y24 x>Il 
Solution 
ORDERED PAIR SUBSTITUTE CONCLUSION 
a. (4, 2) 4+2=6>-2V (4, 2) is not a solution. 
4—2=2>4xX 
b. (4, 2) 4— 322) =—-2<4V (4, 2) is a solution. 
4>1lV 


TUDENT HELP 


AVOID ERRORS 

The solution is the region 
shaded with every color. 
If there is no such region, 
a system has no solution. 


Check whether (3, —1) is a solution of the system of inequalities. 


1.x+y>1 2.—2x+y<—4 3.x-—y24 
y<2 x—2y>6 3x + 4y>8 


Graphing a System The ; m of linear inequalities shows all 
solutions of the system. Use the following method to graph a system. 


Graphing a System of Linear Inequalities 


STEP @ Graph the boundary lines of the 
inequalities. Use a dashed line for an 
inequality with < or >. Use a solid line 
for an inequality with < or >. 


STEP ® Shade the half-planes for the 
inequalities. The graph of the system 
is the region common to all the half- 
planes. 


The purple region shown above is the graph of x < 2 and y= —1. 
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Graph a System of Two Inequalities 


Graph the system. 
y<2x—3 Inequality 1 
y2-x- 1 Inequality 2 

Solution 


O Graph the boundary line of each inequality. 
Use a dashed line for Inequality 1. 
Use a solid line for Inequality 2. 


© Shade the half-plane below y = 2x — 3 
red to represent Inequality 1. 


Shade the half-plane on and above y = —x — 1 
blue to represent Inequality 2. 


The graph of the system is the overlap, or intersection, of the red and blue regions. 


>» Inequalities 


Graph the system. 


4.y<2 5.x>-3 6.x+y>4 
y2-l x+2y<4 2x —-y23 


Graph a System of Three Inequalities 


Graph the system. 


x22 Inequality 1 
y2-2 Inequality 2 
3x + 2y<12 Inequality 3 
ee TUPENT HELP Solution 
READING GRAPHS The inequality x = 2 implies that the region is on 
From this point on, only and to the right of the line x = 2. 
the solution region will 
be shaded on graphs The inequality y = —2 implies that the region is 
of systems of linear on and above the line y = —2. 
inequalities. 


The inequality 3x + 2y < 12 implies that the 
region is on and below the line 3x + 2y = 12. 


The graph of the system is the shaded triangular 
region shown at the right. 


Inequalities 


Graph the system. 


7.x2=0 8.x2=0 9.y<5 
y20 y>2 x<2 
x+y<5 y<2x+6 3x + y25 


Fa Chapter 4 = /nequalities and Absolute Value 


CROSS COUNTRY 
RUNNING is an aerobic 
activity. It improves the 
efficiency of a runner's heart 
and lungs, helps control 
weight, and increases 
flexibility. 


You can use a system of linear inequalities to describe a real-life situation, as 
shown in the following example. 


Write and Use a System of Inequalities 


Target Heart Rate To get the most benefit to your health during exercising, 
you should increase your heart rate so that it is within your target heart rate 
range. Your target heart rate is from 50% to 75% of your maximum heart rate. 
Your maximum heart rate is 220 minus your age for people aged 20 to 70. 


a. Write and graph a system of linear inequalities that shows the target heart 
rate for people from the ages of 20 to 70 as a function of their age. 


b. What is the range of target heart rates for a person at age 20? 


Solution 


a. Use verbal models to write a system of linear inequalities. 


VERBAL 2()< Age <70 


MoDeEL 
Target heart rate 20.50+*| Maximum heart rate 
Target heart rate <0.75 + | Maximum heart rate 
LABELS Age =x (years) 
Target heart rate = y (beats per minute) 
Maximum heart rate = 220 — x (beats per minute) 
Acesraic 20 <x <70 Inequality 1 
MopDeEL 


y 20.50(220 — x) Inequality 2 
y $0.75(220 — x) Inequality 3 
Write Inequalities 2 and 3 in slope-intercept form for easy graphing. 


y2 110 — 0.5x = —0.5x + 110 
y $165 — 0.75x = —0.75x + 165 


b. From the graph, you can see that the 
range for a 20-year-old is from 100 to 
150 beats per minute. 


Target heart rate 


0 
0 20 40 60 80 ~* 
Age (years) 


Use the information in Example 4. 
10. What is the range of target heart rates for a person at age 30? at age 40? 


11. For what ages is a heart rate of 120 beats per minute within the range of 
target heart rates? 
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OWE} Exercises 


Guided Practice 
Vocabulary Check 


Practice and Applications 


‘ HOMEWORK HELP 


Example 1: Exs. 10-21 
Example 2: Exs. 22-25, 


Example 3: Exs. 26-28, 


Example 4: Exs. 51-59 


188 


Skill Check 


TUDENT HELP 


29-40 


41-50 


Chapter 4 


1. What term is used to describe two or more linear inequalities in the same 
variables? 


2. What must be true for an ordered pair to be a solution of a system of linear 
inequalities? 


Tell whether (1, —2) is a solution of the system of linear inequalities. 
3.x+y<2 4.2x+y>24 5. 2x — 2y <6 
y2-3 x-ys3 3x +y>-1 
Graph the system of linear inequalities. 
6.y<x+1 7-xt+y2-2 8. y>-l 
x>2 ys4 2x+y21 


9. Fishing You are fishing for trout. Regulations permit you to keep a fish that you 
catch only if its length £ is between 12 and 16 inches (inclusive). You also decide 
to keep a fish only if its weight w is at least 2.25 pounds. Write a system of linear 
inequalities describing fish that meet both requirements. 


Check Solutions Use the graph to tell whether (0, 1) is a solution of 
the system of linear inequalities. 


10. \ 11.77 T 


Check Solutions Tell whether (—3, 1) is a solution of the system of 
linear inequalities. 


13.x<0 14. 2x + 3y21 15. 4x + 7y>—5 
xey<—l 2x—-ys-7 2x + 3y<1 


Finding a Solution Give an ordered pair that is a solution of the 
system of linear inequalities. 


16.x<7 17.y<2 18.x>2y 
xty2-2 2x—y>l ys-l 

19. y>3 20. y< 0 21.x< —2 
x<2 x>3 y>x 
x-ys-2 x + 2y>—3 x+y25 


22. Writing Inequalities Write a system of inequalities representing all points 
in the coordinate plane that lie on or above the x-axis, on or to the right of the 
y-axis, and below the line x + y = 10. 


Inequalities and Absolute Value 


Matching Match the system of linear inequalities with the graph 
that shows its solution. 


23.x <3 24. y<3 25.x+y<l 
eee =—x-+2y22 
27.y<3 
2-2 
y-—x>2 


Systems of Two Inequalities Graph the system of linear inequalities. 


29. x>—2 30. y<0 31.x>5 
x<4 y2-2 y>2 
+ 2 

AVOID ERRORS PSEA Tee ESSE 
You may find it helpful to 35.y<2x+ 1 36.x+y<-—l 37.2x+ 2y<4 
rewrite the equations of y2x-2 Sx +ysl 3y<—3 
boundary lines in slope- 
intercept form if they are 38. 2y<x—4 39. 2x + y>3 40. 4x — 2y28 
given in standard form. y<3x4+1 4x —2y<—2 2x + 3y<6 


Systems of Three Inequalities Graph the system of linear inequalities. 


41.x20 42. y<-l 43.x 2-2 
x<4 y>-s ys3 
y20 ysx y>x—3 

44.x«<5 45.x+ y22 46.y<3 +x 
y<2x y>x 2x+y<-l 
y>—2 y24 y <0 

47.2x—ys<3 48. 2x — 3y< 12 49.x+y<5 
y<2x+5 3x —y>1 2X Vix 2 
x>1 y<x x—-3ys3 


50. Error Analysis Describe and correct 
the error in the graph of the following 
system of linear inequalities. 


ys3 


y>l 
y—2x<0 
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AREERS 


MASONS work in a wide 
variety of environments, most 
of them outdoors. The work 

is physically demanding and 
the work environment often 
contains many dangers so 

a strict respect for safety 
regulations is vital. 


Standardized Test 
Practice 


Shopping In Exercises 51-53, use the following information. 


You are buying movie passes and gift certificates as prizes for an event. You need 
at least 5 movie passes and 2 gift certificates. A movie pass costs $6 and a gift 
certificate costs $10. The most you can spend is $70. 


51. Write a system of linear inequalities that shows the number of movie passes x 
and gift certificates y that can be purchased. 


52. Graph the system. 


53. Use the graph to determine if you can buy 6 movie passes and 3 gift certificates. 


Construction In Exercises 54-56, use the following information. 


A team of masons needs at least 10 bags of cement and 30 bags of sand to complete 
building a wall. Each bag of cement weighs 70 pounds and each bag of sand weighs 
50 pounds. The maximum weight their truck can carry is 3500 pounds. 


54. Write a system of linear inequalities that shows the number of bags of cement 
and sand that can be carried by the truck. 


55. Graph the system. 

56. Suppose the masons need 15 bags of cement and 40 bags of sand. Can their truck 
carry the materials in one trip? 

Volunteering In Exercises 57-59, use the following information. 


To raise money for a charity, you participate in a 12 mile walk-a-thon and sell $15 
tickets to a benefit concert. The amount you raise is 12x + 15y where x is the dollar 
amount in pledges per mile walked and y is the number of tickets you sell. You have 
12 tickets available to sell. Your goal is to raise at least $300. 


57. Write a system of linear inequalities that shows the amount in pledges per mile 
and tickets sold that will meet your goal. 


58. Graph the system. 


59. Use the graph to determine whether $16 in pledges per mile and 9 tickets sold 
allow you to meet your goal. 


Challenge Write a system of linear inequalities that defines the 
triangle connecting the points. 


60. (0, —2), (4, 6), (4, —2) 61. (0, 0), (1, 3), (4, 0) 


62. Multiple Choice Which system of inequalities is shown in the graph? 


@y>! ® y>l 
y<2x ys2x 
O©y>l DM y>1 
y>2x y22x 


63. Multiple Choice Which ordered pair is a solution of the following system of 
linear inequalities? 


3x — 2y< —1 
—2x + 3y>5 
® 4, —5) @® (-4, 5) @ (—4, —5) ®D 4, 5) 
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Mixed Review 


Geometry Skills 


Quiz 1 


Lesson 4.1 


Lesson 4.2 


Lesson 4.3 


Lesson 4.3 


Standard Form Graph the equation. (Lesson 2.4) 
64. 3x + y=3 65. x + 2y = 12 66. 3x + 2y = —6 
67.4x -—-y=—-4 68. —3x + 3y =9 69. —4x — 2y =5 


Checking Solutions Check whether the ordered pair is a solution of 
the system. (Lesson 3.1) 


70. (0, 0) 71. (4, -1) 72. (—2, —5) 
x+y=0 2x-—y=9 4x —3y =7 
x-y=-3 2x + 2y = —6 —2x—-—y=9 


Linear Combination Method Solve the system using the linear 
combination method. (Lesson 3.5) 


73.x + 2y —4z=3 74. -3x + y+2z=—-14 75. —3x+ 2y—-z=8 
2x —2y+5z= 14 2x—-y-—3z=11 x—-—4y+z=-10 
x+y—5z=-2 2x+2y+z=7 3x + y+ 3z=9 


Area Find the area of the shaded region in the coordinate plane. 


Solve the inequality. Then graph your solution. 


1.x+3>-1 2.5 —-—2x>3 
3.1<2x-1<5 4.-7<-3x-7<2 
5.x—1<-4orx+22>4 6.2x-—1<—-Sorx+4>9 


Graph the inequality in a coordinate plane. 
7.x<—2 8. y2—3 9. —2x28 
10.y<x-4 W.y<s2x+3 12.3x—y>-l 


13. You have $5 to spend on stamps and envelopes. Each stamp is $.39 and each 
envelope is $.05. Write a linear inequality in two variables to represent the 
situation. 


Tell whether (3, 1) is a solution of the system of linear inequalities. 


14. y20 15.x—y<-—6 16.x-—y<3 
GS-2 y>-2 y<2x—3 
y<2x x<7 


Graph the system of linear inequalities. 


17.x>2 18. y > 3x 19.y+x22 
ys-l ytx<6 y-x>-l 
y22 
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Key Words 


¢ absolute value 
¢ absolute value equation 


Solve the equation. 


1.x-—8=-12 
2.10+x=-7 
3.3x+7= 16 


4.4x-3=-l1 


TUDENT HELP 


AVOID ERRORS 
The expression —x 
represents the opposite 


of x. When xis negative, 


—x is positive. 


HA Solving Absolute Value 


Equations 


| GOAL | Solve and write absolute value equations in one variable. 


How can you describe the range of 
frequencies of a radio station? 


In Example 4, you will write an absolute 
value equation to describe the lowest and 
highest frequencies for an FM station. 


alue of a number x, Written 


0 on a number line. Because distances are 
always positive or zero, the absolute value 
of a number cannot be negative. 


The distance between 4 


The distance between —4 


and 0 is 4. So, -4| = 4, and 0 is 4. So, 


4| =4. 


4 units 4 units 


The distance between 0 
and 0 is 0. So, |0| = 0. 


The absolute value of x can be defined algebraically as follows: 


¢ If x is a positive number, then |x| =x. 
° If x is zero, then |x| = 0. 


>++eeebe If xis a negative number, then |x| =X, 


ya m of the form |x| = = c where c > 0 can have two 
possible values for x that make the statement true: a positive value c and a 
negative value —c. 


For example, if |x| = 4, then the solutions are 4 and —4, because |4| =4 
and | —4| = 4. 


Solving an Absolute Value Equation 


the compound statement ax + b= cor ax+ b= —c. 


EQUIVALENT FORM SOLUTIONS 
x+4=7orx+4=-—-7 3, = 11 


EXAMPLE 
Ix+4|=7 


So, the solutions of |x + 4] = 7 are 3 and —11. 


Chapter 4 = /nequalities and Absolute Value 


The absolute value equation |ax + b| = cwhere c> 0 is equivalent to 


Solve an Absolute Value Equation 


Solve |5 = 2x| = 9. 


Solution 


Rewrite the absolute value equation as two linear equations. 
Then solve each equation. 


|5 = 2x| =9 Write original equation. 
5 —2x=9 or 5 —2x=—-9 Expression can equal 9 or —9. 
—2x=4 or —2x = -14 Subtract 5 from each side. 
x=-2 or x=7 Divide each side by —2. 


ANSWER > The equation has two solutions: —2 and 7. Check the solutions. 


CHECK |5 — 2(-2)| 29 lIs—20e7)| 29 
|5 —(-4)| 29 |5—14| 29 
Jo] 29 |-9| 29 

9=9V 9=9V 


Solve an Absolute Value Equation 


Solve |3x — 9] — 10 = 14. 
Solution 
First isolate the absolute value expression on one side of the equation. 
| 3x = 9| —-10=14 Write original equation. 
| 3x = 9| = 24 Add 10 to each side. 


Rewrite | 3x = 9| = 24 as two linear equations. Then solve each equation. 


| 3x = 9| = 24 Write equation. 
3x —9 = 24 or 3x —9 = —24 Expression can equal 24 or —24. 
3x = 33 or 34 = —15 Add 9 to each side. 
x=11 or x=-5 Divide each side by 3. 
ANSWER > The equation has two solutions: 11 and —5. Check the solutions. 

CHECK |3(11) — 9| — 10 2 14 |3(-5) —9| — 102.14 

|24| — 10214 |-24| - 102.14 

24-10 2 14 24-10 2 14 

14= l4V 14=14V 


ue Equation 

Solve the absolute value equation and check your solutions. 

1. |x+2| =5 2. |x-—6| =7 3. |2x-—7| = 15 
a. |1 —2x| =9 5. |3x+6| +4=4 6. |4x—3| -1=2 


4.4 Solving Absolute Value Equations Fa 


TUDENT HELP 


ANOTHER WAY 
You can calculate the 
midpoint by finding the 
mean of the endpoints’ 
coordinates. 

91.425 : 91.575 _ 915 


Write an Absolute Value Equation 


Write an absolute value equation that has —6 and 2 as its solutions. 


Solution 


Graph the numbers on a number line. Then locate the midpoint of the graphs. 


4 units 4 units 


-7 -6 -5 -4 -3 -2 -1 0 1 2 3 


The graph of each solution is 4 units from the midpoint, —2. The distance between 
a number x and —2 on a number line is |x — (-2) |. You can use the midpoint and 
the distance to write an absolute value equation. 


Midpoint Distance 
YY 
|x —(-2)| =4 


ANSWER > An equation that has —6 and 2 as its solutions is |x = (—2)| =4, 
or |x +2] =4. 


CHECK |-6+2| = |-4| =4v a@+2|\=|4| S47 


Write an Absolute Value Equation 


Radio Claire’s favorite FM radio station broadcasts using the frequency range 
from 91.425 megahertz to 91.575 megahertz. Write an absolute value equation that 
has the lowest and highest frequencies as its solutions. 


Solution 


Graph the numbers on a number line. Then locate the midpoint of the graphs. Then 
use the method of Example 3 to write the equation. 


0.075 units 0.075 units 


91.425 91.5 91.575 
The midpoint is 91.5. Each solution is 0.075 units from 91.5. 


Midpoint Distance 


y 
|x — 91.5| = 0.075 


ANSWER) An absolute value equation that has 91.425 and 91.575 as its solutions is 
|x — 91.5| = 0.075. 


CHECK [91.425 — 91.5| = |—0.075| = 0.075 v 
|91.575 — 91.5| = |0.075| = 0.075 v 


Equation 


7. Write an absolute value equation that has 3 and 7 as its solutions. 


8. Write an absolute value equation that has —4 and 10 as its solutions. 


i Chapter 4 = /nequalities and Absolute Value 


WW) Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 13-33, 

37, 38 
Example 2: Exs. 34-36 
Example 3: Exs. 39-47 
Example 4: Exs. 48-52 


1. Write the definition of the absolute value of a number x. 


2. How many solutions does | ax + | = chave ifc>0?ifc =0? 


Rewrite the absolute value equation as two linear equations. 
3. |x-—9| =5 4. |1—x| =3 5. |2x+2| =4 
6. |5 — 2x| =7 7. |x-3| +3=8 g. |4—x|-—4=1 
Write an absolute value equation that has the given solutions. 
9. l and 5 10. 5 and 11 11. —2 and 8 


12. Packaging To meet a company’s standards, a bag of salt that is labeled as 
25 pounds can have a minimum weight of 24.5 pounds and a maximum weight 
of 25.5 pounds. Write an absolute value equation that has the minimum and 
maximum weights as its solutions. 


Checking Solutions Decide whether the given number is a solution 
of the equation. 


13. |x +2| =7;5 14. |x —3| =2;1 15. |x —6| =8; -3 
16. [3 + 2x| =1;-1 17. |1 — 4x| = 16;4 as. |5 — 3x| =2;-1 
Rewriting Equations Rewrite the absolute value equation as two 

linear equations. 

19. |x +3] =2 20. |x —5| =5 21. |4x—2| =1 
22. |3—x| =4 23. [3+ 2x| =1 24, |7 — 5x| =2 


Solving Equations Solve the absolute value equation and check 
your solutions. 


25. |x —2| =7 26. |x + 4| =6 27. |2+x| =1 
28. |3—x| =8 29. |6x + 3| =0 30. |2x + 1] =3 
31. |4x—2| =6 32. |1 + 9x| = 10 33. |3 — 2x| =5 
34, |3x+1| —7=10 35. |1—4x| +2=11 36. [5+ 4x| —-9=8 


37. Record Temperatures The solutions of |: = 50| = 55 give the record 
low and high temperatures in degrees Fahrenheit in Washington, D.C. Solve the 
equation to determine the record low and high temperatures. 


38. Daylight Hours The solutions of |x — 12h 245 min| = 6h 56.5 min give 
the number of hours and minutes of daylight in Anchorage, Alaska, on the 
longest and shortest days of the year. Solve the equation to determine the lengths 


of the longest and shortest days. 
4.4 Solving Absolute Value Equations a 


ie Chapter 4 


Matching Absolute Value Equations Match the absolute value 
equation with its graph. 


39. |x —3| =4 ao. |x +3] =4 a1. |x—4| =3 


A. 3 units 3 units 


Writing Absolute Value Equations Write an absolute value equation 
that has the given solutions. 


42. 2 and4 43.0 and 8 44. —4 and 6 
45. —7 and5 46. —20 and 0 47. —9 and —3 


48. Manufacturing Specifications for a product require that its length be within 
3 millimeters of 125 millimeters. Write an absolute value equation that has the 
upper and lower allowable lengths as its solutions. 


49. Baseball The oldest ever World Series player, Jack Quinn, was 47 when he 
played in 1930. The youngest ever player, Freddie Lindstrom, was 18 when he 
played in 1924. Write an absolute value equation that has the greatest and least 
ages as its solutions. 


50. Currency Values In 2002, Europeans in 12 countries began using a new 
currency called the euro. During a 5 year period, the value of | euro in U.S. 
dollars ranged from $.86 to $1.37. Write an absolute value equation that has the 
least and greatest values of 1 euro in this time period as its solutions. 


Science Link», In Exercises 51 and 52, use the following information. 


The minimum distance between planets Earth and Venus is about 38.2 million 
kilometers. The maximum distance is about 261 million kilometers. 


Mars 


Mercury Sun Venus 


Mercury Earth 


Venus close to Earth Venus far from Earth 


51. Calculate the mean of the minimum and maximum distances. Then find the 
difference between the maximum distance and the mean. 


52. Write an absolute value equation that has the minimum and maximum distances 
between Earth and Venus as its solutions. 


Inequalities and Absolute Value 


Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


Critical Thinking Decide whether the statement is true or false. 


53. |—4| - |3| = |4-3| 54. |2| + |-3| = |2 + (-3)| 
55. |—5| — |2| = |-5 -2| 56. |5—4| = |4-5| 
57. Logical Reasoning Does the absolute value equation |: + 2| = —3 havea 


solution? Explain your reasoning. 


58. iar Explain the difference between the graphs of |x = 8| = 2 and 
x+8] =2. 


59. Multi-Step Problem The solutions of the equation |x = 17| = 8 correspond 
to the number of gold medals and total medals won by the United States in a 
recent Winter Olympic Games. 

a. Rewrite the absolute value equation as two linear equations. Then solve each 
linear equation. 


b. How many gold medals did the United States win? How many total medals 
did the United States win? 


c. There are 3 types of medals (gold, silver, and bronze). The United States won 
9 silver medals. How many bronze medals did the U.S. win? 


d. pai oe Explain what is wrong with the following graph of 
x—17| =8. 


4 units 4 units 


limo I> 6° 17 16 -19) 20) (21 228925 x 


Perpendicular Lines Write an equation of the line that passes 
through the given point and is perpendicular to the given line. 
(Lesson 2.5) 


60. (-3,0),y=-3x41 61. (—2, I),y=2x—2 
S25 yee 63. (8, 5),y =4x + 3 


Compound Inequalities Solve the inequality. Then graph your 
solution. (Lesson 4.1) 


64. —13<x—-8<-5 65. —5<3x-2<7 
66. x —3<—Sorx +829 67. —x +3<-—Sor—-3x +2217 


68. Stock The cost C of buying shares of a stock is given by C = 3.5x + 7 where 
x is the number of shares you buy. Use an inequality to describe the number of 
shares you can buy if you spend at most $1000. (Lesson 4.1) 

Congruence Determine if the line segments shown are congruent. 


69. 70. 


C(—2, —3) _D(3, —3) 


B(—3, —4) 
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i\i~ Solving Absolute Value 
Inequalities 


Key Words 


| GOAL | Solve and graph absolute value inequalities. 


¢ absolute value inequality 


What wavelengths of electromagnetic 
radiation are visible to the human eye? 


Solve the inequality. 
Then graph your 
solution. 


The electromagnetic spectrum includes 
radio waves, microwaves, infrared, visible 
light, ultraviolet radiation, X-rays, and 

1. 4x -—3>13 gamma rays. 


2.2x+6<5—7 In Exercises 46 and 47, you will solve an 
3.5-x<2x4+ 11 inequality to find the frequency range of 
visible light waves. 


y has one of these forms: 


lax +b] <c Jax +b] <c lax + b| >c Jax + b] >c 


Graphing Inequalities The graph of an absolute value inequality involving 
< or Sis a line segment, with open or solid dots at the endpoints. For example, 
| x | <3 means —3 <x <3. The graph is shown below. The solid dots at the 
endpoints indicate that —3 and 3 are solutions of the inequality. 


5 4 3 2 1 0 1 2 3 4 5 


The graph of an absolute value inequality involving > or 2 is two rays pointing 
in opposite directions, with open or solid dots at the endpoints. For example, 

x| >4 means x < —4 or x > 4. The graph is shown below. The open dots at the 
endpoints indicate that —4 and 4 are not solutions of the inequality. 


5 4 3 2 1 0 1 2 3 4 5 


To solve and graph more complex absolute value inequalities, you write and 
solve an equivalent compound inequality that does not use absolute value, as 
shown in the table below. 


Solving Absolute Value Inequalities 


INEQUALITY EQUIVALENT FORM GRAPH 
lax + bl <c —c<ax+b<c ee 
lax + bl <c —csax+b<c —_————_—+— 


lax+ bl >c ax+b<-corax+b>c <——}———> 
lax+ bl > ax+b<-coraxt+b>c ——-——>—> 
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Solve an Inequality of the Form Ix+ bl <c 


Solve |: + 4| < 10. Then graph the solution. 


Solution 
|x + 4| < 10 Write original inequality. 
-—10<x+4<10 Write equivalent compound inequality. 


—l4<x<6 Subtract 4 from each expression. 


qsruvent HELP ANSWER > The solution is all real numbers greater than or equal to —14 


AVOID ERRORS and less than or equal to 6. The graph is shown below. 
When you check your 


solution, choose values — 
that make computation 16 -—14 -12 -10 -8 -6 -4 -2 0 2 4 6 8 
ee CHECK Test one value from each region of the graph. 
|-16 + 4| < 10 Jo +4] <10 lg +4] <10 
12<10X 4<10V 12<10X 


Inequality 


Solve the inequality. Then graph your solution. 
a. |x +1] <4 2. |x—3| <5 3. |x-8| <1 


Solve an Inequality of the Form lax + b| <c 


Solve |2x a5 3| < 7. Then graph the solution. 


Solution 
2x oF 3 <7 Write original inequality. 
—7<2x+3<7 Write equivalent compound inequality. 
—-10<2x<4 Subtract 3 from each expression. 
<<? Divide each expression by 2. 


ANSWER > The solutions are all real numbers greater than —5 and less than 2. 
The graph is shown below. 


6 5 4 3 2 1 0 1 2 3 
CHECK Test one value from each region of the graph. 


\2(-6) +3| <7 = |200) +3] <7.~—“ 208) +3] <7 
9<7X 3<7Tvo 9<7X 


Inequality 


Solve the inequality. Then graph your solution. 


a. |2x —1| <9 5. |1 + 4x| <3 6. [3x + 6| < 12 


4.5 Solving Absolute Value Inequalities a 


Solve an Inequality of the Form lax + b| >c 


Solve | ox = i 2 3. Then graph the solution. 


Solution 


The absolute value inequality is equivalent to se 1<-30o0r at 123. 


FIRST INEQUALITY SECOND INEQUALITY 
SG —-1s-3 Write inequalities. sx =123 
ix <-2 Add 1 to each side. ax 24 
x<—-4 Multiply each side by 2. x28 


ANSWER > The solution is all real numbers less than or equal to —4 or greater than 
or equal to 8. The graph is shown below. 


Solve the inequality. Then graph your solution. 


7. |2n+3|>7 8. |4x+1|>5 9. | x-2)21 


A 
4 


Write a Model for Tolerance 


Industrial Design A bicycle manufacturer uses a tolerance of 0.05 millimeters 
for a bicycle crank assembly pin that is 8.5 millimeters wide. Write and solve an 
absolute value inequality that describes the acceptable widths for the pins. 


Solution 
Vv 
ae Actual width — | Ideal width | < 
Actual width = x (millimeters) 

Lasets _—Ideal width = 8.5 (millimeters) 
TORERSRCES In industrial Tolerance = 0.05 (millimeters) 
manufacturing, the maximum 
Bc caplaple pevetion ate ALGEBRAIC |x = 28 5| < 0.05 Write algebraic model 
product from some ideal or MODEL aa i 
average measurement is —0.05 < x — 8.5 < 0.05 Write equivalent compound inequality. 
called the tolerance. 8.45<x<8.55 Add 8.5 to each side. 


ANSWER > The acceptable widths for the pins is between 8.45 millimeters and 
8.55 millimeters, inclusive. 


Tolerance 


10. Suppose the bicycle manufacturer uses a tolerance of 0.07 millimeters for the 
pins. How does the absolute value inequality change? 


FA Chapter 4 = /nequalities and Absolute Value 


WZ Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 


HOMEWORK HELP 

Example 1: Exs. 11-45 
Example 2: Exs. 11-45 
Example 3: Exs. 11-45 
Example 4: Exs. 46—57 


1. Explain how to solve the absolute value inequality |x oF 2| <2. 


2. How is the graph of the absolute value inequality |: 5 7| <5 related to the 
graph of the absolute value equation |: = 7| = 5? 
3. Describe the graph of the inequality |x = | >c when c > 0. 


4. Choose the compound inequality you would use to solve the absolute value 
inequality |x + 5| > 4. Explain your reasoning. 


A. -4<x+5<4 B. -—4<x+5>4 


C.x+5<—-4o0rx+5>4 D.x+5>-4orx+5<4 


Tell whether the given number is a solution of the inequality. 
5. |x +7| <2;0 6. |x — 3| > 1:2 7. |x +4] >-5;3 


Solve the inequality. Then graph and check the solution. 
8. |x+9|>5 9. |2x + 1| <5 10. |2x — 4| <17 


Rewriting Inequalities Write the equivalent compound inequality 
you would use to solve the absolute value inequality. 


11. |x—7| <9 12. |x + 10| >15 13. |x +8] <10 


14. |x —3| > 18 15. |2x+7| 21 16. |4x — 5| < 15 


Matching Match the absolute value inequality with the graph of its 
solution. 


17. |x +4| <2 


1s. |x+4| >2 


19. |x +4| <2 


20. |x +4| >2 


Solving Absolute Value Inequalities Solve the inequality. Then 
graph and check the solution. 


21. |x| <3 22. |x| >6 23. |x +3] >9 
24. |x —6| <6 25. |5x| <5 26. |3x| >1 
27, |2| 57 28. |—-2 + x| <18 29. |[5+x|>1 


4.5 Solving Absolute Value Inequalities fal 


Logical Reasoning Copy and complete the statement with always, 
sometimes, or never. 


30. If c <0, then |x| >cis_? a true statement. 


31. A solution of the inequality |x + 7| <3 will _? be positive. 


32. A solution of the inequality |x = 5| >1 will _? be negative. 


33. A solution of the inequality |x + 2| <5will_? be negative. 


Solving Inequalities Solve the inequality. Then graph and check the 


solution. 

34. |2x+5| <7 35. [3x +3| <9 36. |4x —3| <5 
37. |2x-6| <12 38. |ix+1| <4 39. lax +3| <3 
ao. |5x + 10| >5 a1. |2x —3| >9 a2. [3x — 6| >15 
a3. |3x+5| 211 aa. |bx—1) >I 45. j2x+3| 24 


Light Spectrum In Exercises 46 and 47, use the following information 
about wavelengths of visible light. 


Electromagnetic waves are measured in 
nanometers (10° nanometers = 1 meter). 
The range of wavelengths of light visible X-rays | } 1 nm 


Electromagnetic Spectrum Wavelengths 


to a typical human eye can be modeled by L enn 
this inequality: Ultraviolet 100 nm 
Visible |) 
|x — 550| < 150 1000 nm a 

46. Solve the inequality describing the Infrared 

values of x for visible light. Graph and 

check your solution. ~1mm 600 nm 
47. Some people can see visible light with _ Microwaves 

wavelengths from 380 nanometers to Radar 

780 nanometers. Write an absolute TV] 1m 700 nm 


value inequality for this range. 


Science Link», In Exercises 48-50, use the following information. 


The absolute value inequality |r - 98.4| < 0.6 is one model for normal body 
temperatures of an adult where ¢ is measured in degrees Fahrenheit. 


48. Solve the inequality. Then graph your solution. 
49. Describe the range of normal body temperatures. 
50. Is a temperature of 99.5°F considered normal according to this model? 


Tolerance In Exercises 51 and 52, use the following information. 


A quality control inspector for a paper cup manufacturer must make sure that 
consecutive paper cups are able to be stacked. So, a paper cup that is supposed 
to have a 6.35 centimeter diameter has a tolerance of 0.1 centimeter. 


51. Use a verbal model to write an absolute value inequality that describes the 
acceptable diameters for cups with a 6.35 centimeter diameter. 


52. Solve the inequality. Then graph your solution. 
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Linkity, Wrestling In Exercises 53-57, use the following information. 


According to international wrestling rules, a senior Olympic wrestler must 
weigh in prior to his wrestling match. Then he must wrestle in his weight class 
or the next higher weight class, except for category 7. The senior Olympic 
weight categories are shown in the table. 


53. The inequality lw - 62| <2 describes a 
wrestler’s weight w on the day of the official 
weigh-in. Solve and graph the inequality. 


Wrestler Weight, w 
category (in kilograms) 


54. In what categories could the wrestler in 
Exercise 53 wrestle? 


55. The inequality |w — 52.5| <2.5 describes 
another wrestler’s weight w on the day of 


WRESTLING Only two of the the official weigh-in. Solve and graph the 

many styles of wrestling are inequality. 

recognized in the Olympics: 56. In what categories could the wrestler in 

Freestyle and Greco-Roman. Exercise 55 wrestle? She we n6 


The two styles are similar in 
how points are scored. The 
styles differ in what holds are 
allowed. 


57. Can any of the weight ranges be expressed 


< 
as an absolute value inequality? Explain. dsalbs 


Challenge Solve the inequality. Then graph and check the solution. 
58. [Sx +1) >x+5 59, |2x—5| >x+1 


Standardized Test 60. Multiple Choice What is the graph of |2x — 3| <5? 


Practice CB) << fefefep—te  B) pfee —} —} —} —1 —et 
—2-10123 45 —2-1 0123 45 


© ® 
-2-1 0123 45 2-1 0123 45 


61. Multiple Choice What is the solution of the absolute value inequality 


|x + 3] > 10? 
& -13<x<7 @ x>7 
(A) x= 13 org 27 ®D x<7Torx>—-13 
Mixed Review Evaluating Functions Evaluate the function for the given value of x. 
(Lesson 2.2) 
62. h(x) = —6x; x = 3 63. f(x) = 5x — 7;x =2 
64. e(x) = x7 +4;x = -2 65. b(x) = —x7 + 9;x =0 


Systems of Two Inequalities Graph the system of linear 
inequalities. (Lesson 4.3) 


66. x < —4 67. y<2 68. x + 2y< 10 
y>3 x-y<3 —2x+y2-1 
Geometry Skills Area Find the area of the parallelogram. 
69. {| Fe] ea, 


4.5 Solving Absolute Value Inequalities aa 


Key Word 


e vertex 


Evaluate the 
expression. 


1. |6—4| 

2. |-3=1| 
3. |2— 10] 
a. |=5 + 12| 


"teal HELP 
REVIEW HELP 
To review symmetry, 


see the Skills Review 
Handbook, page 758. 


46 Absolute Value Functions 


| GOAL | Evaluate, graph, and use simple absolute value functions. 


The absolute value of x can be defined algebraically as 
x, if x is positive 
|x] =4 0, ifx=0 
—x, if x is negative 


The graph of the absolute value function y = |x| is V-shaped and consists of 
two rays that have a common endpoint at the origin. The common endpoint is 
called the vertex of the graph. 


To the left of x = 0, 
the graph is given 
by the line y= —x. 


To the right of x = 0, 
the graph is given by 
the line y= x. 


The common endpoint, the 
vertex, is at (0, 0). 


Note that the graph of y = |x| is symmetric in the y-axis because each half is 
a reflection of the other over the y-axis. For every point (x, y) on the graph, the 
point (—.x, y) is also on the graph. 


Evaluate Absolute Value Functions 


Evaluate the function when x = 2 and x = —3. 
a. f(x) = |x —5| b. g(x) = |x| +8 


Solution 


a. When x = 2: b. When x = 2: 
fx) = |x = 5| Write function. g(x) = |x| +8 
f(2) = |2—5| Substitute 2 for x. g(2) = |2| +8 
= |-3| Simplify. =2+8 
= = 10 
When x = —3: When x = —3: 
f@) = |x = 5| Write function. g(x) = Fa +8 
f(-3) = |-3 = 5| Substitute —3 forx. g(—3) = |-3| +8 
= |-8| Simplify. =3+8 
= = 11 
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ie Functions 


Evaluate the function when x = 1 and when x = —4. 
1. fo) = |x +3] 2. e(x) = |x| —8 3. h(x) = |2x +9] 
Graphs of Absolute Value The graph of y = |x| is symmetric in the y-axis. This 


fact can help you graph absolute value functions of the form y = a|x|. When graphing 
such functions, use this information: 


¢ If a>0, the graph opens up. 
¢ If a<0, the graph opens down. 
elf |a| > 1, the V-shape will be narrower than the graph of y = |x|. 


elf |a| < 1, the V-shape will be wider than the graph of y = |x|. 


Graph an Absolute Value Function 


Graph y = 2|x'. 
Solution 
@ Plot the vertex at the origin. 
© Finda second point by substituting an x-value. 
y= 2|x| Write original equation. 
= 2 2| Substitute 2 for x. 
= 2(2) Evaluate |2|. 
=4 Multiply. 


A second point is (2, 4). 
© Plot the second point and use symmetry to plot a third point at (—2, 4). 
© Connect these three points with a V-shaped graph, as shown. 


Graph an Absolute Value Function 


Graph y = —4|x|. 

Solution 

@ Plot the vertex at the origin. 

© Finda second point by substituting an x-value. 
—4 | x| Write original equation. 

= —4| 2 | Substitute 2 for x. 

= —4(2) Evaluate |2|. 

= -8 Multiply. 


y 


A second point is (2, —8). 
© Plot the second point and use symmetry to plot a third point at (—2, —8). 
© Connect these three points with a V-shaped graph, as shown. 


4.6 Absolute Value Functions a 


Graph the function. 
a. y = 3|x| 5.y =|: 6. y = 1.5] x| 


7.y= $+ 8. y= ~2|x| 9.y= —5|x| 


Graph and Use an Absolute Value Function 


Transportation You are in an airplane 
traveling at 500 miles per hour. The 
captain announces that the plane will be 
passing over Hoover Dam in 2 hours. 


a. Draw a graph that shows the airplane’s ; 
: < 
distance from Hoover Dam as a San 
function of time. Use t = 0 when the 
plane passes over the dam. 


Francisco © * 


b. Write an equation for the function. 


c. The plane begins its descent 3 hours 
after flying over Hoover Dam. How 
far is the plane from the dam? 


Solution 


a. Let ¢ represent the hours before and after flying over Hoover Dam. 
Let d represent the number of miles the plane is from Hoover Dam. 


Two hours before 
reaching the dam, 
the plane is 1000 
miles from it, so 
plot (—2, 1000). 


Two hours after 
passing the dam, the 
plane is 1000 miles 
from it, so plot 

(2, 1000). 


When t= 0, the plane is 
at the dam, so plot (0, 0). 


Connect the three points with a V-shaped graph, as shown. 


b. An equation for the function is d = 500 | t\. 


c. From the graph, you can see that 3 hours 
after flying over Hoover Dam, the plane is 
1500 miles from the dam. 


10. An airplane traveling at 525 miles per hour will pass over the Grand Canyon in 
1 hour. Graph the distance from the canyon as a function of time. Use the graph 
to find how far past the canyon the plane will be 2 hours after flying over it. 
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WZ Exercises 


Guided Practice 
Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 


HOMEWORK HELP 

Example 1: Exs. 10-20 
Example 2: Exs. 21-44 
Example 3: Exs. 21-44 
Example 4: Exs. 45-50 


1. What is the vertex of an absolute value graph? 

2. How can you tell if the graph of y = a |x| opens up or down? 
Evaluate the function when x = —2. 

3. f(x) = |x| +1 4. g(x) = |x +2| 5. h(x) = —2|x| 
Graph the function. 

6. fix) = = || 7. h(x) = —3|x| 8. ka) = zla| 


9. Car Travel You are in a car traveling at 60 miles per hour. You see a sign that 
says you are 180 miles from Gardena. Draw a graph that shows your distance 
from Gardena as a function of time. Use t = 0 when you are in Gardena. 


Evaluating Absolute Value Functions Evaluate the function when 
x = —1and x = 3. 


10. f(x) = |x| 11. g(x) = —5|x| 12. h(x) = |x| —2 
13. p(x) = |x —2| 14. c(x) = |x + 3] +4 15. r(x) = |x —5| = 2 
16. v(x) = 3|x+1| 17. w(x) = 2|x —3| +2 18. n@) = 5|x+1| 


Temperature In Exercises 19 and 20, use the following information. 
The temperature in degrees Fahrenheit during a summer day can be modeled by 
the function y = —2 | x| + 84 where x is the number of hours after 3 P.M. 

19. What is the temperature at 7 P.M.? 


20. What is the temperature at 1] A.M.? 


Identifying Characteristics Tell whether the graph of the function 
opens up or down. Then tell whether the graph is wider or narrower 
than the graph of y = |x|. 


21. y =2|x| 22. y = —7|x| 23. y = 4|x| 
24. y = =|x| 25. y = —3 |x| 26. y => |x| 


Matching Match the function with its graph. 
27.y= —2|x| 28. y = —$lzl 29. y = 2|x| 
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Symmetry Find the point on the graph that is symmetric to the 
given point in the y-axis. 


30. y = 8|x|; (1, 8) 31. y = 10|x|; (—2, 20) 

32. y = —5|x|;(—1, —5) 33. y = —3]x|; (3, —9) 

34. y =2|x|;(-4,5) 35. y = 3 |x|; (6,9) 
Graphing Absolute Value Functions Graph the function. 

36. y= |x| 37. y =4|x| 38. y= ~2.5|x| 
39. y = |x| ao. y = = |x| a1.y=—2|2| 
42.y = -3|2| 43. y= —$ |x 44. y= =e lel 
45. Miniature Golf You are playing on the y 


miniature golf green shown. Imagine that a 
coordinate plane is placed over the green so that 
the ball is at (—3, —6) and the hole is at (3, —6). 
You bounce the ball off the side wall at (0, 0). Do 
you make your shot? Explain. 


Fountain In Exercises 46-48, use the following information. 


A fountain is being drained at a rate of 3 inches per minute and then refilled at 
the same rate. Before being drained, the water is 3 feet deep. 


46. Draw a graph that shows the depth of the water as a function of time. Use t = 0 
for the moment the fountain is completely empty. 


47. Write an equation for the function you graphed in Exercise 46. 


48. Use the graph or the equation to find the depth of the water at three different 
times. 


Pool Table In Exercises 49-51, use the following information. 


Imagine that a coordinate plane is placed over a pool y 
table as shown, so that the five-ball is at (—1, —2). 


49. Suppose your cue ball hits the five-ball so that it 
bounces against the top cushion at (0, 0). What 
is an absolute value equation for the path of the 
ball? 


50. If the five-ball bounces against the top cushion at 
(0, 0), will it go into any of the pockets? Explain. 


51. Challenge Write an absolute value equation for 
the path the five-ball must take to bounce against 


the top cushion and land in the bottom right ft 
corner pocket. 5 


52. Critical Thinking In the same coordinate plane, graph y = |x| + k for 
several values of k. What is the effect of k on the graphs? 


53. Critical Thinking In the same coordinate plane, graph y = |x — h| for 
several values of h. What is the effect of h on the graphs? 


ba Chapter 4 = /nequalities and Absolute Value 


Challenge The functions below have graphs that are translated 
absolute value graphs. Match the function with its graph. 


54.y=2|x+2/ +1 55.y =2|x—-2| +1 56. y = 2|x +1] —2 


Standardized Test | 57- Multiple Choice What is the value of h(x) = |x — 3| — 1 whenx = —2? 
Practice @® -6 —4 ©o0 @® 4 
58. Multiple Choice The graph of which function opens down? 
® y = 8|x| @ y=4|x| WMy=Flx1 Dy=-slal 
59. Multiple Choice What is an equation for this graph? 
@® y= 31s y = 3x 
© y= —3x ® y =F lal 


Mixed Review Graphing Linear Functions Graph the linear function. (Lesson 2.2) 


60. f(x) = 2x 61. h(x) = —3x 62. g(x) =x —5 

63. p(x) = —2x + 3 64. r(x) = —3x- 1 65. g(x) = 5 42 

Systems of Equations Solve each system of equations. (Lesson 3.5) 

66.x+y—-—z=4 67. —2x-—y+2z=0 68. 3x + 2y+z= 11 
x-y+z=0 x—-3y+z=-ll 2x —2y+z=-9 
2xty+z=-2 xty—2z=3 x + 5y — 2z = 23 


Checking Solutions Check whether the given ordered pairs are 
solutions of the inequality. (Lesson 4.2) 


69. x = —2; (0, 2), (—3, 1) 70. y< 1; (3, 2), (—2, 0) 
71. —3y > 9; (2, —3), (0, —5) 72. 2x < 1; (-1, 3), (—2, 3) 
73. y<x — 4; (—2, —5), (5, 0) 74. y > 2x + 3; (—2, 6), (0, 3) 


Checking Solutions Use the graph to check whether the ordered 
pair is a solution of the system of linear inequalities. (Lesson 4.3) 


75. (2, 2) 76. (1, —1) 77. (1,2) 
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Geometry Skills 


Quiz 2 


Lesson 4.4 


Lesson 4.4 


Lesson 4.4 


Lesson 4.5 


Lesson 4.5 


Lesson 4.6 


Reflections Use the graph to answer Exercises 78-80. 

78. Which triangle is a reflection of AABC in |X! 
the y-axis? 

79. Which triangle is a reflection of AABC in 


the x-axis? 


80. Is APOR areflection of AXYZ in the 
x-axis? Explain. 


Classifying Triangles Tell whether a triangle with the given side 
lengths is equilateral, isosceles, or scalene. 


81. Side lengths: 20 cm, 40 cm, 30 cm 
82. Side lengths: 55 in., 20 in., 55 in. 
83. Side lengths: 12 ft, 12 ft, 12 ft 


Rewrite the absolute value equation as two linear equations. 

1. |x-—7| = 11 2. |x+4| =2 3. |3x-—6| =9 
Solve the absolute value equation and check your solutions. 

4. lx-4| =5 5. r++] =4 6. lax +3| =7 

7. |8 —2x| =9 3g. |3—x|+5=11 9. |[5+3x|-6= 14 
Write an absolute value equation that has the given solutions. 
10. 0 and 6 11. 2 and 8 12. —5 and5 


Write the equivalent compound inequality you would use to solve 
the absolute value inequality. 


13. [5x + 2| <8 14. |4x —9| >3 15. [3 — 8x| 211 


Solve the inequality. Then graph the solution. 


16. |x| >5 17. |x| <1 18. |x+2| >7 
19. |5 + x| < 16 20. |4x| >4 21. |*] > 10 
22. |3x + 12| > 15 23. |5x+5| <10 24, |2x —3| <7 


25. Manufacturing A bicycle manufacturer has a tolerance of 0.05 millimeters for 
a bicycle crank assembly shaft that is 4.5 millimeters wide. Write and solve an 
absolute value inequality that describes the acceptable widths for these shafts. 


Identifying Characteristics Tell whether the graph of the function 
opens up or down. Then tell whether the graph is wider or narrower 
than the graph of y = |x|. 

5 


26. y = 9|x| 27. y= 4 28. y= =a 8 
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USING A GRAPHING CALCULATOR 


4.6 


(For use with Lesson 4.6) 


STUDENT HELP 


KEYSTROKE HELP 
See keystrokes for 
several models of 
calculators at 
www.classzone.com. 


In Lesson 4.6, you saw how the value of a affects the graph of y = a |x|. 


You can use a graphing calculator to see how the values of b and c affect the 


graph of y = |x = b| + Ci 
EXAMPLE 


Use a graphing calculator to graph y = |x + 3| = 4) 


SOLUTION 


O Enter y = |x + 3| — 4 using the abs 


function. 


Press and choose the 


NUM menu to find the abs function. 


© Press KE to view the 


absolute value function. The 
V-shape may look distorted if the 
scales on the axes are different. 


| YiBabs(XxX+3)-4 j 
Y2= 
Yis= 


I is= 
Y6= 


Y7= 


L J 
© Press EN) and choose the 


ZSquare Zoom option so the 
display uses the same scale on 
both axes. 


L di L J 


EXERCISES 


1. Graph y = |x| -4y= |x|, and y = |x| + 4 on a coordinate plane. 
Name the coordinates of the vertex of each graph. 


2. Describe how changing the value of c changes the graph of y = |x| Pe: 


3. Graph y = |x = 5], y= |x|, and y = |x os 5| on a coordinate plane. 
Name the coordinates of the vertex of each graph. 


4. Describe how changing the value of b changes the graph of y = |x —b |. 


Predict the coordinates of the vertex of the graph of the function. Then 
graph the function to test your prediction. 

B.y = |x—5| +4 6.y= |x—5|-4 

7.y= |x+5| +4 s.y= |x+5|-4 


9. Reasoning Describe the graph of y = |x = b| + c and name the coordinates 


of its vertex. 
4.6 Absolute Value Functions fe) 


Chapter Summary 
and Review 


VOCABULARY 


¢ linear inequality in one ¢ linear inequality in two ¢ graph of a system of linear 
variable, p. 172 variables, p. 179 inequalities, p. 185 


¢ solution of an inequality in e half-plane, p. 179 ¢ absolute value, p. 192 


one variable, p. 172 system of linear inequalities ¢ absolute value equation, 
¢ graph of an inequality in in two variables, p. 185 p. 192 


one variable, p. 173 * solution of a system of linear ¢ absolute value inequality, 
¢ compound inequality, p. 174 inequalities, p. 185 p. 198 


¢ vertex, p. 204 


VOCABULARY EXERCISES 


1. How is the graph of a linear inequality in one variable different from the graph of 
a linear inequality in two variables? 


2. Explain how to determine which half-plane to shade when graphing a linear 
inequality in two variables. 


3. You are at point (p, 0) and your friend is at point (qg, 0). Write an absolute value 
expression representing the distance between you and your friend. 


4. The word vertex comes from a root which means “to turn.” Explain why the graph 
of an absolute value function has a vertex. 


ylving Linear Inequalities |) za 


| EXAMPLES | Use properties of inequalities to solve simple and compound inequalities. 
Reverse the inequality symbol when you multiply or divide each side by 


a negative number. 


SIMPLE INEQUALITY COMPOUND INEQUALITY 
REVIEW HELP =D ap 3 > ill =] BUR = 7S Il 
Exercises Examples Se 0<2x<8 
5,6 1, p. 172 
7,8 4, p. 174 Re O<x<4 
9, 10 5, p. 174 +H + +} 
=) =i) =7 0 2 =| 0 | 23 4 & 


Solve the inequality. Then graph your solution. 


5.x —3>2 6.2x+12-1 
7.-6<x—-—5<-l 8. -3<2x+3<7 
9.4x+ 35 -Sorx +628 10. 2x + 3<lor3x—-—2>7 
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| EXAMPLE | Graph a linear inequality in two variables. 


To graph y > x + 1, first graph the boundary line: 
y =x + 1. Use a dashed line because the inequality 


REVIEW HELP symbol is >. 
Exercises Example 


Test the point (0, 0). It is not a solution, so shade the 
half-plane above the line. 


11-14 3, p. 180 


Graph the inequality in a coordinate plane. 


1.y>x-—3 12. ySox+3 13.x—2y>6 14.2x+ y>5 


| EXAMPLE | Graph the solutions of a system of linear inequalities. 


re 0 
y20 
2x+y<4 


The graph of x = 0 is the half-plane on and to the right 


of the line x = 0. 
REVIEW HELP ; ; 
Exercises Examples The graph of y 2 0 is the half-plane on and above the line y = 0. 


15,16 = 2, p. 186 The graph of 2x + y <4 is the half-plane below the line 2x + y = 4. 
17,18 3,p. 186 


The graph of the system is the shaded region common to all the half-planes. 


Graph the system of linear inequalities. 


15.x2-2 16. y<x 17. y20 18. y>2 
y<5 2x—-ysl x20 y2x 
xty>3 y-x<4 


| EXAMPLES | Solve an absolute value equation by rewriting it as two linear equations. 


|x 3] =8 |1 —2x| =5 
Review HELP K=3=8 or 2—=3==8 l= 2 = 5 or | =—22==5 
Exercises Examples x=11 or x=-5 —2x=4 or 6 
19-21 1, p. 193 6 — —2) on x=3 
22 2, p. 193 : 
The solutions are 11 and —5. The solutions are —2 and 3. 


Solve the equation. 
a9. |x—4|=2 20. |x-9|=11 21. |2x-6|=4 _ 22. lax+1|+3=6 


Chapter Summary and Review ‘a 


| EXAMPLES | Solve an absolute value inequality by rewriting it as a 


compound inequality. 


lx+4| <3 ljx=2|29 
= 3) e359 op aS 3} 5-22 OF KHL 
=] ZS =| x24 or x<0 
a es A a ee 
3 -2 0 2 4 6 
CHECK Test one value from each CHECK Test one value from each 
region of the graph. region of the graph. 
Test -8: |-8+4|<3 Tes 2-0 ho 
4<3KX 42>2V 
REVIEW HELP Test -4: |-44+4|<3 Test 1:  |1-2|22 
Exercises Examples 
23,24 1, p. 199 0<3V ee 
25, 26 2, p. 199 : 2 : le 
a ao Test 0: lo+4| <3 Mest Se S20 
4<3KX 3 2 


Solve the inequality. Then graph and check the solution. 
23. |x —7| <12 24. |x +2| <6 25. |2x — 5| <9 
26. |7x+7| < 14 27. |x+3/>5 28. |2x +1] >3 


| EXAMPLE | Graph the absolute value function y = —3 | x| : 


The graph of y = —3 |x| has vertex (0, 0). Find 
and plot a second point on the graph. 


y= —3]x| Write original equation. 

REVIEW HELP 

Exercises Examples 
29-31 1, p. 204 y=-3 Evaluate. The point is (1, —3). 


32 2, p. 205 
33 34 3, p. 205 The graph is symmetric in the y-axis. Use this symmetry to plot a third 


point, (—1, —3). Connect the points with a V-shaped graph, as shown. 


yes =e | 1| Substitute 1 for x. 


Evaluate the function when x = —3. 


29. fix) = |x| +3 30. (x) = |x —5| +2 31. h(x) =F |x+3|—2 
Graph the function. 
32. y = 2|;| 33. y= —7|x| 34. y= rata 


a Chapter 4 = Inequalities and Absolute Value 


er Q@ Chapter Test 


Decide whether the given number is a solution of the inequality. 
142-5; -7 2.x +3<12;9 3. —10 < —5x < 30;5 


Solve the inequality. Then graph your solution. 


4.x+52>8 5. 3x< —15 
6.7<x4+3<12 7.-1<2x-1¢7 
8. 3x +4<—8o0rx—72>—5 9.2x+6>8orpx + 13<9 


Graph the inequality in a coordinate plane. 
10. y2>—-x+5 11. y<3x—4 12.4x-—y21 


Use the graph to tell whether (4, 4) is a solution of the system of 
linear inequalities. 


Graph the system of linear inequalities. 


16.x>3 17. y<2x 18.x+y<7 
ys-2 x—yss y<3x-2 
y>3 


Solve the absolute value equation and check your solutions. 
19. |x +6| =3 20. |6x — 5| =7 21. |2x +1) -4=3 


Write an absolute value equation that has the given solutions. 
22. —17 and 17 23. — 10 and 20 24. 0 and 24 


Solve the inequality. Then graph the solution. 

25. |3x| <27 26. Js + 1]>8 27. |3x—6| <15 
Evaluate the function when x = —5 and x = -7. 

28. h(x) = |x| —4 29. c(x) = |x +2| +5 30. w(x) = |x —7| +2 
Graph the function. 


31. y =5|x| 32. y= —2 |x| 33. y = 2|x| 


Chapter Test fad 


Chapter Standardized Test 


\ Jest Tip Choose the easiest method that you can use accurately. 
BD BD OO D 


| EXAMPLE | Which ordered pair is a solution of the system? x+y<5 


ie = De 4} 


Solution 


METHOD 1 Graph the system of inequalities, as shown at the right. 
Only (1, 3) lies in the solution region. 


METHOD 2 Substitute the coordinates of each answer into the 
inequalities. Choice C is correct because | + 3 <5 
eine! | = YS) « =A, 


METHOD 3 Eliminate choices B and D because x — 2y is positive when 
x is positive and y is negative. Eliminate choice A because 
x + y is not less than 5. This leaves only choice C. 


Multiple Choice 


1. What is a solution of 2x — 3 > 11? 5. Which ordered pair is x—2y<3 
@® 10 7 a solution of the system? y<3 
® 5 ® 0 ® (-2,4) (0,0) 
© (-4, -4) ® (5,3) 
2. What is the solution of —5 < —2x +3 <7? 
®) x>4orx< 2 © -2<x<4 6. The graph of what system is shown? 
@@ -4<x<-2 D -4<x<2 ©) x<=l 
y>-x 
3. What ordered pair is a solution of 4x + y < 3? @ x z —l 
y2-x 
@ (2,-1 (0, 5) 
@ x<-1 
Cy 2-1 
4. What is an equation of the graph shown? y>-x 
(ED y<—22 | 
@® y<-—2x 7. What are the solutions of | 2x — 3| —-8=-5? 
@ y>-2x @ x=0,x = -2 ® x=0,x =2 
CD) ye 2x © x=-2,x=2 QW x=0,x=3 
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8. What is the solution of | 3x + 1| <5? 


® x>2orx<4 @® -2<x<% 
GD x>Forx<2 ®D = ae? 
9. What is the solution of |2x — 1| 29? 
@ x>=S5orx< —4 {<724 
© x>4orxs-5 QD —-4<x<5 


Gridded Response 


12. The amount of time ¢ (in minutes) that you can 
use a car wash is given by 0.5f + 2 <A where 
A is the amount of money you have to spend. 
You have $6.50 to spend. At most, how many 
minutes can you spend in the car wash? 


13. What is the y-value of the only solution of the 
following system of linear inequalities? 


x<0 
y<l0 
y2—-x+ 10 


14. An equation of the form |: a | = c has 
solutions —3 and 9. What is the value of c? 


Extended Response 


10. What is the value of f(x) = 5 |x = 7| when 


x= —3? 
® —50 @ —20 
@ 20 D 50 


11. Which absolute value function has a graph that 
contains (—2, —1), (0, 0), and (2, —1)? 


@® y=2|x ® y=Flzl 
© y= —$ Iz @® y=-2Iz| 


Use the following information to answer 
Exercises 15-17. 


The solutions of the equation |x — 4.45| = 0.3 
give the fastest and slowest 40-yard dash times (in 
seconds) for a football player in today’s practice. 


15. How many seconds did the football player’s 
fastest run take? 


16. What is the difference between the player’s 
fastest and slowest runs, in seconds? 


17. What is the mean of the player’s fastest and 
slowest times, in seconds? 


18. You are selling necklaces and bracelets at a craft fair. You need 
to sell at least 20 necklaces and at least 15 bracelets to pay for 


your entrance fee. 


a. Write and graph a system of linear inequalities representing 
the number of necklaces x and bracelets y sold that satisfy 


your goal. 


b. You will sell at most 50 pieces of jewelry at the fair. Write 
and graph a new system of linear inequalities with this new 
restriction. Explain the meaning of each inequality. 


c. You sell 36 necklaces and 14 bracelets at the fair. Did 
this meet your goal? Explain. Give three combinations of 


necklaces and bracelets sold that meet your goal. 


Chapter Standardized Test 217 


a How are freefall time and the 
altitude of a skydiver related? 


218 


Several seconds of free fall are experienced by 

a skydiver before a parachute is opened. As the time 
since jumping from the plane increases, the height of the 
skydiver above the ground decreases. 


Think & Discuss 


1. The table gives data for a skydiver jumping from a 
height of 6000 feet. Draw a scatter plot of the data. 
Then draw a smooth curve through the points. 


Time x Height y above the 
(seconds) ground (feet) 


2. Does the skydiver’s height above the ground decrease 
by the same amount every 4 seconds? 


3. Estimate the skydiver’s height above the ground after 
10 seconds. 


Learn More About It 

You will use a quadratic model that relates time since 
jumping and height above the ground in Example 4 on 
page 257. 
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classzone.com 
| PR EVIEW What's the chapter about? 


* Multi-Language Glossary 
* Vocabulary practice 

¢ Graphing quadratic functions written in standard form, vertex form, and 

intercept form 


¢ Solving quadratic equations by factoring 
¢ Solving quadratic equations by taking square roots, completing the square, 
and using the quadratic formula 


Key Words 

¢ quadratic function, p. 222 
¢ parabola, p. 222 

e vertex, p. 222 

¢ axis of symmetry, p. 222 

*¢ trinomial, p. 234 

¢ quadratic equation, p. 235 
¢ zeros of a function, p. 242 


| PREPARE | Chapter Readiness Quiz 


Take this quick quiz. If you are unsure of an answer, look back at the 
reference pages for help. 


Vocabulary Check (refer to p. 87) 
1. What is the y-intercept of x + 2y = —10? 


@ -—10 =5 © 5 ® 10 
Skill Check (refer to p. 9) 


2. Evaluate the expression —x? + 3x — 10 when x = 5. 


© square root, p. 255 
¢ imaginary unit i, p. 267 
¢ complex number, p. 262 


e imaginary number, p. 262 

¢ completing the square, p. 268 
¢ quadratic formula, p. 274 

¢ discriminant, p. 276 


® -20 @® 0 @® 23 D 30 
3. Evaluate the expression 5x” + 2x + 4 when x = 7. 
CA) 53 67 © 263 @®) 347 


Preview the Chapter 


TAKE NOTES 


Chapter 5 


When you begin a new chapter, Ho 
W to graph quadratic functions 


list a few things you think you 


will learn. When you study How to solve quadratic equatj 12/10 
each topic, write the date on quations § 12/13 
12/14. 


the list. Then you can use the 
list as a table of contents for 
your notes. 


fea! Chapter 5 Quadratic Functions and Factoring 


H 
ow to use square roots 


How to use Complex numbers 
The quadratic formula 


DEVELOPING CONCEPTS (For use with Lesson 5.1) 


5.1 


Goal QUESTION 


Decide how the value of a 


ffects th h of 2 What does the graph of y= ax2 look like? 
airects the grapn of y = ax’. 


Materials EXPLORE 
= graph paper 1) Copy the table. Use the equation y = x" to complete the table. 


© Plot the points in the completed table from Step 1. Connect the points with 
a smooth curve. The curve is the graph of y = x”. Label the curve with the 


equation. You will use the same coordinate plane to graph equations in 
Steps 4 and 6. 


3 ] Copy the table. Use the equation y = —x” to complete the table. 


4] Use the same coordinate plane that you used in Step 2. Plot the points in 
the completed table from Step 3. Connect the points with a smooth curve. 
Label the curve with the equation y = —x?. 


5 ] Copy the table. Use the equation y = 2x? to complete the table. 


@ Use the same coordinate plane that you used in Step 4. Plot the points in 
the completed table from Step 5. Connect the points with a smooth curve. 
Label the curve with the equation y = 2x”. 


THINK ABOUT IT 


1. Each equation below has the form y = ax. Identify the value of a in each 
equation. 


ay =x? b. y = —x? c. y = 2x? 


2. Describe the shape of the graph of y = x”. Does the graph open up or open 
down? Identify its lowest point or highest point. 


3. Reasoning Compare the graph of y = x” to the graph of y = —x”. Describe the 
similarities and differences. How does the value of a affect the graphs? 


4. Reasoning Compare the graph of y = x? to the graph of y = 2x”. Describe 
the similarities and differences. How does the value of a affect the graphs? 


5.1 Graphing Quadratic Functions in Standard Form fe 


51 


Key Words 

¢ quadratic function 
¢ parabola 

° vertex 

¢ axis of symmetry 
¢ monomial 

¢ binomial 


Find the value of y 
when x = —1, 0, and 2. 


1. y=x7+3x-2 
2. y= 2x7 + 2x — 24 
3. y= x7 +2x+2 


Graphing Quadratic Functions 
in Standard Form 


| GOAL | Graph quadratic functions in the form y = ax? + bx +c. 


1 n is a function that can be written in the standard form 
y = ax? + bx + c where a # 0. The graph of a quadratic function is a 
parabola. The graph of y = x7 is shown below. 

The axi try 
divides the parabola into 
mirror images and passes 
through the vertex. The 
axis of symmetry of y = x2 
isx=0. 


The lowest or 
highest point on 
a parabola is the 


vertex. The vertex 


of y= x*is (0, 0). 


For any function y = ax? + bx + c where a # Oand b = 0, the vertex of its 
graph lies on the y-axis, and the axis of symmetry is the y-axis. 


Graph a Quadratic Function Using a Table 
Graph y = $e = 1, 


Solution 
The function y = se — 1 isin standard form y = ax’ + c. 

Because b = 0, you know that the axis of symmetry is x = 0. 
@O Make a table of values for 


y= ae — 1. Choose values of 


x on both sides of the axis of 
symmetry x = 0. 


© Plot the points from the table. 


© Drawa smooth curve through 
the points. 


Quadr | Using a Table 


Graph the function using a table of values. 
1. y = —3x? 2.y=-x7-2 B.y=i +3 
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STUDENT HELP 


AVOID ERRORS 

Be sure to include the 
negative sign before the 
fraction when calculating 
the axis of symmetry. 


Graphing a Parabola You can use the steps below to graph any quadratic 
function of the form y = ax? + bx + c where a # 0. When a > 0, the parabola 
opens up. When a < 0, the parabola opens down. 


Standard Form of a Quadratic Function 


STEPS FOR GRAPHING y = ax? + bx +c 


STEP @ Draw the axis of symmetry. It is the line x = -2. 


STEP © Find and plot the vertex. The x-coordinate of the vertex is 2. 


Substitute this value for x in the function and evaluate to find 
the y-coordinate of the vertex. 


STEP © Plot two points on one side of the axis of symmetry. Use 
symmetry to plot two more points on the opposite side. 


step © Draw a parabola through the points. 


Graph a Quadratic Function in Standard Form 
Graph y = x? — 6x + 5. 


Solution 

The function is in standard form y = ax? + bx + c where a = 1, b = —6, and 

c = 5. Because a > 0, the parabola opens up. 
@ Draw the axis of symmetry. 


_b__ -6 
2a 2(1) 


x 
© Find and plot the vertex. The x-coordinate 
of the vertex is 3. Find the y-coordinate. 

y=x*-6x4+5 
= (3)? —6(3)+5=-4 
The vertex is (3, —4). 


© Plot two points to the left of the axis of symmetry. Evaluate the function for 
two x-values that are less than 3, such as 0 and 1. 


y=x?—-6x +5 y=x?-6x+5 
= (0)? — 6(0) +5 =5 = (1)? - 611) +5=0 


Plot the points (0, 5) and (1, 0). Plot their mirror images by counting the 
distance to the axis of symmetry and then counting the same distance 
beyond the axis of symmetry. 


© Draw a parabola through the points. 


Standard Form 


Graph the function. Label the vertex and the axis of symmetry. 


4.y=x°+6x-2 5.y = -x?-2x4+1 6.y = 2x7 +x-1 


5.1 Graphing Quadratic Functions in Standard Form a 


Multiplying Binomials A monomial is a number, a variable, or the product 
of a number and one or more variables with whole number exponents. A 
binomial is the sum of two monomials. 


Monomials: x y 3 —5x Oxy 
Binomials:s x-4 2+27 x-3y an-Il 


You can multiply two binomials using the FOIL method. The letters of the 
word FOIL remind you to multiply the First terms, the Outer terms, the Inner 
terms, and the Last terms. For example: 


F Oo |! L 


(x + 3) +5) = x7 4+ 5x 4+ 3x +15 =x? 4+ 8x4 15 


DENT HELP Multiply Binomials 
SOLVING NOTE 

You can check your Find the product (2x + 3)( — 7). 

answer by substituting 

easy values for xin the Solution 


original expression _ 7) — oe = : 
andinwour result: The (2x + 3)(x — 7) = 2x(x) + 2x(-7) + 3x + 3(-7) Write products of terms. 


values of the expressions = 2x? — 14x + 3x - 21 Multiply. 
should be the same. 2 ae 
= 2x° — I1x - 21 Combine like terms. 


Checkpol 


Find the product. 
7. (x — 4) + 6) 8. Bx + Dal) 9. (2x — 5)\(x — 2) 


Write a Quadratic Function in Standard Form 


Write the function y = 2(x — 2)? + 5 in standard form. 


Solution 
y =2x -— 2) +5 Write original function. 
= 2(* — 2)(x — 2) +5 Rewrite (x — 2)? as (x — 2)(x — 2). 
= 2? — 2x - 2x +4) +5 Multiply using FOIL. 
= 2(x7 — 4x +4) +5 Combine like terms. 
= 2x7 — 8x +845 Use the distributive property. 
= 2x? — 8x4 13 Combine like terms. 


tandard Form 


Write the function in standard form. 
10. y = 2(x + 1)(x — 3) 11. y = 3(x — 4)(x — 6) 12. y = —(x— 1)? -3 


| Chapter 5 Quadratic Functions and Factoring 


ESD Exercises 


Guided Practice 


Vocabulary Check Copy and complete the statement. 


1. The graph of a quadratic function is called a(n) __?_. 


2. The _? divides the graph of a quadratic function into mirror images. 
Skill Check — Graph the function. Label the vertex and the axis of symmetry. 

3.y=-x-1 4.y=x74+3 5. y =2x° +4 

6.y =x? +5x-1 7. y = 2x? -—8x+4 B.y=x74+ 4x43 


9. Error Analysis Describe and correct the 


error in finding the product. (x — 4)(x — 3) 


x? — 3x — 4x —7 
x? — 7x —7 
Write the function in standard form. 
10. y=(*e+4)04+) W.y=—-3(x-4)~+2) 12.y=2a~+1)?-6 


13. y = —(x —5)2 +3 14.y= F043" -1 15. y = F(x + 4) — 2) 


Practice and Applications 


TUDENT HELP Using a Table Copy and complete the table of values for the 
Homework HELP function. 
Example 1: Exs. 16-19 16. y = —2x? 17.y=4x° +1 
Example 2: Exs. 20-44, 
67-69 


Example 3: Exs. 45—56 


Example 4: Exs. 57-65 


Identifying Coefficients Identify the values of a, b, and cfor the 
function in standard form. 


20. y = 5x*+x-1 21.y =x? + 3x 22. y = 2x? - 4 


Finding the Vertex Find the vertex of the graph of the function. 
23. y = -x? 24. y= -2x*+1 25.y=x°+2x+1 


26. y = 3x7 -— 4x -2 27. y= —fx?—4r-1 28.y= 40-1 


5.1 Graphing Quadratic Functions in Standard Form fz 


29. Error Analysis Describe and ee iG. 45 
correct the error in finding the ae oe 


axis of symmetry of the graph eae — 16 _16_ 
of y = 4x? + 16x + 3. 2a 24) 6& 


Matching Graphs Match the function with its graph. 
30.y= ix? +x-1 31. y = 3x7 + 9x +4 32. y=x°+2x-3 
A. 


Graphing with Standard Form Graph the function. Label the vertex 
and the axis of symmetry. 


33.y=2x2+2x-2 34. y = —x* — 8x - 13 35. y = 2x7 — 12x + 14 

36. y = —x? — 12x + 31 37.y=3x + 3x—5 38. y = 3x2 — 12x —5 

39. y= —Fx2 4 +1 40. y = —7x* — 14x +2 41. y = 2x* — 10x —3 
_ 12 = 1.2 _ vl] 

42. y= 5x — 2x +3 43. y = —3x =O = 2 44. y = 3x" — 6x +4 


Multiplying Binomials Find the product. 


45. (x + 1)(x + 2) 46. (x + 3)(x + 2) 47. (n— 1)n — 5) 

48. (x — 5)(x + 5) 49. (a — 4)(a — 6) 50. (2x — 1)(3x + 1) 
51. (2x — 3)(x — 4) 52. (x + 6)(3x — 2) 53. (Sy + IQy — 3) 
54. (3h — 2)(h — 5) 5b. (x + 7)(4x + 3) 56. (8x + 5)(5x — 1) 
Writing in Standard Form Write the function in standard form. 

57. y = (x + 3)(x — 2) 58. y = —(x + 3)x +7) 59. y = 20x — 5)(x + 2) 
60.y= —-3-D-6) 61.y=—-(@t2)?4+5 62. y = (2x + I — 4) 
63. y = 2(x — 4)? - 1 64. y=F(xt 2-4) 6B. y= F(x — 3)? +6 


66. Critical Thinking Without graphing the function, decide if the vertex 
of the graph of y = 0.2304x? + 5.123x — 1.236 is its highest point or its 
lowest point. Explain how you know. 


Biology Link, In Exercises 67 and 68, use the following information. 


A flea can jump very long distances. The path of the jump of a flea can be 
modeled by the graph of the function y = a x — 13) where x and y are 


measured in inches. 
67. Find the vertex and the axis of symmetry of the graph of the function. 


68. Graph the function. Label the vertex and the axis of symmetry. 


a Chapter 5 Quadratic Functions and Factoring 


Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


69. Juggling You throw a ball into the air with 
your right hand and catch it in your left hand. 
The path of the ball can be modeled by the 
graph of the function y = —24x* + 24x + 4, 
for values of x from 0 to 1, where x and y are 
measured in feet. Graph the function. 

Label the vertex. 

70. Challenge A function has the form 
y = ax’ + bx + c where a = 0. What does 
the graph of the function look like? Explain 
your reasoning. 


71. Multiple Choice What is the vertex of the graph of the function 
y = —2x? — 16x — 299 


A) (8, —29) (—4, —16) 


72. Multiple Choice What is the axis of symmetry of the graph of the 
function y = x* — 12x + 32? 


x= -12 @ x= -6 @ x=6 CD x= 32 
73. Multiple Choice What is the product (~ — 8) — 9)? 

@ x7 + 17x - 72 ® x — 1+ 72 

© x7 - 17x —- 72 @M) x2 + 17x + 72 
74. Multiple Choice What is the product (x — 5)(x + 3)? 

) x? + 8x — 15 @ x? — 8x — 15 

CHD x? — 2x + 15 D x — 2x — 15 


Solving Equations Solve the equation. (Lesson 1.4) 
75.-x+4=7 76. 3x +5=8 77.5x+2=1 
78. -2x +7 = -3 79.4—2y=7 80.7 — 4x = 8 


Solving Systems Solve the system using the linear combination 
method. (Lesson 3.3) 


81. 4x + 3y =9 82. 4x — 6y = 10 83. 3x + S5y = 10 
20 y= 3 —2x + Sy = —3 —2x + 3y= —13 
84. 2x — 3y = 0 85. 2x + Sy = 11 86. 5x + 7y=1 
5x + 2y = —38 3x — 2y = —31 2x — 5y = 16 


Quadrilaterals The sum of the measure of the angles ina 
quadrilateral is 360°. Find the value of x. 


88. 


5.1 Graphing Quadratic Functions in Standard Form 227 


Key Words 


¢ vertex form 

e intercept form 
¢ minimum value 
¢ maximum value 


Find the vertex of the 


1. y=x — 10x +5 
2. y=x7+2x-1 
3. y = 3x7 + 12x41 


graph of the function. 


512 Graphing Quadratic Functions 


in Vertex or Intercept Form 


Cre Graph quadratic functions in different forms. 


How far does a football travel? 


You will use a quadratic function in Exercises 71-73 
to model the path of a football and to find out 
how far it travels. 


A quadratic function can be written in v r 
y=a(x- h)* + k. When a > 0, the parabola Spans 
up. When a < 0, the parabola opens down. 


Vertex Form of a Quadratic Function _ 


STEPS FOR GRAPHING y = a(x — h)2 + k 
STEP @ Draw the axis of symmetry. It is the line x = h. 
STEP © Plot the vertex, (h, k). 


STEP € Plot two points on one side of the axis of symmetry. Use 
symmetry to plot two more points on the opposite side of 
the axis of symmetry. 


STEP @ Draw a parabola through the points. 


Graph a Quadratic Function in Vertex Form 
Graph y = —2(x — 2)? + 1. 


Solution 
The function is in vertex form y = a(x — h)* + k where a = —2,h = 2, and 
k = 1. Because a < 0, the parabola opens down. 
@ Draw the axis of symmetry, x = h = 2. 
@ Plot the vertex, (h, k) = (2, 1). 
© Plot points. The x-values 3 and 4 are to 
the right of the axis of symmetry. 
y=-23-2)?+1=-1 
One point on the parabola is (3, —1). 
y=-2(44-2)?+1=-7 
Another point on the parabola is (4, —7). 


Plot the points (3, —1) and (4, —7). Then plot their mirror images across 
the axis of symmetry. 


© Draw a parabola through the points. 
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hha HELP 

VOCABULARY 
Remember that an 
x-intercept is the 
X-coordinate of a point 


where a graph intersects 
the x-axis. 


Graphing with Intercept Form If the graph of a quadratic abused 
has at least one x-intercept, the function can be written in it 
y = a(x — p)(x — q). When a > 0, the parabola opens up. When a < 0, te 
parabola opens down. The graph will contain (p, 0) and (q, 0). 


Intercept Form of a Quadratic Function 


STEPS FOR GRAPHING y = a(x — p)(x — q) 
+ 
STEP @ Draw the axis of symmetry. It is the line x = a 
STEP @ Find and plot the vertex. The x-coordinate of the vertex 
p+q 
2 
to find the y-coordinate of the vertex. 


is . Substitute the x-coordinate for x in the function 


STEP © Plot the points where the x-intercepts, p and gq, occur. 


STEP @ Draw a parabola through the points. 


Graph a Quadratic Function in Intercept Form 


Graph y = (x + LI) — 3). 


Solution 
The function is in intercept form y = a(x — p)(x — q) where a = 1, p = —1, and 
q = 3. Because a > 0, the parabola opens up. 
@ Draw the axis of symmetry. 
The axis of symmetry is: 
2 2 


© Find and plot the vertex. 
The x-coordinate of the vertex is x = 1. 
Calculate the y-coordinate of the vertex. 
y= + D@ — 3) 
=(1+ Dd -3)=- 
Plot the vertex (1, —4). 


® Plot the points where the x-intercepts occur. 
The x-intercepts are p = —1 andq = 3. 
Plot the points (—1, 0) and (3, 0). 


© Draw a parabola through the points. 


Graph the function. Label the vertex and the axis of symmetry. 
1.y =(x — 3)?-1 2.y=-(- 2) +3 3.y=2(x+ 1)? +4 


Graph the function. Label the vertex and the x-intercepts. 
4. y =(« — 3)(x — 7) 5. y = —(x — 2) — 5) 6. y = 2(x + I(x — 3) 


5.2 Graphing Quadratic Functions in Vertex or Intercept Form fa 


Minimum and Maximum Values For the standard form, vertex form, and 
intercept form of a quadratic function, a tells you whether the pernes opens 
up or down. When a > 0, the y-coordinate of the vertex is the minir e 
of the function. When a < 0, the y-coordinate of the vertex is the n 
value of the function. 


Find the Minimum or Maximum Value 


Tell whether the function y = —4(x + 6)(@ — 4) has a minimum value or a 
maximum value. Then find the minimum or maximum value. 


Solution 


The function is in intercept form y = a(x — p)(x — q) where a = —4, p = —6, and 
q = 4. Because a < 0, it has a maximum value. Find the y-coordinate of the vertex. 


2098. S07 
2 2 


y = —4@ + 6) — 4) = —4(-1 + 6)(-1 — 4) = 100 
ANSWER > The maximum value of the function is 100. 


Using a Quadratic Function 


Civil Engineering The Golden 
Gate Bridge in San Francisco, CA, 
has two towers. The top of each tower 
is 500 feet above the road. The towers 
are connected by suspension cables. 
Each cable — a parabola with the 


. 9) 220 f+ d 
equation y = ——(x — 2100)- + 8 BEAU SSE WOE LECCE SS 
5690 Not drown te scole 
where x and y are measured in feet. Bes ee ee 


a. Find the height £ of the cable above the road, when the cable is at the lowest 
point. The road is represented by y = 0. 


b. What is the distance d between the towers? 


Solution 


The function is in vertex form where a = 3600 5 My h = 2100, andk = 8. 


a. The vertex is (h, k) = (2100, 8). The height of the cable at its lowest point is 
the y-coordinate of the vertex. So, the cable is 8 feet above the road. 


b. The vertex is 2100 feet from the left tower. The axis of symmetry passes 
through the vertex. So, the vertex is also 2100 feet from the right tower. The 
distance between the towers is 2100 + 2100 = 4200 feet. 


imum Value 


Tell whether the function has a minimum or maximum value. Then 
find the minimum or maximum value. 


7. = Hx + 8Y — 12 8. y = 3(x —4)(x — 7) 9. y = x(x + 4) 
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DE) Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


STUDENT HELP 


HOMEWORK HELP 
Example 1: Exs. 13-27, 
34-43, 54 
Example 2: Exs. 28-33, 
44-53,55 
Example 3: Exs. 56-64 
Example 4: Exs. 65-73 


1. Tell whether the statement is true or false: A quadratic function in vertex form 
where a < 0 has a minimum value. 


2. Is y = 2(x — 3)* + 1 in standard form, vertex form, or intercept form? 

3. Is y = —(x + 3)(x — 5) in standard form, vertex form, or intercept form? 
Graph the function. Label the vertex and the axis of symmetry. 

4.y=-(«- 1)? +3 B.y= 5x + 4-5 6. y= 4 — 3) +5 
Graph the function. Label the vertex and the x-intercepts. 

7.y= F(x — 1) — 3) 8. y = —6(x + I + 3) 9.y=7«+ Da- 1) 


Tell whether the function has a minimum value or a maximum value. 
Then find the minimum or maximum value. 


10. y = (x — 2) — 3) 11.y=—-(x-2)*-1 12. y = —3x7+x-1 


Describing Functions Tell whether the quadratic function is in standard 
form, vertex form, or intercept form. |\dentify the axis of symmetry. 


13.y = —-2x+4)(x4-6) 14. y =x? — 2x — 35 15. y = 3(x — 1)? +3 
16. y = —(x + 3)?-1 17. y = 2(x + 4)(x + 2) 18, y= 3x? + 2x—2 


19. y= —2x2 + lox —24 20. y = —(x — 3)(x + 2) 21.y=2@—4P +7 


Identifying the Vertex Identify the vertex of the graph of the 
function. 


22. y=3(x-7)?- 1 23. y = 3(x + 2)? -5 24. y = (x — 3)° 
25.y = —4(x — 2)? +4 26. y = 2(x + 1)? -3 27. y =(« + 4)? 
Identifying Intercepts Identify the x-intercepts of the graph of 

the function. 

28. y = 3(¢ + I) — 3) 29. y= —(x + 6) — 4) 30. y = (x + 3) — 3) 
Matching Graphs Match the function with its graph. 

31.y=(x-4a~4+ 1 32.y = —-(«+3)*-1 33. y = 2x(x + 1) 

c. ; 


5.2 Graphing Quadratic Functions in Vertex or Intercept Form Fa 


34. Error Analysis Describe and correct the ae 
error in finding the vertex of the graph of i OB = x 
the function y = —(« + 3)? + 5. vertex: (3, 5) 


Graphing with Vertex Form Graph the function. Label the vertex 
and the axis of symmetry. 


35. y =(x — 3)? +2 36. y = —2(x + 2)? +4 37.y = -(x- 12-3 
38.y=4a +3) -1 39. y= —i@— 5-2 ao. y =3(x +4)? +2 
= 2 _-5 _ 2\2 _ AK? 

41. y= —2(x + 3)" —4 42. y =7(r 3) 43. y = (x — 2) 


Graphing with Intercept Form Graph the function. Label the vertex 
and the x-intercepts. 


44. y = (x — 3) — 5) 45. y= —(x + 2) — 2) 46. y = (x + 1) + 2) 


A7.y = -2Ax-Dw-2) 4y= AG +4\(x-2) a9y= AG 23\G 36) 
50. y= 307 + 3)a— 1) 51. y = 4 — 7) + 2) 52. y = x(x — 5) 


53. Error Analysis Describe and correct 
the error in finding the x-intercepts of = —3x(x — 2) x 
the function y = —3x(x — 2). x-intercepts: —3, 2 


| Graphing Functions Find the vertex of the graph of the function. 
Use a graphing calculator to graph the function. 


54. y = —0.25(x — 5.2)? + 8.5 ae sls ‘ll 5] 


Minimum and Maximum Values Tell whether the function has a 
minimum value or a maximum value. Then find the minimum or 
maximum value. 


56. y= —4(x+6)?-12 57.y=(¢-1)° +2 58. y = 3(x — 3)* -4 
59. y = —(x + 3)(x + 5) 60. y= —S(x + 9)\x- 4) 61. y=4a~4+ Da-) 
62. y = 2(x — 3)(x — 6) 63. y = 9x7 +7 64. y = 2x7 + 8x +7 


Biology Linky, In Exercises 65-67, use the following information. 

The jump of a red kangaroo can be modeled by the graph of the function 
y = —0.03(x — 14)? + 6 

where x is the horizontal distance (in feet) and y is the height (in feet). 


65. Find the vertex of the graph of the function. 
66. What is the horizontal distance that the kangaroo travels? 


67. What is the maximum height of the kangaroo’s jump? 
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Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


Biology Linky, In Exercises 68-70, use the following information. 
The hop of a woodland jumping mouse can be modeled by the graph of the 
function y = ore — 6) where x and y are measured in feet. 


68. Is the function in standard form, vertex form, or intercept form? 
69. What is the horizontal distance of the hop? 
70. What is the maximum height of the hop? 


Football In Exercises 71-73, use the following information. 


You kick a football. The path the football travels can be modeled by the graph 
of the function y = —0.026x(« — 46) where x is the horizontal distance (in feet) 
and y is the height of the football (in feet). 


71. Is the function in standard form, vertex 
form, or intercept form? 


72. What is the horizontal distance that the 
football travels? 


73. What is the maximum height of the football? 


74, Multiple Choice What is the vertex of the graph of y = 2(x + 1)? — 3? 
@ (-1, -3) (—I, 3) © (1, —3) ® (1, 3) 

75. Multiple Choice What is the vertex of the graph of y = —(x — 6)(x + 4)? 
@Mcs-) @WE12) @ (1, 25) D 65, 9) 


76. Multiple Choice What is the axis of symmetry of the graph of 
y=4a-1)?+9? 


@x=-9 ®x=-!1 O©x=1 @Mx=9 


77. Multiple Choice What is the axis of symmetry of the graph of 
y=(@— 4)@ + 8)? 


®x=-2 @x=4 @Mx=-8 Dx=--4 
Solving Equations Solve the equation. (Lesson 1.4) 

78.x—3=9 79.6—3y=4 80. 4x +5 =9 
81. —5x+ ll = —4 82.4x+1=2 83. 11 — 6x =8 


Multiplying Binomials Find the product. (Lesson 5.1) 


84. (x + 4)(x — 11) 85. (x — 7)(x + 9) 86. (x + 6)(x + 1) 
87. (2x + 1x — 2) 88. (5x — 2)(4x + 1) 89. (x + 6)(3x + 5) 
90. (7x — 1)(6x + 3) 91. (4x — 1)(—2x + 1) 92. (—x + 7)(4x + 3) 


Triangles The sum of the measures of the angles in a triangle is 180°. 
Find the value of x. 


93. 4 94. 
(x — 40)° ‘3 (x+ 10) | 


(x + 40)° 


95. (3x — 45)° 


(3x + 10)° 


5.2 Graphing Quadratic Functions in Vertex or Intercept Form ‘a 


53 


Key Words 


e trinomial 
e quadratic equation 


Write all the factors of 
the number. 


1. 15 
2. 24 
3. 28 
4. 35 


DENT HELP 

AVOID ERRORS 
Remember that the 
product of two negative 
numbers is positive, so 


be sure to check the 
negative factors of c. 


Factoring x? + bx + ¢ 


| GOAL | Factor trinomials of the form x2 + bx + c. 


How many feet should a patio be extended? 


The owner of a café wants to increase the 
area of the outdoor patio. You can use 
factoring in Exercise 54 to find the width 
of the additional patio space. 


You know how to write (x + 3)(x + 5) as 
x* + 8x + 15. The expressions x + 3 and 
x + 5 are binomials. A trinomial is the 
sum of three monomials. So x2 + 8x + 15 
is a trinomial. 


You can use factoring to write a trinomial as the product of two binomial 
factors. To write x* + bx + cas the product (x + m)(x + n), notice the 
pattern below. 


(x + m)(x +n) = x2 + nx + mx + mn = x* + (m+n)x + mn 
So, to factor x2 + bx + c, you must find integers m and n such that 


m+n=bandmn=c. 


Factor x2 + bx + c when c is Positive 


Factor the expression. 
a.x?+ 5x +6 


b. y? — 6y + 8 


Solution 


a. You want x? + 5x + 6 = (x + m)(x + n) where mn = 6andm+n=5S. 
Because mn is positive, m and n must have the same sign. Since mn = 6, find 
factors of 6 that have a sum of 5. 


Factors of 6: m,n 


Sum of factors: m+n 


ANSWER) x? + 5x + 6 = (x + 2)(x + 3). Check your answer by multiplying. 


CHECK (x + 2)(x +3) =x7 + 3x +2x+6=2°+5x+6V 


b. You want y* — 6y + 8 = (y + m)(y + n) where mn = 8 andm+n= —6. 
Because mn is positive, m and n must have the same sign. 


Factors of 8: m,n 


ANSWER) y? — 6y + 8 = (y — 2)(y — 4). Check your answer by multiplying. 
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Factor x2 + bx + c when c is Negative 


Factor the expression. 


a.x2+8x-—9 b. 27 — 14z — 15 
Solution 
a. You want x2 + 8x — 9 = (x + m)(x + n) where mn = —9 andm+n=8. 


Because mn is negative, m and n must have different signs. 


Factors of —9: m,n 


>} 


ANSWER) x? + 8x — 9 = (x — I(x + 9). 


CHECK Check your answer by multiplying. 
(x — Di +9)=2x7+9x-—x-—9 Multiply using FOIL. 
=x? + 8x-—9 Combine like terms. 


When you multiply the binomial factors, you obtain the original expression, so 
the answer is correct. / 


. You want z? — 14z — 15 = (z + m)(z + n) where mn = —15 and 
m+n = —14. Because mn is negative, m and n must have different signs. 


Factors of —15: m,n 1,-15V 
Sum of factors: m+n Lace 


ANSWER) z* — 14z — 15 = (z + 1)(z — 15). Check your answer by 
multiplying. 


2+ bx+c 


Factor the expression. 
1.x7 + 6x +5 2.b* + 7b + 12 3.57 -—Ss+4 
4. y? + lly — 12 5.x°+x-6 6. x7 — 15x — 16 


Solving a Quadratic Equation by Factoring You can use factoring to solve 
certain quadratic equations. A quadratic equation in one variable can be written 
in the form ax” + bx + c = 0 where a # 0. This is called the standard form of the 
equation. If you can factor the left side of ax? + bx + c = 0, then you can solve the 
equation using the zero product property. 


Zero Product Property 


WORDS When the product of two expressions is zero, then at 
least one of the expressions must equal zero. 


ALGEBRA Let Aand 8 be expressions. 
lf AB = 0, then A=OorB=0. 


EXAMPLE If (x + 5)(x + 2) =0,thenx+5=O0Oorx+2=0. 


5.3 Factoring x2 + bx +c 


eee HELP Solve a Quadratic Equation by Factoring 
S 


OLVING NOTE 
You can check the Solve the equation x* + 2x = 15. 
solutions by substituting 
each solution in the Solution 
ee checking x? + 2x = 15 Write original equation. 
x? +2x-15=0 Write in standard form. 
(x — 3)a+5)=0 Factor. 
x-3=0 or x+5=0 Use the zero product property. 
x=3 x=-5 Solve for x. 


ANSWER > The solutions are 3 and —5. 


Use a Quadratic Equation as a Model 


Community Service A group of students from 
your school volunteers to build a neighborhood 
playground. The playground will have a mulch 
border along two sides. The mulch border will have 
the same width on both sides. The playground is a 
rectangle, as shown. The length of the playground is 
20 yards. The width of the playground is 10 yards. 
There is enough mulch to cover 64 square yards for 
the border. How wide should the border be? 


Playground 


20 yd 


xX 10 yd 
Solution 
Use the formula for the area of a rectangle, Area = length * width. The area of the 
playground is 20 * 10 = 200 square yards. The area of the border will be 64 square 
yards. So, the total area of the border and the playground will be 264 square yards. 


een HELP A=L-ew Formula for area of a rectangle 
AvoipD ERRORS 264 = (x + 20)(x + 10) Substitute x + 20 for £ and x + 10 for w. 
ee 264 = x? + 10x + 20x + 200 Multiply using FOIL. 
one side of the equation 264 = x* + 30x + 200 Combine like terms. 
Be en ae 0 = x* + 30x — 64 Write in standard form. 
sure the equation is in 0 = (x + 32)(x — 2) Factor. 


standard form. 
x+32=0 or x-—2=0 Use the zero product property. 


x = —32 x=2 Solve for x. 
Reject —32 as a solution, because a negative width does not make sense. 


ANSWER > The border should be 2 yards wide. 


by Factoring 


Solve the equation. 
7.x7-— 10x +9=0 8. y* + 5y = 14 9.x7-—5 = —4x 
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WE) Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 15-33 
Example 2: Exs. 15-33 
Example 3: Exs. 34—46 
Example 4: Exs. 47-54 


1. Copy and complete the statement: The sum of three monomials is called 
a(n) _?_. 


2. Define the zero product property. 


Match the expression with its factored form. 


3.x? — 14x + 48 4. x? + 2x — 48 5. x? — 2x — 48 
A. (x + 8)(x — 6) B. (x — 8)(x + 6) C. (x — 8)(x — 6) 
Factor the expression. 

6.1.2 + 3x +2 7. y? + lly + 18 8.x? — 12x + 27 
9. x7 — 9x + 14 10. x* — 3x — 10 11. ¢? — 10t — 24 


Solve the equation. 
12. w*+7w+6=0 13. x7 + 3x — 28 =0 14. x7 — 4x —-12=0 


Factoring Choose the correct factorization. 


15. x7 + Ix + 24 16. s* + 8s — 48 17.2 = 12¢ + 32 
A. (x + 6)(x + 4) A. (s + 12)(s — 4) A. (z — 16)(z + 2) 
B. (x + 8)(x + 3) B. (s + 8)(s — 6) B. (z — 4)(z — 8) 
C. (x + 2) + 12) C. (s — 6)(s — 8) C. (z + 8)(z — 4) 

Factoring Factor the expression. 

18. x7 + 7x + 10 19. x7 + 14x + 24 20. r? + 107 + 25 

21. x7 + 15x + 56 22. b° = b= 12 23.x° — Ox + 18 

24. h> — 12h + 36 25. x? + 9x — 10 26. x? — 18x + 81 

27. x? — 6x — 16 28.3° — Bx 15 29. v? + 6v — 27 

30. x7 — 3x — 28 31. y* + 4y — 96 32. x* — 9x — 52 

33. Error Analysis Describe and correct 

the error in factoring x* — 2x — 8. x? — 2x — 6 x 
(x + 4)(x — 2) 


Solving Quadratic Equations Solve the equation. 


34. (b + 2)(b + 4) =0 35. (x — 5\(x + 1) =0 36. x? — 16x + 63 =0 
37.x7+6x+9=0 38. y* + 5y— 14=0 39. x7 + 9x — 22 =0 
40. x? — 13x = —42 41. x? + 4x = 45 42. 1? — 14t = —48 
43. x2 — 33 = 8x 44. 22 + 10z = —16 45. x? — 72 = —6x 


5.3 Factoring x? + bx + ¢ 237 


46. Error Analysis Describe and correct E 
the error in solving the equation mo te 


x? —3x-4=0. (x — 4)(x +1) =O x 


x= —4o0rx=1 
Geometry Link’, Find the value of x. 
47. Area of rectangle = 36 cm? 48. Area of rectangle = 40 ft? 
(x + 5) cm (x + 3) ft 


Parking Lot In Exercises 49-52, use the following information. 


Your school plans to increase the area of the parking 
lot by 1000 square yards. The original parking lot is a 
rectangle, as shown. The length and width of the 
parking lot will each increase by x yards. The width barking 
of the original parking lot is 40 yards, and the length lot 
of the original parking lot is 50 yards. 


original 


49. Find the area of the original parking lot. * so yd 


50. Find the total area of the parking lot with the new space. 
51. Write an equation that you can use to find the value of x. 


52. Solve the equation from Exercise 51. By how many yards should the 
length and width of the parking lot increase? 


Café Patio A café has an outdoor patio. The patio is a rectangle. 
The café owner wants to add 464 square feet to the area of the 
patio by expanding the existing patio as shown. 


eg 
“ 


+—20 ft—t-x 


53. Write an equation that you can use to find the value of x. 


54. Solve the equation from Exercise 53. By how many feet should the length 
and width of the patio be extended? 


Critical Thinking In Exercises 55-57, use the diagram shown. 


55. Write a quadratic trinomial that represents the area x 111 
of the diagram. 


56. Factor the expression you wrote in Exercise 55. 
Explain how the diagram models the factorization. 


57. Draw a diagram like the one shown. Your diagram 
should show that x? + 7x + 12 = (x + 3)(@ + 4). 
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Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


58. Challenge Suppose x” + bx + 7 can be factored into two binomials. What 
are the possible integer values of b? Explain your reasoning. 


59. Multiple Choice What is the correct factorization of x7 — 7x — 18? 


@ ( — 9a — 2) ( — N@ + 2) 
© (x + 9)(x — 2) @D (x + 9)(x + 2) 

60. Multiple Choice What is the correct factorization of x7 — 18x + 65? 
® (x + 5)(x + 13) @® (x — 5)(x + 13) 
HD (x + 5)(x — 13) GD (x — 5)(x — 13) 

61. Multiple Choice What are the solutions of y* — 18y + 80 = 0? 
CA) —8 and -10 —4 and 20 
© —4 and —20 @ 8 and 10 

62. Multiple Choice What are the solutions of x7 — 14x — 72 = 0? 
@) —24 and 3 @ —18 and —4 
CHD —4 and 18 @® —-12and6 


Matching Inequalities Match the inequality with its graph. 
(Lesson 4.1) 


63. x23 64. —2<x<2 
65. -—3<x<4 66. x > —lorx< —4 
A. «+-++++++ +++ + B. <j —}—< $$ +++ 
4 -2 0 2 4 6 --4 -2 0 
Cc. <«_+—_}+_+—__+—_++—_+-++> D. <+_+—+—+— +++" + > 
0 2 4 6 —4 —2 0 2 4 


Rewriting Equations Rewrite the absolute value equation as two 
linear equations. (Lesson 4.4) 


67. |x+5| =11 es. |x — 3| =5 69. |2x+6| = 10 


70. |12 +3x| =6 m1. [5x +4] =8 72, |3x—6| =3 


3 
4 
Graphing Parabolas Graph the function. Label the vertex and the 
x-intercepts. (Lesson 5.2) 

73. y = (x — 3)@ + 2) 74. y= —(«+ 4) — 9) 75. y =3(x+ Daw 4) 
76. y=(x—- 3)a+4+ 9) 77. y = —(« + 3)(x + 5) 78. y = 2(x — I(x — 3) 


SSS Similarity Theorem Tell whether the two triangles are similar. 
If they are similar, find the scale factor of Triangle B to Triangle A. 


79. 80. R 
J 
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5.3 Factoring x? + bx + ¢ ‘a 


5.4 


Key Word 


e zero of a function 


Find the product. 
1. (2x + 1ly(x + 1) 
2. (x + 3)(2x — 1) 
3. 3(2x — 1)(x — 2) 


Factoring ax? + bx + c 


| GOAL | Factor trinomials of the form ax2 + bx + c. 


How much should a shop charge for 
a surfboard? 


The owner of a surfboard shop wants to 
maximize the amount of money earned 
selling surfboards. You can use factoring in 
Example 5 to find how much the shop should 
charge for a surfboard. 


To factor a trinomial of the form ax” + bx + c, 
write the trinomial as the product of two binomials. 


You can factor ax” + bx + c by finding numbers k and j whose product is a and 
numbers m and n whose product is c. 


kj =a 


ax? + bx + ¢ = (kx + m)(jx +n) = kjx? + (kn + jm)x + mn 


mn=c 


Factor ax2 + bx + c when c is Positive 


Factor 3x2 + 7x + 2. 


Solution 


You want 3x* + 7x + 2 = (kx + m)(jx + n) where kj = 3 and mn = 2. Because 
mn is positive, m and n have the same sign. 


Factors of 3: Factors of 2: (kx+m)(jx+n)  ax?+bx+ec 


kj m,n 


ANSWER > 3x~ + 7x + 2 = (x + 2)(3x + 1) 


en c is Positive 


Factor the expression. 
1. 2x7 + lIx +5 2. 2y7 + 9y +7 3.377 + 8r +5 
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Factor ax? + bx + c when cis Negative 


Factor 4x2 — 16x — 9. 


Solution 


You want 4x7 — 16x — 9 = (kx + m)(jx + n) where kj = 4 and mn = —9. Because 
mn is negative, m and n have different signs. 


Factors of 4: Factors of —9: (kx + m)(jx + n) axe+ bx+ec 


k,j m,n 
ee 
[ue | a1 furor | ara 9 
re 
Pe | a3 [onary [aro | 
[22 | 4-9 [arr nae—9) | ae er 9v_ 
[22 | 19 | @-narro [arti _| 
[a2 | a> |orsa-» [ws | 


ANSWER > 4x2 — 16x — 9 = (2x + 1)(2x — 9) 


Factoring Out a Constant When you factor a trinomial ax? + bx + ¢, first 
check whether the terms have a common constant factor. 


Factor Out a Common Constant 


Factor 6x2 + 27x — 15. 


Solution 
The coefficients of 6x7 + 27x — 15 have a common factor of 3. Factor out 3. 
" apdetegal HELP 6x2 + 27x — 15 = 3(2x2 + 9x — 5) 
AVOID ERRORS Now, factor 2x” + 9x — 5. You want 2x7 + 9x — 5 = (kx + m)(jx + n) where 


Make sure you factor out 
the common constant 

from all terms of the r 
expression, not just the Factors of 2: Factors of —5: (kx + m)(jx + n) axt+ bx +e 


first term. 


kj = 2 and mn = —5. Because mn is negative, m and n have different signs. 


kj m,n 


ANSWER > 6x2 + 27x — 15 = 3(x + 5)(2x — 1) 
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Factor the expression. 
4.62 +z-12 5. 11x? + 17x + 6 6. 4w? — 6w +2 


Finding Zeros of a Function The ze ion are the x-values for which 
the function’s value is zero. The zeros of a function are also the aie os of the 
function’s graph. You may be able to find the zeros of a function y = ax” + bx + ¢ 
by letting y = 0, factoring, and using the zero product property. 


Find the Zeros of a Quadratic Function 


Find the zeros of y = 3x? — x — 4. 


Solution 


To find the zeros of the function, let y = 0. Then solve for x. 


y=3x7-x-4 Write original function. 
0 = 3x7 -x-4 Let y=0. 
= (3x — 4)\(x + 1) Factor the right side. 
3x -4=0 or x+1=0 Use the zero product property. 
x= ; x=-l Solve for x. 


ANSWER > The zeros of the function are 3 and —1. 


CHECK The zeros of a function are also 
the x-intercepts of the graph of the function. 
So, the answer can be checked by graphing 


y = 3x? — x — 4. The x-intercepts of the 


graph are ¢ and —1, so the answer is correct. / 


ic Function 


Find the zeros of the function. 
7.y = 3x7 -2x-1 8. y = 2x7 -%e+3 9. y = 4x” — 18x + 8 


Minimum or Maximum Values In Lesson 5.2, you learned that the minimum or 
maximum value of a quadratic function is the y-value of the vertex. The vertex lies 
on the axis of symmetry. The axis of symmetry is halfway between the x-intercepts, 
or zeros, of the function. So, the function has a minimum or maximum value when 

x equals the average of the zeros. 


For a function in intercept form, 
y = a(x — p)(x — q), the maximum 


_ pt cg 
or minimum value occurs at x = ——. 


2 
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Find a Maximum Value 


Surfboard Shop A surfboard shop sells 

40 surfboards per month when it charges $500 
per surfboard. Each time the shop decreases 
the price by $10 it sells 1 additional surfboard 
per month. How much should the shop charge 
per surfboard in order to maximize the amount 
of money earned? What is the maximum 
amount the shop can earn per month? 


Solution 


@Q Write a function for the amount of money earned. Let x represent the number 
of $10 price decreases. The amount of money earned, y, is the product of the 
price per surfboard and the number of surfboards sold. 


Price per surfboard = 500 — 10x 
Number of surfboards sold = 40 + x 
y = (500 — 10x)(40 + x) 


© Identify the zeros of the function. 


y = (500 — 10x)(40 + x) Write the function from Step 1. 
y = —10(—5S0 + x)(40 + x) Factor out a common constant. 
0 = —10@ — 50)@ + 40) Let y=0. 

x—-50=0 or x+40=0 Use the zero product property. 
x = 50 x = —40 Solve for x. 


The zeros of the function are 50 and —40. 


® Find how much the shop should charge per surfboard. The maximum value of 
the function occurs when x equals the average of the zeros. 


50 + (—40) 
x=—y_ = 5 Average of the zeros 


Substitute 5 for x in the expression for the price per surfboard. Then evaluate. 
500 — 10(5) = 450 
The shop should charge $450 per surfboard. 


© Find the maximum amount of money earned. Substitute 5 for x in the function 
for the amount of money earned. 


y = (500 — 10x)(40 + x) 
y = (500 — 10 - 5)(40 + 5) = 20,250 


ANSWER > The shop should charge $450 per surfboard. The maximum amount of 
money the shop can earn per month is $20,250. 


e of a Function 


Find the minimum or maximum value of the function. 


10. y= («+ 2)(Qx + 4) 11.y=(«+ 4x — 8) 12. y = (2x + 3)(x — 4) 


5.4 Factoring ax? + bx + ¢ ‘a 


OZ) Exercises 


Guided Practice 


Vocabulary Check 1. Describe how to find the zeros of the function y = 3x* + x — 2. 


2. How can you use the zeros of a function to find the maximum or minimum 
value of the function? 


Skill Check = Match the expression with its factors. 


3. 4x? — lx — 3 4. 4x? — 4x — 3 5. 4x7 + llx — 3 
A. (2x + 1)(2x — 3) B. (4x — 1)(« + 3) C. (4x + 1) — 3) 
Factor the expression. 

6. 2x7 + 3x—5 7. 3w? + 22w +7 8. 4x7 — 8x + 3 

9. 6x7 —x- 12 10. 6x? + 28x — 10 11. 18y? + 33y + 9 


Find the zeros of the function. 
12. y = 4x7 + 9x —9 13. y = 6x7 + 23x +7 14. y = 2x? — 7x —4 
15.y=10x7—31x+15 16. y = 10x? —- 11x+3 17. y = 20x? — 7x — 3 


Practice and Applications 


TUDENT HELP Factoring Choose the correct factorization. 
HOMEWORK HELP 18. 9x2 + 9x — 10 19. 8b? — 6b — 9 20. 5x2 — 13x + 8 
Example 1: Exs. 18—45 
Example 2: Exs. 18-45 A. (3x — 5)(3x + 2) A. (4b + 3)(2b — 3) A. (5x — 8) — I) 


Example 3: Exs. 18-45 


Eiample Exe. 46-40) B. (3x + 5)(3x — 2) B. (4b + 9)(2b — 1) B. (5x — 4)(x — 2) 


Exauiiet: nen Factoring Factor the expression. 

86-91 21. 5y* + 8y +3 22. 2x? — 13x —7 23. 3x7 — 16x + 5 
24.2x7+x-1 25. 7h? + 10h + 3 26. 5x? — llx +2 
27. 3x7 + 9x + 6 28. 2x? + 14x + 24 29. 52? + 25z — 70 
30. 2x? — 30x + 112 31. 3b? — 4b -— 4 32. 6x* — 29x — 5 
33. 4x7 — 15x +9 34. 5x? + 13x + 6 35. 187? — 45¢ + 25 
36. 6x — 25x — 9 37. 12x* — 12x -—9 38. 20x? + 66x — 14 
39. 127° + 44r + 24 40. 8x? + 14x — 15 41. 185? — 545 + 28 
42. 8x? — 14x —9 43. —6s? + 36s — 30 44. —4x* — 4x + 24 


45. Error Analysis Describe and correct 
the error in factoring 12x* — 14x — 6. 12x" — 14x — 6 


2(6x* — 7x — 3) 
ZAlexe— 1) (x = 3) 
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Finding Zeros Find the zeros of the function. 


46. y =x? —5x—- 14 47. y = 2x* + 11x — 21 48. y = 5x7 + 21x +4 
49. y = 9x? — 9x +2 50. y = 4x° — lox + 15 51. y = 2x? + 3x — 27 
52. y = 4x2 + 21x +5 53. y = 7x7 + lx -—6 54. y = 8x? — 10x — 3 


Error Analysis Describe and correct the error in finding the zeros of 
the function. 


55. 56. 
y = 16x? — 2x —5 y = 5x? + 17x — 12 
O = 16x? — 2x —5 O = 5x? + 17x — 12 
O = (4x + 1)(4« — 5) O = (5x — 3)(x — 4) 
all 5 3 
Zeros are a and x Zeros are 5 and 4. 


Solving Equations Solve the equation. 


57. 9x + 38x + 8 =0 58. 10h? — 3b -4=0 59. 9x? — 27x + 20 =0 
60. 822 + 10z = 12 61. 4x — 11 = —7x 62. 6x2 + 20 = 23x 
63. 42x? + 22x =4 64. 16u? — 32u = 9 65. 6x" + 29x = —28 
66. 18x? = —9x + 14 67. 10x? = 39x + 27 68. 127? = —621 + 22 


Finding Maximum Values Find the maximum value of the function. 
69. y= —2(4-4(x+2) 7Oy=—-344+7)x4+1) 71. y = —x~ — 5) 
72. y= —(x« — 36)a + 18) 73.y=—-S54+ 8)x-4) 74 y= —-12x~ — 9) 


Finding Minimum Values Find the minimum value of the function. 


75. y = 2(x + 3)(x — 7) 76. y = (x — 4) — 6) 77. y = 3(x + 4)(x — 2) 
78. y = 3(x + 10) — 8) 79. y = 2x — 3)(x — 6) 80. y = 8x(x + 15) 
Geometry Link», Find the value of x. 
81. Area of rectangle = 30 in.” 82. Area of trapezoid = 114 cm? 
: (2x + 1) cm 
xin. 
(3x + 1) in. 
(4x + 1) cm 


83. Gardening You planted an urban vegetable 
garden that is a rectangle. The width of the 
garden is 8 feet. The length of the garden is 
12 feet. You want to plant a border of flowers 
around the garden. The border will have the 
same width on every side of the garden. The 
border will have the same area as the garden. 
What should the width of the border be? 


84. Swimming Pool A rectangular swimming pool has a width of 18 feet and a 
length of 32 feet. You have 1400 square feet of material to build a deck around 
the swimming pool. The deck will have the same width on every side of the 
swimming pool. What can the width of the deck be? 
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85. 


Quilting You make a quilt that is a rectangle. 

The length of the quilt is 5 feet. The width of 

the quilt is 4 feet. You want to add a border to 

the quilt. You have 10 square feet of fabric for 4 + 9x 
the border. The border will have the same 

width on every side. What should the width 

of the border be? 


Sporting Goods In Exercises 86-89, use the following information. 


An athletic store sells about 200 pairs of basketball shoes per month when it 
charges $120 per pair. Each time the shop increases the price by $2 it sells 
2 fewer pairs of basketball shoes per month. 


86. 


87. 
88. 


89. 


90. 


91. 


Standardized Test 92. 


Practice 


93. 


94. 


95. 


Write a function for the amount of money the store earns per month from the 
sale of basketball shoes. 


Identify the zeros of the function. 


The store wants to maximize the amount of money earned per month. How 
much should the store charge for each pair of basketball shoes? 


What is the maximum amount of money the store can earn per month from 
the sale of the basketball shoes? 


Electronics An electronics store sells about 60 DVD players per month when 
it charges $80 per DVD player. Each time the store decreases the price by $5, the 
store sells about 5 additional DVD players per month. How much should the store 
charge for a DVD player in order to maximize the amount of money earned? 
What is the maximum amount the store can earn in a month from the sale of 
DVD players? 


Restaurant A restaurant sells about 330 sandwiches each day when it charges 
$6 per sandwich. Each time the restaurant decreases the price by $.25, the 
restaurant sells 15 more sandwiches per day. How much should the restaurant 
charge per sandwich in order to maximize the amount of money earned per day? 
What is the maximum amount the restaurant can earn in a day from the sale of 
sandwiches? 


Multiple Choice What is the correct factorization of 4x7 + 17x — 15? 


(AY (Ox = 3)0% = 5) (4x + 3)(x — 5) 

©) (4x — 3)@ + 5) BO Cxst2G—s) 
Multiple Choice What is the correct factorization of 6s* — s — 15? 
) (Bs — 5)(2s + 3) @® (3s + 5)(2s — 3) 

@ (6s — 5)(s + 3) D (6s + 5)(s — 3) 


Multiple Choice What are the solutions of 3x7 — x — 14 = 0? 
@® —Land -2 Zand-2 © Fand-2  @® Land? 
Multiple Choice What are the solutions of 8x* — 2x — 1 = 0? 


eer ee me eee er dona 
® 5 and —7 @® 5 and 3 @ 5 and i ®D 5 and 7 
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Mixed Review 


Geometry Skills 


Quiz 1 


Lessons 5.1 and 5.2 


Lessons 5.3 and 5.4 


Lessons 5.3 and 5.4 


Lesson 5.3 


Solving Inequalities Solve the inequality. Then graph your solution. 
(Lesson 4.1) 


96. 3x> 15 97.2x+5<-7 98. 3a—428 
99.7y+4<ll 100. 4 —5x2-1 101. —4x + 11>3 
102. 15 — 3x>3 103. 11 + 8r>7 104. 4 + ax< 13 


Solving Absolute Value Equations Solve the equation. (Lesson 4.4) 


105. |x +9| =3 106. |s — 4| = 10 107. |2x + 4| =12 
108. [5k —4| = 11 109. [3x + 2| =8 110. |4x—3| =7 
411. [2x —5| = 13 112. [3x + 14| =7 113. |7h — 10| =4 


Solving Absolute Value Inequalities Solve the inequality. Then 
graph your solution. (Lesson 4.5) 


114. |z-1| <5 115. |x + 8| >5 116. |11 — x| <10 
117. |2x+4| >8 118. [3x —5| <10 119. |4¢ —7| > 13 
120. |3x — 15| <30 121. |2x + 6| > 10 122. |4x —9| <7 


Using Area Find the value of x. 
123. Area of rectangle = 88 ft? 124. Area of rectangle = 45 in.” 


xft xin. 


(x + 3) ft (2x — 1) in. 


Graph the quadratic function. Label the vertex and axis of symmetry. 


1.y=(x—-5)? +7 2.y=x*-x4+12 3.y=-x? +4421 
4.y = —2(x — 6)(x + 4) 5. y =3(x + 2)(x+) 6. y = (x + 3)? -2 
Factor the expression. 

7.x° + 2x - 15 8.x7 + 8x + 12 9. x? — 9x + 20 

10. 2x” + 3x — 20 11. 3x7 — 22x + 24 12. 4x? + 4x — 35 


Solve the equation by factoring. 


13.7 +x-—20=0 14. x2 — 12x+27=0 15.x2 + 10x + 24=0 
16. x2 — 6x = 27 17. x7 + 18x = —81 18. x2 + 12x = 45 
19. 2x7 + 13x —-7=0 20. 2x7 — 13x + 15 = 0 21. 3x7 + 5x = 12 


22. Poster You buy a poster that is a rectangle. The width of the poster is 
x inches. The length of the poster is (x + 6) inches. The area of the poster 
is 187 square inches. Find the length and width of the poster. 
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USING A GRAPHING CALCULATOR 


5.4 


(For use with Lesson 5.4) 


TUDENT HELP 


KEYSTROKE HELP 
See keystrokes for 
several models of 
calculators at 
www.classzone.com. 


You can use the zero feature on a graphing calculator to approximate the zeros 


of a quadratic function. 


EXAMPLE 


Find the zeros of the function y = 3(x — 2)? — 7 to the nearest hundredth. 


SOLUTION 


1) Graph the function. Go to 
the CALCULATE screen. 
Select zero. 


Beaccucare : 
1:value 
BBzero 
3:minimum 
4:maximum | 
5:intersect 
6:dy/dx 


J 


3} Move the cursor to the right 
of the smaller zero. 


Press ENTER | 
| 


Right Bound? 
X=1 Y=-4 


L J 


5 ] Repeat steps 1—4 to find the 
larger of the zeros. 


(2) Move the cursor to the left 
of the smaller zero. 


Press | ENTER 
: 


Left Bound? 
X=.25 Y=2.1875 


L J 


4) Move the cursor as close to 
the smaller zero as possible. 


Press | ENTER F 
| : 


Zeno 
X=.472475 Y=0 


L J 


J 


X=3.52753 Y=0 
ANSWER > The zeros of the function are about 0.47 and 3.53. 


EXERCISES 
Use a graphing calculator to find the zeros of the function to the 
nearest hundredth. 


1. y = 3x7 -7 2.y=-x74+5 3. y=2x° +x-8 


6. y = 5(x + 2)° —5 


7. Use the minimum function and Steps 2—4 above to find the minimum value of 
y = 3x? + 6x — 2. 


4.y=x*-4x-11 5. y =4(x — 1)? -6 
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Key Words 
¢ trinomial, p. 234 


1.x-4=0 
2.x+4=0 
3.2x-5=0 


4.2x+5=0 


Solve the equation. 


be) Factoring Using Special 


Patterns 


| GOAL | Factor using special patterns. 


What size rope do you need to lift an object safely? 


You need to lift an object using a rope. You can use 
factoring in Example 5 to find the diameter of the rope 
that you need to lift an object safely. 


Some quadratic expressions can be factored using special 
patterns. To see one special pattern, find the product 
(x — n)(x + n) using FOIL. 


(x — n)\(x +n) = x? + nx — nx — n? =x? — n? 


This result leads to the difference of two squares pattern. 


Difference of Two Squares Pattern _ 


ALGEBRA a2 — b2 = (a+ b)(a-— b) 


EXAMPLE x? — 4 = (x + 2)(x — 2) 


Factor a Difference of Two Squares 


Factor the expression. 


a.m? — 25 b. g? — 625 c. 9y* — 16 
Solution 
a.m? — 25 = m* — 5? Write as a? — b?. 
= (m + 5)(m — 5) Difference of two squares pattern 
b. g? — 625 = q? — 25° Write as a? — b?. 
= (q + 25)(q — 25) Difference of two squares pattern 
c. 9y? — 16 = (By)? — 4 Write as a? — b?. 
= By + 4)(3y — 4) Difference of two squares pattern 
Factor the expression. 
1. x2 — 36 2. 2 — 100 3. 9m? — 64 4. ip — 81 


5.5 Factoring Using Special Patterns Ff] 


Perfect Square Trinomials To see another special pattern, find the product 
(x + n)? using FOIL. 


(x +n)? =(« + n\x tn) =x? + nx + nx +n? =x? + 2nx + nr? 
(x — n)? = (x — n)\(x — n) = x* — nx — nx +n? = x? — 2nx + nr? 


This result leads to the perfect square trinomial patterns. 


Perfect Square Trinomial Patterns 


ALGEBRA EXAMPLE 
a* + 2ab+ b* = (a+ b)2 x2 + 14x + 49 = (x + 7/2 


a* — 2ab + b2 = (a — b)2 x2 — 10x + 25 = (x — 5)2 


Factor a Perfect Square Trinomial 
Factor the expression. 
a.m? + 16m + 64 b. 9p? + 30p + 25 ce. 167? — 56r + 49 


Solution 
a. m2 + 16m + 64 = m? + 2(m)(8) + 82 Write as a2 + 2ab + b2. 


= (m + 8)? Perfect square trinomial pattern 


b. 9p? + 30p + 25 = (3p)? + 2(3p)(5) + 5% Write as a? + 2ab + b?. 
= (3p + 5)? Perfect square trinomial pattern 


c. 16r* — 56r + 49 = (4r)? — 2(4r)(7) + 7 ~~ Write as a? — 2ab + b?. 


= (4r — 7)? Perfect square trinomial pattern 


Factor Out a Common Constant 


Factor 5u2 — 40u + 80. 


Solution 
5u? — 40u + 80 = 5(u? — 8u + 16) Factor out 5. 
= 5[u? — 2(u)(4) + 47] Write as a? - 2ab + b’. 
= 5(u — 4)? Perfect square trinomial pattern 


CHECK Check your answer by multiplying. 
5(u — 4)? = 5(u — 4)(u — 4) = 5(u? — 8u + 16) = 5u* — 40u + 80 ¥ 


Factor the expression. 
5. x° + 10x + 25 6. 4x2 + 12x + 9 7. 9p? — 24p + 16 
8. 5x2 + 10x + 5 9. 8y* — 18 10. 12u* — 36u + 27 
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TUDENT HELP 


SOLVING NOTE 

If the square of an 
expression is zero, then 
the expression is zero. 


Solve a Quadratic Equation 


Solve 9p* + 30p = —25. 


Solution 
9p? + 30p = —25 __ Write original equation. 
9p? + 30p + 25 =0 Write in standard form. 
(3p)* + 2(3p)(5) + 5? = 0 Write as a? + 2ab + b?. 
(3p + 5)? =0 Perfect square trinomial pattern 
3p +5=0 Use the zero product property. 


p= -2 Solve for p. 


ANSWER > The solution is = 


Use a Quadratic Equation as a Model 


Rope Strength Every rope has a safe working load. A rope should not be 
used to lift a weight greater than its safe working load. The safe working load S 
(in pounds) for a rope can be found using the function S = 180C? where C is the 
circumference (in inches) of the rope. Find the diameter of rope needed to lift an 
object that weighs 720 pounds. 


Solution 
@ Find the circumference of a rope that can be used to lift 720 pounds. 


5 = 1800 Function for safe working load 
720 = 180C? Substitute 720 for S. 
0 = 180C* — 720 Write in standard form. 
0 = 180(C? — 4) Factor out 180. 
0 = 180(C + 2)(C — 2) Difference of two squares pattern 
C+2=0 or C-2=0 Use the zero product property. 
C=-2 C=2 Solve for C. 
Reject the negative value of C. The rope must have a circumference of 
2 inches. 


© Find the diameter of the rope. Use the formula for circumference, C = td. 


2= 1d Substitute 2 for Cin C = wd. 


d= Z = 0.637 Solve for d. 


ANSWER > The rope must have a diameter of Z or about 0.637 inch. 


Solve the equation. 
11.x° — 6x = —9 12.a°-4=12 13. 2y* = 40y — 200 


5.5 Factoring Using Special Patterns ‘a 


ES Exercises 


Guided Practice 


Vocabulary Check 


1. Name two special factoring patterns. Give an example of each pattern. 


2. How can you tell whether the factors of a perfect square trinomial are sums 
or differences? 


Skill Check 


Factor the expression. 


3.0 = 16 4.x? — 144 5. 2? — 49 
6. 4x° — 1 7.x? + 22x + 121 8.y?—4y +4 
9. 81x? — 18x + 1 10. 277 — 18 TAs = 75 
12. Error Analysis Describe and correct the 5 
error in factoring x” — 6x + 9. acy 
(x — 3)(x + 3) 


Solve the equation. 
13. n? — 121 =0 
16. —36 + x7 =0 


14.x°+2x+1=0 
17. 3y* — 18y + 27 =0 


15. p* — 14p + 49 =0 
18. 5x2 — 125 =0 


Practice and Applications 


TUDENT HELP Factoring Factor the expression. 


pote ony Meer 19..x? — 4 20. 7? — 81 21.x7 + 8x + 16 
Example 1: Exs. 19-36 
Example 2: Exs. 19-36 22. 9x” — 30x + 25 23. m* + 12m + 36 24. x7 + 28x + 196 
Example 3: Exs. 37-49 2 2 2 
4k? — : - we - 
Example 4: Exs. 50-64 25. 4k- — 49 26. 100x 1 27. w 30w + 225 
Example 5: Exs. 65-77 28. x? — 26x + 169 29. x” — 225 30. x? + 32x + 256 
31. ax — 64 32.121 — 4x? 33. 16x2 — 8x + 1 
34. 36y? — 84y + 49 35. 49x° — 81 36. 4q° — 36g + 81 


37. Error Analysis Describe and correct the 


= a = 
error in factoring —24x* + 72x — 54. 24x° + 72x — 54 


—6(4x? + 12x + 9) 
—6(2x + 3)(2x + 3) 


Factoring Factor the expression. 


38. 3x2 — 27 39. 2n?2 — 128 40. 4x2 — 64 
41. 5r2 + 50r + 125 A2. 48x? + 24x + 3 43. 32x2 — 48x + 18 
44. 28x? — 84x + 63 45. 997" — 44 46. 8x2 + 120x + 450 


47. 72x2 — : 48. 12x2 — 36x + 27 
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49. lly? — 44 


Solving Equations Solve the equation. 


50. 16x7 —- 4 =0 51. 8ly? + 54y +9 =0 

52. 2x* — 32x + 128 =0 53. —72 + 2x" =0 

54. 49b* = 256 55. —9x" = 42x + 49 

56. 3x” — 72x = —432 57. 16017 = 480r — 360 

58. Error Analysis Describe and correct the error in solving 4x? — 4x = —1. 
4x2 — 4x = -1 
4x(x — 1) = -1 


4x = -1 On x11 


x=0 


Finding Zeros Find the zeros of the function. 


59. y = x7 — 25 60. y = x* — 22x 4+ 121 

61. y =x° — 81 62. y = 9x? — 64 

63. y = 4x? + 20x + 25 64. y = 36x" + 84x + 49 

Geometry Link’, Find the value of x. 

65. Area of square = 36 yd? 66. Area of square = 64 mm” 
2x yd 3x mm 


67. Rope Strength The safe working load S (in pounds) for a rope can be found 
using the function S$ = 450C ? where C is the circumference (in inches) of the 
rope. Find the diameter of rope needed to lift an object that weighs 4050 pounds. 


68. Rope Strength The safe working load S (in pounds) for a rope can be found 
using the function S = 880C* where C is the circumference (in inches) of the 
rope. Find the diameter of rope needed to lift an object that weighs 3520 pounds. 


Landscaping In Exercises 69-73, use the following information. 


You want to build a fence around a piece of land for a garden. The garden will 
be a rectangle. You have material for 32 feet of fence. 


69. Use the formula for the perimeter of a rectangle to write a linear equation 
for the length £ (in feet) of the garden where w is the width (in feet). 


70. Use the equation from Exercise 69 to write a quadratic function for the area 
(in square feet) of the garden. 


71. Find the zeros of the function from Exercise 70. 
72. What length and width give the garden the maximum possible area? 


73. What is the maximum area of the garden? 


5.5 Factoring Using Special Patterns 


Geometry Link, Find the length and width of the rectangle with the 
given area and perimeter. 


74. Area = 20 square feet 75. Area = 108 square feet 
Perimeter = 18 feet Perimeter = 42 feet 

76. Area = 90 square inches 77. Area = 216 square meters 
Perimeter = 42 inches Perimeter = 66 meters 


Standardized Test 78. Multiple Choice What is the correct factorization of 45x” — 125? 


Practice @® 5(3x — 5)? 5(x + 5)(x — 5) 

© 5(3x + 5)(3x — 5) @ 5(3x? + 5)? 

79. Multiple Choice What is the correct factorization of 147y* — 84y + 12? 
® 3(7y + 2)(7y — 2) @® 3(7y + 2) 
D 3(7y — 2)” CD —3(y + 2 

80. Multiple Choice What is a solution of 3x* — 72x + 432 = 0? 
@ -12 —4 © 3 @® 12 

81. Multiple Choice What is a solution of 4x7 + 12x + 9 = 0? 
®-3 @ -+ ® = Ds 


Mixed Review Sketching Graphs Sketch the graph of the equation. Label the 


points where the graph crosses the x-, y-, and z-axes. (Lesson 3.4) 


82.x+y+z=5 83. 3x + 6y + 2z = 12 84. 6x + Dy + 3z = 18 
85. 7x + 4y + 14z = 28 86. 9x + 6y + 12z7= 36 = 87. 18x + Dy + 27z = 54 
Factoring Factor the expression. (Lesson 5.3) 

88. 77 + 52 +6 89. x7 + Ilx + 28 90. x7 — 4x- 32 

91. x? — 18x + 32 92. 7° — 8+ 15 93. x? — 9x + 18 


Solving Equations Solve the equation. (Lesson 5.4) 
94. 16x” — 8x +1=0 95.2w2+5wt+3=0 } 96.7x? + 16x - 15 =0 
97. 3s — 3s - 18 =0 98.6x7-5x-14=0  99.30b?— 24 = 16b 


Geometry Skills = Proportions and Similar Triangles Find the value of x. Use the fact 


FA Chapter 5 


that corresponding sides of similar triangles are proportional. 
100. 9 101. 


102, 103. ‘ 


Quadratic Functions and Factoring 


Solving Quadratic Equations 
by Finding Square Roots 


Key Words 


e 

. aes ee | GOAL | Solve quadratic equations by finding square roots. 

¢ radicand 

¢ rationalizing the 
denominator 


How long does a skydiver fall before opening her parachute? 


In Example 4, you will use a quadratic 
equation and square roots to find the 
number of seconds a skydiver falls through 
the air before opening her parachute. 


Solve the equation. 


1.5x—-3=17 A number 5 is a square root of a number 

a ae dees i aif b” =a. A positive number a has two 
square roots written Va and —Va. For 

3. —4x—5 = —13 example, because 27 = 4 and (—2)? = 4, 
the two square roots of 4 are V4 = 2 and 
-V4 = -2. 


The expression Va is a radical. The symbol Vis a radical sign. The number 
a beneath the radical symbol is the radicand. 


Properties of Square Roots (a> 0, b>0) 


PRODUCT PROPERTY Vab = Va-Vb EXAMPLE V8 = V4- V2 = 2V2 


QUOTIENT PROPERTY a va EXAMPLE aS = V15 = V15 
b Vp 16 vie 4 


Simplifying Square Roots You can use the properties above to simplify 
expressions containing square roots. A square root expression is simplified if: 


¢ no radicand has a perfect-square factor other than 1, and 


e there is no radical in a denominator 


Use Properties of Square Roots 


Simplify the expression. 


a. VI8 b. V2 . V10 c. 2 
Solution 


a. V18 = V9 - V2 = 3V2 
b. V2 - V10 = V20 = V4- V5 = 2V5 


5.6 Solving Quadratic Equations by Finding Square Roots fal 


Rationalizing the Denominator To eer an expression, bc must 


Rationalize the Denominator of a Fraction 


ee epenT HELP 
SOLVING NOTE 


Muitiply both ai : = “3 Quotient property of square roots 
ultiply both the 
numerator and = 
denominator by V2. This = V5 ° v2 Multiply b V2 
ply by 

does not change the v2 v2 V2 
value of the expression, V0 

_ V10 ere 
because 4 =1. we Simplify. 


Simplify the expression. 


1. Vi2 2.Vi5+V3 aa! 


Solving Quadratic Equations You can use square roots to solve some 
quadratic equations. For example, if a > 0, then the quadratic equation x” = a 
has two real-number solutions: x = Va and x = —va. These solutions can be 
written x = +Va, which is read “plus or minus the square root of a.” 


Solve a Quadratic Equation 


Solve x2 + 1 = 13. 


Solution 
x +1=13 Write original equation. 
=i Subtract 1 from each side. 
x=+V12 Take the square root of each side. 
x= +V4-V3 Product property of square roots 
x = +2V3 Simplify. 


ANSWER} The solutions are 2V3 and —2V3. 


CHECK Substitute 2V3 and —2V3 into the original equation. 


vr+1=13 xv +1=13 
(2V3)? +1213 (—2V3)? +1213 
4+3412123 4-34+1213 

Bti=3¢ P+1=B¥¢ 
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AREERS 


SMOKEJUMPER 

A smokejumper is a specially 
trained firefighter who 
parachutes from a plane to 
fight a forest fire. 


Equation 


Solve the equation. 
4.x°-4=14 5.17 +3 = 13 6. 3y? = 24 


Falling Objects When an object falls, its height h (in feet) above the ground after 
t seconds can be modeled by the function below where h, is the initial height (in feet) 
of the object. The model assumes that the force of air resistance on the object does 
not greatly influence the fall. 


Falling Object Model = hh = — 161° + hy 


Use a Quadratic Equation as a Model 


Skydiving A skydiver jumps from an airplane that is 6000 feet above the 
ground. The skydiver opens her parachute when she is 2500 feet above the ground. 


a. Write an equation that gives the height (in feet) of the skydiver above the 
ground as a function of time (in seconds). 


b. For how many seconds does the skydiver fall before opening her parachute? 


Solution 
a. The initial height of the skydiver is hy = 6000. 
h=—16t + hy Write falling object model. 
h = —16r + 6000 Substitute 6000 for ho. 


b. The height of the skydiver when she opens her parachute is h = 2500. 
Substitute 2500 for h in the model from part (a). Solve for ¢. 


h = —1617? + 6000 Write model from part (a). 
2500 = —161? + 6000 Substitute 2500 for h. 
—3500 = — 1677 Subtract 6000 from each side. 
ae = Divide each side by —16. 
ae ye =t Take the square root of each side. 
+15=t Use a calculator. 


ANSWER > Reject the solution —15, because time must be positive. The skydiver 
falls for about 15 seconds before opening her parachute. 


7. Skydiving A skydiver jumps from a plane that is 5000 feet above the ground. 
The skydiver opens his parachute when he is 2000 feet above the ground. 


a. Write an equation that gives the height (in feet) of the skydiver above the 
ground as a function of time (in seconds). 


b. For how many seconds does the skydiver fall before opening his 
parachute? 
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ZS Exercises 


Guided Practice 


Vocabulary Check 1. In the expression V10 what is 10 called? 


2. Explain what it means to rationalize the denominator of a fraction. 


Skill Check — Simplify the expression. 
3. V36 4. V28 5. V63 6. V3 - V51 


2. i 2 ft 
Tae 8. 52 9. 10. \-3 
11. Error Analysis Describe and correct the 
error in simplifying the expression. V27=V9+3 


= 9V3 pe 
Solve the equation. 


12. x2 = 49 13. b? — 11 =25 14. 3x7 +2=14 


15. 2x2 +7 =31 16. 3x27 -—1= 14 17.297 +157 


Practice and Applications 


eine HELP Using the Product Property Simplify the expression. 

Homework HELP 18. V45 19. V32 20. V48 21. V75 
Example 1: Exs. 18-37 
Example 2: Exs. 38-45 22. \V 147 23. V99 24. 3V5 + V5 25. V5 - V20 
Example 3: Exs. 46-59 
Example 4: Exs. 69-73 26. V27 + V3 27. 2V12 + V3 28. V12 - V50 29. 5V10 + V30 


Using the Quotient Property Simplify the expression. 
1 9 81 36 
30. a 31. ce 32. 29 33. 35 


3 3 in ea 
34. iB 35. 25 36. 16 37. 36 


Rationalizing a Denominator Simplify the expression. 


338. — 39. —— 40. {E 41. 2 
V5 V13 11 6 
18 ey ne (#4 

42. 15 43. 28 44. 8 45. 63 


Checking Solutions Tell whether the given value of x is a solution of 
the equation. 


46. 4x2 = 108; x = 3V2 47. 3x2 = 150: x = 5V2 
48. 3x2 — 5 = 55; x = 2V5 49. 2x2 + 3 = 15: x = 2V3 
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GOLDEN GATE BRIDGE 
During the construction of the 
Golden Gate bridge, nineteen 
workers were saved by a 
safety net that hung under the 
roadway. 


Solving Equations Solve the equation. 


50. x” = 81 51. 2x” = 32 52. 2? = 60 

53. x2 = 54 54. w2 — 11 = 16 55. 7x2 — 10 = 25 
2 

56. 3/2 + 7 = 55 57. —2x2 + 13 = —43 58.5 + ri = 23 


Solve a Quadratic Equation 


Solve 2(x — 5)? = 12. 


Solution 
265) = 12 Write original equation. 
(x — 5)? =6 Divide each side by 2. 
x-5=+V6 Take the square root of each side. 
#= 5276 Add 5 to each side. 


ANSWER) The solutions are 5 + V6 and 5 — V6. 


Solving Equations Solve the equation. 


59. (y — 5)? =9 60. (x + 3)? =5 61. 3(b — 4)? = 27 
62. 2(x + 5)? = 32 63. —4(z — 7)? = —72 64. 4(x — 2)? =7 
65. 9x — 4)? =8 66. 5(P +4)? = 22 67. F(x +6) =8 


68. Geometry Link), The side length of a square is (x + 3) feet. The area 
of the square is 16 square feet. What is the length (in feet) of a side of 
the square? 


Golden Gate Bridge In Exercises 69 and 70, use the following 
information. 


The Golden Gate Bridge in San Francisco, California, was under construction 
from 1933 to 1937. Suppose a construction worker dropped a tool from a point 
on the bridge that is 220 feet above the water. 


69. Write an equation that gives the height (in feet) of the tool above the water 
as a function of time (in seconds). 


70. How many seconds would the tool take to hit the water? 


71. Falling Object A rock falls from a height of 80 feet. Write an equation 
that gives the height (in feet) of the rock above the ground as a function of 
time (in seconds). How many seconds will the rock take to hit the ground? 


72. Ribbon Falls Ribbon Falls is in Yosemite National Park in California. 
The height of the falls is about 1612 feet. A rock falls from the top of 
Ribbon Falls. How many seconds will the rock take to reach the bottom 
of the falls? 


73. Niagara Falls Niagara Falls is made up of three waterfalls. One of the 
falls is Horseshoe Falls, in Canada. The height of Horseshoe Falls is 167 feet. 
A log falls from the top of Horseshoe Falls. How many seconds will the log 
take to reach the bottom of the falls? 
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74. Challenge The side lengths of a quadrilateral are 
shown. The quadrilateral is divided into two right 
triangles. Use the Pythagorean theorem to find the 
value of x. What is the length (in feet) of each side of 5x 


the quadrilateral? 300 ft 


Standardized Test 75. Multiple Choice What is a completely simplified expression for V108? 


Practice @® 2V27 3V12 © 6v3 > 18V3 
76. Multiple Choice What is a completely simplified expression for [8 
@ M2 @ NZ ap V8 D 33 
77. Multiple Choice What are the solutions of ae — 11 = 25? 
@® 2V7 and —2V7 6 and —6 
© 6V2 and —6V2 @ 36V2 and —36V2 
78. Multiple Choice What are the solutions of Sy* + 4 = 14? 
&) V2 and —V2 ® |B ana -\'8 
CD 2 and —2 GD V5 and —V5 


Mixed Review Systems of Inequalities Graph the system of linear inequalities. 
(Lesson 4.3) 


79.x<5 80. y>x 81. y>2x+4+ 1 
y<0 y>3 y<xt3 
82.x + 2y<5 83. y>—5 84. 2y —x<6 

2x—-—y21 K—y23 xsy 
xtys<3 xty>5 


Writing in Standard Form Write the function in standard form. 
(Lesson 5.1) 


85. y = (x — 7)(x + 2) 86. y = (x + 5)(x + 8) 87. y= (2x — )Da@- 4) 
88. y = (3x — 2)(x + 5) 89. y = (x — 4)° +6 90. y = (x + 3)? -4 
Factoring Factor the expression. (Lesson 5.4) 

91. 8x? — 6x — 9 92. 3y” — 17y + 10 93. 6x? — 19x — 20 
94. 10z* + 31z + 15 95. 12x? + 19x — 21 96. 9x" — 36x + 32 


Geometry Skills Radius of a Circle Use the area A of the circle to find the radius r. 
Round your answer to the nearest whole number. 


97. A = 201 ft? 98. A = 707 m2 99. A = 154 in” 
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Key Words 

¢ imaginary unit i 

¢ complex number 

¢ imaginary number 
¢ complex conjugates 


Simplify. 
1. V8 
2. V20 


Find the product. 
3. (x + 2)(x — 2) 
4. 2x(3 — x) 


 pleldaal HELP 

READING ALGEBRA 
The letter /represents a 
number. Itis a constant, 
not a variable. Writing 
iinstead of V—1 makes 


writing complex numbers 
simpler. 


517 Complex Numbers 


| GOAL | Understand and use complex numbers. 


The square of any real number x is never negative, so the equation x* = —1 has 
no real number solution. 


To solve this equation, mathematicians created an expanded system of numbers 
using the it unit i, defined as a number such that i? = —1. Note that 
i= V-1.The imaginary unit 7 can be used to write the square root of any 
negative number. 


The Square Root of a Negative Number 


PROPERTY EXAMPLE 
1. If ris a positive real number, then V—r = ivr. V—5 =ivV5 
2. By Property (1), it follows that (iVr)? = —r. (iV5)2 =i2-5=—-5 


Solve a Quadratic Equation 


Solve the equation. 


a. 7x? = —49 b. 3x? — 5 = —29 
Solution 

a. Tx? = —49 Write original equation. 

x= -7 Divide each side by 7. 

x=+V-7 Take the square root of each side. 

2] a7 Write in terms of i. 
b. 3x7 — 5 = —29 Write original equation. 
3x? = —24 Add 5 to each side. 
x* = -8 Divide each side by 3. 


x= +V-8 Take the square root of each side. 
x= +iV8 Write in terms of i. 


x= +2iV2 Simplify the radical. 


Solve the equation. 
1.x? = -3 2.x°=-7 3.x? = —20 
4..°+3=-2 5.y°-4=-12 6. 2x7 +7=-17 


5.7 Complex Numbers ‘al 


Complex Numbers A comfy number written in standard form is a number 

a + bi where a and D are real numbers. The number a is the real part of the complex 
number. The number Di is the imaginary part. The diagram below shows the 
different types of complex numbers. 


Complex Numbers (a + bi) 


Real numbers are 


Real Imaginary 
compisnurbers =F wanes | Mumere —]— ese a 
imaginary part ree) ese ile) (b # 0). 


(b = 0). Aare B= yi 


Pure imaginary 
numbers have no 
real part 

(a=0,b#0). 


Add Complex Numbers To add complex numbers, add their real parts and 
their imaginary parts separately. 


Add Complex Numbers 


Write (3 + 27) + (1 — i) as acomplex number in standard form. 
Solution 
3B+2)+da-)D=CB4+)HD+C-)i Group real and imaginary terms. 
=4+i Write in standard form. 


Subtract Complex Numbers To subtract complex numbers, subtract their real 
parts and their imaginary parts separately. 


Subtract Complex Numbers 


Write (6 — 2i) — (1 — 2i) as a complex number in standard form. 


Solution 
(6 — 2i) — d — 2i) = (6 — 1) + (—2 4+ 2)i — Group real and imaginary terms. 
=5+ 0i Simplify. 
=5 Write in standard form. 


lex Numbers 


Write the expression as a complex number in standard form. 


7.(4 —2i)+(1 + 3 8.3 -)+(2+4i 
9. (4 + 6i) — (2 + 3’) 10. (—2 + 4i) — (2 + 7i) 
11. (1-2) + (44+ 51) 12. (2 — i) —(-1 — 4i) 
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Multiply Complex Numbers To multiply two complex numbers, use the 
distributive property or the FOIL method. 


Multiply Complex Numbers 


Write the expression as a complex number in standard form. 


a. 2i(—1 + 3i) b. (6 + 3i)(4 — 33) 
Solution 
a. 2i(—1 + 3i) = —2i + 677 Multiply using distributive property. 
= —2i + 6(-1) Use i? = —1. 
= -6 —-2i Write in standard form. 


b. (6 + 31)(4 — 31) = 24 — 181 + 12i — 977 Multiply using FOIL. 


= 24 - 61 — 97 Simplify. 
= 24 — 61 — 9(-1) Use i2 = —1. 
= 33 — 61 Write in standard form. 


Complex Conlugates Two complex numbers of the form a + bi and a — bi 
are called con es. The product of complex conjugates is always 
areal number. You can use complex conjugates to write the quotient of two 
complex numbers in standard form. 


Divide Complex Numbers 


Write ; = I as a complex number in standard form. 
Solution 
TUDENT HELP 34+2i_ 34+2i 1+ 2i Multiply the numerator and the denominator 
SOLVING NOTE 1-2 1-2 1+2i by 1 + 2i, the complex conjugate of 1 — 2i. 


Notice that the result of 
multiplying a complex 
number by its complex 
conjugate is very similar 548441) a ; 

to the difference of two aa = Simplify and use i* = —1. 
squares pattern used to 
multiply binomials. 


34+ 61+ 24+ 4? 
1 + 2i — 2i — 4/2 


Multiply using FOIL. 


_ -1+8i 


5 Simplify. 
= -t + 3; Write in standard form. 
Checkpoik lex Numbers 


Write the expression as a complex number in standard form. 


2+i 
1-i 


5.7 Complex Numbers a 


13. 3i(2 — i) 14. (1 + 21)(2 — i) 15. 


Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 15-26 
Example 2: Exs. 27-32 
Example 3: Exs. 33-38 
Example 4: Exs. 39-50 
Example 5: Exs. 51-58 


1. Identify the real part and the imaginary part of the complex number 4 — 7i. 
2. What is the complex conjugate of the number 2 — 57? 

Solve the equation. 
3..° = —14 4.x? = —4 5.7 +20=—4 
6.7? -3=-9 7. 3x? +7 = —29 8. 2x7 + 31 =9 


Write the expression as a complex number in standard form. 


9. (2 + 3i) + (5 + 4i) 10. (3 + 2i) + (-—6 + 5i) 
11. (10 — 67) — (5 + 82) 12. 3i(1 + 5i) 

= iy 5 —3i 
13. (-3 + 4)(2 — i) 14. a 


Solving Equations Solve the equation. 


15. x* = —36 16. x7 = -7 17. 5w? = —65 

18. 4n* = —48 19.*7+7=-—-11 20. x7 -5 = -13 
21..° + 14=4 22. 3y7 +9 = -30 23. 4x7 + 8 = —48 
24. 4x7 + 5 = -31 25. 3x7 + 6 = —60 26. (k — 6)? = —9 


Adding Write the expression as a complex number in standard form. 


27. (3+ 2) + (4+ 51 28. (2 — 6i) + (-7 + 3i) 
29. (3 + i) + (—5 — 6i) 30. (10 + i) + (-3 -i) 
31. (6 — 2i) + (2 —3i) 32. (12 — 8i) + (6 + 5i) 


Subtracting Write the expression as a complex number in standard 
form. 


33. (5 + 6i) — (7 + 3i) 34. (—4 + 97) — (-5 + 3i) 
35. (—2 + 47) — (-4 — 31) 36. (8 — 3i) — (10 — 6) 
37. (5 — 101) — (8 — li) 38. (30 + 131) — (—30 + 7i) 


Multiplying Write the expression as a complex number in standard 
form. 


39. 5(6i) 40. (3i)(4i) 41. (—2i)(10%) 

42. i(2 + 5i) 43. 2i(3 — Ti) 44. —12i(5 + 6i) 
45. (4 + (7 + i) 46. (6 + 2i)(—3 — 5i) 47. (4 + 8i)(1 — 3’) 
4s. (5 — 7i)(—4 — 3’) 49. (9 + 2i)(9 — 2i) 50. (7 — 6i)2 
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Standardized Test 
Practice 


Dividing Write the expression as a complex number in standard 
form. 


4 6 6+i 3 + 2i 
51. = 52. 53.7 54, 5 

1 + 5i -7+4i —2-5i -1- 6i 
as Oe ii ae ae a 


Logical Reasoning Copy and complete the statement with always, 
sometimes, or never. 


59. Areal number can _? _ be written as a complex number. 
60. A rational number can _? _ be written as a complex number. 
61. The sum of two imaginary numbers is __? _ an imaginary number. 


62. The product of complex conjugates is__? _ an imaginary number. 


63. A complex number is __? _ a real number. 


Challenge In Exercises 64-71, use the following information. 


Every complex number corresponds to a point 

in the complex plane. The complex plane has 

a horizontal axis called the real axis and a vertical 
axis called the imaginary axis. To plot the point 

3 — 2i on the complex plane, start at the origin, 
move 3 units to the right, and then move 2 units 
down, as shown in the figure. 


Name the complex number represented by 
the point in the complex plane. 


64. A 65. B 
66. C 67. D 


Plot the complex number in the complex plane. 
68. 2 + 3i 69.—-4 +i 70.5 — 4i 712-121 


72. Multiple Choice What are the solutions of 4x? + 5 = —67? 


@ 6V2 and —6V2 3iV2 and —3iV2 
© 3iV7 and —3iV7 @ 3V2 and —3V2 
73. Multiple Choice What are the solutions of 3x? + 7 = —29? 
©) iV12 and —iV12 @ 2iV3 and —2iV3 
@D 4iV3 and —4iV3 GD 4V3 and —4V3 


2 + 3i9 
3 - 4i 


ee 6 NTs oe 6x34 
eet ae ss tzg§ O-25-F1 Dati 
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74. Multiple Choice What is the standard form of the expression 


Mixed Review Inequalities in Two Variables Graph the inequality in a coordinate 
plane. (Lesson 4.2) 


75.y>xt+7 76. y<3x+ 11 77. y>3x-1 
78. y<-5-x 79. y< x5 80. y>5 — 2x 


Evaluating Absolute Value Functions Evaluate the function when 
x = 2 and when x = —4. (Lesson 4.6) 


81. f(x) = |x| 82. fix) = —3|.| a3. fix) = 12] 

84. fix) = |x — 6| 85. fix) = |x +2| +7 86. fix) = |x — 10| -1 
Using the Product Property Simplify the expression. (Lesson 5.6) 

87. V40 88. V63 89. 125 90. V147 

91. V80 92. V60 93. 4V6 + V6 94. 3V8 - V24 


95. V5 + 5V45 96. V7 - 56 97. V6 + V21 98. V8 - V28 


Geometry Skills The Distance Formula Find the distance between the points. Use the 


distance formula d = Vix, — x, ? + (¥ — yy): 


99. A(1, 4), B(3, —2) 100. A(4, 2), B(—4, —2) 
101. A(—1, 6), B(2, —7) 102. A(5, 1), B(—8, —4) 
103. A(2, —3), B(—4, 1) 104. A(—2, 0), B(S, 1) 


e@ 
Quiz 2 
Lesson 5.5 Factor the expression. 
1. 36x” — 100 2. 9x? — 48x + 64 3. y? + 30y + 225 
4. 12x* — 36x + 27 5. 4y? — 28y + 49 6. x* — 169 
7. 5x* + 50x + 125 8. 25x? + 30x + 9 9. 47° — 121 
Lesson 5.6 Simplify the expression. 
10. V180 11. V5 - V60 12. 4V3 + V18 
75 54 [16 
Lesson 5.6 —_ Solve the equation. 
16. x* —3 =77 17.x° —-7=29 18.57 = 20 
19. 7x7 —-5=9 20. 2x7 +5 = 19 21. 3x7 +5=41 


Lesson 5.7 Write the expression as a complex number in standard form. 
22. (6 + 7i) + (4 — 5i) 23.(5+ 101i) -(54+ 151) 24.3 —- 31) -(7 + 8 


25. (26 + 91) — (14+ i) 26. (5 — 2i)(6 + 7i) 27. (—2 + 3i)(—2 — 31) 
eT -~6+7i -7+4i 
28. (2 + 91)(3 — 41) 29. 0-4 30. arr 
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DEVELOPING CONCEPTS (For use with Lesson 5.8) 


5.8 


Goal 


Complete the square using 
algebra tiles. 


Materials 
e algebra tiles 


QUESTION 
How can you use algebra tiles to complete the square? 


You can add a constant c to an expression of the form x? + bx so that 
x? + bx + c is a perfect square trinomial. This is called completing the square. 


EXPLORE 


bah 


oO Use algebra tiles to @ Arrange the x?-tile 3] Fill the incomplete 


ge 

(=) 
© 
© 


model the expression and the x-tiles to corner with 1-tiles. 

x” + 6x. You will form part of a square. You need to add nine 
need one x”-tile and You want the length 1-tiles to complete the 
six x-tiles. and width of the square. 


square to be equal. 


4) Your model shows that x? + 6x + 9 = (x + 3). 


THINK ABOUT IT 


1. Copy and complete the table by following the steps above. 


Number of 1-tiles to Expression written 
complete the square as a square 


Expression 


2. Reasoning Look for patterns in the table you completed in Exercise 1. 


a. For each expression, how are the red values in the third column related to 
the blue values in the first column? 


b. For each expression, how are the green values in the second column related 
to the red values in the third column? 


3. Consider your answers to Exercises | and 2. Explain how you could obtain the 
green values in the second column of the table directly from the blue values in 
the first column. 
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518 Completing the Square 


Key Word | GOAL | Solve quadratic equations by completing the square. 
¢ completing the square 


What are the dimensions of a deck? 


In Example 5, you will determine what the 
length and width of a new deck can be by 


Solve the equation. o . : 
writing a perfect square trinomial. 


1.x°2°=9 
2. 2x? = 32 
23°] 12 


In Lesson 5.6, you solved equations of the 
form x* = k by taking square roots. You 
can also use this method if one side of an 
equation is a perfect square trinomial. 


Solve a Quadratic Equation 


Solve x2 + 6x + 9 = 36. 


Solution 
x? + 6x +9 = 36 Write original equation. 
(x + 3)? = 36 Factor perfect square trinomial on left side. 
x+3= +6 Take the square root of each side. 


x=-32+6 Solve for x. 


ANSWER > The solutions are —3 + 6 = 3 and —3 — 6 = —9. 


Perfect Squares Sometimes you can add a constant c to the expression 
x* + bx to make it a perfect square trinomial. This process is called 


In each diagram below, the total area of the shaded regions is x2 + bx. To 


2 
complete the square in the second diagram, add (2| ‘ 


Completing the Square 


To complete the square for x2 + bx, add (2). 
ALGEBRA x2 + bx + (2) = [x + By EXAMPLE x2 + 6x + 3° =(x +3) 
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Complete the Square 


Find the value of c that makes x? — 6x + ca perfect square trinomial. 
Then write the expression as the square of a binomial. 


Solution 

To find the value of c, complete the square using b = —6. 
Q Find half the coefficient of x. 3(-6) = -3 
© Square the result of Step 1. (-3)? =9 


© Replace c with the result of Step2. x7 — 6x + 9 


ANSWER > The trinomial x” — 6x + c is a perfect square when c = 9. 
Then x? — 6x + 9 = (x — 3)?. 


1. Solve x7 — 2x + 1 = 9 by finding square roots. 


2. Find the value of c that makes x? — 12x + ca perfect square trinomial. 
Then write the expression as the square of a binomial. 


Solving Equations Many quadratic equations, such as x* + 6x — 5 = 0, 
cannot be solved by factoring. You can solve any quadratic equation by 
completing the square. 


Solve a Quadratic Equation 


Solve 2x” — 4x + 6 = 0 by completing the square. 


Solution 
* pletil HELP 2x? — 4x +6=0 Write original equation. 
AVOID ERRORS = et =O Divide each side by the coefficient of x2. 
When completing the 
square to solve an x7 - 2x = -3 Write the left side in the form x2 + bx. 
equation, YOUMUSt — seeceseeheeP x2 — 2x +1 =—-3 +1 Add | 5?/ = (—1)? = 1 to each side. 
always add the same 2 
number to both sides of (x -— 1)? = -2 Write the left side as the square of a binomial. 
the equation. 
x-1=+V-2 Take the square root of each side. 
x=1+V-2 Add 1 to each side. 
x=1+iv2 Write in terms of i. 


ANSWER} The solutions are 1 + iV2 and 1 — iV2. 


ipleting the Square 


Solve the equation by completing the square. 
3.x7 + 4x-2=0 4.x° + 8x +3=0 
5. 3w* — 6w + 12 =0 6. w* — 12w+4=0 
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Vertex Form The vertex form of a quadratic function is y = a(x — h?+k 
where (h, k) is the vertex. Use completing the square to write a quadratic function 
in vertex form. 


Write a Quadratic Function in Vertex Form 


Write y = x7 — 10x + 22 in vertex form. Then identify the vertex. 


Solution 
y= x" — 10x + 22 Write original equation. 
y+ ?=(7 — 10x+ 2) + 22 Prepare to complete the square. 


y+ 25 = (x? — 10x + 25) + 22 Add (=F = (—5)? = 25 to each side. 
yt+25=(x— 5)? +22 Write x2 — 10x + 25 as (x — 5). 
y=(x-5)-3 Solve for y. 

ANSWER > The vertex form is y = (x — 5)? — 3. The vertex is (5, —3). 


You can check your answer by graphing the original equation. 


Linkite, Use a Quadratic Equation to Model Area 
CAREERS Construction A contractor is building a deck ¥ 
onto the side of a house. The deck will be a 
rectangle with an area of 120 square feet. The 
contractor has 32 feet of railing to use along 32 — 2x 
3 sides of the deck. Each side will be at least 
8 feet long. What should the length and width x 
of the deck be? 
Solution 
x(32 — 2x) = 120 length - width = area 
CONTRACTOR Building and 32x — 2x” = 120 Use the distributive property. 
construction contractors x? — 16x = —60 Divide each side by —2. 
work on projects as small as ‘ 
building decks and as large as x? — 16x + 64 = —60 + 64 Add ra = 64 to each side. 
building skyscrapers. 
(x — 8)? =4 Write left side as the square of a binomial. 
x—8= +2 Take the square root of each side. 
x = 10 0r6 Solve for x. 


Reject the solution x = 6 because the sides of the deck are at least 8 feet long. 


ANSWER > The width is 10 feet. The length is 32 — 2(10) = 12 feet. 


7. Write y = x* — 8x + 19 in vertex form. Then identify the vertex. 


8. Geometry A rectangle has a length of 3x and a width of x + 2. 
The area of the rectangle is 72 square units. Find the length and width 
of the rectangle. 
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WES} Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


STUDENT HELP 


HOMEWORK HELP 

Example 1: Exs. 21-28 
Example 2: Exs. 29-38 
Example 3: Exs. 39-57 
Example 4: Exs. 58-66 
Example 5: Exs. 67-72 


1. Explain how to complete the square for the expression x” + bx. 

2. Give an example of a quadratic function in vertex form. 
Solve the equation by finding square roots. 

3.x° — 10x + 25 = 16 4.x*+4x+4=100 

6. x? + 16x + 64 = 36 


5. x2 — 6x +9 = 25 
8.x2 —2x+1= 144 


7.x2+ 14x +49 =1 


Find the value of c that makes the expression a perfect square 
trinomial. Then write the expression as the square of a binomial. 
9.x17 + 8x+c¢ 10. x? — 10x +c 


12.17 + 18h+c 13.x2-Iet+ec 


1. - l4vt+e 
14.0°+3at+c 


Write the quadratic function in vertex form. Then identify the vertex. 
15. y =x? —4x+7 16. y =x? + 8x + 10 17. y =x? + 12x + 25 


18. y =x" — 6x—1 19. y=x* + 10x + 30 20. y= x? — 8x + 13 


Solving Equations Solve the equation by finding square roots. 


21. x7 — 8x + 16 = 25 22.77 - 10r+25=1 
23. y* — 24y + 144 = 100 24. x? — 22x + 121 = 13 
25. x7 — 18x + 81 =5 26. m? + 8m + 16 = 45 
27. 4w* + 4w +1 =75 28..°°-4x+4=1 


Completing the Square Find the value of cthat makes the 
expression a perfect square trinomial. Then write the expression 
as the square of a binomial. 


29.x7 + 10x +c 30. y* — 12y+c 31.17 + 20x+c¢ 
33.17 -6x+c 
36.12 + 9x+¢ 


32. 7 —22t+¢ 34.x74+ 24x +c 


35. 227 -—S5z+¢ 37.w?+ Bwte 


38. Error Analysis Describe and correct 
the error in finding the value of c that 
makes x? + 30x + ca perfect square 
trinomial. 


2 900 
x* + 30x + | 3 p< 
x? + 30x + 450 
Solving Equations Solve the equation by completing the square. 
39. x7 + 6x = -3 40. x2 — 10x =4 41.x° + 6x -6=0 


42. y? — 10y-—15=0 44. x* + 8x+20=0 
45. x? + 18x + 100 =0 


43.2°4+92=1 


46. s* — 3s = —5 47. x7 + llx=6 
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Solving Equations Solve the equation by completing the square. 


48. 2x7 + 8x =4 49. 2b” — 16b —- 10 =0 50. 3x2 + 6x = 18 
51. 3x* — 12x = —27 52. 5x + 30x = —50 53. 4w* — 12w = 24 
54. 2v* + 10v+ 8 =0 55. 3x7 + 15x — 18 =0 56. 2u2 + 14u = 10 
57. Error Analysis Describe and . * 
correct the error in solving Pamela 
4x2 + 24x — 16 = 0. x2 ++ 6x —4=0 
x? + 6x =4 
x7 +6x+9=44+9 
(x + 3)? =13 


x= -34+V13 ~ 0.61 


Writing in Vertex Form Write the quadratic function in vertex form. 
Then identify the vertex. 


58. y =x° — 2x45 59. y = x + 10x + 28 60. y =x? -— 6x +4 
61. y=x7 —6x-2 62. y = x° + 12x + 38 63. y=x17 + 8x +4 
64. y= +x+6 65. y =x? +3x-1 66. y =x? — lx +5 
Geometry Link», Find the value of x. 
67. Area of parallelogram = 48 ft? 68. Area of rectangle = 50 m* 

Ot Ott (x + 10)m 


Gardening In Exercises 69 and 70, use the following information. 


You are planting a garden. The garden will be a rectangle with an area of 

80 square feet. You have 40 feet of fencing to use along 3 sides of the garden. 
The fourth side of the garden is formed by the side of a shed. You want every 
side of the garden to be more than 3 feet long. 


69. Write expressions for the length and width of the garden. Then write an 
equation for the area of the garden. 


70. Use the equation from Exercise 69 to find the length and width of the garden. 
Explain how you decided which solution of the equation to use in your answer. 


Farming In Exercises 71 and 72, use the following information. 


A farmer is building a pen for animals beside 
a barn. The pen will be a rectangle with an 
area of 1512 square feet. The barn will serve 
as one side of the pen. The farmer has 120 feet 
of fencing to use on the other three sides. Each 
side of the pen will be at least 20 feet long. 


71. Write an equation for the area of the pen. 


72. Use the equation from Exercise 71 to find 
the length and width of the pen. Explain 
how you decided which solution of the 
equation to use in your answer. 
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Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


Challenge In Exercises 73-75, use the following information. 


While marching, a drum major tosses a baton into the air and catches it. 
The height / (in feet) of the baton after t seconds can be modeled by the 
function h = —1617 + 32t + 6. 


73. Write the function in vertex form. If you add a multiple of a number to one 
side of the function, remember that you must add the same multiple of the 
number to the other side of the function. 


74. What is the maximum height of the baton? Explain how you know. 


75. For how many seconds is the baton in the air? Explain how you know. 


76. Multiple Choice Which value of c makes the expression x* — 11x + c 
a perfect square trinomial? 


®t 22 OR ® 121 
77. Multiple Choice What are the solutions of x? + 6x — 18 = 0? 
) 3 + 3V2 and 3 — 3V2 @ 3 + 3V3 and 3 — 3V3 


CD —3 + 3V2 and —3 — 3V2 ®D -3 + 3V3 and —3 — 3V3 
78. Multiple Choice What are the solutions of x? + 4x = 6? 


@® —2 + V10 and —2 — V10 @®) —V10 and V10 


© —V6 and V6 @ 2+ V10 and 2 — V10 
Solving Equations Solve the equation by factoring. (Lessons 5.3-5.4) 
79. x7 -—x-12=0 80. x7 + 8x + 15 =0 81. 2 — 13t + 42=0 
82.x7 + 8x+7=0 83. x? — 4x — 21 =0 84. x? — 12x + 20 =0 
85. 4y? + 19y —-5 =0 86. 10x? + 27x +5 =0 87. 3x7 — 17x —-6 =0 
88. 4x7 — 3x — 10=0 89. 12w? + 4w —5 =0 90. 657 — 29s + 35 =0 


Adding and Subtracting Write the expression as a complex number 
in standard form. (Lesson 5.7) 


91.3+i1+(+ 4) 92.(2 + 3) —-3-)D 93. (5 — 2i) — (7 + 31) 
94. (—3 + 2i) + (1 — 2i) 95. (4+ 51) -(4+) 96. (6 + i) + (—2 — 31) 
Area of Trapezoid Find the value of x. 
97. Area = 48 ft? 98. Area = 120 in.” 
(x + 2) in. 
sale (x —1)in. 
xft 
(x + 2) ft xin. 
99. Area = 12 cm? 100. Area = 30 m2 
(2x + 1)cm (3x — 1)m 
xem 
(3x + 1)cm (x + 9)m 
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5.9 The Quadratic Formula 
and the Discriminant 


Key Words 


¢ quadratic formula 
e discriminant | GOAL | Solve quadratic equations using the quadratic formula. 


How long is a volleyball in the air? 


Simplify the expression. In Exercise 67, you will use the quadratic formula 


to find the amount of time a volleyball is in the air. 
2 +12? — 4(1)(—2) 
2(1) In Lesson 5.8, you solved quadratic equations 


by completing the square for each equation 
3 -V3 — 46) D separately. By completing the square once for the 
2(3) equation ax* + bx + c = 0, you can develop a 
formula that gives the solutions of any quadratic 
equation. The formula for the solutions is called 


da 
Wa 


2. 


STUDENT HELP The Quadratic Formula 
READING ALGEBRA 
The quadratic formula Let a, b, and c be real numbers with a # 0. The solutions of the 
is read as “x equals the quadratic equation ax* + bx + c = O are: 
opposite of b, plus or 
minus the square root of eles b* — 4ac 
bsquared minus 4ac, all 2a 


divided by 2a.” 


Solve an Equation with Two Real Solutions 


Solve x2 + 3x —5 =0. 


Solution 
x? +3x-5 =0 Write original equation. 
= ey, 
x= ue e 4ac Quadratic formula 
oe —3 + V3? — 4(1)(-5) Substitute values in the quadratic 
2(1) formula: a = 1, b= 3, andc= —5. 

x= zeN Simplify. 

ANSWER > The solutions are = = 1.19 and eet = —4.19. 

Real Solutions 
Use the quadratic formula to solve the equation. 
1.x° + 2x-3=0 2.2.7 + 4x-1=0 3. 3x? — 2x -6 =0 
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oe veer HELP 
SOLVING NOTE 
You can also use 


factoring to solve this 
equation because 


x2 -—6x+9=(x—3)?, 


Write in Standard Form The quadratic formula can be used to solve any 
quadratic equation that is in standard form. To use the quadratic formula to 
solve a quadratic equation, you must first write the equation in standard form, 
ax? + bx +c=0. 


Solve an Equation with One Real Solution 


Solve x? — 6x = —9. 
Solution 
x* — 6x = —9 Write original equation. 
x*—6x+9=0 Write equation in standard form. 
x= cbt _ — dae Quadratic formula 


2 —(-6) + \V(-6)* — 4(1)(9) Substitute values in the quadratic 


2(1) formula: a = 1, b= —6, andc= 9. 
x= iu zv0 Simplify. 
x=3 Simplify. 


ANSWER > The solution is 3. 


Solve an Equation with Imaginary Solutions 


Solve x2 + 2x + 2=0. 


Solution 
x*+2x+2=0 Write original equation. 
= 2 
x= aes o dace Quadratic formula 
oe —2 + \2? — 4(1)2) Substitute values in the quadratic 
2(1) formula: a = 1, b= 2, andc = 2. 
x= = Simplify. 
ee —2+2i Simplify and rewrite using the 
2 imaginary unit i. 
x=-lti Simplify. 


ANSWER > The solutions are —1 + i and —1 — i. 


ic Formula 


Use the quadratic formula to solve the equation. 
4.x°-2x-4=0 5. —x° — 1 = —3x 6. 2x* = —5x +7 
7.x2° +4x+5=0 8. —x7+2x-3=0 9.-2x7 +x=4 
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Using the Discriminant In the quadratic formula, the expression b? — 4ac 
is called the at of the equation ax? + bx +c =0. 


ge —b + Vb? — dac «—— discriminant 
2a 


You can use the discriminant of a quadratic equation to determine the number 
of solutions and the type of solutions of the equation. 


Discriminant of a Quadratic Equation 


The discriminant determines the number and type of solutions. 


b? — 4ac>0 2 real solutions 
b? — 4dac=0 1 real solution 
b* — 4ac<0 2 imaginary solutions ] 


Use the Discriminant 


Find the discriminant of the quadratic equation and give the number 
and type of solutions of the equation. 


a. x? — 6x +8=0 b. x? — 6x +9 =0 c.x* — 6x + 10 =0 
Solution 
EQUATION DISCRIMINANT TYPE OF SOLUTION(S) 
= Vp2— 
ax? +bx +c =0 b? — 4ac a 
a.x?—6x+8=0 (—6)* — 4(1)(8) = 4 Two real 
7 -—6x+9=0 (-6)? — 4(1)(9) = 0 One real 
x7 —6x+ 10=0 (—6)* — 4(1)(10) = —4 Two imaginary 


Find the discriminant of the quadratic equation and give the number 
and type of solutions of the equation. 


10. x2 + 2x +3 =0 11. x? + 3x+4=0 12.x7-4x+4=0 


Vertical Motion In Lesson 5.6, you used h = —16f? + h, to model the height of a 
falling object after t seconds. For an object that is launched or thrown, the term 
Vot is used to account for the initial vertical velocity v, (in feet per second). 


Vertical Motion Models 


Dropped or falling object: = = —16t* + hy 
Launched or thrown object: h = —16t? + Vot+ hy 

h = height of object (feet) t= time in motion (seconds) 

hg = initial height (feet) V, = initial vertical velocity (feet per second) 
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Initial Vertical Velocity In the vertical motion model for a launched object, 
the value of Vp) can be positive, negative, or zero. The sign of Vo depends on 
whether the object is launched upward, downward, or parallel to the ground. 


ret 
tt ce 
tant 
TR CCGG 


sr 


Model Vertical Motion 


Baton Twirling A baton twirler tosses a baton into the air. The baton leaves 
her hand when it is 6 feet above the ground. The initial vertical velocity of the 
baton is 30 feet per second. The baton twirler catches the baton when it falls back 
to a height of 5 feet. 


a. Write an equation that gives the height (in feet) of the baton as a function of 
time (in seconds). 


b. For how many seconds is the baton in the air? 


Solution 
a. The baton is thrown, so use the model h = — 1672 + Vot + hy with v= 30 
and hy = 6. 
h=—16f + vot + hy Write vertical motion model for a thrown object. 


h = —16r2 + 30t + 6 Substitute 30 for v, and 6 for ho. 


b. To find the number of seconds the baton is in the air, find the number of 
seconds that have passed when the height of the baton is 5 feet. Find the 
value of t when h = 5. 


h = —16f? + 30t + 6 Write model from part (a). 

5 = -16r + 30 + 6 Substitute 5 for h. 

0 = —16f + 30r+ 1 Write in standard form. 

jes —30 + 30? — 4(-16)(1) Substitute values in the quadratic formula: 
2(-16) a= —16, b= 30, andc=1. 

t~ 19 ort ~ —0.03 Use a calculator. 


ANSWER > The solution —0.03 doesn’t make sense, because time cannot be 
negative. The baton is in the air for about 1.9 seconds. 


CHECK You can check your results by graphing 
y = —16x? + 30x + 1 and finding when y = 0. 
Because the graph crosses the x-axis at about 

x = 1.9, your answer is correct. / 


Zero 
X=1.9077609 Y=0 
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EX) Exercises 


Guided Practice 


Vocabulary Check 1. In the quadratic formula, what is the expression b* — 4ac called? 


2. In the vertical motion model for a launched object, what does v, represent? 


Skill Check — Use the quadratic formula to solve the equation. 
3.x° —7x+ 10 =0 4.x°+3x-7=0 5.07 +44 +9=0 
6. 3x7 + 7x +3 =0 7. 2x* —- 6x +1=0 8.x? —2x+7=0 


Find the discriminant of the quadratic equation and give the number 
and type of solutions of the equation. 


9.x7-4x+4=0 10. x7 -—-x-3=0 11. 3x2 — 7x + 10 =0 
12. 2x7 + 8x --1=0 13. 2x2 + 12x + 18 =0 14. 2x7 +5x+9=0 


15. Error Analysis Describe and correct P 
the error in finding the discriminant. mm ext le=0 


(-8)2 — 4(-8)(16) = 576 p< 


Practice and Applications 


TUDENT HELP Standard Form Write the equation in standard form. Identify the 
HomMEwoRrK HELP values of a, b, and c. 
Example bse 30 16. 2x? = —3x+4 17.3 — 4x7 =x 18. 5x = x" 
Example 2: Exs. 16-50 
Example 3: Exs. 25-50 19. 3x2 — 4x = -1 20. x7 =7 21. —3x + 7 = —2x? 
Example 4: Exs. 51-62 
Eannie 5 Exs. 63-74 22. 5x7 +7 = 2x 23. 3x7 = —x 24.2 = —x + 2x? 


Solving Equations in Standard Form Use the quadratic formula to 
solve the equation. 


25.x*-—x+12=0 26. x* — 5x+2=0 27. 2x7 + 4x -5 =0 
28. 3x* — 6x -1=0 29. 5x7 ++ 7x +1=0 30. 2x? — 5x+5=0 
31.17 +2x+6=0 32. —2x7 + 3x -5 =0 33. 4x7 — 4x —-1=0 
34. —3x7 +x-2=0 35. 2x7 + 9x + 6 =0 36. —x?7 + 3x -9=0 


Solving Equations Not in Standard Form Use the quadratic formula 
to solve the equation. 


37. x° + 11 = —10x 38. 4x + 2 = —x? 39. 2x7 + 3x =6 
40. 5x — x2 = —-7 41. 3x27 +7=7x 42. 2x2 = 15x + 9 
43. 11x = 2x* + 20 44. x* — 7x = —20 45. 20x — 16x? = —5 
46. 14x + 11 = —5x? 47. x? + 16x = —65 48. 2x7 + 75 = 20x 
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Error Analysis Describe and correct the error in solving the 


equation. 
49. 50. F 
x2 — 3x -—2=0 2x2 + 4x -7=0 
Bo \(-3) 4062 = \4? — 4(2)(-7) 
- 2(1) 2(2) 
ya Bt V9-8 ae oe EE 
2 
_ EE) _ =P 


2 4 
%=2andx=1 x eg oV2 x 
ee) 


Using the Discriminant Find the discriminant of the quadratic 
equation and give the number and type of solutions of the equation. 


51. 2x7 — 5x +2=0 52. 9x? — 24x + 16 =0 53. x7 + 14x + 49 =0 
54. 5x7 — lx +9 =0 55. —2x7 + 12x-21=0 56. -x?+ 10x+10=0 
57. 3x? — 9x = —14 58. 2x7 + 11x = 15 59. 3x7 + 5 = 5x 
Link to. 60. 4x? + 64 = 32x 61. 4x° + 12x +9 =0 62. 2x7 +x=7 
DIVING Olympic Platform Diving In Exercises 63-65, use the following 
f information. 


f\ 
In Olympic platform diving, the athletes dive from a platform that is 32.8 feet 
above the water. A diver leaves the platform with an initial vertical velocity of 
4 feet per second. 


63. Which vertical motion model can you use to represent this situation? 
Explain your reasoning. 


64. Use the model from Exercise 63 to write an equation that gives the height 
(in feet) of the diver above the water as a function of time (in seconds). 


65. For how many seconds is the diver in the air before reaching the water? 


OLYMPIC DIVING The 


diving competition occurs Volleyball In Exercises 66 and 67, use the following information. 
from two different heights, You are playing volleyball. You hit the volleyball with an initial vertical 
the 10-meter platform velocity of —30 feet per second when it is 8 feet above the ground. The 


(32.8 feet above the water) 
and the 3-meter springboard 
(9.84 feet above the water). 66. Write an equation that gives the height (in feet) of the volleyball above 
In 2000, both synchronized the ground as a function of time (in seconds). 

platform and springboard 
diving events for men and 
women were added to the 
Olympic program. 


volleyball lands on the ground after you hit it. 


67. For how many seconds is the volleyball in the air before it lands on 
the ground? 


Baseball In Exercises 68 and 69, use the following information. 


A player hits a baseball with an initial vertical velocity of 90 feet per second 
when it is 3 feet above the ground. No player in the field catches the baseball. 


68. Write an equation that gives the height (in feet) of the baseball above the 
ground as a function of the time (in seconds) after it is hit. 


69. Find the number of seconds that the baseball is in the air. 
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70. Golf After a golfer hits a golf ball, the ball 
leaves the ground with an initial vertical 
velocity of 100 feet per second. Make a sketch 
to model the situation. For how many seconds 
is the golf ball in the air before landing on the 
ground? 


71. || Football You and a friend are playing 

£5] catch with a football. The football 

leaves your hand with an initial vertical 
velocity of 40 feet per second when it is 6 feet 
above the ground. Your friend catches the ball 
when it is 3 feet above the ground. Make a 
sketch to model the situation. For how many 
seconds is the ball in the air before your friend 


catches it? 


Rock Climbing In Exercises 72-74, use the following information. 


A rock climber stands on a cliff and drops a coil of rope from a height of 75 feet 
above the ground below. 


72. Which vertical motion model can you use to represent this situation? 
Explain your reasoning. 


73. Use the model from Exercise 72 to write an equation that gives the height 
(in feet) of the rope as a function of time (in seconds). 


74. For how many seconds is the rope in the air before it hits the ground? 


75. Critical Thinking Explain the differences between the vertical motion model 
for launched objects and the model for falling objects. 


Challenge Use the discriminant to find all values of c for which the 
equation has (a) two real solutions, (b) one real solution, and (c) two 
imaginary solutions. 


76. x2 — 10x +c =0 77.x° + 16x +c=0 78. x2 — 18x +c =0 


Standardized Test 79. Multiple Choice What are the solutions of 2x” + 8x + 7 = 0? 
Practice 


® 2+ ana2 - 2 2+ and 2 v2 

@® —4 + V2 and —4-— v2 ® 2+? and 2 a 
80. Multiple Choice What are the solutions of x7 + 4x + 8 = 0? 

©) Oand —4 @ —4 + 4iand —4 — 43 

CD —2 + 2iand -2 — 2: 2 4 tiand =i 


81. Multiple Choice What are the solutions of 3x* — 5x = —2? 


@® 27 and 2 ® | and + 


© -1 and -4 @® = and a4 
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Mixed Review 


Geometry Skills 


Quiz 3 


Lesson 5.8 


Lesson 5.8 


Lesson 5.9 


Lesson 5.9 


82. Multiple Choice How many real solutions does x? + 8x + 17 = 0 have? 
CF) No real solutions @) One real solution 


CD Two real solutions @® Many real solutions 


Parallel Lines Write an equation of the line that passes through the 
given point and is parallel to the given line. (Lesson 2.5) 


83. (1, —1), y = 2x — 5 84. (2,4), y= —x + 8 85. (—4, —3), y= a +4 


Solving Linear Systems Use the substitution method to solve the 
linear system. (Lesson 3.2) 


86. 2x +y=5 87.x — 2y=8 88. 5x — 3y = -l1l 
x —2y = 10 3x -y=-1 3x +y = 13 
89. 3x + y=3 90. 4x + 3y = 12 91.3x + 4y =0 
5x + 2y=7 —x + 2y=—3 2x + y= 10 
Solving Quadratic Equations Solve the equation. (Lesson 5.5) 
92. 3x* — 11 = 64 93. 2x7 + 12 = 108 94. —2x? + 5 = —35 
95. 4x” — 16x = 24 96. 3x7 + 90x +75=81 97.x7+2x-9=0 


Area of Triangle Find the value of x. 
98. Area = 54 in? 99. Area = 72 ft? 100. Area = 20 m? 


xft 


@ 
(2x + 4) in. (x + 6) ft (x +3)m 


Solve the equation by completing the square. 
1.x° — 10x = —21 2. w* + low = —20 3.x7 + 12x = —30 
4.x? — 18x + 100 =0 5.17 + 7x -3=0 6. ° —5¢+15=0 
Write the quadratic function in vertex form. Then identify the vertex. 
7.y =x? 4+ 8x +15 8. y =x* — 12x +21 9.y =x* — 6x —5 


10. y =x? + 16x + 69 W.y=x? 4+ llx-1 12. y=x7-Tx+3 
Use the quadratic formula to solve the equation. 

13. 2x? — 5x +7=0 14. 3x7 + 10x --4 =0 15. x7 + 12x -6=0 
16. 5x? + 10x = —12 17. 4x? — 5x = 11 18. 2x7 + 8x = —13 


Find the discriminant of the quadratic equation and give the number 
and type of solutions of the equation. 


19. 2x7 + 5x +15=0 20. 2x7 + 12x + 18 =0 21. 3x7 +x-7=0 
22. 3x2 — 12x +12 =0 23. 4x7 + 7x +5=0 24. x7 -— 12x -9=0 


5.9 The Quadratic Formula and the Discriminant a 


5 Writing Quadratic Functions 
Extension 


Key Words | GOAL | Write a quadratic function using given information. 
¢ best-fitting quadratic 


model In Lessons 5.1 and 5.2, you graphed quadratic functions. You can also write a 
quadratic function when you know information about its graph. 


Write a Quadratic Function in Vertex Form 


Write a quadratic function for the parabola shown. 


Solution 


You know the vertex of the parabola is (1, —2). 
You can use vertex form to write the function. 


y=a(x—h)*+k — Vertex form 
y=a(x— 1)?-2 Substitute 1 for h and —2 for k. 


Use the other given point, (3, 2), to find a. 
2=a(3—1)?—2 Substitute 3 for x and 2 for y. 
2=4a-2 Simplify. 
l=a Solve for a. 


ANSWER} A quadratic function for the parabola is y = (x — 1)? — 2. 


Write a Quadratic Function in Intercept Form 


Write a quadratic function for the parabola shown. 


Solution 


You know the x-intercepts of the graph are —2 and 3. 
You can use intercept form to write the function. 


y =a(x — p)(x — q) Intercept form 


y = a(x + 2)(x — 3) Substitute —2 for p and 3 for q. 
Use the other given point, (0, 6), to find a. 
6 = a(0 + 2)(0 — 3) Substitute 0 for x and 6 for y. 
6 = —6a Simplify. 
—-l=a Solve for a. 


ANSWER > A quadratic function for the parabola is y = —(x + 2)(x — 3). 


Write a quadratic function for the parabola. 


1. vertex: (4, —3); point: (2, —1) 2. x-intercepts: —2, 5; point: (6, 2) 


ea Chapter 5 Quadratic Functions and Factoring 


qerupenr HELP 

READING GRAPHS 
You can use the graph of 
your model and the data 


points to see how well 
the model fits the data. 


Quadratic Regression In Chapter 2, you used a graphing calculator to 
perform linear regression on a data set. This gave you a linear model for the 
data. You can also perform quadratic regression on a data set to find the 


Use Quadratic Regression to Find a Model 


®| Temperature The table shows the mean temperature (in degrees Fahrenheit) 
in Chicago, Illinois, for each month (January = 1, February = 2, .. .) of 2005. 
Use a graphing calculator to find the best-fitting quadratic model for the data. 
Month 


Temperature 


Month 


Solution 
@ Enter the data into two ® Make a scatter plot of 
lists on a graphing calculator. the data. 


57.1 
2¢05)=57.1 


© Use the quadratic regression @ Graph the model and 
feature to find the best-fitting the data in the same 
model for the data. viewing window. 


QuadReg 
y=ax2+bxt+c 
a=-1.651218781 
b=22.4526973 
c=-6.368181818 


ANSWER > The best-fitting quadratic model is y = —1.63x + 22.5x — 6.37. 


3. Sound Velocity The table shows the velocity (in feet per second) of 
sound in water of various temperatures (in degrees Fahrenheit). Use a graphing 
calculator to find the best-fitting quadratic model for the data. 


voertogeoure, SIMEON EC A AOS 


S76 | 06 | ser [oar | son | 50 


Writing Quadratic Functions Fa 


Exercises 


Writing in Vertex Form Write a quadratic function in vertex form 
for the parabola shown. 


ee tveenr HELP bs 
HOMEWORK HELP 
Example 1: Exs. 1-6 
Example 2: Exs. 7-12 


Example 3: Exs. 13, 14 


Writing in Vertex Form Write a quadratic function in vertex 
form whose graph has the given vertex and passes through the 


given point. 
4. vertex: (2, —1) 5. vertex: (—4, 6) 6. vertex: (4, 5) 
point: (4, 3) point: (—1, 9) point: (8, —3) 


Writing in Intercept Form Write a quadratic function in intercept 
form for the parabola shown. 


Writing in Intercept Form Write a quadratic function in intercept 
form whose graph has the given x-intercepts and passes through the 


given point. 
10. x-intercepts: 1, 4 11. x-intercepts: —2, 2 12. x-intercepts: —1, 6 
point: (3, 2) point: (—4, 8) point: (1, —20) 


13. Television Prices The table shows the prices of some popular brands of one 
type of television for various sizes (in inches). Use a graphing calculator to find 
the best-fitting quadratic model for the data. 


se [« [»[™[»7][»] x» 


14. Touchdown Record In 2007, Jerry Rice held the record for scoring the most 
touchdowns in the history of the National Football League. The table shows 
the total number of touchdowns Rice scored in his career after certain numbers 
of years since 1985 (0 represents 1985, | represents 1986, . . .). Use a graphing 
calculator to find the best-fitting quadratic model for the data. 


veonmmoeis [o[s]@]»]»]s [a] 
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Chapter Summary 
and Review 


VOCABULARY 


¢ quadratic function, p. 222 ¢ minimum value, p. 230 ¢ rationalizing the 

¢ parabola, p. 222 ¢ maximum value, p. 230 denominator, p. 256 
* vertex, p. 222 * trinomial, p. 234 ¢ imaginary unit i, p. 261 

° axis of symmetry, p. 222 * quadratic equation, p. 235 * complex number, p. 262 

* monomial, p. 224 ° zero of a function, p. 242 * imaginary number, p. 262 

* binomial, p. 224 * square root, p. 255 ¢ complex conjugates, p. 263 
* vertex form, p. 228 ° radical, p. 255 ¢ completing the square, p. 268 


e intercept form, p. 229 * radicand, p. 255 ¢ quadratic formula, p. 274 
¢ discriminant, p. 276 


VOCABULARY EXERCISES 


1. Copy and complete: The quadratic function y = —2(x — 8)* + 3 is written in _? 
form. 


2. A quadratic function is written in standard form. How do you know if the function 
has a maximum value or a minimum value? 


3. How can the discriminant be used to determine the number and type of solutions of a 
quadratic equation? 


-APHING QUADRATIC FUNCTIONS IN STANDARD FO! 


| EXAMPLE | To graph a quadratic function in standard form, find the axis of 
symmetry and the vertex. Graph the function y = x? — 4x + 3. 


The function is in standard form y = ax” + bx + c where a = 1, 
b = —4, and c = 3. 


bes JE 


2a 2(1) 


Axis of symmetry xX = 


Vertex The x-coordinate of the vertex is 2. Find the y-coordinate. 
y = (2)? —4Q2)+3=-1 
iehventexeisn (smal), 


Evaluate the function for x-values less than 2, such as 0 and 1, 
to find points to the left of the axis of symmetry. Plot the 


REVIEW HELP 
Exercises Example 


points and their mirror images. 
(1, 0), (3, 0), (0, 3), (4, 3) 


46 2,p.223 
Draw a parabola through the points. 


Graph the function. Label the vertex and the axis of symmetry. 
4.y=x?-2x-8 5B.y=x+4x-3 6. y= 4+2x-5 


Chapter Summary and Review | 


| EXAMPLE | To graph a quadratic function in intercept form, plot the 


x-intercepts and the vertex. Graph the function y = (x — 4)(x + 2). 


The function is in intercept form y = a(x — p)(x — q) where 
a=1,p=4,andgq = —2. 
prq _ @(e2) . 
2 
The x-coordinate of the vertex is 1. The y-coordinate is: 
y=(-4)1 + 2)=—9 
Plot the vertex (1, —9). 


The axis of symmetry is x = il, 


REVIEW HELP 
Exercises Examples 


7 1, p. 228 The x-intercepts are 4 and —2. Plot (4, 0) and (—2, 0). 
8,9  2,p.229 


Draw a parabola through the points. 


Graph the function. Label the vertex and the axis of symmetry. 
7.y=(*—-4)7 +2 8. y = (x — 3) + 5) 9.y=(x + 7)(x + 6) 


| EXAMPLE | You can sometimes factor to solve equations of the form x” + bx + c = 0. 


a = 4 — 21 Write original equation. 
x’ — 4x -—21=0 Write in standard form. 
REVIEW HELP (Ge = TYGe sp 3) = © Factor. 
Exercises Example x-7=0 or x+3=0 Use the zero product property. 


10-12 3, p. 236 


x=7 or x= —3 Solve for x. 


Solve the equation by factoring. 
10. x? — 11x + 28 =0 11. n? +n = 30 12. x? + 6x = 16 


| EXAMPLE | You can sometimes factor to solve equations of the form ax? + bx + c = 0. 


6x* — 7x — 20 =0 Write original equation. 


REVIEW HELP (Ce = ING ap 4h) = © Factor. 


Exprcises Examblss 2x-5=0 or 3x+4=0 Use the zero product property. 


13-15 4, p. 242 
13-15 5, p. 243 


Solve for x. 


N|[n 
Q 
o 

| 
| 


x= 


vol 


Solve the equation by factoring. 
13. 2x7 — 3x -5=0 14. 6x7 — 17x +5 =0 15. 28y? — y — 15 =0 
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USING SPECIAL PATTERNS 


_ 


| EXAMPLES | You can factor some quadratic expressions using special patterns. 
a. x? — 36 =x? — 6 Write as a? — b?. 


REVIEW HELP = (x + 6) — 6) Difference of two squares pattern 
Exercises Examples 


16,17 1, p. 249 b. x2 + 8x + 16 =x? + 2(x)(4) + 4 Write as a2 + 2ab + b?. 
18,19 2, p. 250 


= (x + 4)? Perfect square trinomial pattern 


Factor the expression. 
16. x? — 81 17. 4x2 — 49 18.x7 + 12x+36 19. x7 — 20x + 100 


| EXAMPLE | You can use square roots to solve some quadratic equations 


that have no x-terms. 


JADRATIC EQUATIONS BY Fil 


Aa = 37 — 251 Write original equation. 
4x? = 288 Add 37 to each side. 
eS Divide each side by 4. 
REVIEW HELP x= +V72 Take the square root of each side. 
Exercises Example x = +V36-V2 Product property of square roots 
20-23 «3, p. 256 
% = ov? Simplify. 


>. 
Solve the equation. 
20. 2x? = 62 21.x7 +9 =90 22.5x2-21=99 23. $x +12 =45 


| EXAMPLES | You can perform operations with complex numbers. 


Eb G@ = By) ae @ se Sy) =] G ae 4) ae (HB a De Group real and imaginary terms. 


REVIEW HELP ’ 
Exercises Examples = 10+ 2i Write in standard form. 


24 2, p. 262 
25 3, p. 262 b. (3 — 5)(1 + 3i) = 3 + 91 — Si — 157? Multiply using FOIL. 


26,27 4, p. 263 =3+ 4i — 15(-1) Use i2 = —1. 
28, 29 5, p. 263 . sab Gs 
=18+4i Write in standard form. 


Ss 


Write the expression as a complex number in standard form. 


24. (4+ 21) + (3 —-)) 25. (3 — 2i) — (6 — 3i) 26. (1 — 7i)(3 + 21) 
_ en _ 6 5 + 2i 6 — Si 
27. (4 — 5i)(2 — 61) 28. 7 di 29. es 


Chapter Summary and Review 287 


| EXAMPLE | You can use completing the square to solve quadratic equations. 


x* — 6x -8=0 Write original equation. 
x = 6n = 8 Write the left side in the form x? + bx. 
-6)2 

x27 -6x+9=8+9 Add | =°)' = (-3)? = 9 to each side. 
REVIEW HELP (x — 3)? = 17 Write the left side as the square of a binomial. 
Exercises Example x-3=+V17 Take the square root of each side. 

30-32 3, p. 269 
ao VAT Add 3 to each side. 


Solve the equation by completing the square. 
30. x7 + 10x = —-17 31. x° — 6x =2 32. x* — 8x + 21 =0 


THE QUADRATIC FORMULA AND THE DISCRIMII 


| EXAMPLE | You can use the quadratic formula to solve any quadratic equation. 
Solve x? + 7x + 11 =0. 


Ee 
= ue 2 ive Quadratic formula 
REVIEW HELP ee se) Substitute values in the quadratic 
ieereisee bcaliple AC) formula: a = 1, b = 7, and c = 11. 
33-35 1, p.274 
x= Eee Simplify. 


| EXAMPLE | You can use the discriminant to determine the number and 


type of solutions of a quadratic equation. 


b?—4ac>0 2 real solutions 
b? —4ac=0 1 real solution 
b*>—4ac<0 2 imaginary solutions 


Find the discriminant of the quadratic equation x? + 8x + 12 =0 


and give the number and type of solutions of the equation. 


REVIEW HELP ues : 
Exercises Example The discriminant is b? — 4ac = 8? — 4(1)(12) = 16. 


36-38 4, p. 276 


Because 16 > 0, the equation has two real solutions. 


Use the quadratic formula to solve the equation. 
33. x* — 12x + 20=0 34, x7 + 10x --7=0 35. 5x7 — 2x = —3 


Find the discriminant of the quadratic equation and give the number 
and type of solutions of the equation. 


36. x2 + 12x + 12 =0 37. 2x2 + 10x — 15 =0 38. 2x* = 3x5 =0 
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er ‘§ Chapter Test 


Graph the function. Label the vertex and the axis of symmetry. 
1.y=x* — 10x +8 2.y=(x—-7) +2 3.y = —(x + 5)(x + 3) 
Factor the expression. 
4.x? —2x-3 5. y* — 8y + 15 6. 6x" — 1lx + 5 
7. 8h? — 10h —7 80° = 25 9.977 + 6+ 1 
Solve the equation by factoring. 
10. x* — 10x + 21 =0 11. 12x? — 31x +7 =0 12. 25w* — 16 =0 
13. x* + 8x = —16 14. 6x? + 11x = 10 15. 27 + 13z = —42 
Solve the equation by finding square roots. 
16. 3s? = 27 17. 3x" — 15 = 66 18. 4x7 + 13 = 125 
19. x? = —16 20. y* = —54 21. 3x7 = —63 
Write the expression as a complex number in standard form. 
22. (5 — 2i) + (-7 + 6) 23. (4 + 2i) — 3 + 4i) 24. (3i)(6i) 


5 
34 


25. (2 + 5i)(1 + 3%) 26. (2 — 5i)(2 + 2i) 27. 
Solve the equation by completing the square. 
28. x? + 18x = —5 29. n? — 10n — 13 =0 30. x7 + 8x + 20 =0 


Use the quadratic formula to solve the equation. 
31.x7-7x+4=0 32. x7 + 10x — 12 =0 33. 4x? + 2x = —5 


Find the discriminant of the quadratic equation and give the number 
and type of solutions of the equation. 


34. x27-—4x+7=0 35. x2 + 10x + 25 =0 36. 2x7 + 5x -6=0 


Geometry The area of the rectangle is given. Find the length and 
width of the rectangle. 


37. Area = 96 square yards 38. Area = 70 square feet 


xyd (x — 3) ft 


(x + 4) yd xtt 


39. Baseball You throw a baseball into the air. The baseball leaves your hand 
with an initial vertical velocity of 60 feet per second when it is 5 feet above 
the ground. You catch the baseball when it falls back to a height of 4 feet. For 
how many seconds is the baseball in the air? 


Chapter Test fad 


Chapter Standardized Test 


\ Jest Tip Read the question carefully. 


DD © wD 


| EXAMPLE | You are planting a garden. The garden will be a rectangle with a width 
of x feet and a length of (10 + x) feet. You have enough seeds to plant a garden with an 
area of 200 square feet. What should the length (in feet) of the garden be? 


CA) —20 feet 10 feet ©) 20 feet @®) 40 feet 


Solution 


Use the formula for the area of a rectangle to write an equation. Then solve the 
equation for x. 


Area = length « width 
200 = (10 + x) +x 
0 = x* + 10x — 200 
0 = @ + 20) — 10) 
x = —20orx = 10 


The width x of the garden must be 10, because a width cannot be negative. However, the 
question asks for the length of the garden, not the width. The length (x + 10) of the garden is 
10 + 10 = 20. Choice ©) is the correct answer. 


.. 


Multiple Choice 


1. What is the vertex of the graph of 4. What are the solutions of the equation 
y =x? — 10x + 27? y* — lly + 30 =0? 
@ (—10, -7) (5, 2) ©) —5,6 @® -6,-5 
© (-S, 2) ® 6, -7) H —6,5 ®D 5,6 

2. What is the correct factorization of 5. What are the solutions of the equation 
a = Oe = 277 10x? + x-2=0? 
BD &+3e-9 © &-3e+9) BD -5,-2 4,2 
D &- 30-9 Det+Det+9 o-. ® 2,5 

3. What is the correct factorization of 6. What are the solutions of the equation 
1247 = 8xe= 15? x? +5 = 32? 
@ (6x + 5)(2x — 3) (6x — 5)(2x + 3) © +9V6 @ +3V3 
© (4x + 3)3x-5) WD (4x - 3)Gx +5) @ +V32 D +3V6 
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7. What are the solutions of x2 — 14x + 49 = 48? 


@® -7+4v3 
© 7+4v3 


® -7+ 16V3 
@® 7 + 16V3 


8. Write (3 + 2i) — (4 — 37) in standard form. 
& -1+5i @ -1-i 
@® 7-i GD 74+ 5i 


9. Write (2 — 1)(4 + 5/) in standard form. 
@ 13 - 6 8+i 
© 3+ 6i ®DM 13+ 6i 


Gridded Response 


13. Find the value of c that makes x? + Ilx + ¢ 
a perfect square trinomial. 


14. The area of the rectangle is 126 square feet. 
Find the value of x. 


xtt 


(x + 5) ft 


15. What is the x-coordinate of the vertex of the 
graph of y = x* — 6x + 14? 


Extended Response 


10. What is the vertex form of y = x? + 8x + 10? 


11. 


12. 


16. 


17. 


18. 


19. 


® y=@+4"+10 @ y=04+4?-6 
MH y=(+4)?+26 D y=(-4)-6 


What are the solutions of x? + 6x + 10 = 0? 
@ —4, -22 2,4 

() 327 @M 3+i 

How many real solutions does the equation 
4x? + 4x + 1 = Ohave? 
f® 0 

CD 2 


@ | 
CD) more than 2 


Find the minimum value of y = x7 — 6x + 30. 


The area of the triangle is 42 square inches. 
Find the value of x. 


(x + 8) in. 
Find the discriminant of 2x2 — 9x + 7 = 0. 


How many real solutions does the equation 
2x? + 16x + 31 = 0 have? 


20. You are playing volleyball. Your friend hits the ball into the air with an initial 
vertical velocity of 30 feet per second when it is 2 feet above the ground. 


a. Which vertical motion model can you use to represent this situation? Explain 


your reasoning. 


b. Use the model from part (a) to write an equation that gives the height (in feet) 
of the volleyball as a function of the time (in seconds) after it is hit. 


c. You hit the ball when it is falling towards the ground and reaches a height of 
9 feet. How many seconds after your friend hits the ball do you hit the ball? 


Explain how you found your answer. 


Chapter Standardized Test a 


Ia How has the enrollment of students 
in public high schools changed? 


A graph can show how a quantity changes over time. 
The graph below shows the number of students enrolled 
in public high schools in the United States from 1990 to 
2002. This graph is an example of a kind of function that 
you will study in Chapter 6. 


y 
14,000 


13,000 
12,000 
11,000 


10,000 


0 
0 2 4 6 


Think & Discuss 


Use the graph to answer the following questions. 


1. Describe the change in enrollment from 1990 to 2002. 


2. Use the graph to estimate the number of students 
enrolled in public high schools in 2000. 


Learn More About It 

You will use polynomial functions to find the total 
enrollment of students in high school in Example 4 on 
page 311. 


« 6 Study Guide @Hometutor 


classzone.com 
* Multi-Language Glossary 
* Vocabulary practice 


| PREVIEW | What's the chapter about? 


¢ Using properties of exponents to evaluate and simplify expressions 
* Defining, graphing, and using polynomial functions 

* Adding, subtracting, multiplying, and dividing polynomials 

*¢ Factoring polynomial expressions and solving polynomial equations 


Key Words 

¢ scientific notation, p. 298 e end behavior, p. 303 

¢ polynomial, p. 302 ¢ polynomial long division, p. 317 
¢ standard form of a polynomial ¢ factor by grouping, p. 324 


function, p. 302 e quadratic form, p. 329 
¢ leading coefficient, p. 302 * repeated solution, p. 331 
¢ degree of a polynomial, p. 302 ¢ local maximum, p. 335 
¢ constant term, p. 302 ¢ local minimum, p. 335 


| PREPARE | Chapter Readiness Quiz 


Take this quick quiz. If you are unsure of an answer, look back at the 
reference pages for help. 


Vocabulary Check (refer to p. 16) 
1. Complete the statement: The coefficient of the term 4x3 is 2. 


@ 4 ® 3 © x Dx 


Skill Check (refer to pp. 73, 249) 
2. What is the value of the function f(x) = x? + 3x — 2 when x = —4? 


® 0 @ 2 & 3 D 4 
3. Factor the expression 49x” — 14x + 1. 
@ («-7) (7x + 1)? @® (7x - 1)? ®M (xe - Iet+ LD 


TAKE NOTES Compare Topics 


Look for similarities and 
differences between math 


Polynomials VS. Binomials 


topics. For example: How is_ § ela rities 

working with polynomials = g ‘ andard form uses descending ord 
similar to working with euenente) ae 
monomials and binomials? ; Differen Cea 


How is it different? 
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DEVELOPING CONCEPTS (For use with Lesson 6.1) 


Goal QUESTION 


Discover patterns for 


i ivi i ? 
multiplying or dividing How do you multiply or divide powers with the same base? 


powers with the same EXPLORE 
base. Se 

@ To multiply powers with the same base, write the product in expanded form. 
Materials Then count the number of factors and write the result as a single power. Copy 
° pencil and complete the table. 
¢ paper 


Product ofpowers Expanded form sees power Sum of exponents 


(4 * 4)(4 © 4) 


2 | To divide powers with the same base, write both the numerator and denominator 
in expanded form. Then divide out all common factors. Write the result as a 
single power. Copy and complete the table. 


Difference of 


Quotient of powers Expanded form Single power exponents 


THINK ABOUT IT 


1. Use your observations from the table in Step 1 to complete the statement: For any 
real number a and any positive integers m and n, a * a" = __? 


Write the product as a single power. 
2.6 + 6 3.2°+2 4.x? +x 5. yt y4 
6. Use your observations from the table in Step 2 to complete the statement: For any 


m 


nonzero real number a and any positive integers m and n, — = __? 
a 
Write the quotient as a single power. 


a 8 7 
7,2 3. 9. 4 10. > 


2 43 
6.1 Properties of Exponents Fal 


Properties of Exponents 


Ce Use properties of exponents to evaluate and simplify 
expressions involving powers. 


Key Words 


e scientific notation 


In the activity on the previous page, you may have seen that when multiplying 
two powers with the same base, you can add their exponents. This is also true 
for powers with zero exponents and negative integer exponents. Here is how you 
can find what these exponents mean. 


Evaluate the 
expression. 


ZERO EXPONENT NEGATIVE INTEGER EXPONENT 
1.2 
itl ae es Property of exponents 3f3 3° e = Br * 
3. (-7) 37 53° = 3" Simplify exponents. ae ay 
ad 57430 _. 34 se i Pare. 3 
4. (—3) zi 3 Divide each side by 3”. 30 3A 
3°=1 Simplify. n= s 


The properties of exponents are summarized below. Throughout this book, it is 
assumed that any base with a zero or negative exponent is nonzero. 


Let aand bbe real numbers and let m and n be integers. 

ALGEBRA EXAMPLE 
Product of Powers ape ate aaa Be 3) 3e 
Power of a Power (a™)" = qin (22\e 22 2 
Power of a Product (ab) = a™b™ (4= 3)° = 49. 3° 
Negative Exponent ann shin a#0 52 = = 
Zero Exponent M= 1,42 100° =41 
Quotient of Powers x =a" "a#0 - =e =e 

m m 4 a 
Power of a Quotient (5) = ai b#0 (2) = 5 


- HELP 
Look BACK 


For help with evaluating (—2)-8(—2)* = (—2) “8 ¥4 Product of powers property 
powers, see page 9. =(-2)~4 Simplify exponent. 
= = i Negative exponent property 
= « Evaluate power. 
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TUDENT HELP 
SOLVING NOTE 


Remember that y = y’. 


Evaluate Quotients with Exponents 


5\2 
Evaluate |3;| ; 
33 
35 2 w2 , 
3 = (3°) Quotient of powers property 
= 34 Power of a power property 
= 81 Evaluate power. 


pressions 


Evaluate the expression. 
1. (243 2. (5) 3. (-3)2(-3)~7 4. (2) 


Simplifying Expressions A simplified algebraic expression contains only 
positive exponents. 


a. = = = ; Power of a quotient property 
a ir) 
= aie P f t 
= yee ower of a power property 
_ x 7 . 
= = Simplify exponent. 
= xy Negative exponent property 
b. (Sy 3)2ypy = 52(y73)2 py Power of a product property 
= 25>? Sry Power of a power property 
= 25y~ py Simplify exponent. 
= oy -ore es Product of powers property 
= 25y" Simplify exponent. 
= 25 Zero exponent property 
xy6 
a a grays Quotient of powers property 
xy 
=x 8 Simplify exponents. 
ys 
= 2 Negative exponent property 


yressions 


Simplify the expression. Tell which properties of exponents you 
used. 


5.43 22 
5. (2p)3p' 6. 7. (3b-2)38 8. (=, | : 
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DRUMS The two heads of 

a bass drum are hit using 
mallets to produce a low 
pitch. The bass drum used by 
Purdue University’s marching 
band has a diameter of about 
8 feet and a depth of about 

4 feet. 


Compare Areas 


Drums The head of the bass drum used by Purdue University’s marching band 
has a radius about 4 times greater than a common bass drum. How many times 
greater is the area of Purdue’s bass drum’s head than a common bass drum’s head? 
Let r represent the radius of a common bass drum’s head. 


Solution 


Divide the area of Purdue’s drum head by the area of a common drum head. 


Area of Purdue’s drum head _ ™(4r i 
Area of common drum head ar 


The area of a circle is A = mr. 


_ me Per? 


ar? 


Power of a product property 


=q!-1.4?+72-? Quotient of powers property 


Tae ae a Simplify exponents. 


1+*16°1= 16 Zero exponent property 


ANSWER > The area of Purdue’s bass drum’s head is about 16 times greater. 


Scientific Notation A number is written in sci ition if it is in the 
form c x 10” where 1 < c < 10 and 7 is an integer. When you use numbers in 
scientific notation, the properties of exponents help make calculations easier. 


Use Scientific Notation 


Transportation In 2003 the population of the United States was 2.91 x 10°. In 
that same year, the total motor fuel usage was 1.70 x 10!! gallons. Estimate the 
average number of gallons used per person in the United States in 2003. 


Solution 
Divide the total motor fuel usage by the population. 


Total fuel usage i 
Dewees Le Divide fuel used by population. 


Population ~ 2.91 x 108 
= a x 10!'~8 — Quotient of powers property 
= oo x 10° Simplify exponent. 
= 0.584 x 10? Use a calculator. 
= 584 Simplify. 


ANSWER > The average number of gallons used per person was about 584. 


9. In 2003, about 4.25 x 10!! local phone calls were made in the United 
States. Use the population in Example 5 to estimate the average number of 
local calls made per person. 
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WTS Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


STUDENT HELP 
HOMEWORK HELP 


Example 1: Exs 
Example 2: Exs 
Example 3: Exs 
Example 4: Exs 
Example 5: Exs 


12-23 
12-93 
24-35 
40-44 
45-49 


1. State the name of the following property: a” * a" = a™*". 


2. Write the power of a power property and the power of a product property. 


Evaluate the expression. 


3. (32)? 4. (4-3)-! 5. (3) 6. 58 6 5065-5 
Simplify the expression. 
3 
Fixes 1 sOry 9. = 10. (xy)? 


11. Windows The radius of a circular window is about 5 times as great as the 
radius of a smaller circular window. How many times greater is the area of the 
large window than the area of the smaller window? Let r be the radius of the 
smaller window. 


Evaluating Expressions Evaluate the expression. Tell which properties 
of exponents you used. 


12.3°+ 3-3 13. (2°)? 14. (4 +5) 

15. (—3)* « (-3)? 16. (2)~> + (2)? 17. (5)7! + (5) 
=5. = 1 2 3 o 

18. (375) 19. (2) 20. ©; 

21. & 22. (-6)~5+ (-6)5 23.99. 95.977 


Simplifying Expressions Simplify the expression. Tell which 
properties of exponents you used. 


24. x’- 2 25. (3x°)~? 26. (2x * x)? 
2 
=5: 
27. = 28. (x'y)~? 29. (x4y-2) > 
6 ,,3 5 
30. A. | 32. (5x2y~3)~4 
xy xy 
2 8 3 
33. (3x 4y~%)~5 7, ale eee 
x ly 2x 2y 


Evaluating Expressions Evaluate the expression. Write your answer in 
scientific notation. 


36. (4 X 10°) X (2 X 1074) 37. (8.7 X 1078) x (7.9 X 107°) 
12 —9 
38. 6 xX 10 39. 9.8 xX 10 
3x 10-3 4.3 X 10° 


6.1 Properties of Exponents | 


Link to. 
GEOGRAPH 


——_— ~ i 


LAKE BAIKAL is the largest 
freshwater lake by volume, 
and the Caspian Sea is the 
world’s largest saltwater lake 
by volume. The map at the 
right shows how their areas 
compare. 


Geometry Link, Write an expression in simplified form for the volume of 
the figure in terms of x. 


40. V=s° 


2x 
2x 
2x x 
2x 


43. Packaging You buy a gift for a gift exchange and wrap it in a box whose 
length and width are each equal to twice the height. The gift you receive is in a 
box that has a length and width equal to half the height. The two boxes have the 
same height. Sketch and label the boxes. How many times larger is the volume of 
the box you give than the volume of the box you receive? 


41.V=arh 


44. Machine Parts Technical specifications for the design of a machine require 
two sizes of steel cylinder rods. The larger rod should have a radius that is 
7 times greater than the smaller rod. The height of each rod is twice as long as 
the radius. Sketch and label the rods. How many times greater is the volume of 
the large rod than the volume of the small rod? 


45. Lake Volume The volume of the Caspian Sea is about 7.82 X 104 cubic 
kilometers. The volume of Lake Baikal is about 2.30  10* cubic kilometers. 


How many times larger is the volume of the Caspian Sea than the volume of 
Lake Baikal? 


Country Area and Population In Exercises 46-50, use the 
information in the table. It shows the mid-year population and the 
area of four countries in 2004. Estimate the population per square 
mile for each country. 


Country Population Area (square miles) 


4.63 X 10° 9.98 x 102 
1.75 X 107 2.25 X 10° 


1.44 x 108 6.59 x 10° 
2.93 X 108 3.54 x 106 


47. Madagascar 


46. Luxembourg 


48. Russia 49. United States 


50. Population Density The population per square mile is a measure of 
population density. Write the four countries in the table in order from 
greatest to least population density. 
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51. Sand Some spherical sand grains have a radius of about 5 X 107+ meter. 
How many grains of sand could fit across the blade of a shovel that is 
0.25 meter wide? 


Speed of Light In Exercises 52 and 53, use the fact that the speed of 
light through air is about 3.00 x 10° kilometers per second. 


52. It takes about 499 seconds on average for light to travel from the sun to Earth. 
Find the approximate distance between Earth and the sun. Write the result in 
scientific notation. 


53. Challenge The mean distance between the sun and Mars is about 
2.28 X 108 kilometers. How long, in seconds, does light from the sun 
take to reach Mars? 


Standardized Test 54. Multiple Choice What is the value of the expression (3)~1(3)72 


Frecune cr 4 ©3 ®9 
=5.,6 
55. Multiple Choice Which expression is equivalent to a = ? 
y y! s 
QO. Qe OF D »*y? 
x x y 
‘ . 5 ‘DA 10" 
56. Multiple Choice What is the value of the expression ey 
@ 0.4 4 © 40 @® 400 
Mixed Review Perfect Squares Factor the expression. (Lesson 5.5) 
57.x° + 6x + 9 58. x7 — 14x + 49 59. x? — 22x + 121 
60.17 + 2x41 61. x? + 20x + 100 62. x? — 24x + 144 
63. 4x7 — 4x + 1 64. 9x” + 24x + 16 65. 16x7 + 48x + 36 


Completing the Square Find the value of c that makes the 
expression a perfect square trinomial. (Lesson 5.8) 


66.2 + 6x4+c 67.x2-— 10x +c 68.22 + l4x+c¢ 
69. x2 — 26x +c 70. x? — 04x +c 71.x° + 1l6x+te 


Geometry Skills Finding Volume of Solids Find the volume of the solid. 


72. 73. 
2 in. 


10cm 


74. 


76. 
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Key Words 
polynomial 

standard form of a 
polynomial function 
leading coefficient 
degree of a polynomial 
constant term 

end behavior 


Evaluate the function 
when x = —3. 


1. fix) = Tx +2 
2. f(x) = x27 +3x—-4 
3. fix) = 2x3 — 9 


4. fix) =x -— x -—x-3 


Polynomial Functions and 
Their Graphs 


| GOAL | Define, graph, and use polynomial functions. 


Ap al is a monomial or a sum of monomials with real number 
coefficients. A polynomial is in m if its terms are written in 
descending order of exponents from left to right, such as 


9° — x3 + 4x +7 


When a polynomial is written in standard form, the coefficient of the first term 
is the leading coefficient, and the exponent of the first term is the degree of 
the polynomial. A term that has no variable is a constant term. 


Linear functions and quadratic functions are simple forms of polynomial 
functions. A summary of common types of polynomial functions is shown 
below. 


Degree Type Standard form Example(s) 


Ce 
Tiina [arb [oman 
Quadratic fxs) = 4x7 +x —5 

Cubic fa = axe t+ bx? +cx+d 


Identify Polynomial Functions 


Tell whether the function is a polynomial function. If it is, write the function in 
standard form. Then state its degree, type, and leading coefficient. 


b. f(x) = x4 — 3x? — 5x 
d. fix) = 6x3 — 3x7 + 2x + 3? 


a. f(x) = 2x7 —14+ 73 
c. fix) = 7x — 4x7 + V5 


Solution 


a. This is a polynomial function. Its standard form is f(x) = 7x* + 2x? — 1. 
It has degree 3, so it is a cubic function. The leading coefficient is 7. 


b. This is not a polynomial function. The term 3x” has an exponent that is not 
a whole number. 


c. This is a polynomial function. Its standard form is f(x) = —4x? + mx + V5. 
It has degree 2, so it is a quadratic function. The leading coefficient is —4. 


d. This is not a polynomial function. The term 3* has an exponent that is not 
a whole number. 
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Functions 
Tell whether the function is a polynomial function. If it is, write the 


function in standard form. Then state its degree, type, and leading 
coefficient. 


1. fix) = 5x4 + 2x9 — 0? + Vx 
3. f(xy) =2—-—x 4. f(x) = x2 — 


Graphing Polynomial Functions When you graph a polynomial, oH have 


to look at where the graph turns. You also need to know the er 0] 
which is what happens to f(x) as x gets very large or very small. The end 
behavior depends on the degree and leading coefficient of the function. 


Notice that for each graph above, the leading coefficient is positive and the 
degree is odd. In these cases, f(x) approaches positive infinity (+) as x gets 
very large. 


End Behavior of Polynomial Functions 


The graph of a polynomial function has the following end behavior. 


Degree: even 
Leading coefficient: positive 


f(x) approaches + as 
X approaches + or —% 


Degree: odd ack 
Leading coefficient: positive 


f(x) approaches —© as 
X approaches — and 
f(x) approaches + as 
X approaches +, 


6.2 Polynomial Functions and Their Graphs a 


Degree: even 
Leading coefficient: negative 


f(x) approaches — as 
X approaches + or —%% 


Degree: odd 
Leading coefficient: negative 


f(x) approaches + as 
X approaches — and 

f(x) approaches —® as 
X approaches +. 


"  iphaeabagl HELP 
Look BACK 


For help with evaluating 
functions, see page 73. 


Lintota 


NDUSTRY 


EXPORTS are goods that are 
shipped out of a country. The 
United States exported 

348 million cubic feet of 
lumber in 2004. 


Graph Polynomial Functions 


Graph the polynomial function. Use the domain x = —3, —2, —1, 0, 1, 2, 3. Then 
describe the end behavior of the graph. 


a. f(x) = —x3 — x2 + 2x b. f(x) = x4 - 4x -1 


Solution 


a. First, make a table of values. Plot the corresponding 
points. Then connect the points with a smooth curve. 


me 3 | -2|-1] 0 | 1 | 2 | 3 | 


) Ee 


The degree is odd, and the leading coefficient is negative. 
So, f(x) approaches + as x approaches — and 
(x) approaches —°® as x approaches + °°. 


b. First, make a table of values. Plot the corresponding 
points. Then connect the points with a smooth curve. 


* BRIBES ESED 


' Eee 


The degree is even, and the leading coefficient is positive. 
So, f(x) approaches + as x approaches — and 
(x) approaches + as x approaches +90, 


Graph a Real-World Function 


Exports For 1980 through 2004, the total exports EF (in billions of dollars) of the 
United States can be modeled by the function E = —0.12x? + 5x? — 28x + 244 
where x = 0 represents 1980. Graph the function. 


Solution 


ss 


Make a table of values. 


~ 
ol 
Oo 


e 

m9 | 5 | 10 | 15 | 20 | 2 Eom 
gs 

: £5 a0 
a: 

Plot the points. Then connect the points - = 300 
with a smooth curve. Note that the leading = 

_ So ae F 150 

coefficient of the function is negative, and 


the degree is odd. 0 5 1015 20x 


Functions 


Graph the function using the domain x = —3, —2, —1, 0, 1, 2, 3. 


5. fix) = —x? + 4x? 6. fix) = 29 +2x7-x4+1 7.f) = xt +x4+2 


ia Chapter 6 Polynomials and Polynomial Functions 


WWD) Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


"haben HELP 

HOMEWORK HELP 
Example 1: Exs. 7-22 
Example 2: Exs. 23-49 


Example 3: Exs. 50-53 


1. Copy and complete the statement: If the terms of a polynomial function are 
written in descending order of exponents from left to right, itisin_?_. 


2. Is the degree of f(x) = 7x? — 4x + 3x? — 9 equal to 2? Explain. 


Identify the degree and the leading coefficient of the polynomial 
function. Then describe the end behavior of its graph. 


3.fy=2-xtxr-P Afw=-—x 5. fix) = x4 — x 


6. The graph of which function is shown? 
Explain your reasoning. 


A. fix) = x° +3 
B. f(x) = x7 +3 
C. fix) = —x4 +3 


Identifying Polynomials Tell whether the function is a polynomial 
function. Explain your reasoning. 


7. f) = 43 — V6 + x? 8. fix) = 5° + 4x + 3x? — 2x3 

9. f(x) = + 3x—-x? 10. f(x) = —° + 13x3 — 1.33x 
S22 4 Sy I S48 4 2 

11. f(x) Fas + 4% 3 12. f(x) =x ag ee 


Matching Match the polynomial function with its description. 


13. f(x) = —2 + 2x A. a quadratic function with a leading 
coefficient of —2 


14. f(x) = 2+ x — 2x? + 2x3 B. a quartic function with a leading 
coefficient of —2 


15. f(x) = —2x? -— 2x4+1 C. a cubic function with a leading 
coefficient of 2 


16. f(x) = 2x2 + 2x+1 D. a linear function with a leading 
coefficient of 2 


Classifying Polynomials Write the polynomial function in standard 
form. Then state its degree, type, and leading coefficient. 


17. fx) =8 - x3 18. fix) = x4 — 2° +9 
19. fx) =x — x4 +4 20. f(x) = x7 -—x3 +4x—7 
21. f(x) = —6x* + x3 — 6x 22. f(x) = 6x7 + 2x4 +3341 


6.2 Polynomial Functions and Their Graphs (al 


Evaluating Polynomials Evaluate the polynomial function for the 
given value of x. 


23. f(x) = -2x7 + 4x + lj x = -2 24. f(x) = 2x* — 15x + 27; x =3 
25. f(x) = 2x3 —x + 5x2 -S;x=1 26. f(x) = 10x — x° + 25;x =4 
27. f(x) = r—-P+4:x=-1 28. f(x) = —2x° — 6x4 — x; x = -3 


Describing End Behavior Identify the degree and the leading 
coefficient of the polynomial function. Then describe the end 
behavior of its graph. 


29. f(x) = x° 30. f(x) = —2x° 31. fx) = 3x 
32. fix) =x° — Il 33. f(x) = —3x7 —x+8 34. fx) = -x4-5 
35. fix) = - 2° +3 36. f(x) = —2x© + 9 +2 37. fe) =7P?— 2° +4 


Matching Use what you know about end behavior to match the 
function with its graph. 


38. f(x) = —x4— 5x +5 39. f(x) = xt+x—7 40. f(x) = x39 — Ax 
Cc. 


Graphing Polynomials Graph the polynomial function using the 
domain x = —3, —2, —1, 0, 1, 2, 3. 


41. f(x) = —x? 42. f(x) = —- 

43. fix) = x7 +5 44. fix) =x+ +1 

45. fix) = x — 10 46. fix) = —x4 +2443 
47. fix) =x — 17 +3 48. f(x) = —x + 3x4 — 3x3 


49. Roller Coasters The diagram shows a section of track for a roller coaster. 
Use what you know about end behavior to determine which equation best 
models the —— of track that is shown below. 


iced a Od 
A. fa = i0.000" 50” T a T 85 


- a. 19 3 
B. f@) oe 50° tox + 85 


y 
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HISTORY 


THE PONY EXPRESS started 
as a private business in 

April 1860. It worked under 
contract for the U.S. Post 
Office from July 1861 to 
October 1861. 


Standardized Test 
Practice 


Postal Service In Exercises 50 and 51, use the following information. 


From 1990 through 2004, the average annual salary S$ for a postal employee can be 
modeled by the following function. The variable ¢ is the number of years since 1990. 
S(t) = 14.9677 — 268.127 + 2446r + 37,575 


50. || Copy and complete the table using a calculator. Round values to the 
#8) nearest integer. 


51. Graph the polynomial function by plotting the points in the table and connecting 
them with a smooth curve. 


College Fees In Exercises 52 and 53, use the following information. 


The average tuition fee for two-year public colleges in the United States from 
1985 to 2004 can be modeled by the following polynomial function. The 
variable C is the yearly cost of tuition in dollars and fis the number of years 
since 1985. 


C = 0.09844 — 3.8223 + 46.072 — 114t + 585 


®) Use a calculator to make a table using t-values of 0, 3, 6, 9, 12, 15, and 17. 
==) Round values to the nearest integer. Then graph the function. 


53. Describe the end behavior of the polynomial. Does it make sense to use this 
model to predict tuition in 2050? Explain. 


54. Challenge Give an example of a polynomial function f that has the following 
end behaviors. Explain how you found your answer. 


a. The graph of the function rises to the left and falls to the right. 
b. The graph of the function rises to the left and rises to the right. 


55. Critical Thinking Suppose the graph of a polynomial function f(x) rises to the 
left and falls to the right. Describe the end behavior of —f(x). Explain. 


56. Multiple Choice Which polynomial function is not in standard form? 
A) fix) = 8x? — 13x + 58 
® fi) = —x* + 2x? -— 6 
© fo) = 2x7 — 4x7 + 6x — 8 
@D f(x) = 7 + 3x + 6x? — x3 

57. Multiple Choice What is the degree of f(x) = —6xt + 5x? — 32 
© -6 @ -4 H 4 Deo 

58. Multiple Choice What function is shown in the graph? 
@ fx) = — 3x? - x42 
® fix) = - - 3x7 -x +2 
© fix) = x4 — 3x7 +2 
@® f(~) = —x* — 3x7 +2 
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Mixed Review 


Geometry Skills 


Quiz 1 


Lesson 6.1 


Lesson 6.1 


Lesson 6.2 


Lesson 6.2 


Simplifying Expressions Simplify the expression. (Lesson 1.3) 
59. —5x + 4y — 6x —y 60. x — 9y — 3x + I3y 
61. —15x — 24y — lly + 6x 62. —3(x — 2) + 3x 
63.8 + 4(y + 1) 64. —(z + 5) + 6z 


Writing in Vertex Form Write the quadratic function in vertex form 
y = a(x — h)? + kand identify the vertex. (Lesson 5.8) 


65. y=x7+6x+2 66. y=x° +2x+2 
67. y =x* — 8x + 12 68. y = x7 — 2x + 10 
69. y = x7 — 10x + 26 70. y = x° + 14x + 38 


71. Astronomy Saturn is the second largest planet in our solar system. It has a 
radius of about 5.8 X 104 kilometers. Use the formula for the volume of a sphere, 


V= Far’, to estimate Saturn’s volume. (Lesson 6.17) 


Area of a Parallelogram Find the value(s) of x. The formula for the 
area of a parallelogram is A = bh. 


72. A = 10 ft? 73. A = 36 in? 


Si Sas 
x+10 
2x+1 


Evaluate the expression. Tell which properties of exponents you 


used. 
aaa a es, 3\-2 ea 
1.4564 2. 89+ 8968 3. (3) 4.25, 
5, 4 6. (23)-3 7.(2+5) 3.2. 
. 4-1 . . . 9 


Simplify the expression. Tell which properties of exponents you 
used. 


5,,2 3x3 
9.16 + > 10. (7x3 * x2)~? 11.5 2. 
x x"y 9x" -y 
159 12 =6.1 
13. (4x9) ~2 14. (2x 3y4)> 15. > 16. —— 
x’*y 3x"y 


Write the polynomial function in standard form. Then state its 
degree, type, and leading coefficient. 


17. fy) =? — xt +11 
19. f(x) = 2x3 — 6 + x* — 4x 


18. f(x) = 2x? — 3x — 15 
20. f(x) = 22 + 15x 
Graph the polynomial function using the domain 

x = —3, -2, —-1, 0, 1, 2, 3. 


21. f(x) = -x°7 - 2 22. f(x) = xt — 3x3 — 2x? 23. f(x) = =x + 6x 
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USING A GRAPHING CALCULATOR (For use with Lesson 6.2) 


6:2 


TUDENT HELP 


KEYSTROKE HELP 
See keystrokes for 
several models of 
calculators at 
www.classzone.com. 


"Matai HELP 
READING GRAPHS 
A turning point is a point 
ona graph where the 


graph changes direction. 


The graph at the right 
has two turning points. 


You want to graph a polynomial function using a graphing calculator. What 
viewing window should you use to display the important characteristics of the 
graph? You can use what you know about end behavior to find an appropriate 
viewing window. 


EXAMPLE 
Graph f(x) = —0.3x3 + 10x — 8. 


SOLUTION 


@ Enter the function into the graphing calculator. Then graph the function using 
the standard viewing window. 
Y2= 


ee 
Y3= 


ie 
Y6= 
Y7= 


Y1ER .3X3+10X-8 


L J 


Because the polynomial function has an odd degree and a negative leading 
coefficient, the graph should rise to the left and fall to the right. 


2] Adjust the viewing window so you can see the end behavior and all turning 
points on the graph. A good viewing window for this graph is shown below. 


’ — 

WINDOW | \ 
Xmin=-20 
Xmax=20 
Xscl=5 
Ymin=-50 
Ymax=50 
Yscl=10 


EXERCISES 


1. Graph the polynomial function f(x) = —x* + 10x? + 8 using the viewing window 
—10<x< 20 and —50 <y< 175. Describe the end behavior of the graph. 


2. Graph the polynomial function f(x) = —x* + 8x? + 5 using the viewing window 
—10<x<20and —50 < y< 175. Describe the end behavior of the graph. 


Use a graphing calculator to graph the polynomial function. Describe 
a good viewing window for the graph. 


3. f(x) = 0.2x37 — 5x + 12 

5. f(x) = x4 — 2x7 +x -9 
= 15 3 

7. f(x) = i0* + 3x 


4. f(x) = —x° + 6x7 -—x4+4 
6. f(x) = x4 — 9x3 + O.1x? + 9x 
8. f(x) = 0 + 4x47 — 8x3 — 16x + 20 


6.2 Polynomial Functions and Their Graphs Fea 


Key Words 
¢ polynomial, p. 302 


1. —3(x? + 4x — 1) 
. 8+ 5a — 3) 
_ Tx? — 11x? + x? 


~2-%Te+10-—x 


mh WOW RN 


"ped HELP 
Look BACK 


For help with combining 
like terms, see page 16. 


Simplify the expression. 


Adding and Subtracting 
Polynomials 


| GOAL | Add and subtract polynomials. 


How can you model the number of high 
school students? 


In Example 4, you will write a model that represents 
the total number of high school students in the United 
States from 1990 to 2002. From this model you can 
estimate the high school enrollment in 2000. 


To add polynomials, add the coefficients of like terms. To subtract polynomials, 
add the opposite of each term of the polynomial being subtracted. You can use 
a vertical or horizontal format. 


Add Polynomials Vertically and Horizontally 


a. Add 2x? + 4x2 — x + 9 and x3 — 6x? + 5x — 1 ina vertical format. 


b. Add 5x2 + 2x and 4x? — 7x + 3 in a horizontal format. 


Solution 
a. 2x3 + 4x2 - x +9 


t x 6x2 + 5x—1 


b. (5x2 + 2x) + (4x? — 7x + 3) 
= (5x? + 4x”) + (2x — 7x) +3 
= 9x2 — 5x +3 


3x3 — 2x7 + 4x 4+ 8 


Subtract Polynomials Vertically and Horizontally 


a. Subtract 3x3 + 4x? + 9x from 6x? — x2 + 7x — 12 in a vertical format. 


b. Subtract 9x? — x + 11 from 2x3 — 5x? — 10x in a horizontal format. 


Solution 
a. Align like terms, then add the opposite of the subtracted polynomial. 


6e— x2+ 7-12 — >) 6x3 — x?+ Tx-— 12 
—(3x3 + 4x? + 9x) Add the opposites + —3x> — 4x? — 9x 
3x3 — 5x2 — 2x — 12 


b. Write the opposite of the subtracted polynomial, then add like terms. 
(2x3 — 5x? — 10x) — (9x9 — x + 11) 
= 2x3 — 5x* — 10x - 9x3 +x -11 
= (2x3 — 9x3) + (—5x?) + (-10x + x) - 11 
= —T3 — 5x* — 9x — 11 


Distributive property 


Group like terms. 


Combine like terms. 
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Use the Distributive Property 


Simplify the expression. 
a. 4(2x? — x + 5) + 2(x? + 3x — 7) 


= 8x? — 4x + 20 + 2x? + 6x — 14 Use distributive property. 
= (8x2 + 2x”) + (—4x + 6x) + (20 — 14) Group like terms. 


b. x(x? 


10x? + 2x +6 Combine like terms. 


txtxt 1 —@4+x?-x+1) 
w+ Ptxrrtu-we-x+x-1 Use distributive property. 
44+ —x) 4+? -x) +(e4+x)-1 Group like terms. 


x4+2x-1 Combine like terms. 


Find a Polynomial Model 


High School Enrollment The number of students (in thousands) enrolled in 
high schools in the United States from 1990 to 2002 can be approximated by the 
models shown, where f is the number of years since 1990. 


Public: —3¢2 + 258¢ + 11,281 Private: 2/7 — ¢ + 1149 


a. Write a model for the total number of high school students E from 1990 
to 2002. 


b. Use the model to estimate the high school enrollment in 2000. 


Solution 


a. To write a model for the total number, add the polynomials. 


E 


= (—312 + 258¢ + 11,281) + (272 — t + 1149) 


= (—3f7 + 21) + (258t — f) + (11,281 + 1149) Group like terms. 
= —f + 257t + 12,430 


Combine like terms. 


ANSWER > A model for the total number of students is —f2 + 257¢ + 12,430. 


b. In this model, ¢ = 10 represents 2000. So, substitute 10 for tin the model. 


E 


= —f2 + 257t + 12,430 
= —(10)? + 257(10) + 12,430 Substitute 10 for t. 
14,900 Simplify. 


ANSWER > The high school enrollment in 2000 was about 14.9 million. 


Expressions 


Perform the indicated operation. Write the answer in standard form. 


1. (x? — 4x 


+ 9) + (3x2 + 5x + 5) 2. (x? + 4x? + 8x — 5) — Bx? + 2x +7) 


Simplify the expression. 


3. 2(3x7 — 


1) — 4(x? + 3) 4. 5(x2 +x 4+ 2) +20? -—x-4) 


6.3 Adding and Subtracting Polynomials ia 


PE} Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


saan HELP 
HOMEWORK HELP 
Example 1: Exs. 12-21 
Example 2: Exs. 22-27 
Example 3: Exs. 28-33, 
36 
Example 4: Exs. 34-35, 
37-41 


1. Copy and complete the statement: To add polynomials, you add the _? _ of 
like terms. 


2. Copy and complete the statement: To subtract polynomials, multiply each 
term in the subtracted polynomial by _? and add. 


Perform the indicated operation. Write the answer in standard form. 
3.07 +x-)+0?-2x4+ 1 4. (x2 — 2x + 3) — (x2 +x +2) 
5. (3x° — x — 5) — (2x7 + 2x —7) 6. (5x4 + x3 — x) + (-3x4 -— 3 + x) 
7. 0 — 4x? — 3) + (-2x° + 2x3 — 5) 8. (7x4 + 2x3 — 1) — 0 + 6x — 4) 


Simplify the expression. 
9. 2(2x* — 5) — (x? — 7) 10. 3(x° + x — 2) + 203 — 2x + 1) 


11. Surface Area The formula for the surface area 
of a rectangular prism is S = 2Lw + 2hw + 2£h. 
Write the surface area of the prism as a 
polynomial in standard form. 


Identify Like Terms Identify the like terms in the expression. 
12. Sxy + 3x — 2y +x — 4xy — 3 13. 6x7 + Ilxy — 1+ x? — 3xy -—4 


14. 10xy? + 6y — 5x + 2xy? — 4y 15. Sxy* — 6x + 2 — 8 + 4x7y — 3x 


Adding Polynomials Find the sum. Write the answer in standard 
form. 


16. (3x7 — 4) + (x* + 3) 17: 6729) + Cr $2 == 12) 
18. (8x + 3x2 — x + 4) + (003 — 2x? + 5x) 19. (5x? + 2x — 15) + (Bx? + 7x — 10) 
20. (x4 + x3 + 11x + 3) + (2x2 — 8x — 3) 21. (xy? + 4x°2y — x) + (9 — x*y — 4y) 


Subtracting Polynomials Find the difference. Write the answer in 
standard form. 


22. (5x* + 3) — (7 — 2x*) 23.07 +x-)-(@?-2x4+) 
24. (xt + x? — 3x) — (2 + 3x7 +: 1) 25. (2x3 — x + 7) — (2x3 + 6x — 7) 
26. (2x? — 4x — 1) — 0° + 5x +7) 27. (x? + 4xy + y) — (x + 3xy + 2y) 


Using the Distributive Property Simplify the expression. 

28.50 -t- 23 tee: 28 eK 6) F438) 
30. 2(3x3 — x2 + 5x) + x(—4x7 +2 —7) 9 31. 2x00 + 3x3) + x(—2? — 8x3 + x) 
32. 3(y* + 3xy — 2y) — y(2x + 4y — 7) 33. x07 +x t+ 1) — 3 + 2x7 + 1) 
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IOLOGY 


BALD EAGLES can be found 
throughout most of North 
America. They were listed as 
an endangered species until 
1995 when their status was 
upgraded to threatened. 


Geo Write the surface area of the figure as a polynomial 
in standard form. 


34.8 = ar? + orl 35. S = 2ur2 + 2mrh 
7 
x+5 


36. Error Analysis Describe and correct the error. 


20 = oncy) + y(—2xy — y) 
= (2y? — 10x*y) + (—2xy? — y?) 
= (2y? — y*) + (—10xy — 2xy”) 


= y? — 12x2y? x 


37. Carpets A carpet has a floral border around a contrasting center area. 
The dimensions of these areas are shown below. 


a. Write an expression for the area of the 
border on the carpet. 


b. Write an expression for the perimeter 
of the carpet. 


2x+6 


Biology Link», \n Exercises 38 and 39, use the following information. 


Let the number of bald eagle nesting pairs from 1996 to 2005 in Yellowstone 
National Park be EF and the number of peregrine falcon nesting pairs be P. 
These numbers can be modeled by the following equations where f is the 
number of years since 1996. 


E = —0.02393 + 0.212 + 1.5¢ + 20 
P = 0.22¢2 + 0.23t + 12 


38. Write a model that represents the total number of bald eagle and peregrine falcon 
nesting pairs from 1996 to 2005. 


39. Use the model to estimate the total number of bald eagle and peregrine falcon 
nesting pairs in 2002. 


Vehicle Sales In Exercises 40 and 41, use the following information. 


Let T be the number of new-truck sales (in thousands). Let C be the number 
of new-car sales (in thousands). From 2000 through 2005, T and C can be 
modeled by the following equations where ¢ is the number of years since 2000. 


T = —20.94 + 186? — 45322 + 372 + 8955 
C = 3.58¢4 — 13.2 + 8.3312 — 394t + 8846 


40. Find a new model D by subtracting C from 7: Explain the meaning of the model. 


41. Evaluate D for the year 2003. Interpret the meaning of this value. 


6.3 Adding and Subtracting Polynomials ia 


Standardized Test 42. Multi-Step Problem From 1998 through 2004, the number (in thousands) 
Practice of male U.S. residents M@ and female U.S. residents F can be modeled by the 
equations below. The variable t is the number of years since 1998. 


M = —7.78) + 6412 + 1454t + 135,161 
F = —5.2 + 4112 + 1336r + 140,751 


a. Find a model that represents the total number of residents from 1998 
through 2004. 


b. Use the model to estimate the total number of residents in 2001. 


c. Find a model that represents how many more female residents than male 
residents there were from 1998 through 2004. 


d. Use the model to estimate how many more female residents than male 
residents there were in 2000. 


e. Critical Thinking Graph the function from part (c). Determine whether 
the number of female residents grew or declined with respect to the number 
of male residents. 


Mixed Review Average Rate of Change Find the average rate of change in y 
relative to x for the ordered pairs. Include the units of measure for 
the rate of change. (Lesson 2.3) 


43. (5, 12) and (9, 28), x is measured in seconds and y is measured in meters. 
44. (2, 7) and (5, 16), x is measured in hours and y is measured in miles. 


45. (9, 20) and (14, —5), x is measured in hours and y is measured in degrees. 


Writing in Standard Form Write the quadratic function in standard 
form. (Lesson 5.1) 


46. y = (x + 3)(x — 5) 47. y = -—(x + 1) — 2) 48. y=30-4a-1) 
49. y= —2(x + 3)(x+4) 50. y = (2x — 3)(x +5) 51. y= —(x + 3)? -7 


Solving Quadratic Equations Use the quadratic formula to solve the 
equation. (Lesson 5.9) 


52. x7 — 8x + 12=0 53. x7 — 6x +7=0 54. x7 -4x+1=0 
55. 2x7 — 5x -3 =0 56. —llx?7+x+1=0 57. 5x7 — 5x -1=0 
58. x7 —2x+5=0 59. —4x2 + 4x -5 =0 60. x7 +4x+9=0 


Geometry Skills Perimeter Use the figure and the given value of the perimeter P to 
write an equation for P in terms of x. Then find the value of x. 


61. P = 40 62. P = 57 
2(3x — 2 
2x 3x—4 
2x 2x +1 
* xX+1 
5x-—2 3x 
63. P = 48 64. P = 26 
5x+7 8x+4 
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Multiplying and Dividing 
Polynomials 


Key Words 


¢ polynomial long division 
| GOAL | Multiply and divide polynomials. 


To multiply two polynomials, you multiply each term of the first polynomial 
Simplify the by each term of the second polynomial. You can use a vertical or a horizontal 
expression. format. 


1. 8(3x — 4) 

2. 3(x2 + 7x +5) Multiply Polynomials Vertically 
3. —5(x2 — 2x — 10) Find the product (x? + 4x — 7)(x — 2). 

4.74 +27 +1) Solution 


Line up like terms vertically. Then multiply as shown below. 
go ae 
x v= 2 
—2x?— 8x +14 Multiply x? + 4x — 7 by -2. 
xo+ 4x7 - Tx Multiply x? + 4x — 7 by x. 


xo + 2x2-—15x+14 Combine like terms. 


Multiply Polynomials Horizontally 


Find the product. 


a. (3x + 4)(5x? + x — 6) b.G =Qa— De +3) 
Solution 
a. (3x + 4)(5x? + x — 6) 
= 3x(5x2 +x — 6) + 4(5x? +x — 6) Use distributive property. 
= 15x3 + 3x” — 18x + 20x? + 4x — 24 Use distributive property. 
= 15x? + (3x? + 20x?) + (-18x + 4x) — 24 Group like terms. 
= 15x? + 23x? — 14x — 24 Combine like terms. 


b. To multiply three polynomials, first multiply two of the polynomials. Then 


STUDENT HELP multiply the result by the third polynomial. 

AVOID ERRORS (x — 2)(x — 1)(x + 3) 

Pay careful attention 

to negative terms when = (x — 2)(x? + 2x — 3) Multiply (x — 1)(x + 3). 

a distributive = x(x? + 2x — 3) — 2(x? + 2x — 3) Use distributive property. 
= x3 + 2x? — 3x — 2x* — 4x + 6 Use distributive property. 
= x3 + (2x? — 2x”) + (-3x — 4x) + 6 Group like terms. 
=x —Tx+6 Combine like terms. 


6.4 Multiplying and Dividing Polynomials ia 


Find the product. Use either a horizontal or vertical format. 
Le eae 2e7)) 2.02 —2>4G—3) 
3. (3x7 +. x — 1)(2x + 1) 4. (x — lw t+ 4x — 2) 

Special Products Some products occur so frequently that it is worth 


memorizing their special product patterns. You can verify these products 
by multiplying. 


Special Product Patterns 


SUM AND DIFFERENCE EXAMPLE 
(a+ b)(a— b) = a? — b? (x + 4)(x — 4) = x2 - 16 
SQUARE OF A BINOMIAL EXAMPLE 

(a+ b)? = a? + 2ab + b? (x + 3)? = x? + 6x+9 

(a — b)? = a? — 2ab + b? (3x — 4)? = 9x? — 24x + 16 
CUBE OF A BINOMIAL EXAMPLE 

(a+ b)? = a? + 3a*b + 3ab? + b® (x + 2)? = x3 + 6x* + 12x +8 


(a — b)? = a? — 3a2b + 3ab2 — b? (x — 2)3 = x3 — 6x2 + 12x —8 


Use Special Product Patterns 


" apgraeesd HELP 
AVOID ERRORS Find the product. 
You can check your 2 3 
answer by substituting 1 a. (x + 9)(x — 9) b. (7x — 3) c. (2x + 1) 
for xin the answer and in . 
the original expression. Solution 
The result should be the a.(a + b)(a — b) =a* — Bb’ Write sum and difference pattern. 
same. 
(1 +9)(1 — 9) = —80 (x + 9)\(x — 9) = (x)? — 9? Substitute for a and b. 
12 — 81 = —80V «eeeee cecleccccbecceses seeescesssses> = x2 — 8] Simplify. 
b. (a — b)* =a? — 2ab + b* Write square of a binomial pattern. 
(7x — 3)* = (7x)? — 2(7x)(3) + 3? Substitute for a and b. 
= 49x? — 42x +9 Simplify. 
c. (a+b) =a? + 3a2b + 3ab? + b? Write cube pattern. 
(2x + 1)? = (2x)? + 3(2x)?() + 3(2x)(1)? + 1° Substitute for a and b. 
= 8x3 + 12x7 + 6x +1 Simplify. 


t Patterns 


Find the product. 
B+ hie-7) 6. (By + 2)? 7. (4x — 1) 
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* letetil HELP 
SOLVING NOTE 
If the dividend is missing 
a variable term, include 
a “0” as the coefficient 
of the missing term. 
For example, rewrite 
4x? + 5x + 1in Ex. 9as 
Ax? + Ox? + 5x +1. 


Dividing Polynomials You can divide polynomials using poly g 
‘ on. You follow the same steps to divide polynomials as you do to divide 
whole numbers: divide, multiply, subtract, and bring down. Before dividing 
polynomials, make sure the dividend and divisor are in standard form. 


Use Long Division 


Find the quotient 985 + 23. 


42 
23)985 Divide 98 by 23. 
92 Subtract the product 4(23) = 92. 


65 Simplify and bring down 5. 
46 Subtract the product 2(23) = 46. 
19 Remainder 


ANSWER > The result is written as 42 3 


Use Polynomial Long Division 


Find the quotient (x* — 6x — 4 + 3x2) + (x + 4). 
Rewrite the dividend in standard form. 
66-4430) G40 43r-t—- 4S G+4 


Write division in the same format you use to divide whole numbers. 


x7- x-2 
x +4) x3 + 3x2 6x — 4 weix=x? 
x3 + 4x? Subtract the product x2(x + 4) = x3 + 4x?. 

—x? — 6x Simplify and bring down —6x. 

—x? — 4x Subtract the product —x(x + 4) = —x? - 4x. 
—2x-—4 Simplify and bring down —4. 
—2x—-8 Subtract the product —2(x + 4) = —2x — 8. 

4 Remainder 
ANSWER > The result is written as x7 — x — 2 + at 


CHECK You can check the result of a division problem by multiplying the divisor 
by the quotient and adding the remainder. The result should be the dividend. 


2 —x-2)x+44+4=2x(x4+ 4) -2x04+4)-204+44+4 
= x3 + 4x? — x? — 4x —2x- 844 
= x3 + 3x2 -6x —4V 


Use long division to find the quotient. 


8. 4900 + 27 9. (40° + 5x+ 1) +(x4+1) 


6.4 Multiplying and Dividing Polynomials 317 


PW) Exercises 


Guided Practice 


Vocabulary Check 1. Identify the divisor, the quotient, and the x+4 
remainder in the long division problem x+2)x? + 6x —3 
shown. x2 + 2x 

2. Which special product pattern could a, 
you use to find the product Apa s 
(3x + 2)(3x — 2)? aT. 
Skill Check __ Find the product of the polynomials. 
3. x(5x — 3) 4. 4x2(2x2 + x — 2) 
5. (4x7 — 3x + D(x — 2) 6. (x — 1)(x + 3)(x — 2) 
7. (x + Lly)(« — Ily) 8. (2x — 9)? 
Use long division to find the quotient. 
9. (x? — 5x - 6) + (4+ 4) 10. (—3x? + x — 2) + (x - 3) 
Wr =o. = 504 3S = 1) 12. (x? — 8x + 32) + («+ 5) 
e e e 
Practice and Applications 
ened HELP Multiplying Polynomials Use a vertical format to find the product. 
HOMEWORK HELP 13. x(3x + 5) 14. 2x°(x? — 3x + 7) 
ike aa 15. (x + I)(-x? + Hx + 1) 16. (x + 3)(9x2 +x + 1) 
Example 2: ts 17.0% DG = 54 = 4) 19567 4 22—1Gr=2) 
Example 3: Exs. 31-51, Multiplying Polynomials Use a horizontal format to find the 
97-64 product. 
Example 4: Exs. 72-77 ‘ 
Example 5: Exs. 78-85 19. 2x(6x = 1) 20. 5x (4x zi 1) 
21. (x? + 3x — 1) + 2) 22. (3x7 + x — 4)(2x + 1) 
23. (x + 4)(x2 — x + 3) 24. (—2x2 + x + 3)(5x — 6) 
25. (3x — 2)(4x* — x) 26. (6x? — 4x? + 1)(x + 3) 


Multiplying Three Binomials Find the product of the binomials. 


27. (x + 2)(x + 6) + 3) 28. (x — Da — 2)(x — 3) 
29. (x — 6)(x + 2)(x + 6) 30. (x + 2)(x + 3) — 4) 
Special Products Find the product. 

31. (x + 6)” 32. (x + 7)” 33. (3x + 4)? 
34. (2x + 1)? 35. (x + 10)3 36. (x + 1) 
37. (x + 4) 38. (4x + 2) 39. (3x + 5)° 
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Special Products Find the product. 


40. (x + 6)(x — 6) 41. (x + 3)(x — 3) 42. (x + 7)(x — 7) 
43. (2x + 4)(2x — 4) 44. (5x + 3)(5x — 3) 45. (6x + 8)(6x — 8) 
46. (x — 2)? 47. (y — 3)? 48. (x — y)> 

49. (3x — 4) 50. (6x — 1)? 51. (4x — y)? 


Logical Reasoning Complete the statement with always, 
sometimes, or never. 


52. If a and b are positive numbers, then (a + b)* is_?_ equal to a* + b?. 


53. If a and b are positive numbers, then (a — b)* is_? _ equal to a* — b?. 


54. If x — kis a factor of a polynomial f(x), then the remainder _?__ equals zero 
when f(x) is divided by x — k. 


Geometry Link The formula for the volume of a rectangular solid is 
V = Lwh. Write the volume of the figure as a polynomial in standard 
form. 


x+5 


Choosing a Method Find the product of the polynomials. 


57. (—x* + 6x — 2)(x + 5) 58. (x + 12)(x — 12) 

59. (x + 8)? 60. (5x + 7) 

61. (4x — 3)3 62. (x — 5)(x — 4)(x + 3) 
63. (2x + 5y)(2x — Sy) 64. (x — 5y)? 


65. Soccer Fields The soccer field shown has a width of (4x + 10) meters 
and a length of (9x — 20) meters. Write the area of the soccer field as a 
polynomial expression in standard form. 


66. Error Analysis Describe and correct the error. 


SOCCER The size of soccer 


fields varies. Some youth (x + 9)(x? — 7% + 3) 

soccer fields are only 15 yards Be = 7y2 + Sy db Ox? = eee 
by 25 yards, while other fields _ See 

are 80 yards by 120 yards. |, ie : a x 


67. Critical Thinking Explain why (x + 3)? # x? + 9ifx #0. 


6.4 Multiplying and Dividing Polynomials Fe 


Swimming Pools In Exercises 68-71, use the following information. 


The swimming pool in the diagram has a length of (x + 10) feet, a width of 
(x + 5) feet, and a depth of (x — 5) feet. 


68. You are trying to find a cover to 
just fit on top of the pool. Write a 
polynomial expression in standard 
form for the area of the cover. 


69. What is the area of the pool cover 
when x = 10? 


(x + 10) ft 


70. You are filling the pool with water. Write the volume of the swimming 
pool as a polynomial expression in standard form. 


71. What is the volume of the pool when x = 10? 

Dividing Use long division to find the quotient. 

72. 640 + 25 73. 460 + 30 74. 872 + 45 
75. 7542 + 21 76. 5673 + 15 77. 9346 + 52 


Dividing Polynomials Use long division to find the quotient. 


78. (x? — 7x + 10) + (x — 2) 79. (4x7 —x— 1) +(x +2) 
80. (2x? + 7x — 10) + (2x — 3) 81. (3x7 + 2x — 66) + (3x + 11) 
82. (6x7 — x7 +7) ++) 83. (—x? + 8x7 + 38x + 15) + (x + 3) 


Geometry Link The formula for the area of a parallelogram is A = bh. 
Find an expression for the missing dimension. 


84. A = 6x2 — 5x —-4 85. A = 8x2 + 30x + 28 
oak XN 
? 4x+7 


86. Challenge Look at the following quotients of polynomials. 
Q@-D+a~-D=x4+1 
@-D)+a-NYN=xX’4+x4+1 
@t-)tQa-DYD=aX+x?24+x41 

a. Describe a pattern. 


b. Extend the pattern to find the quotient when (<> — 1) and (x® — 1) are divided 
by @ — 1). 


c. Check your answers to part (b) by multiplying. 
Standardized Test 87. Multiple Choice For what value of k is the equation below true? 


Practice (2x + 3)? = 4x2 + kx +9 
@ 5 6 © 10 @) 12 
88. Multiple Choice Find the product (x — 5)(2x* — x + 4). 
> 2x3 — 11x? + 9x — 20 G 2x3 + 9x? — 11x + 20 
CD 2x3 + 11x? — 9x + 20 D 2x3 — 11x? — 9x — 20 
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Mixed Review 


Geometry Skills 


Quiz 2 


Lesson 6.3 


Lesson 6.4 


Lesson 6.4 


89. Multiple Choice Find the product (3x — 1)*. 


A) 9x? — 6x +1 ® 3x3 — 27x? + 9x — 1 

©) 27x — 9x? + 3x - 1 @) 27x3 — 27x7 + 9x — 1 
90. Multiple Choice Find the product (4x + 7)(4x — 7). 

® 4x° — 49 @® 16x? + 28x — 49 

@® 16x” — 49 ® 16x? + 49 
Factoring Special Products Factor the expression. (Lesson 5.5) 
91. x? — 25 92. x* — 81 93. x” — 36 
94. x? + 12x + 36 95. 2x7 + 12x + 18 96. 2x" — 98 


Adding Complex Numbers Write the expression as a complex 
number in standard form. (Lesson 5.7) 


97. (5 + 2i) + (6 — 7i) 98. (4 — 31) + (8 — 1) 
99. (—9 + Si) + (2 + 61) 100. (11 — 87) + (7 + 10%) 


Using the Distributive Property Simplify the expression. 
(Lesson 6.3) 
101. 4(3x° + 1) — 203 - 1) 102. 3(x7 — 6x — 9) + 5(—x? + 2x — 4) 


103. 2(x* + 7x — 2) — (6x7 + 8x — 14) = 104. (x? — 3x — 8) + 4(x* + 10x — 5) 


Surface Area Find the surface area of the rectangular solid. 


105. 106. 
2 ft 5m 


6 ft 5m 


Find the sum or difference. Write the answer in standard form. 


1. (x7 + 4x — 3) + (* — 2x +5) 2. (x7 — 8x + 8) -— (7? + 7x + 1) 
3. (9x3 — 3x — 4) — (2x3 + x — 10) 4. (6x4 + x3 — 5x) + (-7x4§ — 3 + 12x) 
B. (5x4 + 3x? — 9) + (8x3 — Tx? + 1) 6.16 =o =H Ge Fae =) 


Find the product. 


7. x(2x +7) 8. 5x7(x? — 8x + 4) 
9. (x7 + 6x + 4)(x — 7) 10. (x + 13)(x — 13) 
11. (x + 11)? 12. (x + 2)(x — 6)(x + 2) 


Use long division to find the quotient. 


13. 890 + 42 14. 3748 + 31 
15. (x2 + 5x + 1) + («4+ 3) 16. (4x? — 11x — 25) + (x - 6) 
17. (6x2 + x — 8) + (2x — 3) 18. 3x? — 4) + («4+ 1) 


6.4 Multiplying and Dividing Polynomials fea 


DEVELOPING CONCEPTS (For use with Lesson 6.5) 


Goal QUESTION 


Use three-dimensional 


How can you use a three-dimensional model to factor the sum of two 
models to factor the 


sum or difference of cubes? 

t bes. 

wo cubes ee 

Materials The sum of two cubes can be modeled 
e pened as shown. 

° paper 


The volume of the model is a? + b?, 
which is equal to the sum of the 
volumes of the three rectangular solids. 


O Write an equation for the model. 


Volume of Volume of Volume of 


3 co 
a’ + b° = Baan Solid | + Mesondanr 


2] Write an algebraic expression in factored form for the volume of Solid I, Solid H, 
and Solid III. 


Volume of Solid I = a+ a (a — b) = a*(a — b) 
Volume of Solid II = a+ b + (a — b) = ab(a — b) 
Volume of Solid Ill = b+ b* (a+ b) = b*(a + b) 


© Substitute the expressions from Step 2 into the equation from Step 1. Then factor 
the resulting expression. 


a? + b® = a*(a — b) + ab(a — b) + b2(a + b) 
=a-+a(a—b)+b:+a(a—b) + b*(a +b) Factor out the common 


=a(a—b)(at+b)+b?(a+b) <———— factor a(a — b) from 
the first two terms. 


ne i Factor out the common 


= [a(a — b) + b*](a + b) 


= (a? — ab + b*)(a + b) factor (a + b). 
TUDENT HELP 
READING DIAGRAMS 
To find the volume of 
the model, think of it THINK ABOUT IT 
as a cube with a piece 1. The difference of two cubes can 


missing. The volume 


: be modeled as shown. The volume 
of the whole cube is 


al Thcuoluneef the of the model is a* — b>. Follow the 

missing piece is b°. So, pe above to factor the expression 

the volume of the entire a — b°, (Hint: In Step 3, factor out 

model is a2 — b°. the common factor (a — b) from all 
three terms.) 
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Factoring Cubic Polynomials 


Key Words | GOAL | Factor cubic polynomials and solve cubic equations. 
e factor by grouping 


How can you factor the expression for 
the volume of a shipping container? 


A container ship transports large 
containers of goods by sea. Once the 


Factor the expression. 


1. 60 + 18x? ship reaches its destination, the containers 
2. 4x2 + 4x — 24 can be transferred to trucks or trains. In 

i Example 3, you will factor an expression 
3. 3x° — 13x — 10 for the volume of a container. 


4. 6x? — Tx — 5 ws : 
In the activity on page 322, you may have found how to factor the difference of two 


cubes. In this lesson, you will learn how to factor some types of cubic polynomials. 


Special Product Patterns 


SUM OF TWO CUBES EXAMPLE 3) 
a? + b® = (a+ b)(a* — ab+ b?) x? + 8 = (x + 2)(x? — 2x + 4) 
DIFFERENCE OF TWO CUBES EXAMPLE 
a® — b® = (a— b)(a* + ab + b?) 27 1 — (6x 19x ox, 1) 

JS 


Factor the Sum or Difference of Two Cubes 


a. Factor x? + 64. b. Factor 8p? — q°. 
Solution 
ax + 64=2334 43 Write as sum of two cubes. 


= (x + 4)(x? — 4x + 47) Use special product pattern. 
= (x + 4)(x? — 4x + 16) Simplify. 
b. 8p? = qQ = (2p) = g Write as difference of two cubes. 
= (2p — g)[(2p)* + 2pq + 7] Use special product pattern. 
= (2p — q)(4p” + 2pq + q’) Simplify. 


of Two Cubes 


Factor the polynomial. 
1x4] 2. 125x> + 8 3. x3 — 216 4. 27x3 — y3 


Common Monomials Sometimes you can factor out a monomial common 
to all the terms in a polynomial. You may be able to factor the resulting 


polynomial. 
6.5 Factoring Cubic Polynomials fe 


Factor Polynomials 


a. Factor x? — 5x? + 6x. b. Factor 16x* — 2x. 
Solution 
a. x? — 5x? + 6x = x(x? — Sx + 6) Factor common monomiial. 
Liniin, = x(x — 3)(x — 2) Factor trinomial. 
INDUSTRY b. 16x* — 2x = 2x(8x3 — 1) Factor common monomial. 


= 2x(2x — 1)(4x? + 2x + 1) Use special product pattern. 


Factor a Polynomial in Real Life 


Ships The volume of a container carried on a container ship can be modeled by 
the expression 36h? — 288h* + 320h where h is the height of the container. Factor 
the expression for the volume of the container. 


CONTAINER SHIPS began 


being used in 1956 when Solution 

Malcom McClean shipped 58 36h? — 288h? + 320h = 4n(9h? — 72h + 80) Factor common monomial. 
truck trailers on a converted = 4h(3h — 4)Bh — 20) Factor trinomial. 

oil tanker from New Jersey to 

Texas. ANSWER > The factored form is 4h(3h — 4)(3h — 20). 


Factor the polynomial. 
5.x + 2x? — 3x 6. 2x7 — 10x2 + 8x 7. 3x4 + 24x 8. 54x4 — 16x 


Factor by Grouping For some polynomials, you can fac b ving 
terms that have a common monomial factor. The pattern is shown below. 


rat+ rbh+ sa+ sbh=r(a+b)+ s(at+b) 
=(r+s)(a + b) 


Factor by Grouping 


Factor the polynomial. 


pend HELP are 1) —9e— 1 b. x? — 2x2 — l6x + 32 
AVOID ERRORS 


Solution 
Make sure you factor 
each polynomial as much a.x2(x — 1) -— 9 — 1) = (x? - 9x - D Use distributive property. 
asnensible: =(x* -3)«44+3)0-1) Difference of two squares 


b. x° — 2x? — 16x + 32 = (x3 — 2x*) + (—-16x + 32) Group terms. 
= x*(x — 2) + (—16)(x — 2) Factor each group. 
= (x? — 16)(x — 2) Use distributive property. 
= (x —- 4)\(x4+ 4) — 2) Difference of two squares 
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ping 
Factor the polynomial by grouping. 

9. x(x + 6) — 4(x + 6) 10. x? — 4x? — 25x + 100 
11. x? + 3x* + 4x + 12 12, 42° = 5x? + Bx = 10 


Solving Cubic Equations In Lesson 5.3, you found the zeros of some 
quadratic functions by setting the functions equal to 0, factoring, and then 
solving each factor for x. You can use this method when solving certain cubic 
equations, as shown in Example 5. 


Solve a Cubic Equation by Factoring 


Solve 2x3 — 14x? = —24x. 


Solution 
2x3 — 14x? = —24x Write original equation. 
2x3 — 14x? + 24x = 0 Rewrite in standard form. 
2x(x? — Tx + 12) = 0 Factor common monomiial. 
2x(x — 4) — 3) = 0 Factor trinomial. 


2x =0 or x-4=0 orx-—3=0 Use zero product property. 
x=0,x=4,x =3 Solve for x. 


ANSWER > The solutions are 0, 4, and 3. Check these in the original equation. 


Solve a Cubic Equation by Factoring 


Solve x? — 6x? + 12 = 2x. 


Solution 
x? — 6x? + 12 = 2x Write original equation. 
x — 6x7 — 2x + 12 =0 Rewrite in standard form. 
(x? — 6x2) + (-2x + 12) =0 Group terms. 
x(x — 6) + (-2)(x- 6) = 0 Factor each group. 
(x2 — 2)(x — 6) =0 Use distributive property. 
x-2=0 or x-6=0 Use zero product property. 
x=V2,x=- 2,x=6 Solve for x. 


ANSWER > The solutions are V2, —V2, and 6. Check these in the original equation. 


Factoring 


Solve the equation by factoring. 
13. x° + 3x2 = 4x 14. 3x° — 30x = 9x 
15. x° + 2x2 — 3x =6 16. x° — Tx? = 5x — 35 


6.5 Factoring Cubic Polynomials 


OW Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 


HOMEWORK HELP 

Example 1: Exs. 25-32 
Example 2: Exs. 14-24 
Example 3: Exs. 52-56 
Example 4: Exs. 33-38 
Example 5: Exs. 39-44 
Example 6: Exs. 39-44 


1. Explain what it means to factor the common monomial from a polynomial. 
2. Explain how to factor an expression by grouping. 
Factor the polynomial. 
3.x° — 8 4.x3 + 27 5.x + Tx? — 8x 
6.x4 +x 7. x(x + 5) — T(x + 5) 8.227 +.x2-—9x-9 


Solve the equation by factoring. 


9x = 2" = 250 = 50 10. x? + 3x7 — x —7 = —4x? 
11..° — 3x7 -x=-3 12. x? — 4x7 = 4x — 16 
13. Error Analysis Describe and 

correct the error in solving 2x° + 2x? — 12x = 0 

2x3 + 2x? — 12x = 0. 2x(x2 +x —6) =O 


2x(x + 3)(x — 2) =O 
x+3=O0O or x-2=0 


Kes x=2 


Monomial Factors Find the greatest common factor of the terms 
in the polynomial. 


14. °° 4 x2 15. 3x° — 18 16. 2x2 + 8x? — 12x 
17. 21x° + 14x? + 49x 18. 8x° — 16x27 + 12x — 20 19. 9x3 — 15x2 + 12x 


Matching Match the polynomial with its factorization. 


20. 3x? — 9x A. x(x? + 9) 

21. x3 — 9x B. 6x(2x + 3)(2x — 3) 
22. 24x? — 54x C. x(x + 3)(x — 3) 
23. x3 + 6x? + Ox D. x(x + 3)(x + 3) 
24. x? + 9x E. 3x(x? — 3) 


Sum or Difference of Two Cubes Factor the polynomial. 

25.x.°- 1 26. x° + 125 27.277 + 1 28. 216x° — 1 
29. 8x? + 27 30. 125x° — 64 31.7 - 32. x3 + 64y3 
Grouping Factor the polynomial by grouping. 

33. x(x — 2) + 3(x — 2) 34. x°(x + 8) — 4(x + 8) 35.27 — x +x—-1 
36. 3x3 +:x7 + 9x43 37. 2x3 — 8x2 +x-4 38. 2x7 + 3x? — 4x — 6 
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Lin 


ARCHITECTURE 


THE SEARS TOWER in 
Chicago, Illinois, was the 
world’s tallest building until 
1996. About 25,000 people 
enter the 110 floor building 
each day. 


Solving Cubic Equations Solve the equation by factoring. 


39. 2x? — 12x? = 14x 40. x° + 8x? = —15x 
41. 16x? = 4x 42. x9 — 2x7 +8 = 4x 
43. x3 — 6x2 = 3x — 18 44. 4x3 + 8x? — 9x — 8 = 10 


Solve a Cubic Equation by Graphin 


Use a graphing calculator to solve the equation x* — 6x — 4 = 0. 


Solution 


You can see that the polynomial has three zeros or x-intercepts. Using the Zero 
(or Root) feature of a graphing calculator, you can determine that two of the zeros 
are —2 and —0.7320508 as shown. Similarly, the third zero is 2.7320508. 


Zero 
X=-.7320508 Y=0 


Matching Match the equation with its graph. 
45. y = x°(x + 3) 46. y = x(x — 2)(x + 1) 47.y= (x2 — 1)(x — 2) 
A. 


q Solving Cubic Equations by Graphing Use a graphing calculator 
to solve the equation. Round answers to two decimal places. 


4s. x3 —5x-1=0 49. 3° + 3x7 +x-1=0 
50. x — 3x + 1=0 51. —x? — 2x7 + 3x -2 =0 


Sears Tower In Exercises 52-54, use the following information. 


The Sears Tower is made up of nine rectangular prisms with 
square bases and varying heights. A scale model of one of 
the two tallest prisms has base side lengths of x inches and 
a height of (x + 55) inches. 


52. The volume of the scale model is 522 cubic inches. 
Write an equation for the volume of the scale model 
in terms of x. 


(x + 55) 


54. Challenge The height of the actual rectangular 
prism is 1450 feet. Approximate the volume of the 
actual prism. 
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55. Packaging A package has a height of x inches, a width of 3x — 2 inches, 
and a length of 3x — 7 inches. The volume of the package is 42 cubic inches. 


a. Use the formula for the volume of a prism to write an equation for the 
volume of the package. 


b. Solve the equation from part (a). Use your solution to calculate the 
dimensions of the package. 


56. Geo: The figures below have equal volumes. Write an equation 
relating the volumes. Solve the equation to find the value of x. 


Standardized Test 57. Multiple Choice What is the factored form of 4x* — 12x? — 16x? 


Practice @® 402 + 4-0 A(x + 4)(x — 1) 

© 4 + Ha? - 1) DM 4xe-4a+D 

58. Multiple Choice Which expression is a factor of 4x° — 6x? — 10x + 15? 
) 2x7 + 5 G@ 2x? — 3 
CD 2x? — 5 D 2x7 + 3 

59. Multiple Choice What are the solutions of x? — 7x2 — x + 28 = 3x? 
CA) 0,7 =2.2,—7 
©) —2,2,7 @®D -2,7 


Mixed Review Solving Quadratic Equations Solve the equation by factoring. 
(Lesson 5.4) 


60. x7 — 10x + 9=0 61. 6x2 + 7x —-3 =0 62. 2x? — 98 =0 
63. 4x2 -9 =0 64. 4x2 — 12x +9 =0 65. 16x27 + 8x + 1=0 


Solving Equations Solve the equation. (Lesson 5.7) 


66. x2 = —25 67. 2x2 = —72 68. 3x2 = —36 
69.772 +5=—-15 70. x2 +6 = —44 71.°°+3=-24 
72. 4x2 + 6 = —38 73. 3x2 +7 = —47 74. 2x? +17 = -31 


Geometry Skills — Similar Solids Decide whether the two solids are similar. If so, 
compare the volumes of the solids. 
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Key Words 


¢ quadratic form 
¢ repeated solution 


1. 125x3 + 1 

2. 64x° — y3 

3. x9 — 4x2 + 3x 

4. 3x* — 9x3 — 30x2 


SSP TUDENT HELP 
VOCABULARY 
The expression 
16x — 81 is in quadratic 
form because it can 


be written as u? — 81, 
where u = 4x”. 


Factor each polynomial. 


Polynomials of Greater Degree 


| GOAL | Factor polynomials and solve polynomial equations of degree 
greater than three. 


How many pilots have airline transport 
licenses? 


In Exercise 58, you will use the graph of a 
fourth degree polynomial to model the number 
of active pilots with airline transport licenses. 
You will use the graph to find values. 


Factor a Common Monomial 


Factor 16x> — 54x?. 


Solution 
16x° — 54x? = 2x?(8x3 — 27) 
= 2x?[(2x)? — 33] 
= 2x?(2x — 3)(4x? + 6x + 9) 


Factor common monomiial. 
Write as difference of two cubes. 


Use special product pattern. 


Quadratic Form An expression of the form au* + bu + c where u is an expression 
in terms of x is said to be in quadratic form. The factoring techniques you studied in 
Chapter 5 can sometimes be used to factor such expressions. 


Factor Polynomials in Quadratic Form 


Factor the polynomial. 


a. 16x* — 81 b. 6x° — 6x* — 12x? 


Solution 


a. 16x* — 81 = (4x2)? — 9 Write as difference of two squares; 


u= 4x2, 
= (4x? + 9)(4x? — 9) 
= (4x? + 9)(2x + 3)(2x — 3) 


Factor difference of two squares. 


Factor difference of two squares. 


b. 6x° — 6x4 — 12x? = 6x2(x4 — x? — 2) Factor common mononial; u = x2. 


= 6x2(x?2 — 2)(x2 + 1) Factor trinomial. 


Factor the polynomial. 


1. 27x — x? 2.x4-— 16 3. 2° — 4x3 — 6x 


6.6 Polynomials of Greater Degree a 


Factor a Polynomial 


Factor 8x° — 32x4 + 24x?. 


Solution 
8x© — 32x4 + 24x? = 8x2(x4 — 4x? + 3) Factor common monomiial. 
= 8x7(x2 — 3)(x* — 1) Factor trinomial. 
= 8x2(x? — 3)(x — Dix t+ 1) Factor difference of two 
squares. 


Solve Polynomial Equations You have solved quadratic and cubic 
equations. You can use the same techniques to solve polynomial equations of 
greater degree. 


Solve a Polynomial Equation 


Solve the polynomial equation. 


a. 2x + 4x = 6x3 b. x4 — 3x3 + 4x7 = 0 
Solution 
a. 2x9 + 4x = 6x3 Write original equation. 
2x5 — 6x3 + 4x =0 Rewrite in standard form. 
2x(xt — 3x2 + 2) =0 Factor common monomial. 
2x(x? — 2)(x? — 1) =0 Factor trinomial. 
2x(x2 — 2)(x + Dix - 1) =0 Factor difference of two squares. 
x=0,x= V2, x= -V2,x=-lLx=1 Use the zero product property. 


ANSWER > The solutions are 0, V2, -V2, -1, and 1. 


xt — 3x3 + 4x7 =0 Original equation is in standard form. 
x2(x2 — 3x + 4) =0 Factor common monomial. 
x* =Oorx? —3x + 4=0 Use zero product property. 
a 34 V3? — 44) Substitute values in the quadratic 


2(1) formula: a = 1, b= —3, andc = 4. 
_3#V=7 aye 
Seeuber HELP a9 ey: 

AVOID ERRORS ~32NT ae i a3 
= Writ h ti. 

Note that the solution 0 “ 2 Tate Nig Sia IE MINES 

is listed only once even 

though x* = 0 yields the ANSWER > The solutions are 0, as iNT and 3— iv7, 

solution x = 0 twice. 2 2 


al Equations 
4. Factor x© + 2x* — 24x?. 5. Factor 4x> — 20x + 16x°. 


6. Solve 42° — 28x? + 48x = 0. 7. Solve x4 + 2x3 + 2x? = 0. 
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TUDENT HELP 


SOLVING NOTE 
Graphing calculators 
can be used to find only 
real roots. Imaginary 
solutions must be found 
algebraically. 


Fundamental Theorem of Algebra A polynomial function of Sean n 
has exactly n solutions. A polynomial function may have a ri ' 
which appears more than once. 


fx) = xt + x39 — 2x? = x(x — L(x + 2) 


Solutions: x=0O x=0 x 1 x —2 
x=0 appears twice and 


is a repeated solution 


The function f(x) = x* + x° — 2x? has degree 4 and has 4 real solutions. As you 
can see in part (b) of Example 4, some solutions may be complex numbers. 


This result was first proved by the German mathematician Carl Friedrich Gauss 
(1777-1855) and is stated formally in the box below. 


The Fundamental Theorem of Algebra 


THEOREM If f(x) is a polynomial of degree n where n> 0, then the 
equation f(x) = 0 has at least one root in the set of complex numbers. 


COROLLARY If f(x) is a polynomial of degree n where n> 0, then the 
equation f(x) = 0 has exactly n solutions provided each repeated 
solution is counted individually. 


Approximate Real Zeros 


Use a graphing calculator to approximate the real zeros of the function. 
fa) = x4 - 33 — 2x? -x +1 


Solution 


One way to approximate real zeros is to use the Zero (or Root) feature of a 
graphing calculator as shown below. 


= = — 


“ . 


Zero Zero 
X=.48053382 Y=0 X=2.081019 Y=0 


* Sn - 


ANSWER > From these screens, you can see that the real zeros are about 0.48 and 
2.08. By the corollary to the fundamental theorem of algebra, this 
function also has two imaginary roots. 


eal Zeros 


Use a graphing calculator to approximate the real zeros of the 
function. 


8. fx) = x4 -— 4x2 -x-2 9. f(x) = —x* — 2x3 + x7 +3 


6.6 Polynomials of Greater Degree Fa 


PTZ Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


ee upenT HELP 

HOMEWORK HELP 
Example 1: Exs. 12-26 
Example 2: Exs. 21-35 
Example 3: Exs. 21-35 


Example 4: Exs. 36-44 
Example 5: Exs. 49-56 


1. An expression of the form au* + bu + c where u is any expression in terms of 
x is said to be in what form? 


2. Explain what it means for a function to have a repeated solution. 
Find the greatest common factor of the terms in the polynomial. 

3.2 + 6x7 4. 7x° — 49x? 5. 6x4 + 18x? — 14x 
Factor the polynomial. 

6. x* — 100 7. 4x4 —9 82° +5 — 6 


Solve the polynomial equation. 
9. x* — 144=0 10. x+ — 7x? = 18 11.22 + 5x° 4+ 4x =0 


Monomial Factors Find the greatest common factor of the terms in 
the polynomial. 


12. x4 — 21x3 13. 3x° + 16x2 14. 5x4 — 15x3 
15. 8x4 — 20x? + 16x 16. 9x4 + 12x° + 6 17. 7x2 + 13x93 + 21x? 
18. 6x8 — 3x4 + 5x3 19. 4x© — 20x + 14x? 20. 12x’ — 48x? + 24x 


Matching Match the polynomial with its factorization. 


21. 2x® — 32x? A. 3(x2 + 1x? + 3) 

22. 2x° + 16x* + 32x? B. x°(x — 10) 

23. x* — 10x? C. 2x2(x + 2)(x — 2)(x? + 4) 
24. x° — 12x° + 27x D. 2x7(x? + 4)? 

25. 3x* + 6x7 — 9 E. 3(x — I(x + 1)? + 3) 
26. 3x4 + 1217 + 9 F. x(x* — 3)(x + 3)(x — 3) 


Quadratic Form Factor the polynomial. 


27. x4 — 49 28. ae = 29. x4 — 4x2 +3 
30. x* — 27x 31. 3x° — 48x 32. x4 + 8x2 + 12 
33. 2x4 — 5x2 —3 34. 5x a: ae 35. 4° + 12x3 — 40x 


Solving Equations Solve the polynomial equation. 


36. x* — 8x2 + 16 =0 37. x4 — 5x2 = -6 38.x4-4=0 
39. 4x4 = 25 40. © — 6x° + 8x =0 41. x4 + 3x7 — 28 =0 
42. 2x® — 60x? = 2x4 43. 6x* — 45x? = 24x? 44. 3x4 — 5 = 2x? 
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Link to. 


CAREERS 


PILOTS must have their 
airline transport license to 
work for passenger airlines. 
The airline transport license 
is considered the highest 
certification. 


Matching Match the equation with its graph. 


45. y= $x? 2G? =5) 46. y = (x + 2) — 2)07+ 1) 
47. y = (x* + 2)(x* + 1) 48. y = (x + 2)202 + 1) 
A. 


®) Finding Zeros Use a graphing calculator to graph the polynomial 
function. Then use the Zero (or Root) feature of the calculator to 
approximate the real zeros of the function to two decimal places. 


49. f(x) = x4 — 3x7 - 3 50. f(x) = x* — 5x7 + 3 
51. f(x) = x4 — x — 5x7 +2 52. fix) = —x4 4+ 3x +x? -— x — 5 
53. fix) =x — 8x +1 54. f(x) = 2° — 9x3 + 14x 


55. f(x) = —P + xt — 3x3 + 3x2? -— x +2. 56. f(x) = x° — 7x4 — 2x3 + 14x 


57. || Temperature The normal daily minimum temperature T (in degrees 

#=:] Fahrenheit) for each month (0 < x < 11) in Barrow, Alaska, can be modeled 
by the equation T = 0.075x* — 2.18x? + 19.6x? — 53.9x + 18.7. Approximate the 
zeros of the function to one decimal place. Explain what information about the 
temperatures in Barrow the zeros represent. 


58. E Aviation The number of active pilots p (in thousands) with airline 
#2) transport licenses in the United States for the years 1997 to 2004 can be 


modeled by the equation below where f is the number of years since 1997. 


p = 0.036924 — 0.5308 + 1.9417 + 1.651 + 131 


a. Write a function in standard form for the year there were 140,000 active pilots 
with airline transport licenses. (p = 140) 


b. Use a graphing calculator to determine during what year there were 140,000 
active pilots with transport licenses. 
59. Visual Thinking The graph of y 
y = Fort + x3 — 5x? + x — 6) is shown z 
at the right. How many real zeros does 


the function have? How many imaginary 
zeros does the function have? Explain 


your reasoning. 
6.6 Polynomials of Greater Degree aa 


60. |M| Challenge Graph each polynomial function on a graphing calculator. 
Then make a conjecture about polynomial functions with repeated real 
solutions and their corresponding graphs. 


a. fix) = « — 3)°@ — 1) b. f(x) = @& — 37 @ — 1) 

ajo =G=3e—1 d. f(x) = (« — 3° — 1D) 

e. f(x) = (« — 3) — 1) f. fe) = (x — 3)’@—- D 

Standardized Test 61. Multiple Choice What is the greatest common factor of the terms of 
Practice 16x° + 36x4 + 24x37 

@ 8x3 4x3 © 8x @D 4x 
62. Multiple Choice What is the factorization of 2x° — 28x? — 64x? 

® xx + 4) — 4)@? + 2) @ 2x + 4 — 4)Q? — 2) 

CH x67 — 267 + 16) D 2x + 4 — 4)G? + 2) 
63. Multiple Choice What are the solutions of x* = 625? 

@ -5,5, -V5, V5 —5, 5, -iV5, iV5 

KO) =5, 5,51, 51 @® —-5i, 5i, -iV5, iV5 


Multiple Choice Use a calculator to approximate the real zeros of 
# fx) = x4 — x — 3x 42. 


&) 0.64, 1.65 @® 0.63, 1.65 HD 0.64, 1.66 ® 0.64, 1.24 


Mixed Review Classifying Polynomials Identify the degree and leading coefficient 
of the polynomial function. (Lesson 6.2) 


65. f(x) = x 66. f(x) = —x3 
67. f(x) =x — 4x7 — 3 68. f(x) = 3x4 + 8x7 +9 
69. f(x) = —8x8 — 12x +1 70. f(x) =5 — 4x7 + x 


Graphing Polynomials Graph the function using the domain 
x = -3, -2, -1, 0, 1, 2,3. (Lesson 6.2) 


Tf 72. f(x) = —x? +3 

73. fix) = x+- 6x +1 74. fix) =x*-2 
Multiplying Polynomials Find the product. (Lesson 6.4) 

75. (2x — 3)(5x + 2) 76. (x — 3)? + x + 2) 
77. (x — 2)(x + 2) + 4) 78. (3x + 5)(x + D@ + 2) 


Geometry Skills Volume of Solids Write an equation for the volume of the figure. 
Then solve the equation. 


79. V= 16cm? 80. V = 27 in? 
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Key Words 


¢ local maximum 
¢ local minimum 


1. f(x) = x3 + 3x? 


2. f(x) = x4 - x3 - 
+1 


Graph each function. 


6:7 Modeling with 


Polynomial Functions 


| GOAL | Use polynomial functions to model finding a 
maximum or minimum value in real-life situations. 


How can you design a box with the greatest volume possible? 


In Example 3, you will use a polynomial model to find the maximum volume of 
a box made from a rectangular sheet of cardboard. 


Graphs of polynomial functions have turning points. 


° pls y- SSUES of a turning point is a 
local x mum of the function if the point 
is Enoner than all nearby points. 


local 
maximum 


x 


local 


¢ The y- coordinate of a turning point is a 
ocal min minimum 


| m of the function if the point 
is lower than all nearby points. 


Turning Points of Polynomial Functions 


e The graph of every polynomial function of degree n has at most 
n— 1 turning points. 


e lf a polynomial function of degree n has n distinct real zeros, then its 
graph has exactly n — 1 turning points. | 


Find the Number of Turning Points 


Find the number of turning points for the function fx) = x(x + 4) — 2). 


Solution 

Rewrite the function f(x) = x(x + 4)(x — 2) as f(x) = x3 + 2x? — 8x. 

The function has degree 3, so it can have at most 3 — 1 = 2 turning points. 
The factored form of the function shows that it has three distinct real zeros. 


So, the function has exactly 3 — 1 = 2 turning points. 


Find the exact or maximum number of turning points for the 
function. Label each number as exact or maximum. 


1. f(x) = x(x — 1)(x + 3) 2. g(x) = x7(x + 2)(x + 5) 
3. fix) = (x? — 7)(x + 9) 4. g(x) = (x — 6)7(x + 8) 


6.7 Modeling with Polynomial Functions Fa 


Find Turning Points 


| Graph each function. Identify the x-intercepts and the coordinates 
where the local maximums and local minimums occur. 


a. f(x) = xo — 2x7 +4 b. f(x) = xt 3x3 — x2 + 6x — 4 
TUDENT HELP Solution 
READING GRAPHS a. Use a graphing calculator to graph the function. Notice that the graph has 
Set the viewing window one x-intercept and two turning points. Use the graphing calculator’s Zero, 
so the intercepts and Maximum, and Minimum features to approximate the x-intercept and the 


turning points are visible. coordinates of the local maximum and local minimum. 


= r = ‘ —— 


Zero Maximum Minimum 
X=-1.130395 Y=0 x=0 Y=4 X=1.333333 Y=2.814815 


ANSWER} The x-intercept is x ~ —1.13. The function has a local 
maximum at (0, 4) and a local minimum at about (1.33, 2.81). 


. Use a graphing calculator to graph the function. Notice that the graph has 
two x-intercepts and three turning points. Use the graphing calculator’s Zero, 
Maximum, and Minimum features to approximate the x-intercepts and the 
coordinates of the local maximum and local minimums. 


x-intercepts 


Zero Zero 
X=-1.5025194 Y=0 X=2.7664095 Y=0 


turning points 


Mini Minimum Maximum 
=~. 789539 Y=-7.49548 X=2.15997 Y=-4.17087 X=.879565 Y=-.939120 


ANSWER > The x-intercepts are x ~ —1.50 and x ~ 2.77. The function has local 
minimums at about (—0.79, —7.5) and (2.16, —4.17), and a local 
maximum at about (0.88, —0.94). 


where the local maximums and local minimums occur. 


5. f(x) = 2x3 — 4x2 — 1 6. f(x) = x4 + 3x7 - 4 
7. f(x) =x4 - 2x3 - 3? +x-2 8. fix) = x9 + 2x? — 3x +3 


Chapter 6 Polynomials and Polynomial Functions 


Polynomial Models In a real-world model, a local maximum on the graph 
often indicates a value that maximizes the quantity being modeled. 


Maximize a Polynomial Model 


Manufacturing You are designing an open box. It will be made from a piece of 
cardboard that is 16 inches by 20 inches. You want it to have the greatest possible 
volume. You will form the box by cutting and folding the four square corners. 
Then you will fold up the sides. 


How long should you make the cuts? What are the dimensions of the finished box? 


x 
| 


x 


x 


x 


| —__9 in——_ 


Solution 
VERBAL : : 
MopeEL Volume = Length - Width .- Height 
w 
LABELS Volume = V (cubic inches) 
Length = 20 — 2x (inches) 
Width = 16 — 2x (inches) 
Height = x (inches) 


v 
Atcesraic = =V = (20 — 2x)(16 — 2x)x 
MODEL 
= (4x” — 72x + 320)x 
= 4x3 — 72x? + 320x 


To find the maximum volume, graph the volume 
function on a graphing calculator as shown. 


Next use the Maximum feature. Look at only the 
interval 0 < x < 8, because 8 inches is the longest 
possible length for a corner square. 


Maximum 
X=2.944950 Y=420.1104 


From the graph, you can see that the maximum 
volume is about 420 cubic inches. It occurs when 
x= 2.94 


ANSWER > You should make the cuts approximately 3 inches long. The dimensions 
of the finished box will be x = 3 inches by 16 — 2x = 16 — 2(3) = 10 
inches by 20 — 2x = 20 — 2(3) = 14 inches. 


9. In Example 3, suppose you use a piece of cardboard that is 12 inches by 
16 inches. What are the dimensions of the box with the greatest volume? 
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Exercises 


Guided Practice 


Vocabulary Check 1. Explain the difference between the terms local minimum and local maximum. 
Skill Check _ Tell whether you can find the exact number of turning points. 
Explain. 
2. f(x) = (x -— 3° + 4) 3. f(x) = (x — 7)(X? + 3x + 2) 
4. fix) = (x + 2x + 5) — 4) 5. f(x) = x°(x + 6)(x — 8) 


Find the exact or maximum number of turning points for the 
function. Label the number as exact or maximum. 


6. fx) = & — D& -— 5) +7) 7. f(x) = x°Q? — x — 3) 
8. f(x) = x2(x + 2) 9. f(x) = x(x + 3)(x? + 4) 


m) Graph the function. Identify the local minimums and local 
#2) maximums. 


10. f(x) = x3 — 3x7 + 3 11. f(x) = —x? + 4x7 — 3 
12. f(x) = —x* + 8x7 +1 13. fix) = x4 — 0 — 3x? +4x-1 


14. |g) Profit The profit P (in thousands of dollars) that a small company made 
#2) each year from 2000 to 2005 can be modeled by 


P=-f + 138 — 51 + 63¢ + 10 


where ¢ is the number of years since 2000. Use a graphing calculator to find the 
year with the least profit in the interval 0 < ¢ <5. What is this profit? 


Practice and Applications 


TUDENT HELP Turning Points Find the exact or maximum number of turning points 
HOMEWORK HELP for the function. Label the number as exact or maximum. 
Example 1: Exs. 15-25 15. = Ae 16. = + O)(x2 — 2 
Example 2: Exs. 26-34 LO) Me ) Fla) = x(x ne ) 
Example 3: Exs. 35-37 17. f(x) = x°(x + I) — 8) 18. f(x) = x*(x* — 3) 
19. fix) = 0? — 5)? — x — 1) 20. f(x) = 2(x* — 3)? +. x + 2) 
21. fix) = —(@* +x + 1) - 3) 22. fix) = x(x4 — 16) 


Matching Use what you know about turning points and end behavior 
to match the equation with its graph. 


23. y= —x?(x — 3) 24. y= x(x? — 3)\(x + 1) 25.y= x(x? — 2) 
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Link to) 
METEOROLOGY 


PRECIPITATION The 
temperature affects how 
much water is in snow. On 
average, 13 inches of snow is 
equivalent to 1 inch of rain. 


Standardized Test 
Practice 


Analyzing Graphs Estimate the coordinates of each turning point. 
State whether each is a local maximum or a local minimum. Then list 
all the real zeros and find the least degree that the function can have. 


28. : 


mg) Using Graphs Use a graphing calculator to graph the polynomial 
£4) function. Identify the x-intercepts and the coordinates where the 
~ local maximums and local minimums occur. 


29. f(x) =x —3x4+2 30. f(x) = 2x3 — 6x — 1 
31. fix) = x4 -— 2x7 + 1 32. f(x) = x4 — 3x3 — x? + 3x 
33. f(x) = — + 5x3 — 4x 34. f(x) = 3x — 5x3 


35. Precipitation The average number of days y per month x with precipitation of 
0.01 inch or more in Cincinnati, Ohio, can be modeled by 


y = 0.053x3 — 1.03x? + 5.46x + 4. 
The variable x = 2 corresponds to February. Use the interval 2 < x < 12. Graph 


the function and interpret the turning points in the context of the problem. 


36. Manufacturing You are designing an open box to be made of cardboard that 
is 10 inches by 10 inches. The box will be made like the one in Example 3. The 
volume of the box can be modeled by the following function. 


V = 4x3 — 40x? + 100x. 


Use a graphing calculator to graph the function. Find the height that maximizes 
the volume of the box. What is the maximum volume? 
37. Consumer Prices The annual percent change p from the previous year in 
consumer prices for the United States from 1997 to 2001 can be modeled by 
p = —0.26x3 + 1.61x? — 2.17x + 2.32. 
The variable x is the number of years since 1997. Graph the function and identify 


any turning points on the interval 0 <x < 4. 


38. Multi-Step Problem A portion of the path that a hummingbird flew while 
feeding can be modeled by the equation below. 


y= iG 4)*(x — 7) O<x<7 


The variable x is the horizontal distance (in meters) and y is the height 
(in meters). The hummingbird feeds each time it is at ground level. 


a. Writing Explain what a turning point represents in this problem. 


b. How many turning points are there in the graph of the function? What is the 
maximum height reached by the hummingbird? 


c. How many times did it feed as it crossed 7 meters of ground? 


6.7 Modeling with Polynomial Functions faa 


Mixed Review 


Geometry Skills 


Quiz 3 


Lesson 6.5 


Lesson 6.5 


Lesson 6.6 


Lesson 6.6 


Lesson 6.7 


Writing Equations Write an equation of the line that has the given 
slope m and y-intercept b. (Lesson 2.5) 


39.m=3,b=2 40.m = —4,b=6 41.m=8,b=1 
=e a ee ee 
42.m=7,b 3 43.m 3? 4 44. m 35 7 
Simplifying Radical Expressions Simplify the expression. (Lesson 5.6) 
45. V63 46. V32 47.V7-V7 
: 1 4 
4s. V3-V12 49. pt 50. \ 5 
Solving Quadratic Equations Solve the equation. (Lesson 5.6) 
51. 3x7 = 120 52. 2x7 = 48 53. 4x* — 25 = 47 
54. 3(x — 5)? = 108 55. —(x + 1)? = -27 56. 2(x — 4)? = 24 


Volume Write an expression for the volume of the solid. 


57. 58. 9, 


Factor the polynomial. 

1.°4+8 2. 27x? — 64 3. 343x7 + 1 

4. x3 + 8y3 5.x — 3x2 — 9x + 27 6. x° + 5x2 — 4x — 20 
Solve the equation by factoring. 

7.x° + 4x? — 9x -36=0 8.2x° — 6x? + 30 = 5x 9. 4x7 + 20x27 =x+5 


Factor the polynomial. 
10. 8x° + x? 11. 3x* — 24x 12. x* — 81 


13. x4 — 6x7 +8 14. 3x° + 9x3 — 12x 15. x© — 2x4 — 15x? 


Use a graphing calculator to approximate to two decimal places the 
real zeros of the function. 

16. f(x) = x4 - 2x3 +%-3 17. fix) = 2x — 3x3 — 4x 

Find the exact or maximum number of turning points for the function. 
Label the number as exact or maximum. 

18. f(x) = (x + 6) — 4) — 3) 19. f(x) = («+ 4)(x? — 5x + 3) 
20. f(x) = x*(x? — 12) 21. f(x) = x(x — 5)*(x? — 2x + 3) 


22. Plant Growth The growth y of a plant from the previous year (in inches) can 
be modeled by y = x* — 12x? + 36x + 25, for 1 <x <7. Graph the function and 
identify the turning points. In which year did the plant grow the most? the least? 
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Chapter Summary 
and Review 


VOCABULARY 


¢ scientific notation, p. 298 ¢ degree of a polynomial, ¢ factor by grouping, p. 324 
¢ polynomial, p. 302 p. 302 ¢ quadratic form, p. 329 


¢ standard form of a * constant term, p. 302 * repeated solution, p. 331 
polynomial function, p. 302 ¢ end behavior, p. 303 * local maximum, p. 335 


¢ leading coefficient, p. 302 ¢ polynomial long division, * local minimum, p. 335 
p. 317 


VOCABULARY EXERCISES 


1. Tell why 45.37 X 10° is not written in scientific notation. Then write the 
expression in scientific notation. 


2. When does a repeated solution occur? 


3. Explain how the end behavior of a polynomial function depends on the 
function’s degree and leading coefficient. 


4. A cubic function P(f) gives the price of a product for several years t. The 
function has a local maximum and a local minimum. Explain the meaning 
of the turning points in the given context. 


| EXAMPLE | You can use properties of exponents to evaluate numerical 


expressions and to simplify algebraic expressions. 


De\y 2 Boos Power of a quotient property, 
5) 0G) power of a product property 


REVIEW HELP 222 +2 
Exercises Examples a aa Power of a power property 
5,6 1, p. 296 4y4 
7,8 2, p. 297 = Sa Simplify exponents. 
: , p- ; 
9-12 3, p. 297 
: = Ay ye Negative exponent property 


Simplify the expression. Tell which properties of exponents you used. 


5. (-2)(-2)-4 ww BeBe? 7. (#) 8 al 
(4 aE 

= ay4\3 Poe 

9. (8y~4)y8 10. fa 11. (4x2)3x5 12. =a 


Chapter Summary and Review bial 


ILYNOMIAL FUNCTIONS AND THEIR curs ee 
| EXAMPLE | You can make a table of values and plot points to graph a 


polynomial function. 


The function f(x) = 1 + x? + 3x? is a polynomial function. Its standard 
form is f(x) = x? + 3x” + 1. The degree is 3, so it is a cubic function. 
The leading coefficient is 1. 


Make a table of values to 
graph f(x) = x? + 3x? + 1. 


Plot the corresponding points. Then connect the points 


y 
with a smooth curve. 
REVIEW HELP The degree is odd and the leading coefficient is positive, E 
Exercises Examples so f(x) approaches — as x approaches —© and f(x) 
13, 14 1, p. 302 approaches + as x approaches +. 
15-17 2, p. 304 ie 


Tell whether the function is a polynomial function. If it is, write the function 
in standard form. Then state its degree, type, and leading coefficient. 


13. fx) = 3x9 — x4 — 4 + vx 14. fix) = ie — 22-11 


Graph the function using the domain x = —3, —2, —1, 0, 1, 2, 3. 
15. fix) = —2x7 + 6x +4 9 16. f(x) = —x4 + 5x44 17. f(x) = x4 -— 3x7 - 1 


| EXAMPLES | You can add and subtract polynomial expressions. You can 


also use the distributive property to simplify expressions. 


ADDITION SUBTRACTION 
5x3 — 2x7 +x+3 23-— x°+3x-2 > Axe -— x°+3x-2 
+ 3x2 -x-—2 — (3x? — 3x2 + x) = + —3x3 + 3x? - x 
5x + x2 af Il —x3 + 2x2 +2x-—2 
REVIEW HELP 
Exercises Examples DISTRIBUTIVE PROPERTY 
19 hepsi SIGE = Sb te aC ab =) Se = Bo ee ape = 


19 2, p. 310 
20,21 3, p.311 


= (3x4 + x4) + (3x? + x”) + (9x — 2x) 
= 4x4 — 2x? + Tx 


Find the sum or difference. Write the answer in standard form. 
18. (4x+ — 5x? + 1) + (—3x4 + 2x7 - 2) 9 19. (2x4 — 3x3 +x -— 4) — 4 +: x? — 3x +1) 


Simplify the expression. 


20. 3(x? — x — 1) — 2(-2x? + x — 3) 21. 2(x? + 3x2 — x) + x(—3x2 — 5x + 9) 


ie Chapter 6 Polynomials and Polynomial Functions 


LTIPLYING AND DIVIDING Pownomats aig 


| EXAMPLES | You can multiply and divide polynomials. 


Find (x — 1)(x + 2)(x — 4). 

(x — I(x + 2) — 4) 
ee) 
= x(x — 4) + x(x — 4) — 2(@ — 4) 


= x3 — Ay? + x2 -— 4x —2x4+ 8 


REVIEW HELP 
Exercises Examples 


xo + (—4x?2 + x”) + (—4x — 2x) + 8 


22-24 1-2, p. 315 
25-27 «3, p. 316 
28-30 5, p.317 


x? — 3x2 -— 6x +8 


Find the product. 
22. (x + 3)(2x3 —x + 1) 23. (x? + 2)(x2 + 3x — 5) 
25. (4x — 3)(4x + 3) 26. (5x — 1)” 


Use polynomial long division to find the quotient. 


Find (x? + 3x? — 4x — 13) + (x — 2). 


x + 5x +6 
x — 2)x3 + 3x2 — 4x — 13 
x3 — 2x? 
5x? — 4x 
She OES 
Ge = i 
6x — 12 


Al 


The quotient is x? + 5x + 6 — ay 


24. (x + 2)(x — 3) + 5) 
27. (2x + 3)3 


2s. (x2 — 5x +6) +(x —3) 29.0°+ 5x7 -5) +(e +2) 30.0° —- 8) + (4-2) 


| EXAMPLES | You can factor cubic polynomials and you can use factoring 


to solve some cubic polynomial equations. 


Factor 64x? + 27. 
64° 27 — Gx) 
= (4x + 3)(16x? — 12x + 9) 
REVIEW HELP 
Exercises Examples Factor x? + 6x? — 16x. 


31, 32 1, p. 323 Pe ee nie x2 + 6x — 16) 


33, 34 2, p. 324 
35, 36 4, p. 324 = aCe ar Ge = 2) 
37-39 5-6, p. 325 


Factor the polynomial. 
31.x° — 125 32. 64.7 + 1 
34. 2x? — 2x? — 40x 35. x? — 4x2 — 7x + 28 


Solve the equation by factoring. 
37..x° + Tx? + 6x =0 38.x°(x +5) =x 45 


Solve 2x° — 5x” — 6x = —15. 
2x3 — 5x? —- 6x + 15 =0 
(2x3 — 5x”) + (—6x + 15) =0 
x*(2x — 5) + (—3)(2x — 5) =0 
(x? — 3)(2x — 5) =0 

-—3—0 o 2-5-0 
x = V3,x = —V3,x = 2 
The solutions are V3, —V3, and 2. 


33. x? — 3x” — 10x 
36. x? — 2x? + llx — 22 


39. x° + 11x? — 4x = 44 


Chapter Review and Summary fen 


| EXAMPLES | You can factor polynomials of greater degree and you can use 


factoring to solve some polynomial equations of greater degree. 


Factor x4 — 81. Solve 12x? = x° + 27x. 
x — 81 = (x*)? — 9 1 eis 
= (x7 + 9)(x? — 9) 0 =x — 12x3 + 27x 
= (x? + 9)(x — 3)(x + 3) O = x(x4 — 12x? + 27) 


REVIEW HELP 


= arsisne 0 = x(x? — 3)(x? — 9) 
penne, Eee Factor 3x° + 9x4 + 6x?. 5 
40 1, p. 329 0 =x" — 3)@ — 3)@ + 3) 
41, 42 2, p. 329 3x + 9x4 + 6x? = 3x2(x4 + 3x? + 2) ” a _ _ a 
43-45 3, p. 330 Bao = SB 
The solutions are 0, V3, =i 3, and —3. 


— DheaeP) 2, 
46-48 4, p. 330 = 3x0" + Dar + YD 


Factor the polynomial. 
40. 5x° — 40x? 41. 16x* — 1 42. 81x* — 16 
43. 2x° — 16x37 + 30x 44. 5x® — 30x* + 25x? 45. © — 173 + 16x 


Solve the equation by factoring. 
46. 2x — 18x? = —28x 47. x‘ — 5x3 — 6x7 =0 48. 3x® — 12x =0 


| EXAMPLE | Use a graphing calculator to graph f(x) = x — 3x +4. 


Notice that the graph has one x-intercept and two turning points. You can 


use the graphing calculator’s Zero, Maximum, and Minimum features to 
approximate the x-intercept and the coordinates of the turning points. 


Zero 
X=-2.195823 Y=0 


REVIEW HELP 


Exercises Example 


49-54 2, p.336 The x-intercept is about —2.20. The function has a local maximum at (—1, 6) 


and a local minimum at (1, 2). 


Graph the function. Identify the x-intercepts and the coordinates where 
the local maximums and local minimums occur. 


49. f(x) = x° — 2x? — 4x 50. f(x) = —x° + 5x —9 51. fix) = —2x4 + 3x3 + 4x? — 5 
52. f(x) = x* — 4x° — 2 53. f(x) =x — 6x4 + 8x? 54. f(x) = — 0 + 6x9 — Sx 
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ter 6 Chapter Test 


Simplify the expression. Tell which properties of exponents you used. 


1x3 ¢ x! 2. (2y*)-? 3.Gy yy" 
a a’\4 -5)2710 
4.5 5. Z 6. (4b °)*b 
Graph the function using the domain x = —3, —2, —1, 0, 1, 2, 3. 
7. f(x) = 2x7 — 6x +1 8. fix) = —2x4 +507 +30 9. fly) = —xt 4+ 3x3 -— 5 


Find the sum or difference. Write the answer in standard form. 
10. (4x° — 3x27 +x —4) + (7x? —x + 1) 11. (x4 + 6x3 — x — 8) — (4x4 + 5x3 — 2x — 7) 


Find the product. 
12. (x + 3)(x? + 3x — 7) 13. (x + 2)(x — 3)(x — 6) 


14. (4x — 5)(4x + 5) 15. (5x — 3) 


Use long division to find the quotient. 
16. (x? — 2x7 — 13x — 10) + (« — 5) 17. (2x? + 3x7 — 3x — 2) + (2x + 1) 


Factor the polynomial. 

18. 27x37 -— 1 19. 2x? — 18x? — 72x 20. 24x° — 3x? 

21. 81x4 — 1 22. 4x3 — 32x? — 80x 23. 36x? — 25 

Solve the equation by factoring. 

24. x3 + 3x? = 13x + 39 25. — 8x3 = —Tx 26. 2x? — 4x2 — 6x =0 


Graph the function. Identify the x-intercepts and the coordinates 
where the local maximums and local minimums occur. 


27. f(x) = —x8 + 2x7 +2041 28. f(x) = 2° — 6x + 4 
29. f(x) = —2x4 — 7x3 — x? + 10x 30. f(x) = x4 — xB - 3x27 +x-5 


31. Ant Strength An ant of mass 3.0 x 10~° kilogram can lift a leaf of mass 
1.5 x 10-4 kilogram. How many times its own mass can the ant lift? 


32. Aquarium An aquarium has a length of (x + 6) feet, a width === = 
of (x — 1) feet, and a height of (x — 2) feet. The volume of the 
aquarium is 60 cubic feet. Write and solve an equation to find (x — 1) ft 
the dimensions of the aquarium. (x + 6) ft 


33. Basketball The number of points p your school’s basketball team has 
scored in the last seven games can be modeled by p = x* — 12x? + 36x + 48 
where x is the game number from | to 7. Use a graphing calculator to graph 
the function. Identify the local minimum and local maximum on the interval 
1 <x <7 and explain the meaning of each in the context of the problem. 


Chapter Test ia 


Chapter Standardized Test 


\ lest Tip Watch out for common errors. 


DD © wD 


——EEE 


| EXAMPLE | Which of the following is a true statement? 


@® a+b =(at db) ® a-byr=a-P 
Gu, ® 5a b) = 5a — 5b 
Solution 


Choice A does not follow the sum of two cubes pattern and Choice B does not 
follow the square of a binomial pattern. So, choices A and B are false. 


V at+hs Va2 + Vp? = a+ b,so choice C is false. 


Choice D is a true statement of the distributive property. 


Multiple Choice 


1. What is the simplified form of (3x*y~*)~?? 


8 8 
y 9y 
6x ° x6 
8 8 
y y 
© sf ® oa 


2. Which cubic function has a leading coefficient 
of 1? 


® faoar+xr?-x4+1 
@®@ fa =xXt-P 4x41 
@® fo=14+xr-x-x 
DD ieax Ha +e 1 

3. Which statement about the end behavior of 
fd) = -x3 + x — 2 is true? 
(@ f(x) approaches + as x approaches +. 
Jf) approaches —*% as x approaches — °°. 
© f(x) approaches — as x approaches +. 
@®) f(x) approaches + as x approaches 0. 


ia Chapter 6 Polynomials and Polynomial Functions 


4. What is the difference 
(x4 — 3x? + 4x + 7) — (x4 — 6x3 + 4x)? 


) 3x°+7 

@G 6x3 — 3x7 +7 
CD 6x? — 3x7 + 8x +7 
D 3x2 + 8x+7 


5. What is the product (x + 5)(x — 2x — 3)? 
@ x4 4+ 5x3 — 2x? — Ix — 15 
xt + 5x3 — 2x7 — 13x — 15 
© x1 + 5x3 — 2x? — 10x — 15 
@® x1 + 5x3 — 2x? — 3x - 15 


6. What is the quotient of 
(x3 — 3x? + 4x — 6) and (x — 2)? 


® x-x+2 

@® vr-x+3 

@® P-xt+2+ 4, 
2 pn 2 

GD x*-x+2 3 


7. Which polynomial has the factorization 
(x — 10)(x? + 10x + 100)? 


@ x — 1000 
© x°+ 100 


x> — 100 
@® x° + 1000 


8. What are the solutions of x° — 5x? = 36x? 
(Ey 3-3 @ 0,3, -3, 2i, -2i 
(Hy 03,53 ®D 3, -3, 2i, -2i 


Gridded Response 


mw) Use the following information 
to answer Exercises 11-16. Use a 
~ graphing calculator if necessary. 


The population p (in hundreds of people) of a town 
can be modeled by p = 1.5x° — 9x? + 13.5x + 52. 
The variable x is the number of years since 1998. 


11. What is the leading coefficient of the model? 
12. What is the degree of the model? 


13. Graph the model for 0 < x < 6. How many 
turning points does it have on this interval? 


14. What is the local maximum on 0 < x < 3? 


Extended Response 


9. What are the solutions of 
2x3 + 4x? — 20x = 10x + 60? 


@® v5, -V15 B® 2, V15, -V15 
© -2,V15,-V1i5 @® 2,Vvi5 


10. How many turning points does the graph of 
f(x) = x(x + 11)@? — 8) have? 


©O2 @3 W4 DS 


15. What is the local minimum on 0 < x < 4? 


16. What was the population of the town (in 
hundreds) in 2000? 


17. The side length of a cube is 3 times greater 
than the side length of a smaller cube. How 
many times greater is the volume of the larger 
cube than the volume of the smaller cube? 


18. How many distinct solutions are there to 
w(x — I(x + 2) = 0? 


19. Approximate to two decimal places the real 
zero of f(x) = —x> + 2x7 +x45. 


20. |g) A window box has dimensions (x + 14) inches, (x — 2) inches, and 


(x — 6) inches. 


a. Write a function in standard form for the volume 


of the window box. 


b. Use a graphing calculator to graph the function 


for —20<x< 10. 


c. Identify the local maximum and local minimum. 
Do these values represent possible maximum and 
minimum volumes of the window box? Explain 


your reasoning. 


d. The volume of the window box is 768 cubic inches. 


Write and factor an equation in terms of x to find 


the dimensions of the window box. 


e. How does the volume of the window box change if 


you double the width and height? 


Chapter Standardized Test 347 


ers [-6 Cumulative Practice 


Simplify the expression. (Lesson 1.3) 
1. —3(—x)* 2. 3x + 5y + 2x — 3y 3. —4x + 3(x + 1) 


Solve the equation. (Lessons 1.4, 4.4) 


4. 2x — 12 =6 5.5x+3=8 6. |x -—3| =4 


7. Average Temperature The table gives the average temperature ¢ in degrees 
Fahrenheit at the Bering Land Bridge National Preserve in Alaska for each month m 
from June through December. Find the mean, median, mode, and range of the 
temperatures to one decimal place. (Lesson 1.7) 


Graph the linear equation. (Lessons 2.1, 2.2, 2.4) 


8. y = 3x—3 9.y= jx +5 10.y=7 


11.x = —45 12.x-y=8 13.2x + 2y=5 


Find the slope of the line passing through the given points. (Lesson 2.3) 
14. (7, 9), (1, 3) 15. (3, —5), (—2, 5) 16. (4, 9), (—2, 4) 


Write an equation of the line with the given characteristics. (Lesson 2.5) 
17. point: (2, —1), slope: 5 18. horizontal line through (—3, 1) 


19. Bering Land Bridge Draw a scatter plot of the data in Exercise 7. Then tell 
whether the data have a positive correlation, negative correlation, or relatively no 
correlation. (Lesson 2.7) 


Solve the system of linear equations. (Lessons 3.1-3.3) 
20.x+y=3 21. 3x — Sy =3 22.2x-—y=—-3 
2x -—y=6 —3x+y=5 —x + 3y =9 


23. Football! Tickets for your school’s football game are $2 for students and $5 for 
adults. A total of 400 people attended the game. The total ticket sales were $1250. 
How many students attended the game? How many adults attended the game? Use a 
verbal model and linear combinations to solve the linear system. (Lesson 3.3) 


Graph the ordered triple or equation in a three-dimensional coordinate 
system. (Lesson 3.4) 


24. (—2, 0, 5) 25.x+ 2y—z=4 26. 2x — 6y — 3z = 6 


Solve the system of linear equations. (Lesson 3.5) 


27.x+y+z=—-9 28.x-—y+2z=7 29.x+y—z=2 
x-y-z=5 Qaxty+z=2 2x-y+tz=4 
=~ yt ge 1 arly Z==9 are =o 


ia Chapter 6 Polynomials and Polynomial Functions 


Solve the inequality. Graph your solution on a real number line. 


(Lessons 4.1, 4.5) 
30. 2x —7<-5 
33. |5x| >30 


31. —lI1<—-2x+5<7 
34. |x + 3| <6 


32. 3x< —-9orx- 82-1 
35. |3x—1| <-7 


36. Fruit Salad You want to buy mangoes and strawberries for a salad. A one-pound 
package of strawberries is $3 and mangoes are $1 each. You need at least 2 packages 
of strawberries and at least 4 mangoes. The most you can spend is $15. Write and 
graph a system of linear inequalities that shows the number of strawberry packages x 
and the number of mangoes y that you can afford. (Lesson 4.3) 


Graph the absolute value function. (Lessons 4.6) 
37. y = 5|x| 38. y= —4|x| 


=| ee es 
40. y = |x| 41.y sll 4 
Graph the function. (Lessons 5.1, 6.2) 
43. y =x? — 9x + 20 44. y = 3(x — 2)? -4 


46. y = —x3 + 3x—4 47.y=x'-7 


39. y= 3 |x| 


42. y = —1.5|x| 


45. y = —(x + 5) — 3) 
48. y = x? — 3x? 


Write the expression as a complex number in standard form. (Lesson 5.7) 


49. (4 — 2i) — (9 — 51) 50. (31)(6 + 7i) 
Simplify the expression. (Lesson 6.1) 
= 
53. > 
x» 


52. (5x°) 3 
Factor the expression. (Lessons 5.3-5.5, 6.5) 

55. x7 + 16x + 28 56. 5x? + 12x +7 

58. x3 + 13x7-4x-—52 59. 7x4 + 56x 

Solve the equation. (Lessons 5.3-5.9, 6.5, 6.6) 

61. x? + 8x = 20 62. 16x* + 24x +9=0 
64. x? = —225 65. x7 — 10x + 15 =0 
Perform the indicated operations. (Lessons 6.3, 6.4) 
67. (2x3 — 5x + 1) — (x? — 4x + 3) 
69. (x — 4)(x — Dit 8) 


71. 


the ball in the air? (Lesson 5.9) 
72. 


Soccer A goalie kicks a soccer ball from a height of 2 feet. The ball is 
kicked with an initial velocity of 65 feet per second. About how long is 


Maximum Height Use a graphing calculator to graph the function 
in Exercise 71. Use the Maximum feature of the graphing calculator to 
estimate the maximum height of the soccer ball. (Lesson 6.7) 


3 +i 


51. 


2x6y7! 


54. OS 


57. x‘ — 144 
60. © — 16x° + 63x 


63. 3x7 +6 = 81 
66. x? + 7x? = 8x + 56 


68. (3xt — 5x2 + 7) + (xt + 8x3 — 6) 


70. (2x37 — x7 + 5x + 1) +(x - 3) 


Cumulative Practice fi 


Powers, Roots, and 
Radicals 


The effect of water pressure on the water flow rate 

of a fire hose can be seen by comparing the graphs of 
two functions. The graph below shows the relationship 
between the diameter of a hose and its water flow rate for 
two different water pressures. 


1000 2000 3000 " 


Think & Discuss 


Use the graph to answer the following questions. 


1. What diameter hose tip do you need if you want a water 
flow rate of 1500 gallons per minute at 100 psi? What 
diameter hose tip do you need to have a water flow rate 
of 1500 gallons at 400 psi? 


. How does increasing the water pressure of a hose affect 
the water flow rate? Explain. 


Learn More About It 

You will graph a square root function to estimate the water 
flow rate of a hose with a water pressure of 150 pounds per 
square inch in Exercise 47 on page 393. 
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| PREVIEW | What's the chapter about? 


* Multi-Language Glossary 
* Vocabulary practice 

¢ Evaluating nth roots of real numbers using radicals and rational exponents 

¢ Solving equations containing radicals or rational exponents 

¢ Finding inverse functions for both linear and nonlinear functions 


* Graphing square root and cube root functions 
¢ Finding and comparing standard deviations of data sets 


Key Words 
e nth root of a real number, p. 353 


e index, p. 353 
¢ simplest form of a radical, p. 359 


¢ composition of functions, p. 374 
e inverse relation, p. 380 

e inverse functions, p. 380 

e radical function, p. 389 


e like radicals, p. 360 
¢ standard deviation, p. 395 


e radical equation, p. 365 
¢ extraneous solution, p. 366 


| PREPARE | Chapter Readiness Quiz 


Take this quick quiz. If you are unsure of an answer, look back at the 
reference pages for help. 


Vocabulary Check (refer to p. 296) 


1. According to the power of a product property of exponents, (ab)” = _? _ 
C@) ab" a"b” © a"b @®D a" +b" 
2. According to the power of a power property of exponents, (a’")” = _? 
® at" @® ar @ a” GD a” 
Skill Check (refer to p. 240) 
3. What is the solution of 2x? + 5 = 41? 
@® v2, -V2 18 © 4V2,-4V2 @ 3V2, -3V2 


TAKE NOTES Building on Skills 


Ste ' 
As your knowledge of a topic Pe for solving equations: 


grows, you may return and add 
to a section of your notes. You 
use the same steps to solve a 
radical equation as you would 
to solve any equation. Add the 
powers property of equality as 
another strategy you can use 
to solve an equation. 


a Chapter 7 Powers, Roots, and Radicals 


1) Collect the varia 
of the equation, 


2) Use 
, fee eatic Operation on each Side 
equation to isolate the variable 


e 
Add or Subtract the same numbe 
r. 


* Multiply or divid 
Rumibee Ide by the same 


A Teen f 
Raise each side to the Same pow 
er, 


ble terms On One side 


71 


Key Words 


e nth root of a real number 
e index 


Simplify the 
expression. 


1. 


nth Roots and Rational 
Exponents 


| GOAL | Evaluate nth roots of real numbers. 


You know that to find the volume of a cube, you find the cube of 
the side length: V = s*. If you know the volume, you can find the 
side length by taking the cube root of the volume: s = VV. 

You can extend the concept of square roots to cube and other roots. 


$s 
bis the square rootofa if b? =a oe re ae ae 
bis the cube root of a fr=<¢ _ 4056 np 
bis the fourth root ofa if b4 =a il is 
bis the nth root of a ifb"=a 


You can write the nt as Va where a is areal number and n is the x 
of the radical. The radical Wa refers to the positive nth root of a. The radical —Wa 
refers to the negative nth root of a. 


Number of Real nth Roots 
Let n be an integer greater than 1, and let a be a real number. 


Number of real 
nth roots of a 


any real number 


greater than 0 


Find nth Root(s) 


Find the indicated nth root(s) of a. 
a.n=3,a = —64 b. n= 4,a= 81 


Solution 
a. Because n is odd, —64 has one real cube root. V —64 = —4 
CHECK (—4)? = (—4)(—4)(—4) = —64V 


b. Because n is even and a is greater than 0, 81 has two real fourth roots. 
V81 =3and—-V81 = — 
CHECK 34=3+3°3°3=81¥Y (—3)4 =(—3)(—3)(—3)(—3) = 81V¥ 


7.1 nth Roots and Rational Exponents a 


Solve an Equation To solve an equation involving x”, isolate the power on 
one side of the equation, and then take the nth root of each side. 


Solve Equations Using nth Roots 


Solve the equation. 


a. 2x* = 162 b. (x — 3) =8 
Solution 
a. 2x*+= 162 Write original equation. 
4 
*e = 12 Divide each side by 2. 
TUDENT HELP x = 61 Simplify. 
fiseans nyenubeot et. V x4 = +V81 Take fourth root of each side. 
be sure to consider both x= +43 Simplify. 
the positive and negative 
nth roots of a. 
as (x — 3) =8 Write original equation. 
V (x— 3 = V8 Take cube root of each side. 
x-3= Simplify. 
=5 Add 3 to each side. 


s Using nth Roots 


Find the indicated nth root(s) of a. 


1.n=2,a= 144 2.n = 3,a = 1000 3.n = 4,a = 256 
Solve the equation. 

4.x3 = 64 5. 5x4 = 16 6. (x — 1)3 =27 
STUDENT HELP Rational Exponents You do not have to use a radical to write an nth root 
WRITING ALGEBRA of a. You can write an nth root of a using a fraction as an exponent. Notice that 
When you write a square the denominator of each rational exponent is equal to the index of the radical. 
root, such as V3 you do 3 

: Se — 21/2 =F1/3 e777 = Ali 

not need to write “2” as V3 = 3 V7 =7 Va=a 


the index. You do need to 
include the index for all 


other roots, such as WT, 


Evaluate Expressions with Rational Exponents 


Evaluate the expression. 


a.91/2 = 9 =3 b. 16!4 = 16 =2 
c. 6413 = v 64 =4 d. (—32)!4 = v —32, no real solution 


Evaluate the expression. 
7,25'" 8.31" 9. 12512 10. 32!5 
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eo HELP 
KEYSTROKE HELP 
To evaluate 59/* on your 
calculator, use the (Gui) 
key just as for other 
exponents. You will need 


to use parentheses when 
entering the fraction. 


5 a (3 = 4) 


The result is about 3.344. 


Rational Exponents You can also use a fraction as an exponent to write a 
combination of a power and an nth root. 


(W2)" = (2/3)4 = 24/3 (W/o) = (9'/5)7 = 975 


Rational Exponents 


Let a'/" be an nth root of a(a>0 and a # 1), and let mbe a positive 
integer. 


qin — (gi/n)™ = (Ya) 


q min Fad 1 = 1 —_ 1 
qmin (qi/nym (Ya)™ 


1 4-146 


1 
oy Allo 


c. Rewrite 77> using radicals. 77/5 = (718)? = (W7 iy 


9-2/3 — 1_ tt _ 1 
aS (guay (W¥2)? 


d. Rewrite 2~7/? using radicals. 


Evaluate Expressions with Rational Exponents 


Evaluate the expression. 
a. 43 b. 8°73 


Solution 


Use radicals to rewrite and evaluate each expression. 
aPP—(y4P =o =8 


5.8727 — Tee 1 as eee | 


82/3 (We) 92 4 


h Rational Exponents 


Rewrite the expression using rational exponents. 


5/~\2 1 1 
11. (2) 12.<— 13. 
V3 V13 
Rewrite the expression using radicals. 
14. 1523 15. 11-1 16. 29° 


Evaluate the expression. 
17. 25°? 18. 16°" 19. 8-93 


7.1 nth Roots and Rational Exponents 


Exercises 


Guided Practice 
Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 21-26 
Example 2: Exs. 27-35 
Example 3: Exs. 36—51 
Example 4: Exs. 52-75 
Example 5: Exs. 76-83 


1. Use radicals to express a~””””. Then state the index of the radical. 


2. Copy and complete the statement: For an integer n greater than 1, if b" = a, 


then bis a(n) _?_. 


Find the indicated nth root(s) of a. 
3.n=3,a=0 4.n=2,a= 64 


Solve the equation. 
6. 4x* = 40,000 7. (x — 13 = 125 


Evaluate the expression. 
9. 100! 10. 6412 11,27" 


Match equivalent expressions. 


13. (Ws) 14. (Ws) 15. ce 
V5 
AG" Ce es" 


Evaluate the expression. 
17. 12579 18. 100°” 19.32 °3 


8. (x + 4)? = —27 


12. 2431/5 


16. V5 


D. 53/4 


20. 81> 4/3 


Finding nth Roots Find the indicated nth root(s) of a. 


21.n=3,a=8 22.n=5,a=0 
24.n=4,a=—1 25. n = 3,a= —27 


Solving Equations Solve the equation. 


27.x4= 28. x° = 243 
30. 5x? = 135 31. 2x* = 512 
33. x3 = -72 34. (x — 4)3 = 64 


Evaluating Expressions Evaluate the expression. 


36. V16 37. V/125 38. V0 
ao. V—-8 at. V/-32 a2. V/1000 
4a. 1441 45. 196!/ 46. 641/3 
4s. 2561/4 49. 2161/3 50. 5121/3 
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23.n=2,a= 121 
26. n = 7,a = —128 


29. x° = —32 
32.154 =8 
"9 


35. (x + 3)4 = 81 


39. —V81 
43. V/—64 
47. 1024!/5 


51. 6251/4 


Using Rational Exponents Rewrite the expression using rational 
exponents. 


52. (1/2) 53. (3) 54. (16) 55. (9) 
8 1 1 1 
56. (x) S72 ee 59. 
Vi13 wn) (W10)° 
4 1 1 1 
60. —— 61. —— 62. —— 63. 
(V52)? (Wa)? (Wp)? (wvq)"° 
Using Radicals Rewrite the expression using radicals. 
64. 34/5 65. 1623 66. 23°/9 67. 2034 
68. 10°27 69. 15-2” 70. 12~>6 71. 18—38 
72. x3/2 73. b>/4 74. ¢~2/9 75. m4 


Evaluating Expressions Evaluate the expression. 
76. 843 77. 100°? 78..256°"* 79. 216° 


80. 16 >4 81. 64° 2/3 82. 225-3/2 83. 1296-34 


Evaluating a Model with nth Roots 
Basketball The volume V of a sphere can be calculated using the formula 
V= ear} where r is the radius of the sphere. A basketball has a volume of 


434 cubic inches. Find the radius of the basketball to the nearest tenth of an inch. 


Solution 
a far? Write the formula. 
434 = far? Substitute 434 for V. 
2 (434) =r Solve for r3. 
103.6 = r° Evaluate using a calculator. 
47 =r Find the cube root of each side using a calculator. 


ANSWER > The radius of the basketball is about 4.7 inches. 


84. Science Link’, The shape of Earth is nearly a sphere. The volume of Earth is 
approximately 1.083 x 10! cubic kilometers. Use the formula for the volume 
of a sphere given in the example above. Find the radius of Earth. Round your 
answer to the nearest whole number. 


85. Jewelry A jeweler is setting a stone cut in the 
shape of a regular octahedron. A regular octahedron 
is a solid with eight equilateral triangles as faces, 
as shown. The formula for the volume of the stone 
is V = 0.47s? where s is the side length of an edge 
of the stone. The volume of the stone is 161 cubic 
millimeters. Find the length of an edge of the stone 
to the nearest tenth of a millimeter. 
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AREERS 


Ss 


ZOOLOGISTS study how 
animals behave in their 
natural habitats, often 
specializing in wildlife 
research and management. 
This zoologist is studying an 
albatross, a large sea bird 
that has a wingspan of up to 
11 feet. 


Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


==) mammal’s surface area S in square 
2/3 


86. q| Zoology Zoologists can approximate a 


centimeters using the model S$ = km*'” where 
mis the mammal’s mass in grams, and k is a 
constant that is related to the mammal. Use 

k = 9,3 to approximate the surface area of a 
marmot, shown at the right, whose mass is 
3375 grams. 


87. Fans The power p (in horsepower) used by a fan is given by p = ks? 
where s is the rotational speed of the fan in rotations per minute, and k is a 
constant that is related to the fan. A particular fan uses 1.2 horsepower. 
The value of k for the fan is 2.4 X 107!°. Find the value of s for this fan. 


88. Challenge Copy and complete the proof which shows that V3 = 3172, 


Statements Reasons 


1viev=s 
3._? 


Fe 
4. Set exponents equal when bases are equal. 


_1 


5. ? 


89. Challenge Use a proof like the one in Exercise 88 to show that V7 = 73. 


90. Multiple Choice Rewrite — using rational exponents. 


(Ws)? 
@ 523 3-2/5 © 5!2 @) 5723 
91. Multiple Choice What is the solution of 6x° = 192? 
© +2 @©2 @ 4V2 D 32 


Transforming Data Find the slope of the line passing through the 
given points. Then tell whether the line rises, falls, is horizontal, or is 
vertical. (Lesson 2.3) 


92. (0, 1), (4, 12) 93. (—3, —2), (12, 4) 94. (1, —2), (1, 4) 


Simplifying Algebraic Expressions Simplify the expression. Tell 
which properties of exponents you used. (Lesson 6.7) 

95. (xy)? 96. x *y? 
Multiplying Polynomials Find the product. (Lesson 6.4) 

98. x(x? — 4x + 1) 99. 3x7(2x + 5) 100. (2x — 1)(3x + 4) 


101. (x — 4)(x2 — 3x —5) 102. (3x + 2)(4x2 — 3x + 6) 103. (2x2 — IQ? —x +5) 


Volume Given the volume of a cube, find its side length. 
104. V = 343 in 105. V = 1331 cm? 106. V = 216 ft? 
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72 Properties of Rational 
Exponents 


Key Words 
¢ simplest form of a radical 
e like radicals 


Ca Use properties of radicals and rational exponents. 


You learned the power of a product and the power of a quotient properties of 
exponents in Lesson 6.1. These properties can also be used with radicals. 


Evaluate the 


expression. Product and Quotient Properties of Radicals 


1.2725 , 
2 Product property v a-b=Va- Vb Quotient property (5 = - 
3. 
4 
Use Properties of Radicals 
a. V3 + V9 =V3-9 Product property of radicals 
=V3+3-3 Factor. 
=3 Simplify. 
47> 
. 48 _ /48 Quotient property of radicals 
V3 2 
=V/2+2+2+2 Divide and factor. 
=2 Simplify. 
TUDENT HELP 
VOCABULARY Simplifying Radicals A radical with index n is ins 
Recall that a radicand are no perfect nth powers in the radicand, and there are no radicals in any 
is the number, variable, denominators. To write a radical in simplest form, apply the properties of radicals, 
or expression under the remove any perfect nth powers (other than 1), and rationalize any denominators. 


radical sign. The 
radicand of 4V2 is 2: 


a. V40 =V8-5 Factor out a perfect cube. 
= v8 V5 Product property of radicals 
=2V5 simplify. 
1 _ afl +2 : 
37 Ve-o Make the denominator a perfect fourth power. 
= 2. F 
=NVi6 Multiply. 
v2 
= Quotient property of radicals 
“6 property 
4 
= 2 Simplify. 


7.2 Properties of Rational Exponents a 


Properties of Rational Exponents You studied the properties of integer 
exponents in Lesson 6.1. These properties are also true for rational exponents. 


Properties of Rational Exponents 


peer UPENT HELP 
Look BACK 


. Let aand bbe positive real numbers. Let m and n be rational numbers. 
These properties are 


the same as those listed PROPERTY EXAMPLE 
on page 296, but now - ES V2, 23/2 — 9(1/2 + 3/2) — 22 — 
they apply to rational ie ee a sa al = 3s 
exponents, as shown. 2. (a™)" = gmn (23/2)2 = 2(3/2 12) 23 =8 
3, (ab)? = ab” (9ea)U2 = 912.42 9.26 
—m_— 1 See, lel 
4. a Sam 16 = Gain a 
5 CI esl oy 58? _ 5(3/2- 12) 51 = 5 
an ’ 52 
areas Bie = 8 2 
o (2) ye? nee Es 9713 3 


Use Properties of Rational Exponents 


62) +618 2602719 = B= 61 SG 
. (33/44 = 33/4 °4) _ 33 =27 
(16825)? = 16? «257 = 455 = 26 


gots eee eee 


gis 2 


5/2 
; an — 7(5/2 - 1/2) — 74/2 — 72 = 49 


Like Radicals Two radicals are like Is if they have the same index and 


the same radicand. For example, V2 and 4V2 are like radicals. To add or 
subtract like radicals, use the distributive property. 


Add or Subtract Like Radicals 


a. 4V3 + V3 =(44+ )V3 b. 7(11'3) — 10(11 3) = 7 — 10)(11 3) 
= 5V3 = —3(11") 


tional Exponents 


Simplify the expression. 


3 3 
1.92.04 2.14.18 pe 4, V8 
v2 V3 

8158 


5. 91/6. 913 
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- a8 7. (64+ 492g. 21? + 5(2/7) 


ea HELP 

READING ALGEBRA 
An example where xis 
negative and nis odd 


is V(—8)3 = —8.An 


example where xis 
negative and nis even 


is V(—9)2 = |-9| =9. 


You must use absolute 
value when nis even. 


Simplifying Variable Expressions You can apply the properties of 
radicals to expressions involving variables. When the value of a variable is 
negative, you may need to use absolute value to find an nth root. 


n 


. nN . 
x" = x when n is odd Vx" = | x| when n is even 


Absolute value is not needed when all variables are assumed to be positive. In 
this lesson, assume that all variables are positive. 


Simplify Expressions with Variables 


Simplify the expression. Write your answer using positive exponents 
only. Assume all variables are positive. 


a. V9x® = 32¢x3)2 Factor out perfect square factors. 
= 3x Simplify. 
b. (°)'* =4'755)” Power of a product property 


= 4l/2y(6 + 1/2) Power of a power property 


= 2y? Simplify. 
3/3 3) x3 
1 = a Factor out perfect cube factors. 
¥ yy 
== Simplify. 


y 


a. 3a%*c = 4,028 = i) [i= -3] 


ac 


Quotient of powers property 


= 3a!*¢3 Simplify. 


Add and Subtract Expressions with Variables 


Simplify the expression. Assume all variables are positive. 
a. 4Vx — 3vVx = (4 — 3)vx b. Sxy!4 + 2xy"4 = (5 + 2)xy!4 


= Vx = xy 


EXpr ith Variables 


Simplify the expression. Write your answer using positive exponents 
only. Assume all variables are positive. 


6 
4 x 3,,9)1/3 2x 
9. \/25y 10. a 11. (8u°Vv’) 12. 7183 


Simplify the expression. Assume all variables are positive. 
13. 3v/x + Wx 14. 8V/7 — 4W/7 15. 6073 — 4a?! 


7.2 Properties of Rational Exponents a 


Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 20-27 
Example 2: Exs. 28-35 
Example 3: Exs. 36-43 
Example 4: Exs. 44-49 
Example 5: Exs. 50-65 
Example 6: Exs. 66-74 


3} 
1. Explain why us is not in simplest form. 


2. Are 3V/5 and 2V/5 like radicals? Explain why or why not. 


Simplify the expression. 


3.15 - V/25 AAS 237 5, V64 


V4 
Write the expression in simplest form. 
7. V'40 8. V/32 9. {/¢ 
Simplify the expression. 
11. 81/4. 334 12,0°°)" 13.105 7 


10. 


3/2 
14. us 
161/2 


Simplify the expression. Write your answer using positive exponents 


only. Assume all variables are positive. 


18. (25x°)'? 16. \/8x4y8 17. (36x2y®)"2 


8ab 


18. 2q2/3pi/3 


19. Simplify the expression 11Wt — 77. Assume all variables are positive. 


Using Properties of Radicals Simplify the expression. 


20. VW4+W4 21.81 + V3 22. V-9 -V3 23. 25 + W-5 


3 4 3 
oa, 120 rs 26, ¥324 7 
V6 v2 V4 v2 
Simplest Form Write the expression in simplest form. 
28. V72 29. V/162 30. V32 31. 25 - V75 
3 3 
32. V/56-V12 33, 8 34. Vi 35, 6 
v9 9 V3 
Using Properties of Rational Exponents Simplify the expression. 
36. 353. 34/3 37. (7'/4)43 38. 823. 9-13 39. _! 
; ; ; ee 
gle 1.513. 951/6 A2. (51/6 6 513)2 43. (ey 
1124 54 


Adding and Subtracting Expressions Simplify the expression. 


44. W/12 + 3V/12 45. 4/2 — 5V/2 
47. —2(5'*) — 3(5"4) 4s. 2(61/3) + 613 


few Chapter 7 Powers, Roots, and Radicals 


46. 8V3 — 5V3 
49. 2(41) — 4(414) 


AREERS 


ASTRONOMER Astronomy 
is the scientific study of 
space, including planets, 
comets, stars, and galaxies. 


Simplifying Expressions Simplify the expression. Write your answer 
using positive exponents only. Assume all variables are positive. 


3 
50. (16x°)!/? 51. (64a!2)!3 52. V27x° 53. \/ 16x4y3 
fs) 
54. V9x° 55. \/32x°y? 56. (27k°) 13 57. (32qr 3) 
4] x4 al 2, 12)2/3 6 7123/2 
58. re 59. 32510 60. (64m-n'~) 61. (36c°d"*) 
S90? see Gey gi/4p73.c6/5 
62. 1/3 73/2 63. g23pli2 64. 2x"5y2/3 5. q4pl3eus 


Adding and Subtracting Expressions Simplify the expression. 
Assume all variables are positive. 


66. 7\/2 + 2V/g 67. 10Vst — 6Vst 68. 5\/x°y* — 9x3? 
69. 7xy? + 2xy? 70. 10m!!2n5 — 6m!2n5—— 74. Sp2q23 — 9g? 
72. 10s2¢!/2 = (2st'4)2 73. (8gh?)!3 + 5a es 74. (27xy?)3 + Gy 


Evaluate a Model 


Astronomy Astronomers calculate the time it takes a planet in our solar system 
to revolve around the sun using the model 


T = (2 x 107)a3”? 


where T is the number of days in one revolution and d is the average distance 
in kilometers from the planet to the sun. Find the number of days it takes 
Neptune to complete | revolution around the sun. Neptune is approximately 
4.5 X 10° kilometers from the sun. 


Solution 

T=(2 <x 10-™) a?" Write the model. 
= (2 X 107!) - (4.5 x 10°)3? Substitute 4.5 x 10° for d. 
=(2% 10-™) «4,597 = (10?)" Power of a product property 
=2016 45°" 10" Power of a power property 
= (2A 5?) a (10° s 102") Associative property of multiplication 
=2«4,5°? 310 Product of powers property 
=~ 60,374 Use a calculator. 


ANSWER > It takes Neptune approximately 60,374 days to complete 1 revolution 
around the sun. 


Astronomy In Exercises 75 and 76, use the formula in the example above 
and the given distance to find the number of days it takes the given planet 
to complete 1 revolution around the sun. 


75. Uranus is approximately 2.9 X 10° kilometers from the sun. 


76. Jupiter is approximately 7.8 < 10° kilometers from the sun. 


7.2 Properties of Rational Exponents Fal 


Linkotg 77. Pinhole Camera The optimum 
diameter d (in millimeters) of the 
PHOTOG RAPHY hole in a pinhole camera can be 
modeled by d = 1.9[(5.5 x 1074) £]"/7 
where J is the length of the camera 
box in millimeters. Determine the 
optimum diameter for a pinhole 
camera that has a length of 
100 millimeters. 


A photograph taken with a pinhole camera 


PINHOLE CAMERA A 


. | Geometry Link», A regular dodecahedron is a solid with 
that allows light to enter twelve regular pentagons as faces, as shown. You can 
through a tiny hole in the approximate the volume V of a regular dodecahedron using 
front of the camera instead of the formula V = 7.66a? where a is the edge length of the 
through a conventional lens. dodecahedron. To the nearest cubic inch, find the volume 

of a dodecahedron with an edge length of 75'/? inches. 


pinhole camera is a camera 


79. |= agen The formula for the surface area S of a sphere is 
=) § = (4m)!3(3V)?3 where Vis the volume of the sphere. The volume of a 
et is about 5.4 times the volume of a golf ball. By what factor is 


the surface area of the baseball greater than the surface area of the golf ball? 


47-2 
Standardized Test 80. Multiple Choice What is = written in simplest form? 
Practice ‘ 4 
@® svs “a oO D2 
81. Multiple Choice What is po written in simplest form? 
y 


3x21) 2y 3x\/ 2y 3x V 2y? 3x V xy? 
8 ee QQ i - CD 
2y 2 2y 2y 
82. Multiple Choice Which expression is equivalent to 49! « 77/3? 


@® 713 7 © 492/3 ® 3432/9 


Mixed Review — Simplifying Complex Numbers Write the expression as a complex 


number in standard form. (Lesson 5.7) 
. see ceed 10 6-i 
83. 3(4i) 84. (2i)(—5i) 85. S41 86. ene 


Identifying Polynomials Tell whether the function is a polynomial 
function. If it is, write the polynomial function in standard form. Then 
state its degree, type, and leading coefficient. (Lesson 6.2) 


87. f(x) = 3x2 — 1 — 2x + 5x4 88. f(x) = 2x3 — 4x7! — 7 
89. f(x) = 2x + 5 — 3x3 90. f(x) = 2x4 — 4x3 + 5x2? - x — 2* 
Geometry Skills —_ Right Triangles Find the values of x and y. 


91. 92. 
‘ al 
= a 


y x 
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Solving Radical Equations 


| GOAL | Solve equations that contain radicals or rational exponents. 


How old is an elephant? 


In Exercise 60, you will solve a radical § 
equation to estimate the age of an 
African elephant given its height. 


Ara n is an equation that 
contains radicals with the variable in 
the radicand. For example, Vx + 6 = 5 
is a radical equation. To solve a radical 
equation, follow the steps below. 


Solving Radical Equations 


STEP @ Isolate the radical on one side of the equation, if necessary. 


STEP @ Raise each side of the equation to the same power to eliminate 
the radical. 


STEP € Solve the resulting equation using techniques that you learned 
in previous chapters. 


STEP @ Check your solution. 


Solve a Radical Equation 


Solve Wx — 2 = 0. 


Solution 
Wx —-2=0 Write original equation. 
VE S2 Isolate the radical by adding 2 to each side. 
(wx)? =2° Cube each side to eliminate the radical. 
=8 Simplify. 


ANSWER > The solution is 8. 


CHECK Check by substituting 8 for x in the original equation. 
Ve=9 2H Substitute 8 for x in the original equation. 
2-220 Simplify. 
0=0OV _ Solution checks. 


1. Solve Vx — 4 = 0. 2. Solve Vx + 3 = 0. 


7.3 Solving Radical Equations Ea 


Solve a Radical Equation 


Solve 3Vx +4-—1=8. 


Solution 
3Vxt+4—-1=8 Write original equation. 
3Vx+4 =9 Add 1 to each side of the equation. 
ervens HELP a a _ ; Divide by 3 to isolate the radical. 
SOLVING NOTE Vxt4 = Simplify. 
In Example 2, notice how 2 : —_ ; 
you eliminate the radical (vx4+4) =3 Square each side to eliminate the radical. 
by raising each side x+4=9 Simplify. 
of the equation to the 
power equal to the index =5 Subtract 4 from each side. 


of the radical. ANSWER > The solution is 5. Check by substituting 5 for x in the original equation. 


Equations with Two Radicals To solve an equation with two radicals, first 
rewrite the equation so that each side has only one radical. Then raise each side 
of the equation to the same power. 


Solve an Equation with Two Radicals 


Solve V2x — Vx + 1 = 0. 


Solution 
V2x -Vx+1=0 Write original equation. 


V2x=Vx4+1 Add Vx + 1 to each side. 
(V2x) a (vx+1)° Square each side to eliminate radicals. 
2x=xt1 Simplify. 
x=1 Solve for x. 
ANSWER > The solution is 1. 


CHECK Check by substituting 1 for x in the original equation. 


V2) - V1 +140 Substitute 1 for x in the original equation. 
V2 — v2 +40 Simplify. 


0=0vV Solution checks. 


‘wo Radicals 


Solve the equation. 


3.Vx+1-2=3 4. 2x=Vx+3 5. V3x -2- 


Extraneous Solutions Raising each side of an equation to the same power 
can lead to solutions that do not make the original equation true. An saa 


ST that does not satisfy the original equation is extraneous. 
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Solve an Equation with an Extraneous Solution 


Solve x = Vx + 6. Check for extraneous solutions. 


Solution 
x=Vx+6 Write original equation. 
x =(Vx +6) Square each side. 
xvr=xt+6 Simplify. 
x*-x-6=0 Write in standard form. 
lees HELP (x + 2)(x — 3) =0 Factor the trinomial. 
Look BACK = =f. 
For héle with (eterna, x+2=0 orx-3=0 Zero product property 
see pages 234, 240, and x= -2 or x= 3 Solve for x. 
249. CHECK Check by substituting —2 for x and 3 for x in the original equation. 
=2. 2 =2+6 32V3+6 
-22V4 329 
—2#2 KX 3=3 V7 
ANSWER > Because —2 does not satisfy the original equation, the only solution is 3. 
Rational Exponents When an equation contains a power with a rational 
exponent, you solve the equation the same way you would solve a radical equation. 
First, isolate the power on one side of the equation, then raise each side of the 
equation to the reciprocal of the rational exponent, and solve for the variable. 
Solve an Equation with Rational Exponents 
Solve x*/? — 2 = 25. Check for extraneous solutions. 
. HELP Solution 
SOLVING NOTE — 7 =2=25 Write original equation. 
Recall that multiplying a 3/2 . 
number by its reciprocal a = 27 Add 2 to each side. 


results in a product of 1. 
In Example 5, you want 2 
3 eer ‘ 
the exponent of xto be x= (W/27) Definition of rational exponents 
1, $0 you raise x to the = 
: x=9 
reciprocal of the power. 


3/2)2/3 = 272/3 


(x 


Raise each side to the : power. 


Simplify. 
CHECK Check by substituting 9 for x in the original equation. 
93/2 2 2.95 Substitute 9 for x in the original equation. 
27-2425 Evaluate power. 
25 = 257 Solution checks. 
ANSWER > The solution is 9. 


Solve the equation. Check for extraneous solutions. 


6.Vx+2=0 7.x =Vx4+2 8. x72 -8 =0 
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Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 


HOMEWORK HELP 

Example 1: Exs. 18-26 
Example 2: Exs. 18-26 
Example 3: Exs. 27-35 
Example 4: Exs. 36-44 
Example 5: Exs. 45-53 


1. Explain the steps you would take to solve Vx + 15 = 10. 


2. What is an extraneous solution? 


Solve the equation. Check for extraneous solutions. 


3.07% —-5=0 4.vx+6=15 5. 3Vx+3—-12=6 
6. Vx-2=-1 7.Vx+2—V2x+1=0 8. 2x!3 = -6 
9. x4 -— 8 = 19 10. (4x + 1)? =7 11. 4x — 44-3 =5 


Error Analysis Describe and correct the error in solving the 
equation. 


12. 13. 


V3x-8 =4 &x2/2 = 1000 
(Bea er =4 B(x2/2)2/3 = 100023 
3x —-8 =4 8x = 100 


Bx = 12 * — 25 
2 
x =4 


Checking Solutions Check whether the given value is a solution of 
the equation. 


14. /x +3 =5;16 15. Vx + 5 — V2x =0;5 
16. x75 — § = 1;9 17. (x — 5)? — 6 = —3; 14 
Solving Radical Equations Solve the equation. 

18. Vx+4=0 19. 7x —-4=0 20. V3x —-9 =0 
21. V2x -5=3 22.W4x+5=7 23. 3Vx—7=9 


24.4V/8x+9-12=0 25.2W4x+5—-9=1 26. —2V2x -1+8=-2 


Solving Equations with Two Radicals Solve the equation. Check for 
extraneous solutions. 


27. V3x —1=V2x+4 28. V4x —5 =Vx+7 

29. Vx —7 = V2x +3 30. V4x +9 =Vix— 12 
31. Vx—6 —V2x+7=0 32. V4x — Wx+5=0 
33. V2x +5 — Vox +3 =0 34. 3x + Vx—7 =0 


35. Challenge Without solving, explain why the equation V2x -3=—-V3x4+1 
does not have a solution. 
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Link to. 
ARCHEOLOGY 


STONE SPHERES 

The Moeraki Boulders are 
stone spheres that were 
discovered along the coast 
of New Zealand. They have 
diameters of around 6 feet. 


Solving Radical Equations Solve the equation. Check for extraneous 
solutions. 


36. x — 6 = V3x 37. x — 10 = V9x 38.x—3= 5s 
39. x = V16x + 225 40. V2x+ 15=x 41.Vx-—1=x-3 


42.V4x+9=x+4+1 43.V2lx+1=x+5 44. V44 —2x=x—- 10 


Solving Equations with Rational Exponents Solve the equation. 
Check for extraneous solutions. 


45. ane = 32 46. x4 +3=0 47. 33/2 =24 
48. 2x°4 — 14 = 40 49. (x — 6) = —3 50. (3x + 5)3? = 125 
51. 3(2x + 7)!4 =6 52. 5(10x — 7/45 = 27 53. (10x — 9)*4 + 1 =28 


Use a Radical Equation 


Pendulum Clock The period of a pendulum is 
the time that it takes the pendulum to complete 
one cycle. The time ¢ (in seconds) for a pendulum 
to complete one cycle is given by 


piesa 
t= Ime 


where L is the length of the pendulum in feet. 

You have a clock whose pendulum has a period of 
1.6 seconds. To the nearest tenth of a foot, how long 
is the pendulum? 


Solution 
t=20 s Write original equation. 
1.6 = 27 £ Substitute 1.6 for t. 
16_ [L as : 
Om Va2 Divide each side by 27. 
16? = ; 
(55) = Square each side. 
16? _ ‘ ‘ 
32 a oe L Multiply each side by 32. 
21=L Use a calculator. 


ANSWER > The length of the pendulum is about 2.1 feet. 


54. Pendulum Clock Suppose the clock in the example above has a period 
of 2 seconds. To the nearest tenth of a foot, how long is the pendulum? 


55. Pendulum A pendulum on display at a museum has a period of about 
11 seconds. To the nearest foot, how long is the pendulum? 


56. Stone Spheres A formula for the radius r of a sphere is 
—1)5 
=n 
where S is the surface area of the sphere. A stone sphere has a radius of 
about 6 feet. Find the surface area of the sphere to the nearest square foot. 


7.3 Solving Radical Equations fea 


57. Hang Time “Hang time” is the time you are suspended in the air during a 
jump. Hang time f (in seconds) is given by the function t = 0.5Vh where h is the 
height in feet to which you jump. Suppose a kangaroo and a snowboarder jump 
with the hang times shown. Find the heights to the nearest tenth of a foot that the 
kangaroo and the snowboarder jump. 


t= 1.12 seconds 


58. Velocity The velocity v (in feet per second) of a free-falling object can be 
calculated using the formula 


v = V64h 


where / is the height in feet from which the object falls. A rock falls from 
a cliff and hits the ground below with a velocity of 50.6 feet per second. To the 
nearest foot, how far does the rock fall? 


59. Product Pricing A company determines that the price p (in dollars) of a 
product can be modeled by 


p = 70 — V0.02x + 1 


where x is the number of units of the product demanded per day. If the price of 
the product is $67, what is the number of units demanded per day? 


60. Elephants The shoulder height 
h (in centimeters) of a male African 
elephant can be modeled by 


h = 62.5V/t + 75.8 


where ¢ is the elephant’s age in years. 
Find the ages of two elephants, 

one with a shoulder height of 

150 centimeters and the other with a 
shoulder height of 250 centimeters. 


Standardized Test 61. Multiple Choice What is the solution of V4x — 7 = 7? 
Practice @ i 14 ©) 49 @) no real solution 
62. Multiple Choice What is the solution of Vix —5=x41? 
& 2 @ 2,3 @ 3 CG no real solution 
63. Multiple Choice What is the solution of W2x —-3= Wx —4? 
@ -5 —1 © 1 @) no real solution 
64. Multiple Choice What is the solution of 3(7x + 1)?/3 = 48? 
® 2 @ 9 HD 16 GC) no real solution 
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Mixed Review 


Geometry Skills 


Quiz 1 


Lesson 7.1 


Lesson 7.2 


Lesson 7.2 


Lesson 7.3 


Lesson 7.3 


Solving Linear Systems Solve the system using substitution. 
(Lesson 3.2) 


65. 3x + y=7 66. x + 2y=—1 67. 3x + 4y =0 
2x -y=-2 2x + 3y = —3 2xt+y=—5 
68.x + 2y=1 69. 3x + y=6 70. x + 3y = —2 
—x+y=—-T7 x—2y=—-12 3x +2y=1 


Graphing Functions Graph the absolute value function. (Lesson 4.6) 
71.y= |x| 72. y = 2|x| 73. y = 4|x| 

Solving Equations Use the quadratic formula to solve the equation. 
(Lesson 5.9) 

74, 2x? — 1lx+5=0 75. 3x* — 4x -6 =0 76. 2x7 +x+2=0 
77.x° + 7x + 13=0 78. x7 — 3x +1=0 79. 4x? + 10x -9 =0 


Pythagorean Theorem Find the unknown side length. 
80. 81. 5 82. 25 
e 20 
8 b a 30 
15 


Evaluate the expression. 
1. 729 2. 1441/2 3. 4932 


Write the expression in simplest form. Assume all variables are 
positive. 


3 J 
4. V 27x° 5. V/x8y4 6. \ 8x y6 


Simplify the expression. Write your answer using positive exponents 
only. Assume all variables are positive. 


7. (8x2)!/3 8. (Cua ua 9. (4x4y3)3/2 
3 4] 16x4 2} x4 
10. \/64y" 11. \/—— 12. {/ 
- y8 100, 
x x?\— 12 ay 
-_— 14. |— 15. —— 
yl/3 ‘] xl 21/6 


Solve the equation. Check for extraneous solutions. 


16. \/x + 15 = 18 17. 3Vx—5-4=2 18. Vx+ll=x-1 
19. Vx -—3=x-3 20. V3x — 1 = V2x +5 21. 2x2 —5 =59 


22. Tennis You can find the volume V of a sphere with radius r using the formula 
V= ¢ ar?, You have a tennis ball that has a volume of 150 cubic centimeters. To 
the nearest tenth of a centimeter, find the radius of the ball. 
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USING A GRAPHING CALCULATOR (For use with Lesson 7.3) 
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_STUDENT HELP 


372 


KEYSTROKE HELP 
See keystrokes for 
several models of 
calculators at 
www.classzone.com. 


You can use the /ntersect feature of a graphing calculator to solve radical 
equations and check their solutions. 


EXAMPLE 1 
Solve V2x + 1 =x- 1. 
SOLUTION 
ee ’ =) 
@ In order to solve V2x + 1 = x — 1, youcan Moe ) 
graph y = V2x + | and y = x — 1 and find the ies 
intersection of the graphs. ies 
Enter y = V2x + landy =x — lintoa Yes 
graphing calculator. 
2] Graph the equations from Step 1. Then select an 
the Intersect feature. 
3) The intersection of the graphs is shown. The 
solution of V2x + 1 = x — 1 is the x-coordinate 
of the point of intersection, or 4. . ; 
ntersection 
X=4 Wes 
EXAMPLE 2 
Tell whether 3 is a solution of the equation V4 — 15x =x+8. 
SOLUTION 
@ Enter y = V4 — 15x and y = x + 8 into the ~ 
graphing calculator. 
2) Graph the equations from Step 1. Then select 
the Intersect feature. 
& The intersection of the graphs is shown. You can ns Mieke | 20) 
see that the graphs do not intersect at 3, so 3 is 
not a solution of the equation. The solution is —4. 
EXERCISES 
Solve the equation using a graphing calculator. 
1.Vxt+3=x4+1 2.Vx+10=x-2 3.V3x+13=x4+1 
a.Wx=x-3 5.Vx+4=x4+1 6.Vx—5=x+2 


Use a graphing calculator to tell whether the given value is a solution 
of the equation. 


7.77 — 5x =x-—533 8. V3x2 + 9x =x+3:-3.5 


9. If you solve V2x + 1 = x — 1 algebraically, the solutions are 0 and 4. Use the 
graph from Example | to explain how you know that 0 is an extraneous solution. 
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Key Words 


¢ composition of functions 


Simplify. 
. 2(3x + 1) 

. 5x + Bx - 1) 

. (x + 2) — (4x + 3) 
cle = 3) 20S) 


= 


mB W KN 


2) cunction Operations and 


Composition of Functions 


Ca Perform operations with functions, including composition of functions. 


How can you calculate the cost of your 
purchase at a hair salon? 


In Example 5, you will use functions to calculate 
the amount of money that you will spend at a 
hair salon given various discounts. 


In Chapter 6, you learned how to add, subtract, 
multiply, and divide polynomial functions. 
These operations can be defined for other 
types of functions as well. 


Operations on Functions 


Let f(x) and g(x) be any two functions. You can add, subtract, multiply, 
or divide f(x) and g(x) to form a new function h(x). 


Dad: Example 
t Def 


Addition h(x) = f(x) + g(x) hw) =2x+(~4+D=3x+1 
Subtraction h(x) = f(x) — g(x) hw) =2x-(«+t)D=x-1 
Multiplication h(x) = fix) + g(x) h(x) = (2x) + 1) = 2x? + 2x 


A(x) = 22x # -1 


_ fee) 
h(x) = Tay 8) #0 — 


Division 


The domain of h consists of the x-values that are in the domains of 
both fand g. When h involves division, the domain does not include 
x-values for which the denominator is equal to zero. 


Add and Subtract Functions 


Let f(x) = 4x? and g(x) = x + 1. Find h(x) and state its domain. 


a. h(x) = fx) + gQ@) b. h(x) = f(x) — gx) 


Solution 

a. h(x) = fix) + gx) b. h(x) = f(x) — g(x) 
= 4x7 + («+ 1) =4x7-(w +1 
=477+x4+1 = 4 -—x-1 


In both parts (a) and (b), the domains of fand g are all real numbers. So, the 
domain of h is all real numbers. 


7.4 Function Operations and Composition of Functions 373 


Multiply and Divide Functions 


Let f(x) = x° and g(x) = 2x. Find h(x) and state its domain. 


_ . _ f(x) 
a. h(x) = f(x) * g(x) b. h(x) = 2G) 
Solution 
vhs fe) _ 8 
a. f(x) ° g(x) = (x°)(2x) b. 7G) x 
=9,04) & x a) 
=e = oa 
The domains of both fand g are Because g(0) = 0, 4 is undefined 


all real numbers. So, the domain 
of h(x) is all real numbers. 


when x = 0. So, the domain of 
A(x) is all real numbers except 0. 


Let f(x) = 3x and g(x) = x — 1. Find h(x) and state its domain. 


Sf) 
1. h(x) = f(x) + g(x) 2. h(x) = fX) « g(x) 3. h(x) = Ae 
ev DENT HELP Composition = Poneene Another operation that can be performed with two 
READING ALGEBRA functions is co ‘ ons. You can form the composition of a function 
The composition f(g(x)) jf with a function g by replacing each variable in f with the expression for g. The 
is read “fof g of x.” composition of f with g is written as f(g(x)). 


For example, let f(x) = 2x and g(x) = 5x + 3. The composition of f with g is: 
S(g(x)) = f(Sx + 3) = 2(5x + 3) = 10x +6 
The composition of g with fis: 
g(f(x)) = g(2x) = 5(2x) + 3 = 10x +3 


Note that f(g(x)) does not mean the same thing as g(f(x)). As with subtraction 
and division of functions, you need to be alert to the order of functions when 
they are composed. In general, f(g(x)) is not equal to g(f(@)). 


Composition of Functions 


The composition of a function Domain of g Range of g 
f with a function g is: 


h(x) = f(g(x)) 


The domain of his the set of all f(g (x) 


x-values where x is in the domain 
of g and g(x) is in the domain of f. 


Output 
of f 


Domain off Range of f 
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Write a Composition of Functions 


Let f(x) = x and g(x) = 2x + 3. Find the following. 
a. f(g(x)) b. g(f()) c. the domain of each composition 


Solution 


To find the compositions, write the composition, substitute the expression for the 
inner function in the outer function, and simplify. 


a. f(g(x)) = f(2x + 3) = (2x + 3)? = 4x? + 12x + 9 
b. g(f(x)) = g(x?) = 2(x?) + 3 = 2x7 +3 


c. The domain of each function is all real numbers, so the domain of each 
composition is all real numbers. 


Evaluate a Composition of Functions 


Let f(x) = x* + 3 and g(x) = 5x. Evaluate f(g(2)). 


Solution 
ee HELP To evaluate f(g(2)), first find g(2): 
READING ALGEBRA 
Note that evaluating (2) = 5(2) = 10 
f(g(2)) is the same as Then substitute g(2) = 10 into f(g(2)): 
finding the value of 
f(g(x)) when x = 2. f(g(2)) = f0) = 10? + 3 = 100 + 3 = 103 


Model a Real-World Situation 


Hair Salon You have a coupon for $10 off the cost rus G 
of your purchase at a hair salon. The salon also offers of 
a discount off your purchase, as shown. yy \ 


Let x be the cost of your purchase. Then f(x) = x — 10 
is the cost of the purchase using your coupon, and 
g(x) = 0.85x is the cost of your purchase with the 
salon’s discount. Find g(/(x)). Tell what it represents. 


Solution 
g(f@)) = g(x — 10) = 0.85(x — 10) = 0.85x — 8.5 


The composition g(f(x)) represents the cost of your purchase when the $10 coupon 
is applied before the 15% discount. 


s of Functions 


Let f(x) = x? and g(x) = x — 1. Find the composition. Then evaluate 
the composition when x = 2. 


4. f(g(x)) 5. g(f(x)) 6. f(f(~)) 7. g(g(x)) 


8. In Example 5, find f(g(x)). Tell what it represents. Evaluate f(g(x)) if you 
spend $35 at the hair salon. 
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Exercises 


Guided Practice 


Vocabulary Check 1. Let f(x) = x and g(x) = Vx. What is the domain of f(x) + g(x)? 


2. Find the common meaning of the word “composition” in a dictionary. How 
can the common meaning help you remember the mathematical meaning? 


Skill Check Let f(x) = 2x and g(x) = x + 3. Find h(x) and state its domain. 


3. h(x) = fix) + g@) 4. h(x) = fix) — g@) 5. h(x) = f@ * g(x) 
_ fe pie _ 80) 
6. h(x) = aa 7. h(x) = g@) — f(@%) 8. h(x) f@ 


Let f(x) = x2 + x — 2 and g(x) = x + 1. Find the composition. 
9. f(g(x)) 10. g(f(x)) 11. g(g(x)) 


Let f(x) = x2 — 3 and g(x) = 4x. Describe and correct the error in 
finding the composition. 


13. 

#(g(x)) = (4x) #(g(x)) = (4x) 
= (x? — 3)(4x) AS 
= 4x5 — 12x 


xX xX 


Practice and Applications 


Adding and Subtracting Functions Let f(x) = 2x? + x — 3 and 


TUDENT HELP g(x) = x? + 1. Find h(x) and state its domain. 

HOMEWORK HELP - ass aa 
Example 1: Exs. 14-19, TG) KYB) 15. h(x) = g(x) + fix) 16. h(x) = f(x) + fix) 

40-41 17. h(x) = g@) + g@) 18. h(x) = f(x) — g(x) 19. h(x) = g(x) — f(x) 
Example 2: Exs. 20—25, 

f2-44 Multiplying and Dividing Functions Let f(x) = 4x? and g(x) = 3x°. 
Example 3: oa Find h(x) and state its domain. 
Example 4: Exs. 32-39 20. h(x) = fx) « g(x) 21. h(x) = g(x) ° f(x) 22. h(x) = f(x) * f@) 
Example 5: Exs. 48-56 2 . _ fe _ & x) 

23. h(x) = g(x) « g(x) 24. h(x) Fe 25. h(x) re) 


Finding Compositions of Functions Let f(x) = x — 6 and g(x) = 4x?. 
Find the composition and the domain of the composition. 


26. f(g(x)) 27. g(fix)) 28. f(f(x)) 
Finding Composition of Functions Let f(x) = 1 = and g(x) = x?. 
Find the composition and the domain of the composition. 

29. f(g(x)) 30. g(f(x)) 31. g(g(x)) 
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RETAIL SALESPEOPLE 
assist customers in choosing 
the products they buy. When 
selling complex or expensive 
merchandise, the salesperson 
must be knowledgeable about 
all aspects of the item. 


Evaluating Compositions Let f(x) = x + 10 and g(x) = x — 2. 
Evaluate the composition. 


32. f(g(1)) 33. f(g(5)) 34. (f(4)) 35. g(f(—2)) 


Evaluating Compositions Let f(x) = 3x + 4 and g(x) = 2x?. Evaluate 
the composition. 


36. f(g(2)) 37. f(g(0)) 38. g(f(—2)) 39. g(f(l)) 


Performing Function Operations Perform the operation using the 
given functions. Then state the domain of the resulting function. 


40. Find f + g given f(x) = x + 5 and g(x) = 3x. 
41. Find g — f given f(x) = x7 + land g(x) = x3 -—x +8. 
42. Find f* g given f(x) = x + 1 and g(x) = 3x — 2. 


43. Find f given f(x) = 2x° — 4x and g(x) = x. 

44. Find 7 given f(x) = x* — Land g(x) =x — 4. 

45. Find f(g(x)) given f(x) = x + 1 and g(x) = 2x? — 5. 
46. Find g(f(x)) given f(x) = a and g(x) = x — 3. 


47. Find f(/()) given f(x) = —5x — 10. 


48. Sales Bonus A salesperson at a car dealership is paid an annual salary 
plus a bonus of 5% of sales over $300,000. Let x be the salesperson’s total 
sales. Then f(x) = x — 300,000 is the amount of sales over $300,000 and 
g(x) = 0.05x is the amount of the salesperson’s bonus of sales over $300,000. 
So, the function g(f(x)) represents the salesperson’s bonus. Find g(f(x)) when the 
total sales are $500,000. 


Movies In Exercises 49-52, use the following information. 


An online movie store is having a sale, as shown. 


eee @ DeeVeeDees 


@> $15 off the purchase of any | @) 10% off your purchase when 
four DVDs in the store. you open a charge account. 


Let x be the total cost of the DVDs you buy. Then f(x) = x — 15 is the cost of 
your DVDs if you buy 4 DVDs, and g(x) = 0.90x is the cost of your DVDs if 
you open a charge account. You open a charge account and buy 4 DVDs. 


49. Find f(g(x)) and tell what it represents. 
50. Find g(f(x)) and tell what it represents. 
51. Evaluate f(g(x)) and g(f(x)) if you buy $85 worth of DVDs. 


52. Critical Thinking Is it better for the customers of the online movie store to 
apply the $15 discount before or after the 10% discount? Explain. 
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ORNITHOMIMIDS were 
slender, light-framed, bird- 
like dinosaurs that reached 
lengths of over 20 feet. 


Standardized Test 


378 


Practice 


Mixed Review 


Geometry Skills 


Paleontology In Exercises 53 and 54, use the following information. 


The height / (in centimeters) at the hip of an ornithomimid, a type of dinosaur, 
can be estimated by 


h(L) = 3.5L 


where £ is the length of the dinosaur’s instep in centimeters. The length of the 
dinosaur’s instep can be modeled by £(f) = 1.5f where fis the length of the 
footprint in centimeters. 


53. Find the composition h(£(f)). 


54. Use the composition function from Exercise 53 to calculate the height at the hip 
of an ornithomimid with a footprint that is 30 centimeters long. 


55. Product Prices The manufacturer of a plasma television offers an instant 
rebate of $500 off of the price of a plasma television. An electronics store offers 
a 10% discount off of the price of the plasma television. The price of the plasma 
television is p dollars. Consider the functions: 


Ff) = p — 500 and g(x) = 0.90p 
If the electronics store applies the rebate before the discount, which composition, 
S(g(x)) or g(f(x)), represents the final price? Explain. 


56. Critical Thinking Refer to the situation described in Exercise 55. Why would 
the electronics store apply the rebate before the discount? 


57. Multiple Choice Let f(x) = 3x — 1 and g@) = x + 2. Whatisf* g? 


A) 4x + 1 =—21 +3 
© 3x2 + 5x -2 @D) 3x +5 
58. Multiple Choice Let f(x) = 4x + 3 and g(x) = x2, What is g(f@)? 
® x +4x+3 @ 16x? + 24x +9 
HD 4x7 + 3 D x - 4x -3 
Rewriting Equations Solve the equation for y. (Lesson 1.5) 
59. 4x —3y = —-7 60. x = —S5y + 6 61.x+y=—4 


Graphing Functions Graph the equation. (Lesson 2.1) 
62. y = 2x 63.y=x+4 64. y = —2x+5 


Adding and Subtracting Polynomials Find the sum or difference. 
Write the answer in standard form. (Lesson 6.3) 


65. (2x? + 3x — 4) + (—4x2 + 7x + 10) 66. (0° + 3x* — 7x + 2) — Bx? + 2x — 5) 
67. 3(—2x? + 4x — 7) — (5x? + x — 3) 68. 5(3x° + 4x + 7) — 2(-6x° + x — 12) 


Angles in Polygons Find the value of x given that the sum of the 
measures of the interior angles of a convex n-gon is (n — 2) + 180. 
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DEVELOPING CONCEPTS (For use with Lesson 7.5) 


75 


Goal 


Find the inverse of a given 
linear function. 


Materials 
e graph paper 
e straightedge 


QUESTION 
How are functions and their inverses related? 
EXPLORE 


@ Use the work backward strategy to solve the following problem. Then tell which 
operations you used and in which order. 


You go shopping and spend half of your money on a shirt. 
Then you spend $4 on lunch. You return home with $6. How 
much money did you have when you left home to go shopping? 


2 } Write a function f(x) that gives the amount of money (in dollars) you had when 
you started shopping. Let x be the amount of money you had when you finished. 


3] Write a different function g(x) that gives the amount of money (in dollars) you 


had when you finished shopping. This time, let x be the amount of money you 
had when you started shopping. 


4] Copy and complete the table for f(x) 
and g(f(x)) for the given values of x. 
What do you notice about the results? 


fx) g\f(x)) 


5] Graph f(x) and g(x) in the same coordinate plane. What do you notice about the 
graphs in relation to the line y = x? 


THINK ABOUT IT 


1. Find f(g(x)) and g(f()) for the functions in Steps 2 and 3. What do you notice 
about the results? 


In Exercises 2-4, let f(x) = 3x + 6 and let g(x) = * — 2. 


2. Copy and complete the table. What do 
you notice about the results? ue gfx) 


3. Find f(g(x)) and g(f()). What do you notice about the results? 


4. Graph f(x) and g(x) in the same coordinate plane. What do you notice about the 
graphs in relation to the line y = x? 
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Key Words 


e inverse relation 
¢ inverse functions 


Solve for y. 


1. 2y = 4x 
2. 3y — 6x =9 
S. 4° = Sx 


4. 4y — 2x =3 


ait HELP 

READING ALGEBRA 
When f~'is used in 
function notation, it 
refers to the inverse of 
f, not the reciprocal 
of f. The —1 should 
not be interpreted as 
an exponent. 


75 Inverse Functions 


| GOAL | Find the inverses of linear and nonlinear functions. 


In Lesson 2.1, you learned that a relation is a pairing of input and output values. 
For a given relation, an ir | on 
the domain of an inverse relation is the range of the original relation, and the 
range of an inverse relation is the domain of the original relation. 


Original relation 


Notice that the graph of an inverse relation is a reflection of the graph of the 
original relation. The line of reflection is y = x. 


If both the original relation and the inverse relation are functions, then the two 
functions are called ii ‘ 


Inverse Functions 


Functions fand g are inverse functions if: 
fig(x))=x and  gi(f(x))=x 


Ul 


The inverse of fcan be denoted by f~', which is read as “finverse.’ 


Verify Inverse Functions 


Verify that f(x) = x + 3 and g(x) = x — 3 are inverse functions. 


Solution 


To verify f(x) and g(x) are inverse functions, show that f(g(x)) = x and g(f(x)) = x. 


f(g(x)) = flix — 3) g(f(x)) = gx + 3) 
=(x— 3) +3 =(x+3)-3 
=x v7 =x 7 


actions 


1. Verify that f(x) = 3x — 5 and g@) = a + > are inverse functions. 
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Finding Inverse Functions 


You can find the inverse of a function by following these steps. 


STEP @ Replace f(x) with y (if the function is written using function 
notation). 


STEP © Switch x and y. 
STEP €) Solve for y. 


ent HELP Find the Inverse of a Linear Function 
SOLVING NOTE ; ; 

In Example 2, notice that Find the inverse of the function f(x) = 2x + 4. 

both the original function . 

and its inverse are linear. Solution 

For any linear function f@) =2x+4 Write original function. 

f(x) = mx + b, where 

m # 0, the inverse of the y=2x+4 Replace f(x) with y. 


function is also linear. 
x=2y+4 Switch x and y. 


x—4=2y Subtract 4 from each side. 


$x —-2=y Divide each side by 2 to solve for y. 


ANSWER > The inverse function is f Ig) = 5x 2. 


Find the inverse of the function. 
2. f(x) = 4x 3. f(x) = 3x - 1 4. fix) = —x + 3 


Horizontal Line Test In Chapter 2, you learned that a relation is a function 
only if no vertical line intersects its graph more than once. You can use the 
horizontal line test to tell if the inverse of a function is also a function. 


Horizontal Line Test 


If no horizontal line intersects the graph of a function fmore than once, 
then the inverse of fis also a function. Consider the examples below. 


The inverse of fis a function. The inverse of gis not a function. 
ey y 
fx) g\x) 
x x | 
No horizontal line A horizontal line 
intersects the graph intersects the graph of 
of f more than once. g more than once. 
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Find the Inverse of a Nonlinear Function 


Determine whether the inverse of f(x) = x? + lisa function. 
Then find the inverse. 


Solution 


First, graph the function. Because no horizontal 
line intersects the graph more than once, the 
inverse of fis also a function. 


Next, find an equation for f~!. 


fo =x+1 Write original function. 
y=x+1 Replace f(x) with y. 
x=ytl1 Switch x and y. 
x-1l=y Subtract 1 from each side. 


V x-l=y Take cube root of each side. 
ANSWER > The inverse function is f ‘Qe V x= 1, 


Restricted Domains In the following example, a restriction is placed on the 
domain of the function f. 


Find the Inverse of a Nonlinear Function 


TUDENT HELP Determine whether the inverse of f(x) = x”, where x > 0, is a function. 

“ Then find the inverse. 

SOLVING NOTE 

Whena mean such Solution 

as f(x) = x‘, does not } ; ; —_ 

pass the horizontal line First, graph the function. Notice that the restriction 

test, you may be able to on the domain of f results in the graph being only 

restrict the domain to a half of a parabola. Because no horizontal line 

portion of the graph that intersects the graph more than once, the inverse 


does pass the test. of fis also a function. 


Next, find an equation for f~!. 


fa) =x? Write original function. 


y =x" Replace f(x) with y. 
x=y* — Switch x and y (y> 0). 
Vx=y Take square root of each side; x cannot be negative. 


ANSWER } The inverse function is f~!(x) = Vx, x > 0. 


linear Functions 


Determine whether the inverse of fis a function. Then find the 
inverse. 


5. f(x) = x-2 6. f(x) = 9x7, x>0 7. f(x) = x4, x20 
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Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 15-20 
Example 2: Exs. 21-32 
Example 3: Exs. 33-53 
Example 4: Exs. 33-53 


1. Copy and complete the statement: If f(g(@)) = x and g(f()) = x, then the 
functions fand g are __? _ functions. 


2. Explain how to use the horizontal line test to determine whether the inverse of a 
function is also a function. 


3. Explain the steps in finding an inverse function. 


Verify that fand g are inverse functions. 


4. f(x) =x — 6,8) =xt+6 5. fix) = 2x — 5, gx) = fx +2 

6. f(x) = 4x”, x>0; g(x) = “ 7. f(x) = x2 — 3,x2>0; g(x) = Vx + 3 
Find the inverse of the function. 

8. f(x) = —x +7 9. f(x) = 3x+ 4 10. f(x) = 2x -4 


Determine whether the inverse of fis a function. If so, then find the 
inverse. 


11. fx) = 233 12. f(x) = —5 13. f(x) = 3x2, x>0 


14. The graphs of the function y = x? and its 
reflection in y = x are shown. Explain 
why the inverse of y = x’ is nota 
function. 


Verifying Inverses Verify that fand g are inverse functions. 


15. fix) =x + 5,9) =x—-5 16. f(x) = 2x + 6, g(x) = 3x —3 
17. fix) = 4x — 3, g(x) = 4x +3 18. f(x) = 2x +4, g(x) = 2x — 10 
19. f(x) = 16x2, x>0; g(x) = 20. fix) = 3x3 + 6, g(x) = \/2 x 2 
Inverses of Linear Functions Find the inverse of the function. 
21. f(x) =x +7 22. f(x) = —3x + 3 23. fix) = 4x + 1 
24. f(x) = 3x —7 25. f(x) = 8x — 1 26. f(x) = -—x—-5 
27. f(x) = 4x + 10 28. f(x) = —5x + 25 29. fix) = 12x — 54 
a1 ao -~2,_4 
30. f(x) = q* aan 31. f(x) ax 32. f(x) 3% 3 


7.5 Inverse Functions Pa 


Inverses of Nonlinear Functions Determine whether the inverse of f 
is a function. If so, then find the inverse. 


33. f(x) = 8x3 34. f(x) = —x2 +3 35. f(x) = we+4 

36. f(x) = 9x7, x20 37. f(x) = ra 38. f(x) = e 

39. f(x) = 2x? — 3 40. f(x) = x*,x>0 41. f(x) =5- 93 

42. fix) =x —2 43. fix) =x +1 44. f(x) = 3x7 -— 4 

45. fix) =9x7+7,x20 46. f(x) = ox —3 47. fix) = 2x3 +2 

48. f(x) = 2x° — 5 49. f(x) = —x?,x=0 50. f(x) = 16x* + 1,x>0 
51. f(x) = 8x9 — 6 52. fix) = 4x2 - 1 53. f(x) = 5H —1,x>0 


Write an Inverse Model 


Fitness Elastic bands can be 
stretched when exercising to Unstretched 
provide a range of resistance. 

A band’s resistance R (in pounds) 
can be modeled by the function 


Stretched 


— 
RaQ) =2 


where £ is the total length of the 
stretched band in inches. 
a. Find the inverse of the function. 


b. Use the inverse function to find the length at which the band will provide 
19 pounds of resistance. 


Solution 
a. R= ap =D Write original function. 
TUDENT HELP 3 ; 

SOLVING NOTE R+5= ge Add 5 to each side. 
Notice that you do not 8 = : ‘ 8 
switch the variables 3 fk a a al 3 
when you are finding 8 40 _ ci os 
inverses for models. 3k m 3 amply 


This would be confusing, 


because the letters b. To find the length at which the band provides 19 pounds of resistance, 


remind you of the real- substitute 19 for R in the inverse function. 
world quantities they 8, , 40 8 , 40 _ 152 40 192 _ 
represent. L= 3k a 319) 33 * 3° #3 64 


ANSWER} The band provides 19 pounds of resistance when stretched 64 inches. 


54. Bowling In bowling, a handicap is an adjustment to a bowler’s score to even out 
differences in ability levels. You can find a bowler’s handicap h in a particular 
bowling league using the formula 


h = 0.9(200 — a) 


where a is the bowler’s average. Find the inverse of the function. Then find a 
bowler’s average if the bowler’s handicap is 45. 
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55. Geometry Link, The volume V of a sphere can be found using the formula 


= far} 
where r is the radius of the sphere. Find the inverse of the function. Then find 


the radius of a sphere that has a volume of 382 cubic inches. 


56. Converting Units The driving distance from a destination in Cleveland, 
Ohio, to a destination in Pittsburgh, Pennsylvania, is 114 miles. You can use 
the formula 


m = 0.62k 


to convert a distance in kilometers k to miles m. Find the inverse of the function. 
Then find the distance from Cleveland to Pittsburgh in kilometers. 


57. Seagulls A seagull is flying at a 
height of 50 feet when it drops 
a clam. The height h (in feet) of 
the clam above the ground can be 
modeled by the function 


h = —16t? + 50, t2>0 


where ¢ is the time in seconds since 
the seagull dropped the clam. Find 
the inverse of the function. Then 
find the time when the clam is 15 
feet above the ground. 


Logical Reasoning In Exercises 58 and 59, tell whether the 
statement is true or false. Explain your reasoning. 


58. The inverse of the function f(x) = ax? — bx + cis a function. 


59. The inverse of the function f(x) = mx + bis a function, provided m # 0. 


Challenge In Exercises 60-63, you will explore functions that are 
their own inverses. 


60. The functions f(x) = x and g(x) = —x + 1 are their own inverses. Graph each 
function and explain why this is true. 


61. Graph three other linear functions that are their own inverses. 
62. Write the equations of the lines you graphed in Exercise 61. 


63. Use your equations from Exercise 62 to find a general formula for a family of 
linear equations that are their own inverses. 


Standardized Test —64. Multiple Choice Which function is the inverse of f(x) = 2x — 6? 


Practice @® flo) = -2x + 6 fq) =tx-3 
Of '@=i+3 D fa) = Fx +6 
65. Multiple Choice Which function is the inverse of f(x) = 8x> + 6? 
® f'n = Y= 6 ® fy = 2-6 
Oro = 52 D fla) = 8x3 - 6 
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Standardized Test 66. Multiple Choice Which two functions are not inverse functions? 


Practice 
@® f(®) = 4x7 — 5, x20 and f-'@ = Vx +5 


® fix) = 42 — 5,x>0and f(y) = 152 


© fx) = 2x? — 5, x20 and f-'@) = — 


@ fix) = 4x2 + 5, x20 and f-'Q) = x 


Mixed Review Quadratic Functions Graph the function. Label the vertex and axis 
of symmetry. (Lesson 5.1) 


67. y=x° +3x-4 68. y = x7 + 8x4 15 69. y=(x+1)?-1 

Polynomial Functions Graph the polynomial function using the 

domain x = —3, —2, —1, 0, 1, 2, 3. (Lesson 6.2) 

70. fix) = 2° +3 71. f(x) = —x* +1 72. f(y) =x -1 

Radical Expressions Write the expression in simplest form. 

(Lesson 7.2) 

73. V'80 74. V/25 + W/30 75. Vx 
Geometry Skills — Transformations Tell whether the red triangle is a translation, a 

reflection, or a rotation of the blue triangle. 

76. ; 


Quiz 2 


Lesson 7.4 Let f(x) = 4x and g(x) = 2x + 5. Perform the indicated operation and 
state the domain. 


1. fix) + g@) 2. f(x) — g(x) 3. f(g(x)) 4. gf@)) 
Lesson 7.4 Let f(x) = 2x? and g(x) = 3x — 2. Perform the indicated operation and 
state the domain. 


flo) 


“'8@) 6. fix) > 8@) 7. ff) 8. 9(g(x)) 


Lesson 7.5 Verify that f and g are inverse functions. 


9. fix) =x — 8, g(x) =x +8 10. fix) = 4x—7, 0) = he +7 
Lesson7.5 Find the inverse of the function. 

11. f(x) =x+6 12. f(x) = 4x —- 2 13. f(x) = —2x+3 

14. fix) = 0° 15. fix) = 1° +3 16. f(x) = 2x7 — 1,x20 
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USING A GRAPHING CALCULATOR (For use with Lesson 7.5) 


75 


TUDENT HELP 


KEYSTROKE HELP 
See keystrokes for 
several models of 
calculators at 
www.classzone.com. 


You can use a graphing calculator to graph inverse functions. 


EXAMPLE 
Graph the inverse of y = 3x — 4. 


SOLUTION 
@ Graph the original function. Use the viewing 


window —10<x< 10 and —10<y< 10. =] 
The graph of y = 3x — 4 passes the horizontal 

line test, so you know that the inverse of 

y = 3x — 4is also a function. 


© Use the Draw Inverse feature to graph 


the inverse. DEM] POINTS STORE 

47Vertical 

5: Tangent (¢ 
6:DrawF 

7:Shade( 
EMprawInv 

OE Came Wee 

OL Text 


(3) Display the graphs of the original function 


and its inverse. : | ] 


EXERCISES 


Graph the function on a graphing calculator. Determine whether the 
inverse of the function is also a function. Then use the Draw Inverse 
feature to graph the function’s inverse in the same viewing window. 


1.y=2x4+5 2. y =0.5x — 2 3.y=04x+1 
4.y=-x+3 5B.y=x7+4+1 6. y = 0.2x7 - 2 
7.y=x?—7%x+10 8. y =x? — 4x 9.y=xr45 

10. y =x? + 2x W.y =x — 2x7 +1 12.y =2x7-x+3 
13. y= |x-2| 14.y= |x+4| 15.y = |x| +3 

16. y= |x| —1 17.y= |x+2| +6 18.y=—|x+1| +5 
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DEVELOPING CONCEPTS (For use with Lesson 7.6) 


7.6 


Goal 


Compare graphs of functions 
of the form y = avVx with the 
graph of y = Vx and determine 
how a affects the graph. 


Materials 
e graphing calculator or 
graph paper 


QUESTION 


How does the value of a affect the graph of y = aVx? 


EXPLORE 1 


y) Graph y = Vx. The graph is shown to the right. 
If you use a graphing calculator, use the viewing 
window —10<x< 10 and —10<y< 10. 


2) Graph y = 2vx and y = 3vx. 
3 ] Compare the graphs of y = 2Vx and y = 3vx 
with the graph of y = vx. 


EXPLORE 2 


@O Clear the graphs from Explore 1 from your calculator, but keep the graph of 
y = Vx. 


© Graph y = ave and y = 5VE. 
© Compare the graphs of y = ive and y = SVE with the graph of y = vx. 


EXPLORE 3 


© Clear the graphs from Explore 2 from your calculator, but keep the graph of 
y= Vx. 


2] Graph y = —2Vx and y = —3vx. 


(3) Compare the graphs of y = —2Vx and y = —3vx with the graph of y = vx. 


THINK ABOUT IT 


1. Use your observations to copy and complete the table below. 


Function Value of a How does a affect the graph of y = aVx? 


Without graphing, describe how the graph of the function compares 
with the graph of y = vx. 


2.y = 4VE 3.y = —4vx 4. y = 5vx 
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76 Graphing Square Root and 
Cube Root Functions 


Key Words 


e radical function 


| GOAL | Graph square root and cube root functions. 


! How can you use skid marks to analyze the 
Graph the functions in speed of a car? 
the same coordinate 


plane. 


In Example 5, you will use a square root function to 


find the speed of a car before an accident. 
1. y=x2,y=x74+3 ; : 
: ¥ The square root function y = Vx is an example of 
2.yax,yax'—2 a radical function. A radical function contains a 


radical with a variable in its radicand. The functions 
y= W/4x and y = Vx + | are also radical functions. 


Graphs of Square Root and Cube Root Functions 


The graphs of the square root function y = aVx where a> 0 and the 
cube root function y = a\/x where a> 0 are shown. 


SQUARE ROOT FUNCTION CUBE ROOT FUNCTION 


The domain of y = avx is x>0. The domain and range of 
The range is y>0 when a> 0. y= av/x are all real numbers. 


Graph a Square Root Function 


Graph y = ave Then state its domain and range. 


Solution 


Make a table of values. Then plot the points from 
the table and connect them with a smooth curve. 


oes fom [ow 


The radicand of a square root is always nonnegative, so the domain is x 2 0. 


You can see from the graph that the range is y = 0. 
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Graph a Cube Root Function 


Graph y = —3¥/x. Then state its domain and range. 


Solution 
Make a table of values and sketch the graph. 


Because the radicand of a cube root can be any 
real number, the domain is all real numbers. 


You can see from the graph that the range is all 
real numbers. 


ye Root Functions 


Graph the function. Then state its domain and range. 
1. f(x) = 4vx 2. f(x) = 0.4Vx 3. fix) =20x 


Graphs of Radical Functions 


To graph y= aVx—h+kory= av x —h + k, follow these steps. 
STEP @ Sketch the graph of y = aVxor y = ax. 


STEP © Determine the values of hand k. Translate the graph 
h units horizontally and k units vertically. See the table 
below to determine the direction of the translation. 


Value of k 
Paste [Neate 
translate up translate down 


Graph y = Vx + 2. Then state its domain and range. 


Solution 
@ Sketch the graph of y = vx. 


@ Determine the values of h and k. Because 
h = 0, you don’t translate the graph of 
y = Vx to the right or left. Because k = 2, 
you translate the graph 2 units up. 


The domain is x 2 0. The range is y 2 2. 
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AREERS 


INVESTIGATORS attempt 
to recreate the conditions 
that occurred at the scene of 
an accident. They often use 
computers to reconstruct the 
accident using information 
gathered at the scene. 


Graph a Cube Root Function 


Graph y = Vx — 1 — 2. Then state its domain 
and range. 


Solution 
@ Sketch the graph of y = Wx. 


© Determine the values of h and k. Because 
h = 1, you translate the graph of y =W/x 
1 unit to the right. Because k = —2, you 
shift the graph 2 units down. 


The domain and range are all real numbers. 


oot Functions 
Graph the function. Then state its domain and range. 


4.y=2vx-1 5.y=Vx—-1+1 6.y=Vxt+2-1 


Radical Functions in the Real World When you use radical functions to 
model real-world situations, you must sometimes restrict the domain to values 
that make sense for the situation. 


Model with a Square Root Function 


Investigating Accidents An accident investigator determines how fast 
a car was traveling just prior to an accident in a parking lot using the model 


s=4Vd 


where s is the speed of the car in miles per hour and d is the length of the 
skid marks in feet. 


a. Use a graphing calculator to graph the model. Then use the graph to 
estimate the length of the skid marks for a car that was traveling at the 
parking lot speed limit of 15 miles per hour. 


b. The actual length of the skid marks is 20 feet. Was the car traveling faster 
than the speed limit of 15 miles per hour before the accident? 


Solution 
a. Graph y = 4vVx and y = 15. 


Choose a window that shows the point where 
the graphs intersect. Use the Intersect feature to 
find the x-coordinate of the point. 


The answer is x ~ 14. So, the length of the skid 
marks for a car traveling 15 miles per hour 
would be about 14 feet. 


b. Because the actual length of the skid marks is 20 feet, the car was 
traveling faster than the parking lot speed limit of 15 miles per hour 
before the accident. 
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Exercises 


Guided Practice 
Vocabulary Check 


Skill Check 


Practice and Applications 


" aiheirad HELP 

HOMEWORK HELP 
Example 1: Exs. 15-23 
Example 2: Exs. 15-23 
Example 3: Exs. 24-32 


Example 4: Exs. 33-38 
Example 5: Exs. 46—49 


1. Copy and complete the statement: y = aVx and y = aWx are both examples 
of _? functions. 


2. Copy and complete the statement: When graphing y = a Vx—h + k, translate 
the graph of y = aWx _?_ hunits and _?_ k units. 


3. Error Analysis Explain why the 
graph to the right is not the graph of 


y=Vx—-143. 


4.y =2vx 5. y = —2vx 6. y = -2Vx 
7.y=Vxt+5 8. y= 3Vx—-2 9.y=Vx—-3+4+3 
10. y=3Vx4+1 w.y=Vx—4 12. y=Vx+ —2 


13. Writing The functions y = x” and y = vx are inverses when x > 0. The 
functions y = x? and y = Vx are inverses. How is the graph of y = x? related to 
the graph of y = Vx? How is the graph of y = \/x related to the graph of y = x7? 


14. || Investigating Accidents Look back at Example 5 on page 391. Use a 
=H) graphing calculator to graph the model. Then use the graph to estimate the 
length of the skid marks for a car traveling 20 miles per hour. 


Graphing Radical Functions Graph the function. Then state its 
domain and range. 


15. y = 3Vx 16. y = 4vx 17. y=4VWx 
18. y = —Wx 19. y= 3V5 20. y= 3VE 
21. y = -5Vx 22. y = ivi 23. y= —5Vx 


Matching Graphs Match the function with its graph. 
24. y=Vxt+3 25.y=vxt 3 26. y=Vx+3-3 
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Graphing Square Root Functions Graph the function. Then state its 
domain and range. 


27. y = vx—-4 28.y =2Vx4+1 29. y=Vx-5-3 
30.y =Vx—-4-6 31.y=3Vxt1 32.y = —3Vx +2 


Graphing Cube Root Functions Graph the function. Then state its 
domain and range. 


33.y=Vx—5 34. y=Wx -3 35.y=Vx+2-4 
36.y=Vx—44+2 37. y= —3Vx—1 38. y = —2Vx +5 


Logical Reasoning In Exercises 39-42, complete the statement with 
sometimes, always, or never. 


39. The domain of the function y = aVxis_?__x>0. 
40. The range of the function y = avxis_? y20. 


41. The domain and range of the function y = Vx —h+kare_?_allreal 
numbers. 


42. The domain of the function y = \(—x) is_? x20. 


Challenge The graph of y = Vx is the graph of y = aVx — h+ k with 
a=1, h=0, and k = 0. Predict how the graph of will change given 
the following condition. 

1 


43.a=—-1 44.a = -3 45.a=—5 


46. | Roller Coasters You can approximate the speed v (in miles per hour) 


==) of a roller coaster car at the bottom of a hill on a track using the model 
y= 5.5Vh 


where / is the height in feet from the top to the bottom of the hill. Use a 


a raphing calculator to graph the model. Then use the graph to estimate the 
Lin graphing grap 
FIGHTING FIRES height of the hill when the speed of the roller coaster is 100 miles per hour. 


“hee 
¥ 


47. 


Mi) Fighting Fires Fire fighters monitor the rate at which water flows from 
=] their hoses when fighting fires. You can determine the diameter d (in inches) 
of the tip of the hose using the model 


= sox 


where r is the water flow rate in gallons per minute, and P is the water pressure 
in pounds per square inch at the nozzle. Use a graphing calculator to graph the 
model if the water pressure is 150 pounds per square inch. Then use the graph to 
estimate the water flow rate if the diameter of the tip of the hose is 2 inches. 


48. Ml) Car Racing For a given total weight, the speed of a car at the end of a 
#5] drag race is a function of the car’s power. You can approximate the speed 


s (in miles per hour) of a car with a total weight of 3500 pounds using the model 


FIRE BOATS Fire boats are 


equipped with pumps, turrets, s = 148/p 

and hoses to help fire fighters 

put out fires that occur on where p is the power in horsepower of the car. Use a graphing calculator to graph 
ships, docks, or along the the model. Then use the graph to estimate the power of the car if it reaches a 
shoreline. speed of 200 miles per hour. 
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49. Geometry Link A square prism with a height that is eight 
times the length of the base b is given by the model 


13 
= VV 
where V is the volume of the prism. Use a graphing calculator 


to graph the model. Then use the graph to estimate the length 
of the base if the prism has a volume of 500 cubic centimeters. 


Standardized Test 50. Multiple Choice How do you obtain the graph of 
Practice g(x) = Wx + 4 + 10 from the graph of f(x) = Wx? 
(A) Translate f(x) 4 units to the right and 10 units up. 
Translate f(x) 10 units to the left and 4 units up. 
© Translate f(x) 10 units to the right and 4 units down. 


@) Translate f(x) 4 units to the left and 10 units up. 


51. Multiple Choice What is the domain and range of y = V x—)-+:3? 


) domain: x >5 @) domain: x <5 
range: y2>3 range: y<3 

CHD domain: all real numbers @®) domain: x >3 
range: all real numbers range: y2>5 


Mixed Review Measures of Central Tendency Find the mean, median, and 
mode(s) of the data set. (Lesson 1.7) 


52. 2, 3, 3, 6, 8, 10, 10 53. 5, 9,9, 10, 11, 11 
54. 15, 18, 25, 27, 38, 39, 41, 45 55. 55, 60, 65, 65, 75, 80, 85, 90, 100 
56. 8, 15,5, 2, 17, 10, 13, 11 57. 13, 28, 35, 11, 8, 38, 32, 25, 19, 22 


Fitting a Line to Data Draw a scatter plot of the data. Then 
approximate the best-fitting line for the data. (Lesson 2.7) 


|| 0 [-as[ fos fo [iu 


Ee eee 
BBs fas 2 Fas}is[ | [as fos o | 


Geometry Skills Dilations The red figure is the image of the blue figure after a 
dilation. Tell whether the dilation is a reduction or an enlargement. 
Then find the value of the variable. 


60. 61. 


9 25 
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7.7 Standard Deviation 


Key Words | GOAL | Use standard deviation to describe data sets. 


¢ standard deviation 


How can you measure variation 
in attendance? 


In September, a community theater 
ran a play for eight shows. The data set 
below gives the attendance at each of 


Find the mean of the 
data. 


1. 20, 40, 60, 80, 100 the eight shows: 
2. 5, 10, 15, 20, 2 

SpA yee; OY 250 300 290 240 
3. 18, 24, 30, 50, 56, 62 200 230 210 280 
4. 86, 91, 75, 88, 93 


In Lesson 1.7, you analyzed sets of data by finding measures of central tendency 
(mean, median, and mode) and measures of pues ee Another 
measure of dispersion is standard deviation. Stand on describes the 
typical difference (or deviation) between the mean td any data value in a set. 


Standard Deviation of a Set of Data 


STUDENT HELP 

READING ALGEBRA To find the standard deviation of a data set x,, x,,..., X,, follow these 
Using x to represent steps: 
the mean of the data = 
simplifies the written STEP @ Find the mean of the data set, x (read as “x bar”). 


form of the expression 


for ctandand devinian, STEP @ Find the standard deviation o (read as “sigma”). 


eileen 
n 


Find Standard Deviation 


Find the standard deviation of the attendance of the play in September. 


Solution 


@ Find the mean. 
© Find the standard deviation. 


(250 — 250)? + (300 — 250)? + --- + (280 — 250)? 
8 


ae 


3 
ANSWER > The standard deviation is V1200, or about 35. 
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TUDENT HELP 


LooK BACK 

Recall from Lesson 1.7 
that the five key points 
for making a box- 
and-whisker plot are 
the upper and lower 
extremes, the upper and 
lower quartiles, and the 
median of the data set. 


Compare Data After Adding a Constant 


Suppose the theater runs the play for another eight shows in October. The 


attendance at each of the eight shows increases by 100 people, as shown below. The 


mean of the new data is 350. 
350 400 390 340 300 330 310 380 
a. Find the standard deviation of the attendance of the play in October. 


b. Compare this standard deviation with the standard deviation of the 
attendance of the play in September. 


c. Make a box-and-whisker plot of the data used in Example | and the new 
data above. What conclusions can you make about the two data sets? 


Solution 


(350 — 350)? + (400 — 350)? + --- + (380 — 350)? 9600 
a.o= 8 = 8 eee) 


b. The standard deviation is the same as in Example 1. 


c. The two data sets have exactly the same shape. The graph for the new data 
is 100 units to the right of the graph for the data in Example 1. 


200 300 400 
—4 $f  f- September 
200 220 245 285 300 

300 320 345 385 400 


rd Deviations 


1. Find the standard deviation of the data set: 30, 1, 26, 19, 7, 30, 22. Round 
your answer to the nearest tenth. 


2. Suppose you multiply each data value in Exercise | by 2, resulting in the 
data set 60, 2, 52, 38, 14, 60, 44. Find the standard deviation and compare 
it to the standard deviation in Exercise 1. What do you notice? 


Comparing Data Sets The standard deviation of a data set can tell you 
whether the data values in a set are spread out or close together. 


Set A 

Standard Deviation: 14 Mean: 50 a 
The standard deviation is small. 0 20 40 | 60 80 100 
The data values are close together. mean 

Set B | 


Standard Deviation: 37 Mean: 50 
The standard deviation is large. 
The data values are spread apart. 
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Compare Data Sets 


Suppose the theater runs a different play for eight shows with the following 
attendance: 110, 113, 145, 170, 241, 217, 404, 600. The mean of the data is 250. 


a. Find the standard deviation. 


b. Compare the mean and standard deviation in this example with the mean and 
standard deviation found in Example 1. 


c. What conclusions can you draw? 


Solution 


(110 — 250)? + (113 — 250)? + --- + (600 — 250)? 203,180 
= 3 = 8 = 159 


b. The means of both data sets are the same, 250. The standard deviation for the 
new data is 159. The standard deviation in Example 1| is 39. So, the standard 
deviation of the new data set is greater. 


c. Because the standard deviation for the new data set is greater than the standard 
deviation in Example 1, the new data values are more spread out. 


Using Technology You can use a graphing calculator to find the standard 
deviation of a data set. 


Find Standard Deviation 


Use a graphing calculator to find the standard deviation of the data. Round to the 
nearest whole number. 


299, 6338, 3006, 518, 1981, 2444, 475, 3065, 7057, 3132, 408, 1534, 2699 


STUDENT HELP Solution 


READING ALGEBRA First, enter the data into a graphing calculator. Press and select Edit. 


On the calculator Enter the data into List 1 (L,). 
screen in Example 4, 1 


>x represents the sum To calculate the standard deviation, 

Orie toms in the list, press From the CALC menu | 1-VarStats i 
and &x* represents the séldet 1-Var Stats X=2535.076923 

sum of the squares of : Eo: 

the terms. The symbol On this calculator screen, X stands for S$x=2139.903637 11 
Sx represents another the mean, ox stands for the standard 6x=2055.952913 
measure of dispersion. deviation, and n stands for the number = 2 J 


of terms in the data set. 


ANSWER > The standard deviation is about 2056. 


rd Deviations 


In Exercises 3 and 4, tell which data set is more spread out. 


3. Set A: x = 24,0 = 8 4. Set A: x = 30,0 = 15 
Set B: x = 24,0 = 3 Set B: x = 300, o = 15 


5. Use a graphing calculator to find the standard deviation of 110, 205, 322, 
608, 1100, 240, 185, 552, 418, 300. Round to the nearest tenth. 
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Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 


HOMEWORK HELP 

Example 1: Exs. 11-14 
Example 2: Exs. 15-18 
Example 3: Exs. 19-28 
Example 4: Exs. 29-34 


1. Is the mean, median, or mode used to compute standard deviation? 


2. What can you use standard deviation to measure: the difference between the 
greatest and least values in a data set, whether values in a data set are spread 
out or close together, or the average of the values in a data set? 


Find the mean, median, and quartiles of the data set. 
3. 16, 20, 15, 24, 17, 28 4. 20, 15, 16, 23, 18, 27, 31, 21 
5. 69, 83, 104, 88, 93, 98 6. 234, 256, 211, 215, 198, 207 


Find the standard deviation of the data set. Round your answer to 
the nearest tenth. 


7. 3, 7, 10, 15, 26, 29 8. 12, 14, 15, 17, 19, 22, 23 
9. 41, 44, 43, 39, 50, 54, 44, 46 10. 100, 94, 95, 89, 92, 83, 92 


Measures of Central Tendency Find the mean and the standard 
deviation of the data set. Round your answer to the nearest tenth. 


11. The number of mice born in 9 different litters: 5, 7, 6, 3, 8, 6, 4, 5, 4 


12. The number of times at bat for each player on the 2004 U.S. women’s 
Olympic softball team: 


2, 6, 6, 16, 19, 20, 20, 21, 22, 25, 26, 30 
13. The heights of nine pecan trees in feet: 
72, 84, 81, 78, 80, 86, 70, 80, 88 


14. Your weekly paychecks (in dollars) from your after school job: 
44.50, 69, 50, 39.50, 28, 29, 26, 35, 42, 35.50, 25.50 


Shoe Prices In Exercises 15-18, use the following data set, which 
shows the prices (in dollars) of eight pairs of basketball shoes. 


65, 75, 40, 68, 80, 50, 56, 65 
15. Find the standard deviation of the data set, to the nearest tenth. 


16. The prices of these shoes increase by $10 per pair. What are the new prices? 
Find the standard deviation to the nearest tenth. 


17. Compare the standard deviation of the original data set with the standard 
deviation of the new data set. 


18. Make a box-and-whisker plot of the original data and the new data. What 
conclusions can you make about the two data sets? 
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Using Standard Deviation In Exercises 19-24, tell which data set is 
more spread out. 


19. Set A: x = 14,0 =2 20. Set A: x = 110, 0 = 25.5 
Set B:x = 14,0 =7 Set B: x = 110, 0 = 16.5 

21. Set A: x = 164, o = 87 22. Set A: x = 70, o = 35 
Set B: ¥ = 258, 0 = 57 Set B: x = 125, 0 = 70 

23. Set A: x = 13.25, 0 = 2.25 24. Set A: x = 0.02, o = 0.00023 
Set B: x = 18.45, 0 = 1.25 Set B: x = 0.02 o = 0.00023 


Test Scores In Exercises 25 and 26, use the following data sets 
which show test scores for two students. 


Kayla: 79, 81, 95, 90, 82, 90, 82, 81, 85 
Emily: 62, 80, 83, 99, 89, 85, 87, 94, 86 


25. Find the standard deviation for each student to the nearest whole number. 


26. Compare the mean and standard deviation for Kayla’s scores with the mean and 
standard deviation for Emily’s scores. 
Waiting Times In Exercises 27 and 28, use the following data sets 
which show the waiting times (in minutes) of people at two bus stops. 
Forest Hills: 2, 17, 8, 9, 11, 23, 14 
Union: 10, 13, 18, 7, 5, 19, 12 
27. Find the standard deviation for each stop to the nearest minute. 
28. Compare the mean and standard deviation for the stop at Forest Hills with the 


mean and standard deviation for the stop at Union. 


@) Finding Standard Deviation In Exercises 29-31, use a graphing 
£4) calculator to find the standard deviation of the data. Round to the 
nearest tenth. 


29. 66, 43, 9, 28, 7, 5, 90, 9, 78, 6, 69, 55, 28, 43, 10, 54, 13, 88, 21, 4 
30. 3.5, 3.8, 4.1, 3.0, 3.8, 3.6, 3.3, 4.0, 3.8, 3.9, 3.2, 3.0, 3.3, 4.2, 3.0 
31. 1002, 1540, 480, 290, 2663, 3800, 690, 1301, 1750, 2222, 4040, 800 


=| data set. 


| Sports In Exercises 32-34, use a graphing calculator and the following 


The data show the attendance at each of 
eight county football tournament games. 


1100, 1920, 1510, 1050, 
2100, 1800, 1310, 1580 


32. Find the standard deviation of the data 
set to the nearest whole number. 


33. Suppose attendance increases by 10% 
next year. Find the attendance at each of 
the eight games. Then find the standard 
deviation to the nearest whole number. 


34. Compare the standard deviation of the original data set with the standard 


deviation of the new data set. 
7.7 Standard Deviation ‘al 


Standardized Test 35. Multiple Choice What is the standard deviation of the data set below? 
Practice 14, 16, 17, 17, 19, 20, 22 
A) 42.9 17.9 © 6.12 @ 2.47 
36. Multiple Choice Which data set has a standard deviation of about 3.83? 
©) 12, 14, 17, 21, 26, 32 @ 10, 15, 13, 18, 16, 21, 19 
HD 43, 42, 50, 40, 38, 45 ® 20, 30, 25, 23, 40, 33, 36 
37. Multiple Choice What is the standard deviation of the data set below? 
20, 22, 18, 23, 17, 21, 19, 22 


A) 1.98 3.94 ©) 20.3 @) 31.5 
Mixed Review _ Factoring Factor the polynomial. (Lesson 6.6) 
38. x4 + x3 — 2x? 39. — 6x4 + 8x3 40. x4 + 3x7 +2 
41. x* — 8x? + 16 42. > — 2x3 — 8x 43. x* — 7x2 + 10 


Finding Inverses Find the inverse of the function. (Lesson 7.5) 
44. f(x) = 2x —7 45. f(x) = 3x +2 46. f(x) = 5° x20 
47. fix) = 8x3 48. f(xy) =x - 4 49. f(x) =x + 1,x 20 


Geometry Skills Finding Angle Measures Find the unknown angle measures of the 
isosceles trapezoid. The sum of the angle measures in an isosceles 
trapezoid is 360°. Additionally, pairs of base angles are congruent. 


50. A B 51. K L 52. S F 
R 140 

T 

D C J M U 


Quiz 3 


Lesson 7.6 Graph the function. Then state its domain and range. 
1.y=vxt+2 2.y = 2Vx —3 3.y=—-Vxt+1-4 


Lesson 7.6 4.Write the equation of the cube root function whose graph is shown below. 


Lesson 7.7 _ Tell which data set is more spread out. 


5. Set A: x = 256, 0 = 21 6. Set A: x = 41, 0 = 25 
Set B: x = 256, 0 = 74 Set B: x = 49,0 = 25 
Lesson 7.7 Find the standard deviation of the data set. Round to the 
nearest tenth. 
7. 7, 19, 20, 14, 11, 12, 10 8. 91, 100, 97, 83, 85, 88, 90, 86 


fs Chapter 7 Powers, Roots, and Radicals 


Chapter Summary 
and Review 


VOCABULARY 


e nth root of a real number, e like radicals, p. 360 e inverse relation, p. 380 
p. 353 e radical equation, p. 365 e inverse functions, p. 380 
* index, p. 353 ¢ extraneous solution, p. 366 ¢ radical function, p. 389 


* simplest form of a radical, * composition of functions, * standard deviation, p. 395 
p. 359 p. 374 


VOCABULARY EXERCISES 


1. Copy and complete the statement: An equation that contains a radical with the 
variable in the radicand is called a(n) __? _ equation. 


2. How do you write a radical in simplest form? 
3. Provide three examples of pairs of like radicals. 


4. How are the domain and range of a function and its inverse related? 


| EXAMPLES | To solve an equation involving x”, take the nth root of each side. 


a. (x + 5)? = 81 b. (x — 7)? = 125 
REVIEW HELP . 
Exercises Examples x+5=+V81 = 7 = Vis 
— 2, p. 354 
a0 3p. 354 a ak ee 


11, 12 5, p. 355 eee or y= — 14 a — ale) 


Solve the equation. 
5. x? = 169 6. 4x4 = 324 7. (x +5) =27 8. (x — 10)° = 32 


| EXAMPLES | You can use radicals to evaluate expressions involving rational exponents. 
a. 4912 = 49 = 7 
ps 
e, 2532 = (v25)° = 125 


\, 


Evaluate the expression. 
9. 1000! 10. 121! 11.27" 42,32 


Chapter Summary and Review a 


a. Vi6x° = 423)? ee 


i qil2¢-2 
= 5a23 


SUSE) 


REVIEW HELP 
Exercises Examples 
See 
13-20 5, p. 361 
21-23 6, p. 361 


Simplify the expression. Write your answer using positive exponents only. 
Assume all variables are positive. 


13. (16x!9)!/2 14. (27m?n!>)3 


10w2z4 18 Tar b3 
2wz * ab? 


16. (817r'2s%)!" 16. (647!9s°)'/5 


16m3/5n5/4 5 xyrl4 


pci a 0. ———_ 
m2n'/4 35x23 y3/4 


Simplify the expression. Assume all variables are positive. 
21. 4x + 6Wx 22. Jab*> — 16ab*/> 23. 64a*hb? + (16a!%b8)'4 


Gass To solve a radical equation, you isolate the radical or the expression with a 
rational exponent. Then raise each side of the equation to the same power. 


NG RADICAL EQUATIONS 


REVIEW HELP a. Vx —4=0 b. x73 -9 =0 
Exercises Examples 
1, p. 365 Va=4 LS 
2, p. 366 379 3 2/3)3/2 — 93/2 
eee (eras CAE o) 
3, p. 366 n= 64 ey) 


Solve the equation. 


24. Vx -—4=0 25. Vx —-3 =6 26. x3 —8 =0 


27. (x — 395 -2=2 


| EXAMPLES | To solve an equation with two radicals, make sure that each side has only 
one radical. Then raise each side of the equation to the same power. 


a. Vox — Vx +8 =0 b. V3x —V2x +4 =0 
V5x =Vx +8 V3x = W2x +4 
(V5x)" =(Vx +8) (Wax) =(Wax +4) 
5x =x4+8 3x =2x +4 
r= 2 4 


Solve the equation. 


28. Vx — 8 =V3x+4 29. V5x — 4 — V3x =0 
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30. V10x —5 — Vx + 10 =0 


1ON OPERATIONS AND COMPOSITIO 


| EXAMPLES | You can perform addition, subtraction, multiplication, division, or 


REVIEW HELP 
Exercises Examples 
31-33 1, p. 373 


34-36 2, p.374 
37 3, p. 375 


Let f(x) 
31. h(x) 


Let f(x) 


34. h(x) 


composition on any two functions. 


Let f(x) = 5x4 and g(x) = x°. Find (a) the quotient : and state its domain and 
(b) the composition f(g(x)) and state its domain. 
FO) _ 5x4 


eee b. f(g(x)) = f(x?) 
= 5x(4 — 3) = 5(x3)4 
= 5x =x 


Domain: all real numbers, except 0 Domain: all real numbers 


= 4x — 7, and let g(x) = 3x + 2. Find h(x) and state its domain. 
= fix) + gx) 32. h(x) = f(x) — g@ 33. h(x) = g(x) — fix) 


= 2x‘, and let g(x) = 6x. Find h(x) and state its domain. 


S@) g(x) 


= Ji) * 8%) 35. h(x) = oer 36. h(x) = 2 


f(x) 


37. Let f(x) = 2x + 3 and g(x) = 3x”. Find f(g(x)). Evaluate the composition when x = 3. 


| EXAMPLES | You can find the inverse relation of a function by replacing f(x) with y, 


REVIEW HELP 


Exercises Example 
38-46 2, p. 381 


switching x and y, and solving for y. 


Find the inverse of the function. 


a. Fi — 50 7 b. f(x) = 3x7 —2 
VY = Oe ar 7 y=3x°-2 
x=S5y+7 3) 
x—7=5y a2 — By 
1,-Teay jem Ly 

) 3 
fl@=ix-i f'@= i 


Find the inverse of the function. 


38. f(x) = 2x + 5 39. f(x) = —3x 40. f(x) =x-—9 
41. f(x) = 3 =i 42. f(x) = 5 = é 43. f(x) = 27x3 
44. f(x) = 36x”, whenx>0 45. f(x) =x° — 3 46. f(x) = 64x3 — 15 


Chapter Summary and Review a 


REVIEW HELP Because h = 2, you translate the graph of 
Exercises Examples y = Vx to the right 2 units. Because k = 4, 


47, 48 


49 
50-52 
53-55 


APHING SQUARE ROOT AND CUBE ROOT Fu 
| EXAMPLE | You can use the graphs of y = aVx and y = aWx to graph any 
function of the form y = aVx—h+k ory = aVx—h+k. 
Graph y = Vx — 2 + 4. Then state its domain and range. 

To graph the function, follow the steps below. 
@ Sketch the graph of y = vx. 


© Determine the values of h and k. 


1, p. 389 you translate the graph 4 units up. 
2, p. 390 ; 
3, p. 390 From the graph, you can see that the domain of 


4, p. 391 y = Vx —2+ 4isx>2. The range is y>4. 


Graph the function. Then state its domain and range. 


47. y = 5vx ag. y = Vx 49. y = 2Wx 
50.y=Vxt+2 51. y = 2vx+1 52.y=Vx-—4-6 
53. y= —-Vx—1 54. y=Wx +4 55.y=Vxt3—-1 


| EXAMPLE | One measure of dispersion is standard deviation. It describes the 
typical difference (or deviation) between the mean and a data value. 


The data set gives the daily attendance during 7 days at a school fair. 
562 501 540 453 652 530 500 


REVIEW HELP 2 2 2 
2 — 534)* + (S01 — 534)* +--- + — 534 
Exercises Examples Standard deviation: o = ee es) el a2) (CMa) 


56-61 
62 


7 


1, p. 395 


4, p. 397 — 1/23566 ~ 5 
7 


Find the mean and standard deviation of the data set. Round your answer 
to the nearest tenth. 


56. 9, 11, 12, 14, 15, 17 57. 18, 20, 20, 15, 16, 16, 22 
58. 32, 35, 27, 31, 36, 39, 30 59. 10, 15, 12, 20, 22, 15 
60. 45, 48, 41, 37, 55, 52, 42, 45 61. 70, 66, 62, 58, 71, 63, 65, 75 


62. Use a graphing calculator to find the standard deviation of 1140, 1205, 3232, 
2608, 1127, 1248, 1852, 5525, 2418, 1330. Round to the nearest tenth. 
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fer 7 Chapter Test 


Write the expression in simplest form. 


1. \/88 2./4-W12 3. \/4 a.\/8 


8 9 
Simplify the variable expression. Write your answer using positive 
exponents only. Assume all variables are positive. 
1/4 2.3/4 
$22 


xlByl4 


x 
4 
y 


5. (9x4)! 6. (9x7y)3/ 


Solve the equation. Check for extraneous solutions. 


9.2vVx+3=11 10. V3x+7=x+1 
11. 7x2 —-3 =17 12. 2x7/2 4+ 5 =21 


Let f(x) = x — 7 and g(x) = 2x — 5. Perform the indicated operation 
and state the domain of the resulting function. 


13. h(x) = fx) + g@) 14. h(x) = f(x) — g(x) 15. h(x) = g(x) — fi) 
16. h(x) = f(x) * g@) 17. f(g(x)) 18. g(fix)) 


Find the inverse of the function. 
19. f(x) = 6x — 1 20. f(x) = 2x + 9 


21. f(x) = a x20 22. f(x) = 4x3 — 5 


23. Temperature Conversion The function F = 2c + 32 can be used to 


convert temperatures from degrees Celsius to degrees Fahrenheit. Write the 
inverse of this function. The inverse can be used to convert temperatures from 
degrees Fahrenheit to degrees Celsius. Find the temperature in degrees Celsius 
that is equivalent to 86°F. 


Graph the function. Then state its domain and range. 
24. y = vx — 3 25.y=—-Vx+2 


26. Write the equation of the cube root function whose graph is shown below. 


Find the standard deviation of the data set. Round your answer to the 
nearest tenth. 


27. 26, 26, 27, 30, 31, 33 28. 67, 49, 61, 58, 55, 55, 59 


Chapter Test faa 


Chapter Standardized Test 


\ Test Tip Work backward from the answer choices. 
DD © wD 


| EXAMPLE | What is the solution of 3V3x + 1 = 12? 
®1 : © 5 Oz 


Solution 

Substitute the answer choices for x and simplify. 
Choice A results in 6 # 12. 

Choice B results in 9 # 12. 


Choice C results in 12 = 12, so C is the correct answer. 


.. 


Multiple Choice 


1. What is V20 + V6 in simplest form? 5. What is the solution of 5x77 — 7 = 13? 
@® V120 2v15 @® -4 4 
© svi5 @® 215 © 8 ® 20 
‘Tx. a 4 6. What is f(x) — g(x) if f(x) = 3x + 2 and 
2. What is yz in simplest form? sj= 5 — te 
® 3V5 @® 3 ® x+7 @® 5% 3 
5 V25 
QD x-3 CD =22+4 
V5 3V3 
Wr ors ae 
7. What is f(g(x)) if f@®) = x° — 2 and 
=x+4? 
3. Simplify (4x+y)*”. Assume all variables are B@) 
positive. @ + 4x? -2x-8 x? + 8x + 16 
@ 4x°y°? B® 81°"? © ?+8+4 @®x+2 
© 4x43? @) 2x3? 
8. What is the inverse of the function 
2 = 8x3 — 72 
4. Simplify a Assume all variables ae 
wry 3 3 
are positive. Oreo= @rew-44 
) x5/4y2/3 & x43 ‘cag 7 7 
BD 332y13 D x21 Ee os ae a 
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9. The graph of which function is shown? 11. What is the standard deviation of the data set? 
13, 15, 16, 16, 19, 20, 21 


®@ 171 vB 
© 29 @® 27 
1 Xi 
@ y=vx4+3 y=Vx-3 12. What is the standard deviation of the data set? 
© y=Vx—2 @® y=vx+2 45, 42, 44, 50, 51, 43 
® 34 @® 38 
10. What is the domain of fx) = Vx + 1 + 2? ano0 Gis 
® x21 @ x>-1 
@ x>-9 @) all real numbers 
Gridded Response 
13. Evaluate VW 25° Y, 25. 18. What is the solution of V3x + 16 = x + 2? 
5/96 19. Evaluate f(g(x)) when x = 3, given 
14. Evaluate \/= fax) = 4x — 3 and g(x) = 2x t 1. 
15. Evaluate 1/108. 20. Evaluate g(f(x)) when x = 2, given 
4 fix) =x —3andg@) =x +1. 


; : ee 
16. What is the solution of Vx + S=31 21. Evaluate f(g(x)) when x = —1, given 


17. What is the solution of fx) = Vx + 5 and g(x) = Vx. 
3 -3x —2 —7 = 137 


Extended Response 
Use the following data, which show the prices (in dollars) of six 
stereos at an electronics store. 
95, 100, 210, 70, 80, 150 
22. Find the standard deviation of the data set to the nearest tenth. 


23. The store has a sale for 10% off all stereos. What are the new prices? Find 
the standard deviation of the new prices to the nearest tenth. 


24. Compare the standard deviation of the original data set with the standard 
deviation of the new data set. 


25. Make a box-and-whisker plot of the original data and the new data. What 
conclusions can you make about the two data sets? 


Chapter Standardized Test 407 


Exponential and 
Logarithmic Functions 


The first four iterations of a fractal called the Sierpinski 
carpet are shown below. The number of shaded squares in 
the iterations can be expressed as powers with the same 
base. 


Think & Discuss 


Use the diagrams to answer the following questions. 


1. For each iteration of the Sierpinski carpet, find the 
number of shaded squares. 


2. Write an expression for the number of shaded squares 
in the nth iteration. 


Learn More About It 

You will use exponential functions to describe the number 
of white squares and shaded squares in the Sierpinski 
carpet in Exercises 42—44 on page 416. 
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classzone.com 
| PREVIEW | What's the chapter about? 


+ Multi-Language Glossary 
* Vocabulary practice 

¢ Graphing and modeling exponential growth and exponential decay 

¢ Evaluating and graphing logarithmic functions 

* Solving exponential equations and logarithmic equations 


Key Words 


e exponential function, p. 412 Ad growth factor, decay factor, p. 426 
¢ exponential growth function, p. 412 ¢ natural base e, p. 429 


¢ asymptote, p. 472 ¢ common logarithm, p. 433 
* exponential decay function, p. 479 ¢ logarithm of y with base b, p. 433 


| PREPARE | Chapter Readiness Quiz 


Take this quick quiz. If you are unsure of an answer, look back at the 
reference pages for help. 


Vocabulary Check (refer to p. 9) 
1. What is the base of the expression 2°? 


@ 2 ® 3 © 8 @® 2 


Skill Check (refer to pp. 236, 306) 
2. What are the coordinates of the vertex of the graph of y = 3(x — 4)* — 7? 


® 4,7) @® 4, -7) @D (—4,7) CD(-4,.-7) 
3. What is the value of 5~3? 

@® -125 15 Oa @® 2 
4. What is the value of (—4)°? 

f& -4 @ 0 a 1 CG) undefined 


TAKE NOTES Dictionary of Graphs EXPONENTIAL FUNCTIONS 
Sas The graph 
Mak f graph graph of y = apx j 
ake a dictionary of graphs Wheres ae Yy=a contains (0, a). 


he graph shows growth, 
<1, the graph shows decay 


in your notebook. When you 
learn about a new kind of 
function, you can add its 
graph to your dictionary. 


When O < iE 


ial Chapter 8 Exponential and Logarithmic Functions 


DEVELOPING CONCEPTS (For use with Lesson 8.1) 


81 


Goal QUESTION 


Graph exponential functions of 
the form y = ab” and find how 


changing a affects the graphs. EXPLORE 


How does the value of a affect the graph of y = ab*? 


Materials @ Take one sheet of notebook paper. Fold it in half. Unfold the paper and count the 
© paper number of rectangular regions formed. Then refold the paper and fold it in half 
¢ graph paper again. Continue counting regions and folding in half many times. 
° grapalng ar Copy and complete a table like the first table shown below. 
(optional) 
1 sheet of paper 3 sheets of paper 5 sheets of paper 
Folds, Regions, Regions, 
x y y 
a a 
“STUDENT HELP © Take three sheets of notebook paper and stack them. Repeat Step 1. 


Copy and complete a table like the second table shown above. 
READING GRAPHS 


Use different scales on © Take five sheets of notebook paper and stack them. Repeat Step 1. 
the x-axis and y-axis to Copy and complete a table like the third table shown above. 
include all the data in 

your scatter plots. 4 Make three scatter plots of the data in the tables. 


THINK ABOUT IT 


1. The data in the paper-folding exploration are 


included in the graphs of these functions: | | 
yor 
y=s-2 | 
y=5-2* 


Graph these three functions in one coordinate 
plane, or use a graphing calculator to graph 
them on one screen. 


2. What is the y-intercept of each function? 
3. What is the domain and range of each function? 


4. All three functions are of the form y = a « 2*. When ais positive, how does 
changing the value of a affect the graph of the function? 


8.1 Exponential Growth ia 


Exponential Growth 


Key Words | GOAL | Graph exponential growth functions. 
¢ exponential function 
* exponential growth exponential function has the form y = ab* where a # 0 and the base b 


function isa a positive number other than 1. If a> 0 and b > 1, such a function is an 
* asymptote 


ym, because the values of y grow as x increases. 


To graph an exponential function, you can make a table of values and plot the 
corresponding points, as shown below. 


Evaluate the 
expression. 


Graph y = ab* when a = 1 and b> 1 


1. 
Graph the function y = 2*. 


Solution 


Make a table of values for the function. 


Plot the points from the 
table. 


Draw a curve that passes 
through the plotted points, 
as shown. 


Exponential Growth Graphs 


Here are some characteristics of the graph of 
y = ab* when a>Oand b> 1. 


e The graph rises from left to right. 


¢ The graph passes through (0, a) and (1, ab). 


e The domain is all real numbers. 


e The range is y>0. 


t » is a line that a graph approaches more and more closely. 
The x-axis is an asymptote of the graph of y = ab’. 
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The graph of y = ab* changes depending on the values of a and b. 


Graph y = ab* when a + 1 and b> 1 


a. Graph y = 2 + 3%. b. Graph y = ; © 2%, 


Solution 
a. Make a table of values. Then plot the points. 


Draw a curve that passes through the plotted 
points, as shown at the right. 


b. Make a table of values. Then plot the points. 


Draw a curve that passes through the plotted 
points, as shown at the right. 


— HELP 

READING GRAPHS 
The first graph is 
translated to the right, 
so its asymptote is 
still the x-axis. 
The second graph is 
translated 3 units up, 
so its asymptote is 
the line y = 3. 


Graph the exponential function. 
Ly=4 2y=5 3.y=4-3* 4. y =0.1 + 2* 


Translating Exponential Functions To graph the exponential function 
y = ab*~" or y = ab* + k, sketch the graph of the function y = ab*. Then 
translate the graph horizontally by h units or vertically by k units. 


For example, the graphs of the functions y = 2*~ + and y = 2* + 3 shown 
below are translations of the graph of y = 2”. 


The graph approaches y = 0. The graph approaches y = 3. 


8.1 Exponential Growth ial 


Graph an Exponential Function 


Graph the function. Describe the horizontal asymptote. State the domain 


and range. 


a%oaRe? 


Solution 


a. Sketch the graph of y = 2*, which passes 
through (0, 1) and (2, 4). Then translate the 


graph 3 units to the left. 


b.y=2°-3 


The graph passes through (—3, 1) and (—1, 4). 
The graph’s asymptote is the x-axis. 


The domain is all real numbers, and the range 


is y>0. 


. Again, sketch the graph of y = 2*. Then 


translate the graph 3 units down. 


The graph passes through (0, —2) and (2, 1). 
The graph’s asymptote is the line y = —3. 


The domain is all real numbers, and the range 


isy>—3. 


‘al Function 


Graph the function. Describe the horizontal asymptote. State the 


domain and range. 


5.y=3*+2 6.y = 4° —5 7.y=3"-4 8. y = 2**? 
Link to, ¥ | y y 
STOCK 
MARKET Model Exponential Growth 


Solution 


Make a table of values or list of 


ordered pairs (x, S): 
(0, 39), (2, 56), (4, 81), (6, 116), 
(8, 168), (10, 241), (12, 348), (14, 501) 
Plot the points. Draw a smooth 
The number of shares traded curve through the points. 
daily on the NYSE reached: 
¢1 million in 1886 ANSWER > Using the graph, you can 
© 10 million in 1929 estimate that about 200 billion shares 
© 100 million in 1982 were traded in 1999, 


¢ 1000 million in 1997 
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Stock Market The annual number of shares S (in billions) traded on the 
New York Stock Exchange (NYSE) from 1990 to 2004 can be approximated 
by the model S = 39(1.2)* where x is the number of years since 1990. Graph 
the model. Then use the graph to estimate the number of shares traded in 1999. 


S 
500 


wo + 
— a) 
Co oo 


200 


Shares traded (billions) 


100 


0 2 4 6 8910 12 14% 
Years since 1990 


OE: 3) Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


ruven HELP 

HOMEWORK HELP 
Example 1: Exs. 17-33 
Example 2: Exs. 17-33 


Example 3: Exs. 34-39 
Example 4: Exs. 40-44 


1. Define the term exponential function. 


2. What is the name of the horizontal line that the graph of an exponential growth 
function approaches? 


3. For what values of a and b is the function y = ab* an exponential growth 
function? 


Evaluate the expression for x = —2 and x = 3. 
4. 3* 5. 5* 6. 8 + 2* 7.6°3* 
8.3*-1 9.2*+5 10. 2*+2 11. 3° —3 


Graph the exponential function. 
12.jQ)=7T 13.:j0)=3=?" 14. fix) = 4" +1 ij =s-* 


16. Stock Values The annual value of shares V (in trillions of dollars) traded on 
the New York Stock Exchange from 1990 to 2000 can be approximated by the 
model V = 1.2 « 1.25* where x = 0 represents 1990. Graph the model. Then use 
the graph to estimate the value of shares in 1999. 


Evaluating Expressions Evaluate the expression for x = —3 and x = 2. 
17. 9* 18. 12* 19.4+7* 20. 5 + 2* 
21. 2* +3 22. 4*-—6 23.37 =2 24. 10* +4 


Matching Graphs Match the function with its graph. 
25.y=7°-5 26.y=i°7 27.y=7 


Graphing Functions Graph the exponential function. 
28. f(x) = 8* 29. f(x) = 10* 30. fix) = 1.5* 
31. fix) =4+2° 32. f(x) = ; ~ 4 33. fix) = ; 3% 


Translating Functions Graph the exponential function. Describe the 
horizontal asymptote. State the domain and range. 


34. y =2*-5 35.y = 27 +5 36,7 =2*-? 
37.y=3*4+1 38. y = 3*-3 39.y=4""! 


8.1 Exponential Growth (i 


Link to) 40. Aquatic Plants Duckweed is a small aquatic plant that floats in fresh water. 

BIOLOGY The leaves of duckweed are called fronds. A researcher studying the growth of 
duckweed found that the number of fronds f observed could be modeled by the 
exponential function 


f= 176* 135 


where d is the number of days of growth under controlled conditions. Graph the 
function. Then use the graph to estimate after how many days the number of 
fronds was more than 100. 


41. Blog Count The number of online blogs has increased rapidly. During a 
recent 24 month period, the number of blogs b (in millions) was modeled by 
the exponential function 


DUCKWEED PLANTS are b = 3(1.1225)™ 
among the world’s smallest 

flowering plants. They can be 
smaller than the eye of a frog. 


where m is the number of months since the beginning of the period. Graph the 
function. Between which two months did the number of blogs reach 10 million? 
reach 20 million? 


Geometry Link In Exercises 42-44, use the following information. 


The Sierpinski carpet is a fractal created by a process of iteration. Start with 

a square. In the first iteration, one square is removed from the center, leaving 
eight smaller squares. In the second iteration, a smaller square is removed 
from the center of each square in the first iteration. This process is repeated as 
shown below. 


n=2 


42. The total number of shaded squares in the nth iteration is given by the expression 
8”. How many shaded squares are in the third iteration? the fifth iteration? the 
seventh iteration? 


43. The total number of white squares (of various sizes) in the nth iteration is given 
by the expression 5 ° 3" — .. How many white squares are in the first iteration? 


the third iteration? the fifth iteration? 


44. Graph y = 8* and y = ; ° 8 — Fin the same coordinate plane. Describe how 
the graphs are different. 


ia Chapter 8 = Exponential and Logarithmic Functions 


Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


Challenge Analyze the function as a horizontal and vertical translation 
of an exponential function of the form y = ab*. Graph the function. 
Describe the horizontal asymptote. State the domain and range. 


45.y= 2" "4-3 46. y= 377° -1 a7.y=4-!42 
48. Logical Reasoning Graph y = —2* and y = 2” in the same coordinate plane. 


Graph y = —3* and y = 3* in the same coordinate plane. Using these graphs, 
what comparisons can you make between the graphs of y = —b* and y = b*? 


49. Multiple Choice What is the equation of the asymptote of the exponential 
growth function y = 3* — 7? 


@Dx=-7 @®xr=7 ©Qy=-7 DM y=7 
50. Multiple Choice Which exponential growth function is graphed below? 
® y=3-2 
@y=¥”? 
@y=3*? 
D y=3'42 
51. Multiple Choice What are the domain and range of y = 2* + 3? 
CA) domain: x > 3; domain: x < 3; 
range: all real numbers range: all real numbers 
C€) domain: all real numbers; @) domain: all real numbers; 
range: y>3 range: y<3 


Graphing Functions Graph the function. (Lesson 2.1) 


52. y = 6x 53. y = —5x 54.y=-x+5 
55.y=x—8 56. y = 3x — 5 57.y = —4x +4 
Evaluating Expressions Evaluate the expression. (Lesson 6.7) 
ay 5\0 1\4 1\9 
58. | 2) 59. (2} 60. (5) 61. (5) 
3 4\3 2\ 1\3 
62. (3) 63. (3) 64. 92) 65. (=) 


Describing End Behavior Identify the degree and the leading 
coefficient of the polynomial function. Then describe the end 
behavior of its graph. (Lesson 6.2) 


66. f(x) = peal 67. f(x) = —5x7 +3 
68. f(x) = —2 -— x 69. f(x) = 8x7 — 3x6 — x 
70. f(x) = Tx? — 4° 71. fx) = x*—8x+4 


Finding Volume Find the volume of the hemisphere. The volume of a 
sphere is V = far’, Round your answer to the nearest hundredth. 


72. 73. 74. 
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DEVELOPING CONCEPTS (For use with Lesson 8.2) 


82 


Goal QUESTION 


Graph exponential decay How does the value of a affect the graph of y = a(3)"? 
functions of the form 
y= 
2) ° EXPLORE 
Materials @ Place 100 coins in a cup and toss them onto a table. Record the toss number and 
¢ 100 coins the number of coins that land showing heads in a table like the one shown. 
¢ cup 


¢ graph paper 


rosnnter (EE ce ce 


os cc 


© Remove the coins that land showing tails and set them aside. Gather and toss the 
remaining coins again. Record the results. 


3 ] Repeat Step 2 until only one coin remains. 


© Make a scatter plot of the data in the table, where x is the toss number and y is 
the number of coins that land showing heads. 


8 Evaluate y = 100(3)" for each x-value in the table. Graph these points and 


connect them with a smooth curve. 


6 ] Compare the graph of the function to the scatter plot. 


THINK ABOUT IT 
1. What part of the equation in Step 5 gives the number of coins you started with? 


2. What function would you graph if you started with 50 coins? 200 coins? 
3. Use a table of values to graph y = a(5) for a = 3,5, and 10. 


4. What effect does the value of a have on the graph of the function? 
5. Graph the exponential growth function y = 3 « 2*. How is this graph related 
to the graph of y = 35)? 


Fe Chapter 8 Exponential and Logarithmic Functions 


Exponential Decay 


Key Words | GOAL | Graph exponential decay functions. 


¢ exponential decay 
function 


What is the value of a used car? 


In Example 5, you will estimate how the 
value of a used car changes using an 
exponential decay function. 


Evaluate the 


expression. An® tial decay function has the 


form y = ab* where a>Oand0<b<l. 
Example 1 shows the basic shape of the 
graph of an exponential decay function. 


Graph y = b* when 0 < b<1 


Graph the function y = (3) 


Solution 


Make a table of values for the function. 


Plot the points from the 
table. 


Draw a curve that passes 
through the plotted points, 
as shown. 


Exponential Decay Graphs 


Here are some characteristics of the graph of 
y = ab* when a>0 and 0< b<1. 


e The graph falls from left to right. 
e The graph passes through (0, a) and (1, ab). 


e The domain is all real numbers. 


e The range is y>0. (0<b<1) 


j 


8.2 Exponential Decay aa 


Graph y = ab* when 0 < b<1 


Graph the function. 

— 3(L) = 1/2 
ay = 3(3) bey = al5) 
Solution 
a. Make a table of values. 


Plot the points. 


Draw a curve that passes through 
the plotted points, as shown at the right. 


. Make a table of values. 


Plot the points. 


Draw a curve that passes through 
the plotted points, as shown at the right. 


Graph the function. 


vf (8h somal 
sven th 0-38) 


K= 2 
Graph y = (5) . Describe the horizontal asymptote. State the domain and range. 


Solution 


Sketch the graph of the function y = (5) 
It passes through (0, 1) and (—2, 4). 


Translate the graph 2 units to the right. 
The graph’s asymptote is the x-axis. 


The domain is all real numbers, and the 
range is y>0. 


feat Chapter 8 Exponential and Logarithmic Functions 


STUDENT HELP 


AVOID ERRORS 
When you evaluate an 
expression such as 
20(0.85)2, follow the 
order of operations. 
Find the power first, 
and then multiply: 


20(0.85)* = 20 - 0.7225 


Graph an Exponential Function 


Graph y = (2) + 3. Describe the horizontal asymptote. State the domain 
and range. 
Solution 


Sketch the graph of the function y = ( , 
It passes through (0, 1) and | =2; 24 
Translate the graph 3 units up. 

It passes through (0, 4) and | 25 55}. 

The graph’s asymptote is the line y = 3. 


The domain is all real numbers, and the 
range is y > 3. 


al Function 


Graph the function. Describe the horizontal asymptote. State the 
domain and range. 


a 


7.y=(4 a.y=(3/° 9.y=(4) -2 10. y=(3) +3 


Model Exponential Decay 


Depreciation The value of a used car y (in thousands of dollars) can be 
approximated by the model y = 20(0.85)* where x is the number of years since the 
car was new. Graph the model. Then use the graph to estimate when the value of 
the car will be $4000. 


Solution 


You can use a graphing calculator to make a graph. 
Enter the equation y = 20(0.85)*. | \ 


Choose a suitable viewing window. For example, 


use OS x< 15 and0<y<25. | 


The graph passes through (0, 20), (1, 17), 
(2, 14.45), and so on. Use the Trace feature to (ae ae 
determine that y = 4 when x is about 10. 


ANSWER > The value of the car will be $4000 
after nearly 10 years. 


11. The value of a van y (in thousands of dollars) can be approximated by the model 


y = 24(0.9)* where x represents the number of years since the van was new. 
Graph the model. Then use the graph to estimate when the value of the van will 


be $10,000. 
8.2 Exponential Decay a 


EF) Exercises 


Guided Practice 


Vocabulary Check 1. Is the function y = (3 ~~ an example of an exponential decay function? 


Explain why or why not. 


2. What is the horizontal asymptote of the graph of the exponential decay 
function y = ab* + k? 


Skill Check Classify the function as exponential growth or exponential decay. 


s.y=3( aya 
chen oy 43) 


In Exercises 7-10, use the function y = 23)" 


7. Copy and complete the table of values for the function. 


8. Graph the function by plotting the points from the table and connecting 
them with a smooth curve. 


9. Describe the horizontal asymptote of the function. 


10. State the domain and range of the function. 


Practice and Applications 


TUDENT HELP Classifying Functions Classify the function as exponential growth 


HOMEWORK HELP or exponential decay. Then match the function to its graph. 
Example 1: Exs. 11-31 3\x 4\x 1/3\* 
Example 2: Exs. 11-31 11.y= (3) 12. y= (5) 13.) = 43) 
Example 3: Exs. 32-38 

Example 4: Exs. 32-38 A. B. Cc. 


Example 5: Exs. 39-48 


x= —5 and x= 2. 
14. (Ey 15. (2/ 16. (5) 17. 6(3) 


18. 0.4* 19. 0.7" 20. 12(0.5)* 21. 5(0.3)* 
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Link £0) 


BUSINESS 


PRINTING When the printed 
sheets are folded in half 
repeatedly, each sheet may 
create a group of 8 pages, 16 
pages, or 32 pages. 


22. Printing To make small pamphlets, LE CVE SE Ge, Gc Bil Vee 
large sheets of paper are printed and Lee eee es ee eed 
folded in half repeatedly. The area of a Papel nal 
piece of paper decreases each time itis 18 | 1510 | 23 24) 916 17 
folded. For a 34 inch by 44 inch sheet, 8! | WhIL | c@ le , @hel | 0¢ 
the area A (in square inches) can be ---[---|--4--4 --- f---+----5 

4 | | ! | ! 
modeled by the function 30 316 | 27 28 5'4 | 29 
A = 1496(0.5)" front back 
where n is the number of times the paper is folded. What is the area of the 
paper when it is folded 2 times? 3 times? 4 times? 

23. Motorcycles You buy a new motorcycle for $18,000. The value V (in 

thousands of dollars) of the motorcycle can be modeled by the function 
= 19/9 
ai I8( al 
where ¢ is the number of years since it was purchased. How much is the 
motorcycle worth 5 years after it was purchased? 

Graphing Functions Graph the exponential function. 

(LP ee = 91) — 3/1) 

24. y = (4) 25. y (36! 26. y (3) 27. y 35) 

28. y = 100(3) 29. y = 80{2)' 30. y = 100(0.75)" 31. y = 20(0.9)® 


Matching Match the function with its graph. State the domain and 
range of the function. 


1\* j\rr4 1\~-4 
32. y = (5) +4 33. y = (5) 34. y= (5) 


2 
y 


2 


A. B. Cc. 


Graphing Functions Graph the exponential function. Describe the 


horizontal asymptote. State the domain and range. 
4: 4F +3 


as.y=(4) 36.y=(5) - 1 37.y=(2) +3 38. y =(4 


Car Value In Exercises 39-41, use the following information. 


You buy a new car for $24,000. The value y (in thousands of dollars) of the car 
can be approximated by the model y = 24(0.82)*. The variable x represents the 
number of years since you bought the car. 


39. Copy and complete the table of values for the function. 


40. Use the table of values to graph the model. 
41. Use the graph to estimate when the value of the car will be $6000. 


8.2 Exponential Decay ‘ai 


Linkitey Depreciation In Exercises 42-44, use the following information. 


BUSINES A small business owner buys equipment for $40,000. The value V (in thousands 
ae) eo of dollars) of the equipment can be modeled by the function 
A AY —— V = 40(0.85)* 


where x is the number of years since the equipment was purchased. 
42. Make a table of values for the function. Then graph the model. 
43. Use the graph to estimate when the equipment will have a value of $11,000. 


44, Will the value of the equipment ever be $0? Explain your reasoning. 


Half-Life In Exercises 45 and 46, use the following information. 


A 100-gram sample of radioactive lead-210 is stored in a container. The amount 
y (in grams) of lead-210 left in the sample can be modeled by the function 


SMALL BUSINESSES are 


classified as having 500 y = 100(0.97)* 

or fewer employees. In : 

the United States, small where x is the number of years that have elapsed. 

businesses create most of 45. Make a table of values. Use the x-values 10, 20, 30, 40, 50, 60, and 70. Round to 


the new jobs available. the nearest tenth. Then graph the model. 


46. Use the graph to estimate when only half of the lead-210 in the 100-gram sample 
will remain. This length of time is called the half-life of the material. 
Pianos In Exercises 47 and 48, use the following information. 


You purchase a new piano for $4000. The piano loses value over time. The 
value V (in dollars) of the piano can be modeled by the function 


V = 4000(0.86)* 


where x is the number of years since the piano was purchased. 


47. Make a table of values and graph the function. 


4s. After five years, a piano dealer offers to purchase the piano for $2000. Should 
you sell the piano at that price? Explain your reasoning. 


49. Logical Reasoning The value of a financial investment A (in thousands of 
dollars) can be modeled by the function 
A = 2(0.95)* 
where x is the time in years since the money was invested. According to the 


model, is the value of the investment increasing or decreasing? Explain your 
reasoning. 


50. Challenge Graph y = 0.5“ and y = —0.5* in the same coordinate plane. Then 
graph y = 0.2* and y = —0.2* in another coordinate plane. Use your results to 
describe how the graphs of y = b* and y = —b” are related. 


Standardized Test 51. Multiple Choice Which function’s graph is shown below? 


Practice Te (2y = (5 
a oe 


a Chapter 8 = Exponential and Logarithmic Functions 


Mixed Review 


Geometry Skills 


Quiz 1 


Lessons 8.1 and 8.2 


Lesson 8.2 


Lessons 8.1 and 8.2 


Lesson 8.1 


52. Multiple Choice An adult drinks a beverage containing 110 milligrams of 
caffeine. The amount c (in milligrams) of caffeine in the person’s system can be 
modeled by the function 


c = 110(0.89)* 


where x is the number of hours that have elapsed. About how much caffeine is in 
the person’s system after 3 hours? 


© Omg @ 55 mg 78 mg ® HO mg 


Operations with Functions Let f(x) = x + 4, g(x) = x + 2, and 
h(x) = x? — 4. Perform the indicated operation and state the domain. 
(Lesson 7.4) 


53. f(x) + g(x) 54. g(x) * f(x) 55. f(x) + f(x) 
56. g(x) ° h(x) 57. h(x) * h(x) 58. ~ 
59. @) 60. eG) 61. 7a) 


Graphing Functions Graph the exponential function. Describe the 
horizontal asymptote. State the domain and range. (Lesson 8.1) 


62. y = 4* —3 63. y= 4° +3 64. y = 3**? 65. y = 3"? 
Inscribed Quadrilaterals When a quadrilateral is inscribed in a circle, 
opposite angles are supplementary. Find the values of x and y. 

66. 


(x + 30)° 


Evaluate the exponential expression for x = —2 and x = 2. 
ae 1, 6 yay 
1. | Z) 2.5°6 3. 42 
Classify the function as exponential growth or exponential decay. 
a.y= 1.14 5. y= (5) 6.y= 15(5) 
| 3 2 


Graph the exponential function. Describe the horizontal asymptote. 
State the domain and range. 


7.y=6 8. y=2-6 9. y= (5) 
10. y= (2) °° i.y=(3f > 12.y= (3) +3 


13. Salaries The company you work for raises your salary 4% each year. Your 
salary S (in thousands of dollars) can be modeled by S = 38(1.04)‘ where f is the 
number of years since you started working. Make a table showing your salary for 
years 0 through 5. Then use the table to graph the function. 


8.2 Exponential Decay fi 


Modeling with 
Exponential Functions 


Key Words 


¢ growth factor 
° decay factor | GOAL | Write models for exponential growth and decay. 
¢ natural base e 


How can you predict the balance in a bank 
account after several years? 


In Example 4, you will find the balance in a bank 
account after a given amount of time. You will use 
an exponential growth function to calculate the 
balance. 


Some real-life quantities increase or decrease by a 
fixed percent each year (or other time period). The 
amount y of such a quantity after t years can be 
modeled by the equations shown below. 


exponential growth exponential decay 


y=a(l+n‘ y=a(l—n)‘ 


In these models, a is the initial amount, r is the percent increase or decrease written 
as a ndecinal, and ¢ is the number of time periods. The sea (1 +r) is called the 
or. The quantity (1 — r) is called the decay 


Write and Use an Exponential Growth Model 


Sales Figures One year, a clothing company had $1.5 million in sales. In later 
years, sales y (in millions of dollars) increased by about 25% each year. 


a. Write an exponential growth model that represents the sales after ¢ years. 


b. Use the model to predict the sales after 8 years. 


Solution 
a.y=a(1+7r)' Write exponential growth model. 
= 1.5(1 + 0.25)! Substitute 1.5 for a and 0.25 for r. 
= 1.5(1.25)' Simplify. 


ANSWER > The model is y = 1.5(1.25)‘. 


b. To predict the sales after 8 years, substitute 8 for t. 
y = 1.5(1.25)8 = 8.9 


ANSWER > The sales after 8 years will be about $8.9 million. 


srowth Model 


1. Redo Example | using a sales increase of 10% each year. 
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Write and Use an Exponential Decay Model 


Computers You buy a new computer for $1500. The value y (in dollars) of the 
computer decreases by 40% each year. 


a. Write an exponential decay model that represents the value of the computer. 
b. Use the model from part (a) to estimate the value after 3 years. 
e DENT HELP 
SOLVING NOTE Solution 


The computer's value 


a. Let t be the number of years since you bought the computer. 
decreases by 40% each y y & P 


year. So, its value is 60% y=ail—n' Write exponential decay model. 
of the prior year’s value. = _ t ; 

This is the meaning of thé = 15001 — 0.4) Substitute 1500 for a and 0.4 for r. 
0.6 decay factor. seseebeseseses = 1500(0.6)' Simplify. 


ANSWER > The model is y = 1500(0.6)‘. 


b. To estimate the value after 3 years, substitute 3 for f. 
y = 1500(0.6)° = 324 


ANSWER > The value of the computer after 3 years is $324. 


‘al Decay Model 


2. Redo Example 2 using a new computer cost of $1200 and a value decrease 
of 35% each year. 


Writing Exponential Functions Just as two points determine a line, two 
points also determine an exponential curve. 


Write an Exponential Function 


Write a function of the form y = ab* whose graph passes through (1, 6) and (2, 18). 


Solution 


Substitute the coordinates of the points into y = ab* to obtain two equations. 


6 = ab! Substitute 6 for y and 1 for x, because (1, 6) is on the graph. 
18 = ab? Substitute 18 for y and 2 for x, because (2, 18) is on the graph. 


Solve the first equation for a to get a = e. Then substitute into the second 
equation. 


18 = (Fo Substitute 5 for a. 


18 = 6b Quotient of powers property 
3=b Divide each side by 6. 
ANSWER > Using b = 3, you find that a = - 2 = 2. Because a = 2 and b = 3, 


y = 2 « 3* is the exponential function whose graph passes through (1, 6) 
and (2, 18). 


8.3 Modeling with Exponential Functions 427 


Compound Interest Compound interest is interest paid on an initial investment, 
called the principal, and on previously earned interest. Interest earned is expressed 
as an annual percent, but interest is usually compounded more than once per year. 


Because interest is usually compounded more than once per year, the exponential 
growth model y = a(1 + r)‘ must be modified for compound interest problems. 


Compound Interest 


An initial principal Pis deposited in an account that pays interest at an 
annual rate r (expressed as a decimal), compounded n times per year. 


The amount Ain the account after t years can be modeled by this 
formula: 


A=P(1+7\" 


—————————— 


Find the Balance in an Account 


Finance You deposit $2000 in an account that pays 2% annual interest. Find the 
balance after 10 years if the interest is compounded quarterly. 


Solution 
A= P(1 + zy" Write compound interest formula. 
4+ 10 
qareent HELP = 2000(1 + 992) Substitute 2000 for P, 0.02 for r, 4 for n, and 10 for t. 
VOCABULARY : 40 ees 
Here are some words = 2000(1.005) Simplify. 
that are used to describe ~ 2441.59 Liseva calculate 
how often interest is ; ; 
compounded: ANSWER > The balance after 10 years is about $2441.59. 
yearly = 1time/yr 
quarterly = 4 times/yr CHECK You can check the solution by A 
monthly = 12 times/yr graphing the function A = 2000(1.005)™. 2500 


pel AeOuIneenY Using the graph, you can see that after 


10 years, the balance is between $2400 
and $2500. ¥ 


Balance (dollars) 
8 
S 


0 5 10 ¢ 
Years 


| Functions 


Write an exponential function of the form y = ab* whose graph 
passes through the given points. 
3. (2, 16), (3, 64) 4. (2, 3), (4, 12) 5. (1, 3), (3, 108) 


6. You deposit $1500 in an account that pays 2% annual interest. Find the 
balance after 6 years if the interest is compounded monthly. 
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Continuous Compounding When interest is calculated as if an infinite 
number of compounding periods occur each year, it is called continuously 
compounded. The formula for continuously compounded interest contains the 
number e. Like 7 and i, the number e is denoted by a letter. The number is 
called the natural 2, or the Euler number, after its discoverer, Leonhard 
Euler (1707-1783). 


The Natural Base e 


The natural base e is irrational. It is defined as follows: 


As napproaches +, (1 + 1)" approaches e = 2.71828. 


As n approaches positive infinity in the compound interest formula, it approximates 
the following formula for continuously compounded interest. 


Compound Continuously Compounded 
Interest Formula Interest Formula 
A= P(1 + rm approximates A = Pe” 


Find the Balance in an Account 


Finance You deposit $500 in an account that pays 4% annual interest 
compounded continuously. 


a. Find the balance after one year. 
b. Graph the continuously compounded interest model. 


c. Use the graph to estimate how long it will take your money to grow to $700. 
TUDENT HELP 


Solution 
KEYSTROKE HELP 
To evaluate 500¢°-%4 a. A = Pe™ Write continuously compounded interest formula. 
Hieerul acct = 500¢9.4-1 Substitute 500 for P, 0.04 for r, and 1 for t. 
500 ERY [e*] 0.04 = 500e°% Simplify. 
The display should be =~ 520.41 Use a calculator. 
520.4053871. 


ANSWER > The balance after one year is about $520.41. 


b. The graph of the model y = 500e°-°4* 
is shown at the right. | \ 


c. Use the Trace feature to determine when | | 
the balance is $700. This happens when x is | | 
about 8.4. So, it will take about 8.4 years for | 
your money to grow to $700. 


}an Account 


7. You deposit $1000 in an account that pays 3% annual interest compounded 
continuously. Find the balance after 1 year, 3 years, and 5 years. 


8.3 Modeling with Exponential Functions a 


EE Exercises 


Guided Practice 


Vocabulary Check 1. In the equation y = a(1 + r)', what type of factor is (1 + r)? 
2. Give an example of an exponential decay function. 


3. Define the natural base e. 


Skill Check Determine whether the function shows exponential growth or 
exponential decay. 


4. y = 8(1 + 0.4)! 5. y = 23(1 — 0.03)! 6. y = 100(0.84)! 
7. y = 850(1.05)! 8. y = 6(2.15)! 9. y = 0.5(0.99)! 


Write an exponential function of the form y = ab* whose graph 
passes through the given points. 
10. (1, 5), (2, 25) 11. (1, 6), (3, 24) 12. (2, 16), (3, 32) 


13. Growth or Decay? The population p of a small town after x years can be 
modeled by the function p = 6850(1.03)*. According to the model, will the 
population increase or decrease as time passes? Explain your reasoning. 


Practice and Applications 


TUDENT HELP Identifying Exponential Functions Determine whether the function 
HOMEWORK HELP shows exponential growth or exponential decay. Then identify the 
Example 1: Exs. 14-32 initial amount and the percent increase or decrease. 


Example 2: Exs. 14-32 


— — t = t _— t 
Example 3: Exs. 33-43 ta. y= 82) G29) 15. y = 12(1 + 0.3) 16. y = 250(1.5) 
Example 4: Exs. 44-50 17. y = 1500(1.05)' 18. y = 150(0.5)' 19. y = 2800(0.05)’ 
Example 5: Exs. 51-53 
20. y = 10(1.01)' 21. y = 18(0.95)' 22. y = 5(3.25)' 


Gasoline Cost In Exercises 23-25, use the following information. 


In January, the average cost of gasoline was $2.50 per gallon. During the year, 
the average cost c (in dollars) of gasoline increased about 1% each month. 


23. Write an exponential growth model that represents the average cost of 
gasoline ¢ months after January. 


24. Graph the model. 
25. Use the model to predict the cost of gasoline in December (when f = 11). 


Simple Interest In Exercises 26-28, use the following information. 


You deposit $900 into an account that pays simple interest. Each year the 
amount in the account increases by 2.5%. 


26. Write an exponential growth model that represents the balance after f years. 
27. Graph the model. 


28. Use the model to estimate the balance after 5 years. 


(ax Chapter 8 Exponential and Logarithmic Functions 


Linkotg Writing Models In Exercises 29-32, write an exponential growth or 
BASEBALL 


decay model that describes the situation. 


29. Stolen Bases One season, a baseball player stole 23 bases. During the 
player’s next 4 seasons, the number of stolen bases b decreased by about 
35% each season. 


30. Car Value You purchase a car for $16,000. Each year, the value V of the 
car decreases by 15%. 


31. Pocket Watch You purchase a pocket watch for $350. Each year, the 
value V of the pocket watch increases by 7%. 


32. Cell Phone You purchase a cell phone for $120. Each year, the value V 


STGHEN BASES HOCAreh of the cell phone decreases by 45%. 


career record for most Writing Exponential Functions Write an exponential function of the 

stolen bases in Major League form y = ab* whose graph passes through the given points. 

Baseball is 1406, held by 

Rickey Henderson. 33. (1, 15), (2, 45) 34. (1, 12), (2, 48) 35. (1, 20), (2, 100) 
36. (2, 28), (3, 56) 37. (1, 3), (3, 27) 38. (2, 8), (4, 32) 
39. (1, 20), (2, 10) 40. (3, 48), (4, 24) 41. (1, 9), (3, 1) 


42. Apartment Rent In 2000, the rent on an apartment was $800 per month. In 
2002, the rent increased to $882 per month. Write an exponential function of the 
form C = ab‘ that models the cost C of rent ¢ years after 2000. 


43. Lawnmower Value In 2006, a lawnmower was worth $400. In 2007, the 
value decreased to $324. Write an exponential function of the form V = ab‘ 
that models the value V of the lawnmower t years after 2006. Predict the 
lawnmower’s value in 2010. 


Compound Interest In Exercises 44-46, use the following 
information. 

You have $1400 to deposit and are comparing the offers of banks shown in the 
table below. 


Interest rate Compounding 


x ately 


% 


44. Find the balance after 4 years if you deposit $1400 in an account at Bank X. 


45. Find the balance after 4 years if you deposit $1400 in an account at Bank Y. 
46. Find the balance after 4 years if you deposit $1400 in an account at Bank Z. 


47. Logical Reasoning You have the choice of depositing $1000 into one of three 
bank accounts, described below. 


¢ Account A pays 3% annual interest compounded quarterly 
¢ Account B pays 3% annual interest compounded monthly 
¢ Account C pays 3% annual interest compounded daily 


Which account should you choose? Does your answer depend on the amount you 
have available to deposit? Explain your reasoning. 


8.3 Modeling with Exponential Functions fal 


Reach Your Goal In Exercises 48-50, suppose your goal is to have at 
least $3000 in an account after 5 years. 


48. You deposit $2400 in an account that pays 4.3% annual interest compounded 
annually. What is the balance after 5 years? Do you reach your goal? 


49. You deposit $2500 in an account that pays 3.7% annual interest compounded 
monthly. What is the balance after 5 years? Do you reach your goal? 


50. You deposit $2450 in an account that pays 4.1% annual interest compounded 
daily. What is the balance after 5 years? Do you reach your goal? 


Continuous Compounding In Exercises 51-53, use the following 
information. 


You deposit $1000 in an account that pays 3.5% annual interest compounded 
continuously. 


51. Write an exponential growth model that represents the balance after ¢ years. 
52. Graph the model. 
53. Use the graph to estimate how long it will take your money to grow to $1500. 


Standardized Test 54. Multi-Step Problem You have $3000 to put into an account. A teller at a 
Practice bank tells you that an account pays 5% annual interest compounded quarterly. 


Write an exponential model giving the balance A in the account after ¢ years. 


a. 
b. Does the model show exponential growth or exponential decay? 


ir) 


. Evaluate the model when t = 0, t = 5, and t = 10. 


d. An account at another bank yields a balance A after ¢ years given by the model 
A = 3000e°498", What is the annual interest rate of this account? How is it 
compounded? 


e. Evaluate the model in part (d) when ¢ = 0, t = 5, and t = 10. 


=h 


. Critical Thinking Does the account with a greater interest rate or lesser 
interest rate yield a greater balance? Explain your answer. 


Mixed Review Evaluating Powers Evaluate the power. (Lesson 1.2) 
55. 27 56. 13° 57. — 10° 58. (— 10)? 


Evaluating Expressions Evaluate the expression. Tell which 
properties of exponents you used. (Lesson 6.1) 


59. 4° + 4? 60. (—2)°+ (2) 61. (47)? e2. (1) * 


Graphing Functions Graph the exponential function. (Lessons 8.1, 8.2) 


63. f(x) =7 + 2% 64. f(x) = 2* - 1 65. f(x) = 2*~> 
66. y = a5)" 67. y =4°-? 68. y = 10° —5 


Geometry Skills Interior Angles Find the measure of an interior angle of the polygon. 
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Key Words 


¢ common logarithm 
¢ logarithm of y with base b 


Evaluate the 
expression. 


1. 34 
. 9? 


Logarithms and 
Logarithmic Functions 


| GOAL | Evaluate and graph logarithmic functions. 


You know that 32 = 9 and 3? = 27. However, for what value of x does 3* = 18? 
Because 3° < 18 < 3, you would expect x to be between 2 and 3. To find the 
exact x-value, mathematicians defined logarithms. 


x = log, 18 ~ 2.631 because 3”! ~ 18 


read as “log base 3 of 18” 


The logarithm with base 10 is called the common lo 
log,, or simply by log. 


thm. It is denoted by 


Let band y be positive numbers such that b # 1. 


The log 


Dt with base b is denoted by log, y and is defined as 
follows: 


log, y = xif and only if b¥ = y 


This definition tells you that the equations log, y = x and b* = y are equivalent. 
The first is in logarithmic form and the second is in exponential form. Given an 
equation in one of these forms, you can always rewrite it in the other form. 


Rewrite Logarithmic Equations 


LOGARITHMIC FORM EXPONENTIAL FORM 


. log, 16 = 4 24 = 16 

. log, 1 =0 P=1 

. log, 5 =1 51 =5 

. log 0.01 = —2 10-7 = 0.01 
1\71 

log, 44 = -1 (3 =4 


‘quations 


Rewrite the equation in exponential form. 
1. log, 81 = 4 2. log, 4 = 1 3. log, 1 =0 
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4. log, 4 = —2 


Special Logarithm Values 


Let b be a positive number such that b # 1. 


LOGARITHM OF 1 log, 1 = 0 because b° = 1. 
LOGARITHM OF BASE b__log,, b = 1 because b! = b. | 


Evaluate Logarithmic Expressions 


Evaluate the expression. 


a. log, 64 b. log, 2 c. log, 9 


Solution 


To help you find the value of log, y, ask yourself what power of b gives you y. 


a. 4° = 64 What power of 4 gives 64? 
43 = 64 Guess, check, and revise. 
log, 64 = 3 Definition of log, y 

bi4'=2 What power of 4 gives 2? 
42 = 32 Guess, check, and revise. 

_ 1 eae 
log, 2 = 3 Definition of log, y 
iy 1 
. | a What power of 3 gives 9? 
-2 
(3) =9 Guess, check, and revise. 


loging 9 = —2 Definition of log, y 


Inverse Functions The logarithmic function g(x) = log, x is the inverse of 
the exponential function f(x) = b*. This means these statements are true: 


g(f(x)) =log,b* =x and —_f(g(x)) = bP * = x 


Use Inverse Properties 


a. Evaluate 10!°8 ©. b. Simplify log, 8*. 


Solution 
a. 10° = 10°10 =6 _ ib log, 8° = log, (2°)* = log, 2* = 3x 


mic Expressions 


5. Evaluate log, 64. 6. Evaluate log, ~ 7. Evaluate log, 4. 


8. Simplify 7!°27*. 9. Simplify log; 25°. 10. Simplify log, 64". 
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TUDENT HELP 


READING GRAPHS 

A positive value of hor 
ktranslates the graph to 
the right or up. 

A negative value of A or 
ktranslates the graph to 
the left or down. 


Because exponential functions and logarithmic functions are inverse functions, you 
can graph logarithmic functions using what you know about exponential graphs. 


Graphing Logarithmic Functions 


The graph of y = log, xis shown where b> 1. 
¢ The graph of y = log, xis the reflection 
of the graph of y = b* in the line y = x. 


¢ The graph of y = log, x includes 
(1, 0) and (b, 1). 


e The y-axis is a vertical asymptote. 


e The domain is x>0, and the range is 
all real numbers. 


You can also graph translated logarithmic functions: 


To graph y = log, (x — A), translate the graph of y = log, x horizontally / units. 
To graph y = log, x + k, translate the graph of y = log, x vertically k units. 


Graph Logarithmic Functions 


Graph the function. Describe the vertical asymptote. State the domain 
and range. 


a. y = log, x b. y = log, (x — 2) 
Solution 
For both graphs, find the two key points where y = 0 and where y = 1. 
a. Let x = 1. Then y = log, 1 = 0, b. Let x = 3. Then y = log, (3 — 2) = 0, 


so (1, 0) is on the graph. so (3, 0) is on the graph. 
Let x = 3. Then y = log, 3 = 1, Let x = 5. Then y = log, G — 2) = 1, 


so (3, 1) is on the graph. so (5, 1) is on the graph. 


The vertical asymptote is the y-axis. | The vertical asymptote is x = 2. 
The domain is x > 0, and the range The domain is x > 2, and the range 
is all real numbers. is all real numbers. 


Graph the function. Describe the vertical asymptote. State the 
domain and range. 


11. y = log.) x 12. y = log, & — 3) 13. y = log, x + 3 


8.4 Logarithms and Logarithmic Functions ia 


EZ) Exercises 


Guided Practice 


Vocabulary Check 1. What are common logarithms? 


2. Write an expression that represents the logarithm of y with base 4. 


Skill Check Rewrite the equation in exponential form. 


3. log, 64 = 2 4. log, 1 =0 5. log, 625 = 4 6. log, 27 = 3 
1 _ de et 1 _ 
7. log; 5 =-2 8. log 107 -1 9. log,,,16=—2 10. loging =3 
Evaluate the expression. 
11. log, 9 12. log, 4 13. log, | 14. log 1000 
1 
15. log. 35 16. log,,, 16 17. log, <6 18. log, 2 
Simplify the expression. 
19. log, 6" 20. log, 4° 21, 3!°83* 23. 502527 
23, sis 24. 7°87 10x 25. log, 16° 26. log, 81* 
Error Analysis Find and correct the error. 
27. 28. 
1094/3 ee) log, 27% = log, (VO rays 


because 5 °9=3 x = log, 3° + 3* 


= log. 


B2tx 


=2+*x x 


Practice and Applications 


STUDENT HELP Rewriting Logarithmic Equations Rewrite the equation in 


HOMEWORK HELP exponential form. 


Example 1: Exs. 29-44 
; ~ ; = 1. log, 1 = 
Example 2: Exs. 45-60 29. log, 16 = 2 30. log, 3 = 1 31. log, 0 


Example 3: Exs. 61-68 33. log, 256 = 4 34. log,, 1 =0 35. log, 729 = 3 
Example 4: Exs. 69-80 


37. log, 4 = =. 38. log, a; = —3 39. log 55 = 3 


41. log,,27=—3 42. log,,,6=—1 43. log, ,. 32 = —5 


32. log, 125 = 3 
36. log 100 = 2 


Evaluating Logarithmic Expressions Evaluate the expression. 


45. log, 81 46. log; 5 47. log,, 144 
49. log), | 50. log, 36 51. log 10,000 
53. log, 5 54. log, Tr 55. log, ~ 
57. log,), | 58. log, 5 59. log), 64 
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48. log, 128 
52. log, 343 
56. log a 


60. log,,, 81 


Using Inverse Properties Simplify the expression. 
61. log, 2" 62. log, 8° 63. 2!082* 64, 4/084 * 
65. 10!e2 3 66. 6'°%6 >* 67. log, * 68. log, 16° 


Matching Match the function with its graph. 
69. y = log, & — 3) 70. y = log, x + 3 71. y= log, x + 2 


Graphing Logarithmic Functions Graph the function. Describe the 
vertical asymptote. State the domain and range. 


72. y = log, x 73. y = log, x 74. y= log, x 
75. y = log, @ — 5) 76. y = log, (x — 3) 77. y = log, @ + I 
78. y = log, x +4 79. y = log, x + 6 80. y = log. x — 2 


81. Logical Reasoning Graph the functions y = log x, y = 5 log x, and 
y = 10 log x in the same coordinate plane. How are they similar? How are they 
different? How does changing k in the equation y = k log x affect the graph? 


:} evaluate the common log. Round your answer to the nearest 
hundredth. 


82. log 5 83. log 13 84. log 150 85. log 2010 


| Common Logarithms In Exercises 82-85, use a calculator to 


E Natural Logarithms In Exercises 86-89, use the information 
=) below. Round your answer to the nearest hundredth. 


The logarithm with base e is called the natural logarithm. It can be denoted by log,, 
but it is more often denoted by In. Use the key on your calculator to evaluate the 
following expressions. 


86. In e 87. In6 88. In 25 89. 3 In 40 


Earthquakes In Exercises 90-93, use the following information. 


The Richter magnitude R of an earthquake measured 100 km away from 
its epicenter can be approximated by the model R = log A + 3 where A is 
the amplitude (in millimeters) of the greatest wave length recorded on a 
seismograph. 


90. Determine the Richter magnitudes R of earthquakes with amplitudes A 
of | millimeter, 10 millimeters, and 100 millimeters. 


91. Determine the Richter magnitudes R of earthquakes with amplitudes A 
of 2 millimeters, 20 millimeters, and 200 millimeters. 


92. Determine the Richter magnitudes R of earthquakes with amplitudes A 
of 5 millimeters, 50 millimeters, and 500 millimeters. 


93. Graph y = log x + 3. Find the amplitudes associated with two different 
earthquakes whose magnitudes have a difference of 0.5. Then find the ratio 
of the amplitudes. Does the ratio depend on the specific magnitudes you choose? 
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EOLOGY 


= 4 | 


SIEVES A geologist may 

use a series of sieves with 
increasing fineness. Larger 
particles are collected by the 
sieve and smaller particles 
pass through it. 


Standardized Test 
Practice 


Geology In Exercises 94-97, use the table and the following 
information. 


Geologists have developed a system 
called the phi scale for describing 
sediment particle sizes. The size s of a 
particle in phi units is given by the model 
s = —log, d where d is the diameter of 
the particle in millimeters. 


Particle Diameter 


94. Find the size of a small cobble 
particle in phi units. 


97. Logical Reasoning Geologists use phi values to describe their sieves. A 
sieve with a given phi value collects all particles with a smaller phi value. What 
particles from the table does a sieve with a phi value of 2 collect? 


95. Find the size of a fine gravel 
particle in phi units. 


96. Find the size of a very fine sand 
particle in phi units. 


98. Challenge Copy and complete the table below for the function y = log, ,, x. 
Then graph the function in a coordinate plane. 


What are the characteristics of the graph of y = log, x when b is between 0 and 
1? Explain how the graph is related to the graph of y = b* when b is between 
0 and 1. 


99. Multiple Choice Which statement follows from the equation 7° = 343? 


@ log, 7 = 343 log, 343 =7 

© log, 343 = 3 @D) log, 3 = 343 
100. Multiple Choice Evaluate the expression log, . 

® -2 @ -5 ® 5 D2 
101. Multiple Choice Which of the following is equivalent to the 

expression log, 16°? 

@ x 2x © 4x @) 8x 
102. Multiple Choice Which function’s graph is shown below? 

®) y = log, x 

@ y= log, x 


QD y =log,x-1 
® y = log, « + 1) 
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Mixed Review 


Geometry Skills 


Quiz 2 


Lesson 8.3 


Lesson 8.3 


Lesson 8.4 


Lesson 8.4 


Comparing Steepness Tell which line is steeper. (Lesson 2.3) 


103. Line 1: through (5, 4) and (7, 4) 
Line 2: through (5, 4) and (7, 8) 


104. Line 1: through (0, 0) and (5, 10) 
Line 2: through (0, 0) and (—5, 15) 
Evaluating Numerical Expressions Evaluate the expression. Tell 
which properties of exponents you used. (Lesson 6.1) 
105. 5° + 57 106. (2°)! 
107. (6 + 3)? 108. 2-4-27! 
Writing Exponential Functions Write an exponential function of 


the form y = ab* whose graph passes through the given points. 
(Lesson 8.3) 


109. (1, 20), (2, 40) 110. (1, 12), (2, 36) 
111. (1, 2.5), (2, 12.5) 112. (0, 7), (2, 175) 


Circles Find the circumference and the area of the circle with the 
given dimension. Round your answer to the nearest whole number. 


113. 114. fim 115. 


Determine whether the function shows exponential growth or 
exponential decay. Then identify the initial amount and the percent 
increase or decrease. 


1. y = 60(1 — 0.2)! 2. y = 4(1 + 0.05)’ 3. y = 7500(1.5)' 
Write an exponential growth or decay model that describes the 
situation. 


4. Lathes A company purchases a lathe for $2500. Each year, the value V of the 
lathe decreases by 10%. 


5. Souvenir You buy a souvenir T-shirt at a concert for $25. Each year, the value 
V of the T-shirt increases by 5%. 


6. Savings Account You deposit $500 into an account. Each year, the amount 
A in the account increases by 2.5% compounded continuously. 


Evaluate the expression. 


7. log,, 121 8. log, 216 
1 
9. log 100,000 10. log, 31 
Simplify the expression. 
11. log, 7° 42, 120e* 
13. log, 25* 14. log, 64° 
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USING A GRAPHING CALCULATOR (For use with Lesson 8.4) 


8.4 


To graph a logarithmic function having a base other than 10 on a calculator, 
you can use the following change-of-base formula to rewrite the function in 
terms of common logarithms. 


Change-of-Base Formula 


Let x, b, and c be positive numbers such that b # 1 andc# 1. 


log. x ‘ log x 
Then, log, x = Be . In particular, log, x = g 


log, b log b 
=, 
EXAMPLE Use a graphing calculator to graph y = log, x. 
SOLUTION 
© Use the change-of-base formula to rewrite the function. 
-| _ logx 
ls log 2 
(2) Enter the function into a graphing calculator. 
TUDENT HELP 
KEYSTROKE HELP | Y1gilog(X)/Log(2) 
See keystrokes for Y2= Use parentheses with the log 
several models of Y3= function so the calculator 
calculators at ] ete | evaluates the expressions 
www.classzone.com. Yo= correctly. 
Y7= 
3 ] Graph the function. 
| 
The graph of y = log, x passes 
through (1, 0) and (2, 1). The 
y-axis is a vertical asymptote. 
EXERCISES 
Graph the function. Give the coordinates of two points through which 
the graph passes, and describe the vertical asymptote of the graph. 
1. y = log, x 2. y = log, x 3. y = log, (x — 1) 
4. y = log, (x + 1) 5. y =log,x + 1 6. y = log, @ + 1) +2 
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8:5 


DEVELOPING CONCEPTS (For use with Lesson 8.5) 


Goal 


Discover the product 
and quotient properties 
of logarithms. 


Materials 
e pencil 


¢ paper 
¢ calculator 


QUESTION 


How are the logarithms of two numbers related to the 
logarithms of their products and quotients? 


EXPLORE 


@ Copy and complete the table one row at a time. 


log 1000 =? | log 100,000 = ? 


log 10 =? log 0.1 =? log 1 =? 


log, 8 =? 


log 1000 = ? 


log 100 = ? log 10= ? 


log 1000 = ? 


log 10 =? log 0.01 =? 
log, 243 = ? 


log, 27 =? log, 9 =? 


log, 125 =? log, 625 = ? 


THINK ABOUT IT 


1. Use the first table to write a conjecture about the relationship among 
log, m, log, n, and log, mn. 


2. Use the second table to write a conjecture about the relationship among 


log, m, log, n, and log, on 


F Use log, 4 ~ 1.262, log, 5 ~ 1.465, and log, 6 ~ 1.631 to find 
=] the value of the expression to the nearest thousandth. 
3. log, 20 4. log, 24 5. log, 30 
6. log, 16 7. log, 25 8. log, 36 
4 5 2 
9. log, 5 10. log, é 11. log, 3 
12. log, 2 13. log, 2 14. log, ; 


8.5 Properties of Logarithms a 


Properties of Logarithms 


Key Words | GOAL | Use the properties of logarithms. 
¢ logarithm, p. 433 


How much louder are two guitars 
than one? 


In Example 4, you will use a logarithmic 


Simplify. equation to explore this problem. 
1. log 100 + log 1000 Because of the relationship between 
2. log, 64 — log, 16 logarithms and exponents, logarithms 
F have properties similar to the properties 
3. log, 49 of exponents. 


4. 8 log, 27 


Properties of Logarithms 


Let b, m, and n be positive numbers such that b # 1. 
PRODUCT PROPERTY log, mn = log, m+ log, n 
QUOTIENT PROPERTY log, @ = log, m-—log,n 


POWER PROPERTY log, m” = nlog,m 


Use Properties of Logarithms 


Use log, 2 ~ 0.356 and log, 5 ~ 0.827 to find the value of the expression to the 
nearest thousandth. 


a. log, 2 b. log, 10 c. log, 25 
Solution 
a. log, 2 = log, 2 — log; 3 Quotient property 
=~ 0.356 — 0.827 Use the given values of log, 2 and log, 5. 
= —0.471 Simplify. 
b. log, 10 = log, (2 + 5) Express 10 as a product. 


= log, 2+ log, 5 Product property 
= 0.356 + 0.827 Use the given values of log, 2 and log, 5. 


= 1.183 Simplify. 
c. log, 25 = log, oa Express 25 as a power. 
= 210g,.9 Power property 
=~ 2(0.827) Use the given value of log, 5. 
= 1.654 Simplify. 
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You can use the properties of logarithms to expand and condense logarithmic 
expressions. (An expanded expression is a sum or difference of logs; a 
condensed expression is a single log expression.) When you do this, assume all 
variables are positive. 


Expand a Logarithmic Expression 


Expand the expression. Assume all variables are positive. 


a. log, 5x* b. log, “ 
Solution 
a. log, x = log, 5 + log, x? Product property 
= log, 5 + 2 log, x Power property 
b. log, a = log, 3x — log, y Quotient property 
= log, 3 + log, x — log, y Product property 


Condense a Logarithmic Expression 


Condense the expression. 


a. log 16 — 2 log 2 b. 3 log 5 + log 4 


Solution 
a. log 16 — 2 log 2 = log 16 — log 2” Power property 


= log 72 Quotient property 
= log 4 Simplify. 
b. 3 log 5 + log 4 = log 5° + log 4 Power property 
= log (5° + 4) Product property 
= log 500 Simplify. 


hmic Expressions 


Use log, 3 ~ 0.683 and log, 7 ~ 1.209 to find the value of the 
expression to the nearest thousandth. 


1. log, 21 2. log; 9 3. log; 49 4. log. : 
Expand the expression. Assume all variables are positive. 
3 5x 4x? 
5. log, Sx 6. log 2x 7. log, = 8. log, =e 


Condense the expression. Assume all variables are positive. 
9. log, 12 — log. 4 10. log, 7 + log, 5 
11. log 4 + 2 log 3 12. 3 log x — logy 
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AREERS 


SOUND TECHNICIANS 
use equipment to amplify, 
enhance, record, mix, or 
reproduce sound. They 
may work in radio or 
television studios or at live 
performances. 


Use Properties of Logarithms 


Sound The loudness L of a sound (in Decibel level c ; 
decibels) is related to the intensity / of the vad ebb bl ae 


sound (in watts per square meter) by the 
equation 

P50 tava nn 
where J, is an intensity of 10~"? watt per 
square meter, roughly the faintest sound 

Rustling leaf 


a. Two guitarists play their guitars at an intensity of 10~+ watt per square meter. 
How much louder is the sound than when only one is playing? 


L= 10 log 4 
0 


that can be heard by humans. 


b. Generalize the result in part (a) by using J for the intensity of each guitar. 


Solution 


a. Let L, represent the loudness when one guitarist is playing. Let L, represent 
the loudness when both guitarists are playing. 


The increase in loudness is L, = L,. 


L, — L, = 10 log 2 10 log man Substitute for L, and L,. 
= 10flog (2 - 108) — log 10%} Simplify. 
= 10(log 2 + log 108 — log 108) Product property 
= 10 log 2 Simplify. 
~ 3.01 Use a calculator. 


ANSWER > The music is about 3 decibels louder. 


b. The increase in loudness is L, = L,. 


= 7 I 
L, — L, = 10 log 0-2 10 log 0-2 
= 21 I 
= 10 {log o8 log Tal 
= 10 [log 2 + log —.. — tog 
. Sto? °F 19-2 
= 10 log 2 
~ 3.01 


ANSWER > Again, the music is about 3 decibels louder. This result tells you that 
when the intensity of a sound doubles, the loudness increases by 
3 decibels, regardless of the intensity of the original sound. 


13. Redo Example 4 to find the increase in loudness when four guitarists 
play instead of one. 


a Chapter 8 Exponential and Logarithmic Functions 


WE Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 22-33 
Example 2: Exs. 34—45 
Example 3: Exs. 46-57 
Example 4: Exs. 58-66 


1. What is the base of a common logarithm? 


2. The equation log, 16 = 4 log, 2 is an example of which property? 


Use log, 3 ~ 0.613 and log, 7 ~ 1.086 to find the value of the 
expression to the nearest thousandth. 


3. log, 21 4. log, 3 5. log, 49 6. log,+ 
Expand the expression. Assume all variables are positive. 

7. log 2x 8. log x° 9. log, 9x? 10. log, 4x 
11. log 5 12. log % 13. log, 5 14. log, 
Condense the expression. Assume all variables are positive. 

15. log, 3 + log, 7 16. 6 log 2 — log 3 17. log, 7 + 3 log, 2 
18. 8 log, x + log, 4 19. 5 log y — log x 20. 2 log, 10 — log, x 


21. Error Analysis Find and correct the error in expanding the expression. 


ae = 2 
109.4 Tey = log, 16y — log, x 
= log, 16 + log, y — log, x? 
=2+ log,y — 2log,x 


Matching Match the expression with its equivalent. 
22. log 2 + log 8 23. log 8 — log 2 24. 8 log 2 25. 2 log 8 
A. log 4 B. log 16 C. log 64 D. log 256 


Approximating Expressions Use log, 4 ~ 0.861 and log, 9 ~ 1.365 to 
find the value of the expression to the nearest thousandth. 


26. log, 36 27. log, 81 28. log, = 29. log, 3 
30. log, 4 31. log, 4 32. log, < 33. log, = 


Expanding Expressions Expand the expression. Assume all 
variables are positive. 


34. log x? 35. log 5x 36. log, 9x 37. log, Te 

38. log, < 39. log xy 40. log, xy 41. log, Tey 
x x 3 y 

42. log, } 43. log, 52 44. log. - 45. log, 0S 


8.5 Properties of Logarithms a 


SOIL pH Hydrangea plants 
develop blue blossoms when 
the soil pH is 4.5 and pink 
blossoms when the soil pH 
is 6.8. 


Condensing Expressions Condense the expression. Assume all 
variables are positive. 


46. log, 9 + log,7 47. log, 2 — log. 3 48. 3 log 2 — log 4 

49. 2 log, 5 + log, 3 50. 3 log, x + log, 6 51. 2 log, x — log, 2 
52.7 logy + 3 log 4 53. 4 log, x — 5 log, 2 54. log, y — 4 log, x 
55. 6 log, y + 8 log, x 56. 2 log x — log y 57. log, x + 2 log, y 


Acoustics In Exercises 58-62, use the following logarithmic equation 
from Example 4. 
_ I 
L = 10 log 2 
58. The intensity of the sound made by an alarm clock is about 10~+ watt per square 
meter. Find the decibel level of the alarm clock. 


59. On parts of the Colorado River, boats must meet noise emission levels. A noise 
level above 86 decibels is illegal for any engine. The intensity of the sound 
emitted by a boat engine is 6.3 x 10+ watt per square meter. Would the noise 
level of the engine be illegal? 


60. Find the difference in the loudness of a sound with an intensity of 10~’ watt per 
square meter and a sound with an intensity of 10~? watt per square meter. 


61. Three subway trains leave a station at the same time. The intensity of the sound 
created by each train is 10~* watt per square meter. How much louder is the train 
station when all three subway trains leave, compared to when just one subway 
train leaves? 


62. Generalize the result in Exercise 61 by using / for the intensity of each subway 
train. Interpret the result. 


Chemistry Link’, In Exercises 63-66, use the following information. 


Lemon juice, vinegar, and cider are examples of liquids that are acidic. In 
chemistry, how acidic a substance is can be measured precisely as its pH. 


The pH of a solution is defined by the equation 
pH = —log x 
where x is the hydrogen ion concentration of the solution (in moles per liter). 


63. Based on the table at the right, is a liquid Evamnls 
with pH = 1.8 more or less acidic than a 


pH 

guid with pH = 4.3? 
64. Evaluate the pH of solutions where x = 0.027, 

x =4.3x 10-4, and x = 1.2 x 107°. = 
65. Evaluate the pH of solutions where x = 0.001, , 

x=110"**, andx=1% 107%. 
66. When the hydrogen ion concentration apple cider 

of a solution can be written in the form 

1 x 10", what is the pH of the solution? 

Use the properties of logarithms to explain 


your answer. 


| Chapter 8 Exponential and Logarithmic Functions 


Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


Challenge Use the given hint and properties of exponents to prove 
the property of logarithms. 


67. PRODUCT PROPERTY: log, mn = log, m + log, n 

(Hint: Let x = log, mand let y = log, n. Then m = b* and n = b”.) 
68. QUOTIENT PROPERTY: log, a = log, m — log, n 

(Hint: Let x = log, mand let y = log, n. Then m = b* and n = b’.) 
69. POWER PROPERTY: log, m" = n log, m 

(Hint: Let x = log, m. Then m = b* and m” = b*”.) 


70. Multiple Choice What is the approximate value of log, 2 given that 
log, 3 ~ 1.585 and log, 5 * 2.322? 


CA) 3.907 0.737 ©) 0.683 @®) —0.737 
71. Multiple Choice Which of the following is not equivalent to log, oe 

©) 4 log, y — log, 3x @ 4 log, y — log, 3 + log, x 

@® 4 log, y — log, 3 — log, x ® log, y* — log, 3 — log, x 


72. Multiple Choice Which of the following equations is correct? 
@ log, x + 2 log, y = log, (x + y’) 
9 log x — 2log y= log 
© 5 log, x + 7 log, y = a xy’ 
@®) log, x — 5 logy y = log, y 


Solving Equations Solve the linear equation. (Lesson 7.4) 


73.5-—x=1 74. 13y = 52 75.5 +1= 10 

76. 5x =x + 24 77. 7m + 33 = —4m 78. 3x + 11 =2x—-1 
79. 36 — 6u = 12u 80. Sy — 1 =8y-1 81. L(x + 25) = 10 
Solving Equations Solve the quadratic equation. (Lesson 5.9) 

82. x? + 12x + 18 =0 83. x7 — 8 + 14=0 84. x7 —4x+1=0 
85.x7 + 14x + 41 =0 86. 2x* + 12x+6=0 87. 3x7 — 24x +9 =0 


Evaluating Logarithmic Expressions Evaluate the expression. 
(Lesson 8.4) 


88. log, 7 89. log, 25 90. log,, 13 
91. log, 1 92. log, 93. log, ~ 
94. log, 3 95. log), 128 96. log, ,, 49 


Exterior Angles Find the measure of an exterior angle of the regular 
polygon. What kind of polygon is it? 


97. 98. 99. 


8.5 Properties of Logarithms 


Key Words 
¢ extraneous solutions, 
p. 366 


Solve the equation. 
1.2x-7=9 

2. 4x +5=x- 13 
3.x+7=15-x 
4.5x-8=x+12 


Solving Exponential and 
Logarithmic Equations 


Cre Solve exponential and logarithmic equations. 


To solve an exponential equation you can use the property that if two powers 
with the same base are equal, then their exponents must be equal. 


Equal Powers Property 


For b>0 and b # 1, if bX = bY, then x = y. 
EXAMPLE If 3% = 3°, then x = 5. 


Solve Using Equal Powers Property 


Solve the equation. 


a. 42 = 49x —5 b. 22% = 4*t! 
Solution 
a. 427 = 47-5 Write original equation. 
2=9x-5 Equal powers property 
1 =9% Add 5 to each side. 
z =x Divide each side by 9. 


ANSWER > The solution is 4 Check this in the original equation. 


b. 93x =4grtl 
93x — (22)* +1 
93x = gx +1) 


Write original equation. 
Rewrite 4 as 2? so powers have same base. 


Power of a power property 


3x = 2(x + 1) Equal powers property 
3x = 2x +2 Distributive property 
x=2 Subtract 2x from each side. 


ANSWER > The solution is 2. Check this in the original equation. 


ers Property 


Solve the equation. 
1.2% 4= 23 
4. gx+2 = 16% ~ 4 


2. 3% 2 = 35% — 6 3.5°+3 = 54-9 


56° = 307"? 6. 10*~ 3 = 100%" ° 


Chapter 8 Exponential and Logarithmic Functions 


It may not be convenient to write each side of an exponential equation using the 
same base. You can still solve the equation by taking the common logarithm of 
each side. 


Take a Common Logarithm of Each Side 


Solve 3* = 5. 
Solution 
i) Write original equation. 
log 3* = log 5 Take common logarithm of each side. 
x log 3 = log 5 Power property of logarithms 
log 5 oe: , 
x= jog 3 Divide each side by log 3. 
x = 1.465 Use a calculator. 


ANSWER > The solution is about 1.465. Check this in the original equation. 


Take a Common Logarithm of Each Side 


Solve 10°*~ ! = 19. 


Solution 
10°"? = 19 Write original equation. 
log 10°* — 1 = log 19 Take common logarithm of each side. 
3x — 1 = log 19 log 10% = x 
3x = 1 + log 19 Add 1 to each side. 
1 + log 19 oe ; 
x= Divide each side by 3. 
x = 0.760 Use a calculator. 


CHECK You can check the solution by : 

substituting it into the original equation. i 

Or, you can check the solution graphically 

by graphing each side of the original 
a Y=19 2 


equation as a function. 
y, = 10"! and y, = 19 
The two graphs intersect when x ~ 0.760. / om = 


ithm of Each Side 
Solve the equation. 
7.2% =9 8.47 =5 9. 3* = 40 
10. 10°* =5 11. 102°+5 =6 12. 10°* —4= 13 


8.6 Solving Exponential and Logarithmic Equations ia 


Logarithmic Equations To solve a logarithmic equation, use the following 
property of logarithms with the same base. 


Equal Logarithms Property 


For positive numbers b, x, and y where b # 1: 


log, x = log, yif and only if x = y | 


Solve a Logarithmic Equation 


Solve log, (4x — 3) = log, (x + 6). 


Solution 
log, (4x — 3) = log, (x + 6) Write original equation. 
4x —-3 =x +6 Equal logarithms property 
4x=x+9 Add 3 to each side. 
3x =9 Subtract x from each side. 
x=3 Divide each side by 3. 


ANSWER > The solution is 3. Check this in the original equation. 


Exponentiate Each Side of an Equation When only one side of an equation is 
a logarithmic expression, you can exponentiate each side of the equation, that is, use 
each side of the equation as an exponent in an expression with the same base. 


For b> 0 and b # 1, if x = y, then b* = D’. 


Exponentiate Each Side 


Solve log, (3x + 1) =4. 


Solution 
"gta HELP log, 3x +1) =4 Write original equation. 
oe both qloga(3x + ) = 24 Exponentiate each side using base 2. 
sides of the equation in 3x +1= 16 b!n* = x 
Example 5 because the 
original equation uses a 3x = 15 Subtract 1 from each side. 
logarithm with base 2. x=5 Divide each side by 3. 


ANSWER > The solution is 5. Check this in the original equation. 


Solve the equation. 
13. log, (x + 2) = log, (2x — 5) 14. log, (8x —9) = log, (3x + 1) 
15. log, (7x + 2) = 2 16. log, (Sx + lI) =4 


ia Chapter 8 Exponential and Logarithmic Functions 


STUDENT HELP 


AVOID ERRORS 
When you solve 
logarithmic equations, 
check to see if any 


solutions are extraneous. 


Logarithmic functions 
do not include negative 
values in their domains. 


Check for Extraneous Solutions 


Solve log 10x + log (« — 3) = 2. Check for extraneous solutions. 


Solution 
log 10x + log (« — 3) = 2 Write original equation. 
log [10x(x — 3)] = 2 Product property of logarithms 
Ios = 27 = 107 Exponentiate each side using base 10. 
10x(x — 3) = 100 103" =y 
10x? — 30x = 100 Simplify. 
10x? — 30x — 100 = 0 Subtract 100 from each side. 
10(x — 5) + 2) =0 Factor. 
x=5 or x=-2 Zero product property 


The solutions appear to be 5 and —2. 
However, when you check these in 
the original equation or use a graphic 
check as shown at the right, you can 
see that x = 5 is the only solution. | 


ANSWER > The solution is 5. 


Use Logarithms with an Exponential Model 


Radioactive Decay The exponential decay model for predicting the 
amount A of material left in a radioactive sample after ¢ years is 
= e D7t/h 
A= Ay 2 
where A, is the initial amount of the substance and h is the half-life of the 


substance. 


Cesium is an element found in rocks and soil. A radioactive form of cesium, 
'37Cs (read as ““Cesium-137”), has a half-life of about 30.2 years. How long 
does it take for 32 grams of !7’Cs to decay to 4 grams? 


Solution 
AS Aas aa Write radioactive decay model. 
4 = 32 6 2-#302 Substitute 4 for A, 32 for A,, and 30.2 for h. 
; Soule Divide each side by 32. 
log, a = log, Ps Take logarithm of each side using base 2. 
—3= 5 log, bX = x 
90.6 = Multiply each side by —30.2. 


ANSWER > It takes about 90.6 years for 32 grams of !77Cs to decay to 
4 grams. 


8.6 Solving Exponential and Logarithmic Equations ia 


ZZ Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


" sapheataidd HELP 

HOMEWORK HELP 
Example 1: Exs. 20-25 
Example 2: Exs. 26-35 
Example 3: Exs. 26-35 
Example 4: Exs. 36—41 
Example 5: Exs. 42-48 
Example 6: Exs. 49-54 
Example 7: Exs. 55—57 


1. The equation 6° = 6* is an example of what kind of equation? 


2. Explain the difference between taking the common logarithm of each side of an 
equation and exponentiating each side of an equation. 


Solve the equation. 


3. 33 = 8 4. 45 = 42x—5 5. 32x tla 3x71 
6.7 "= 49 70 SAG? 5 =12 
9. 7* = 50 10. 10% +3 =3 11. 10°* + 4 = 15 


Solve the equation. 

12. log, x = log, (2x — 3) 

14. log, (5x — 7) = log, (2x + 3) 
16. log, (7x + 1) = 3 


13. log, 4x = log, (2x + 5) 
15. log, 5x = 3 
17. log, (6x — 3) =4 


Error Analysis Describe and correct the error. 


18. 19. 
b= 56°>" log, (5x — 1) =4 
6% = (6)* = glog, (5x—1) = 43 
6>* = 62-1 5x —1= 64 
3x = 2x — 1 5x = 65 


Xx X 


x=-1 x=13 


Solving Exponential Equations Use the equal powers property to solve 
the equation. 


20. 34 = 37! 
23. 5° © = 25" 


22.7% -4= 7 
25. 26x — 1 = gx tl 


21.6% ~7=6'8 
24. 44° +3 = 64 


®)| Solving Exponential Equations Take the common logarithm of 


#4] each side to solve. Round your answer to the nearest thousandth. 
26. 


2* = 14 27.3% =7 28. 8* = 10 
29. 7° = 5 30. 10° = 27 31. 5** = 100 
32. 10° *! = 13 33.10 *+5=8 34. 10% ~ 5+ 11 = 20 
35. Population The population of a county can be approximated by the model 


P = 3762(0.964)' where f is the number of years since 2000. According to this 
model, when will the population of the county be about 2800? 


fi Chapter 8 Exponential and Logarithmic Functions 


Solving Logarithmic Equations Use the equal logarithms property 
to solve the equation. 


36. log x = log (5x — 12) 37. log (x + 7) = log 2x 
38. log, 4x = log, (2x + 8) 39. log, 2x = log, (3x — 2) 
40. log, (3x — 4) = log, (« + 2) 41. log, (3x — 1) = log, (7x — 8) 
Solving Logarithmic Equations Exponentiate each side to solve the 
equation. 
42. log, 2x =5 43. log, 10x = 2 
44. log, (4x — 1) =3 45. log, (7x + ll) = 1 
_ 1 aol 
46. log, (2x — 3) = si 47. log, (4 — x) = 3 


48. Earthquakes The moment magnitude scale is a way to measure earthquakes. 
The moment magnitude M is defined by 


M= = (log s— 16) 


where s is the seismic moment (in dyne-centimeters). The largest earthquake 
of the last century occurred in Chile in 1960. It had a moment magnitude M of 
about 9.5. Approximate the seismic moment s of the earthquake. 


Extraneous Solutions Solve the equation. Check for extraneous 


solutions. 

49. log 2x = log (Sx + 6) 50. log (2x — 5) = log (4x — 9) 

51. log x + log (x + 30) = 3 52. log 2x + log (x — 5) = 2 
SEISMOLOGISTS study 53. log (—x) + log (x + 20) = 2 54. log, (x + 12) + log, x = 3 


earthquakes. Seismologists 

can measure earthquakes 

in multiple ways, including 

magnitude and intensity. 55. The half-life of 7!°Pb (lead-210) is 22.3 years. How long does it take for 
64 grams of 7!°Pb to decay to 2 grams? 


56. The half-life of *?°Ra (radium-226) is 1600 years. How long does it take for 
160 grams of ??°Ra to decay to 10 grams? 


57. The half-life of ©°Co (cobalt-60) is 5.27 years. How long does it take for 
50 grams of ®°Co to decay to 20 grams? 


Science Link», In Exercises 55-57, use the formula for radioactive decay 
from Example 7. 


58. Challenge Suppose you know the half-life / of a radioactive substance. About 
how long, in terms of h, does it take for an amount of the substance to decay to 


less than of its original amount? Explain your reasoning. 


1000 
Standardized Test 59. Multiple Choice What is the solution of (3) = 243? 
Practice 5 4 © -5 @® -6 
60. Multiple Choice What is the solution of log, (7x — 3) = log, (2x + 2)? 
© 4 @ 1 ® -1 ® -4 
61. Multiple Choice For what value(s) does log, 8x + log, (x — 2) = 3? 
@ —2,4 =2 © 4 @) no solution 


8.6 Solving Exponential and Logarithmic Equations faa 


Mixed Review 


Geometry Skills 


Quiz 3 


Lesson 8.5 


Lesson 8.5 


Lesson 8.5 


Lesson 8.6 


Lesson 8.6 


Rewriting Equations Solve the equation for y. (Lesson 1.5) 


62.5x+ y= 11 63. 4x + 3y = —9 64. 8x —y=2 
65. —2y + 6x = —3 66. 2x + y= —5 67. 5x-y=3 


Finding Equations The variables x and y vary directly. Write an 
equation that relates the variables. (Lesson 2.6) 


68. x = ly=9 69. x = 38, y= 19 70. x = —10,y= —30 
71.x.=—-7y=1 72.45 = 0,9 > =39 73. x =1.5,y = 12 


Adding and Subtracting Functions Let f(x) = —x* + 3x — 1 and let 
g(x) = 2x? — x. Perform the indicated operation. (Lesson 7.4) 


74. f(x) + g(x) 75. g(x) + f@) 76. f(x) + f(x) 
77. g(x) + g(x) 78. f(x) — g(x) 79. g(x) — fx) 
Surface Area The area of the base is given. Find the surface area. 
80. B = 78.5 cm? 81. B = 6.88 ft” 82. B = 6m’ 


12 cm 


5 cm 


Expand the expression. Assume all variables are positive. 


1. log, 5x! 2. log, + 3. log, xy? 
Condense the expression. Assume all variables are positive. 

4. 2 log 3 + 8 log y 5. 4 log, y — 5 log, x 

6. 3 log, x — log, 5 7. 6 log, y + 4 log, x 


8. Air Horn An air horn emits sound with an intensity / of 1 watt per square 
meter. Find its decibel level L using the formula below. 
I 

10-2 

How much louder is the sound of five air horns, compared to just one air horn? 


L = 10 log 


Solve the equation. 
9. eax =3 = g3x 10. 92x +5 _ 16** 1 
11. 9 = 100 12.7" = 
Solve the equation. Check for extraneous solutions. 
13. log, 5x = log, (3x + 7) 14. log, 10x = 7 
15. log, (I5x + 4) =2 16. log &@ + 45) + logx = 4 


a Chapter 8 Exponential and Logarithmic Functions 


Chapter Summary 
and Review 


VOCABULARY 


¢ exponential function, p. 412 ¢ exponential decay function, ¢ natural base e, p. 429 


¢ exponential growth p. 419 ¢ common logarithm, p. 433 
function, p. 412 ¢ growth factor, decay factor, * logarithm of y with base b, 


° asymptote, p. 472 p. 426 p. 433 


VOCABULARY EXERCISES 


1. How is the graph of an exponential growth function different from the graph of 
an exponential decay function? 


2. Give a real-life example of a quantity that can be modeled as a function of time 
by an exponential decay function. 


3. Which functions in this chapter have horizontal asymptotes? Which functions 
have vertical asymptotes? 


4. The logarithm of y with base b is referred to as the common logarithm under 
what condition for b? 


| EXAMPLE | An exponential growth function has the form y = ab* with a> 0 and b> 1. 
The graph of y = 3” is shown in blue below. It includes (0, 1) and (1, 3). 


You can graph y = 3** 7, Sketch the graph of 

y = 3*. Then translate it 2 units to the left. The 
graph passes through (—2, 1) and (—1, 3). It has 
the x-axis as an asymptote. The domain is all 
real numbers, and the range is y > 0. 


You can also graph y = 3* + 2. Sketch the graph 
of y = 3”. Then translate it 2 units up. The graph 
ae Eels passes through (0, 3) and (1, 5). It has the line 
5 1,p.412 y = 2 as an asymptote. The domain is all real 
numbers, and the range is y > 2. 


6 2, p. 413 
7,8  3,p.414 


Graph the exponential function. Describe the horizontal asymptote. 
State the domain and range. 


5. y = 3* 6.y=5+2 7.y=3**4 8.y=2°-4 


Chapter Summary and Review ia 


| EXAMPLE | An exponential decay function has the form y = ab‘ witha > 0 and0<b< 1. 


The graph of y = (ay is shown in blue below. It passes through (0, 1) and (—1, 3). 


ell coes is 

Review HEL You can graph y = | +) 2. Sketch the graph of y | +) ’ 
Exercises Examples 
9 1, p. 419 : 

10 2, p. 420 through (0, —1) and (—1, 1). It has the line y = —2 as 


Then translate it 2 units down. The graph passes 


1 3, p. 420 an asymptote. The domain is all real numbers, and the 
12 4, p. 421 range is y> —2. 


Graph the exponential function. Describe the horizontal asymptote. 
State the domain and range. 


x x x+4 x 
9. y= (2) 10. y = 3(3] 11.9 =(2] 12. y = (5) +4 


LING WITH EXPONENTIAL FUNCTIONS | a 


| EXAMPLE | You can write an exponential function of the form y = ab* whose graph passes 
through two points, such as (1, 21) and (2, 63). 


STEP @ Substitute the coordinates of the two points into y = ab* to obtain 
two equations in a and b. 


21 = ab! 
63 = ab* 
STEP ® Solve the first equation for a. 
pe 
b 
STEP € Substitute the expression for a into the second equation. Solve for b. 
a= [2p 
63 = 21b 
3=b 


STEP @ You know b = 3, so you can solve for a. 


REVIEW HELP 


Exercises Example 
13-16 3, p. 427 


So, y = 7 ¢ 3* is the exponential function whose graph passes through 
(1, 21) and (2, 63). 


Write an exponential function of the form y = ab* whose graph passes 
through the given points. 


13. (1, 16), (2,128) = 14. (2, 20), (, 40) 15. (1, 2), (3, 18) 16. (2, 10), (3, 20) 


ia Chapter 8 Exponential and Logarithmic Functions 


| EXAMPLE | You can evaluate logarithmic expressions and graph logarithmic functions. 


To evaluate log,,, 81, ask yourself what power of ; gives you 81. 


(5) = 81 What power of ; gives 81? 


-4 
(| = 81 34 = 81 so use a negative exponent. 


log) ,cb = =4 Definition of log, y 


| EXAMPLE | To graph y = log, (x + 3), first sketch the graph y 


of y = log, x. Then translate the graph 3 units to 


the left. eS EE 
REVIEW HELP A 
Exercises Examples The graph includes (—2, 0) and (1, 1). It has the 
17-20 2, p. 434 line x = —3 as a vertical asymptote. The domain 
21-24 4, p. 435 is x > —3, and the range is all real numbers. 


Evaluate the expression. 
17. log, 243 18. log, J 19. log, , 256 20. log. 7 


Graph the function. Describe the vertical asymptote. State the 
domain and range. 


21. y = log,x + 5 22. y = log, x — 5 23. y=log,(@—5) 24. y= log, @ + 5) 


| EXAMPLE | You can use product, quotient, and power properties of logarithms to expand and 
condense logarithmic expressions. Assume all variables are positive. 


PROP 


6 
Expand log, = = log, 6y — log, x Quotient property 


= log, 6 + log, y — log, x Product property 


ks = is 3 
Prview HELE Condense log, 7 + log, 3 — 3 log, y = log, 7 + log, 3 — log, y Power property 


Exercises Examples = log, 21 — log, Be Product property 


25-28 2, p. 443 
29-32 3, p. 443 = log, au Quotient property 


Expand the expression. Assume all variables are positive. 


4 
25. log, 3x 26. log xy? 27. log, 28. logs 3, 


Condense the expression. Assume all variables are positive. 
29. log 4 + log 12 30.2log6—log9 31. log,4+3log,x 32.2 log, x + log, y 
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LVING EXPONENTIAL AND LOGARITHMIC EQUATIO! NS 
| EXAMPLE | You can solve exponential equations by taking the common 
logarithm of each side. 
4° = 11 Write original equation. 
log 4* = log 11 Take common logarithm of each side. 


x log 4 = log 11 Power property of logarithms 


log 11 
REVIEW HELP = Divide each side by log 4. 
Exercises Examples log 4 
33-35 1, p. 448 a= LTS Use a calculator. 
36-38 2, p. 449 : ; ee 
39-41 3, p. 449 CHECK Check the solution algebraically by substituting into the 


Use the equal powers property to solve the equation. 

3.78" 3=7" 34. 6° = 6 *> 35. 84-9 = 8 
Take the common logarithm of each side to solve the equation. Round 
your answer to the nearest thousandth. 

36. 7* = 31 37. 5* = 80 38. 2* = 1000 
39. 10°* = 45 40. 10% +1 = 14 41. 3*~7=50 


original equation. The solution checks because 4!77 ~ 11. / 


| EXAMPLE | You can solve logarithmic equations by exponentiating each side of the equation. 


log, n= I= 6 Write original equation. 
EEE Wi)? Exponentiate each side. 
5x — 1 = 64 peone—x, 
5x = 65 Add 1 to each side. 
x= 13 Divide each side by 5. 


CHECK Check the solution graphically by graphing both sides of 
the equation. The two graphs intersect at x = 13. 


REVIEW HELP 
Exercises Examples 


42,43 4, p. 450 
44,45 5, p. 450 


Solve the equation. Check for extraneous solutions. 
42. log, (5x — 2) = log, (2x + 7) 43. log, (2x + 3) = log, @ — 5) 
44. log, (4x + 1) =4 45. log, (2x — 3) =2 


(Fe Chapter 8 Exponential and Logarithmic Functions 


fer 8 Chapter Test 


Graph the exponential function. Describe the horizontal asymptote. 
State the domain and range. 


1y=4 2.y=3-4 3.y=3'-4 a.y = 5(5] 
Classify the function as exponential growth or exponential decay. 

=4{Z) = of 6)" = 32) eid, 5% 
5.y 4{2) 6. y 98} 7.y a\5 8. y 3 5 


9. Write an exponential function of the form y = ab* whose graph passes through 
the points (1, 5) and (3, 45). 


10. What function is shown in the graph at the right? 


Ay 20°" 
By=5*-5 
Cy=5*-1 


Evaluate the expression. 
11. log, 125 12. log, | 13. log,,, 16 


Graph the function. Describe the vertical asymptote. State the 
domain and range. 


14. y =log,x — 2 15. y = log, x + 1 16. y = log, (x — 2) 


17. Use log, 3 ~ 0.613 and log, 8 ~ 1.161 to find the value of log, 24 to the nearest 
thousandth. 


Expand the expression. Assume all variables are positive. 
2 
3 Xx 4 
18. log, 6x 19. log, a 20. log, 3x 


Condense the expression. Assume all variables are positive. 
21. log, 12 — log, 3 22. log 3 + 2 log 4 23. 2 log x — log 4 


Solve the equation. Check for extraneous solutions. 
24.6 =G°-" 25: 10°?) =5 26. log (3x + 5) = log (x — 9) 


27. Finance You deposit $800 in an account that pays 2.25% annual interest 
compounded continuously. 


a. Write an exponential growth model that represents the balance after ¢ years. 
b. Graph the model. 
c. Use the graph to estimate the balance after 7 years. 


28. Depreciation Your uncle buys a new truck for $35,000. The value y (in thousands 
of dollars) of the truck can be approximated by the model y = 35(0.80)* where x 
represents the number of years since he bought the truck. Graph the model. Use the 


graph to estimate when the truck will have a value of $5000. 
Chapter Test fa 


Chapter Standardized Test 


\ Jest Tip Check your answer using a different method. 
DD © wD 


| EXAMPLE | A construction company purchases a truck for $40,000. Each year, the 
value V of the truck decreases by 10%. How much will the truck be worth in two years? 


CA $26,244 $29,160 © $32,400 @ $58,564 


Solution 


Write an exponential decay model describing the situation, using t for the number 
of years since the truck was purchased. Then substitute 2 for ¢ and evaluate. 


V = 40,000(1 — 0.1)‘ = 40,000(0.9)' = 40,000(0.9)? = 32,400 


Choice C is the correct answer. : : 
Years since purchase Value of truck (in dollars) 
You can check your answer 


using a table. Calculate the value [2 | auo0d 
of the truck each year, as shown 40,000 — 40,000(0.1) = 36,000 
at the right. 

36,000 — 36,000(0.1) = 32,400 


Multiple Choice 


1. Evaluate the expression 3* * 7 when x = —2. 4. Which function represents exponential decay? 
@® + 1 ® fx) = 2 ® fix) = 800.9)" 
© 3 ® 81 BD f(x) = 6x7 D fe) = 0.9 +x 

2. Which function’s graph is shown? 5. Evaluate the expression log, 343. 
® y=6 @ 1 3 
@® y=2-6 © 21 @® 49 

1 x 
® y=(2) - | 
6. Simplify the expression log 100*. 
®D y=2-(4/ 
» 6 © 2 @® x 
2 2* 

3. You purchase real estate for $85,000. Each year, SS D 
the value of the real estate increases by 5%. To 
the nearest dollar, how much will the real estate 7. Simplify the expression 4!02% 16, 

i ? 
be worth in two years? @ 2x lee 
76,713 93,500 
@ $ ® $ © 4 @) log 16x 
© $93,713 D $98,398 
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8. Which expression is equivalent to log Le, 
) 2 log 3x +4 logy : 
@® 2 log 3x — 4 log y 
GD log3 + 2logx + 4 logy 
@® log3 + 2logx — 4 log y 


9. Which expression is equivalent to 
3 log, x + log, y — 4 log, z? 


3xy 
®@ log, ae 


© log, x*yz* 


xy 


log, Za 


@D log, t+y—z 


Gridded Response 


13. Evaluate 4*~ | when x = 5. 

14. Evaluate 2(0.5)* when x = —2. 

15. Evaluate log,.,, 16. 

16. What is the solution of 27*~' = 16*~ 7? 
17. What is the solution of log 5x = 2? 


18. Solve log, x + log, @ +) =1. 


Extended Response 


10. What is the solution of 6* + | = 62* ~ 39 
® 0 @ 2 
CH 4 CG) no solution 


11. What is the solution of log; (4x + 25) = 3? 
@) —5.5 10 
© 25 @®) 54.5 


12. Solve log, 2x + log, (x + 2) = 4. 
® -4 @® 2 
@& —4,2 @) no solution 


In Exercises 19-21, use the following 
information. 


The value A of an investment after ¢ years can be 
modeled by the function A = 1200(0.9)'. 


19. What is the initial value of the investment? 


20. Write the percent decrease each year as a 
decimal. 


21. What is the value of the investment after two 
years? 


22. The energy E (in kilocalories per gram-molecule) required to transport a substance 
from the outside of a cell to the inside can be approximated by 


E = 1A(log C, — log C,) 


where C, is the concentration of the substance inside the cell and C;, is the 


concentration of the substance outside the cell. 


a. Condense the expression for E. 


b. The concentration of a substance inside a cell is 90%, and the concentration of 
the substance outside the cell is 50%. How much energy is required to transport 
the substance from the outside of the cell to the inside? Round your answer to the 


nearest hundredth. 


c. The concentration of a substance inside a cell is ten times the concentration 
outside the cell. How much energy is required to transport the substance from the 


outside of the cell to the inside? 


Chapter Standardized Test 


How does air temperature affect 
the speed at which sound travels? 


Lightning and thunder occur at the same time, but 
thunder is usually heard after lightning is seen because 
light travels faster than sound. The air temperature during 
a lightning strike affects the speed at which the sound of 
thunder travels. 


Think & Discuss 


The table below gives the time s (in seconds) it takes sound 
to travel 1 kilometer at temperature T (in degrees Celsius). 


0 3.0211 
3 2.9727 
6 2.8361 
9 | 2.6344 
12 2.3958 


1. Does sound travel faster at 3°C or at 12°C? 


2. Based on the information in the table, would you expect 
sound to travel slower at 5°C or at 10°C? 

3. Suppose you see lightning and then hear thunder about 
12 seconds later. The temperature is 3°C. About how 
many kilometers are you from the lightning? 


Learn More About It 
You will approximate the air temperature during a 
lightning strike in Exercise 61 on page 477. 
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+ Multi-Language Glossary 
| PREVIEW | What's the chapter about? 


* Vocabulary practice 
¢ Writing and using inverse variation and joint variation models 
¢ Graphing rational functions and identifying asymptotes 
* Simplifying rational expressions 
* Solving rational equations 


Key Words 
* inverse variation, p. 466 ¢ rational expression, p. 480 
¢ simplified form, p. 480 


¢ constant of variation, p. 466 
¢ complex fraction, p. 488 


e joint variation, p. 468 
¢ rational function, p. 472 ¢ least common denominator, p. 494 


¢ hyperbola, p. 472 
¢ branch, p. 472 * cross multiply, p. 500 


¢ rational equation, p. 500 


| PREPARE | Chapter Readiness Quiz 
Take this quick quiz. If you are unsure of an answer, look back at the 


reference pages for help. 


Vocabulary Check (refer to p. 412) 
1. Copy and complete the statement: A line that a graph approaches as the value 


of x increases is called a(n) ___?__ of the graph. 


@® asymptote axis ©) parabola @®) x-intercept 


Skill Check (refer to pp. 234, 16) 
2. Factor the expression x* — 2x — 24. 


® (x — 3) + 8) 
HD (x — 4) + 6) 
3. Simplify the expression 3x + 6 — (2x + 4). 


@ x+ 10 BW x+2 5410 @M x-2 


@ (x + 3)(x — 8) 
D («+ 4x - 6) 


Write the Steps 


Write the steps for solving 
problems in your own words. 
Use an example, so you can 
see the steps when you do 
your homework. 


TAKE NOTES 


Solving a ratj 
‘ational equati : 
. io i : 
a fraction Pie Be De oeiiing 


ae on, fal 
ay th ; 
ap ee x ‘CD is the product 
of denominators, 


‘ ; 
2x(F +2) =2,(_1) Multiply each side 
2 x" by the Lcp, 


Simplify, 
5x = —30, 50x = —6 Solve. 


8 + 5x = —20 
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DEVELOPING CONCEPTS (For use with Lesson 9.1) 


WN 


Goal QUESTION 
Measure a relationship 
between two distances that What is the relationship between the distance you are standing from 
vary inversely. an object in the room and the apparent height of the object? 
Materials EXPLORE 
° tape measure or meter @ Have your partner stand against a 
stick wall. Place the end of the tape 
* centimeter ruler measure against the wall at your 
* masking tape partner’s feet. Use tape to mark off 


each meter from 3 meters to 9 meters 
away from the wall in a straight line. 


@ Stand facing your partner with your 
toes just touching the 3 meter mark. 
Hold a centimeter ruler at arm’s 
length and line up the “O” end of the 
ruler with the top of your partner’s 
head. Measure the apparent height 
of your partner to the nearest 
centimeter. 


© Record the height and the distance in a table like the one below. Repeat 
Step 2 for each of the marked distances. Then trade positions and record 
the measures in a new table. 


vistnce(m) = EERE 


Apparent Height (om) 


THINK ABOUT IT 
1. Does apparent height vary directly with distance? Justify your answer. 


2. Multiply the paired values of distance and apparent height together. 
Do you notice any similarity in the results? 


3. Based on your results from Exercise 2, write an equation you could 
use to find the apparent height if you are given a distance. Let 
d = distance and h = apparent height. 


4. Use your equation from Exercise 3 to predict the apparent height of 
your partner from 5.5 meters. Test your prediction. How close was your 


prediction? 
9.1 Inverse and Joint Variation ia 


Inverse and Joint Variation 


Key Words | GOAL | Use inverse variation and joint variation models. 


e inverse variation 
© constant of variation 
e joint variation 


You have learned that two variables x and y show direct variation if y = kx and 
k # 0. Another type of variation is inverse variation. Two variables x and y 
show in 1 if: 


y= is k#0 Inverse Variation Equation 


Solve for y. 
1. xy =3 


2. 2y=x 


The nonzero constant k is called the c 
said to vary inversely with x. 


m. The variable y is 


3.5 = xy Classify Direct and Inverse Variation 


Tell whether x and y show direct variation, inverse variation, or neither. 


a. xy =2 br =x c.y=xt+1 
GIVEN EQUATION REWRITTEN EQUATION TYPE OF VARIATION 
= 2 
a. xy =2 yea Inverse 
; - =x y = 3x Direct 
cy=xt+1 Neither 


Variation 


Tell whether x and y show direct variation, inverse variation, or 


neither. 
1.y = 2x 2.y=5x+6 3. xy = 10 
4. xy =5 5.y = —7x 6. x = 10 + 5y 


Write an Inverse Variation Equation 


Write an equation that relates x and y such that x and y vary inversely and y = 6 


when x = 2. 

Solution 
y= k Write the inverse variation model. 
6 = 4 Substitute 2 for x and 6 for y. 


12=k Solve for k. 


ANSWER > The inverse variation that relates x and y is y = = 
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PHYSICS 


wece rth (U0R fete era 


FOUNTAINS 

The Main Fountain Garden at 
Longwood Gardens can pump 
2000 gallons per minute. This 
is equivalent to filling 400 
bathtubs every 10 minutes. 


Write an Inverse Variation Model 


Pumping Rate The time required to empty a tank varies inversely with the 
pumping rate. The rate of a certain pump is 70 gallons per minute. It takes the 
pump 20 minutes to empty the tank. 


a. Write an inverse variation model. 
b. Describe the change in time to empty the tank as the pumping rate increases. 


c. What does the value of k represent in the situation? 


Solution 


a. Write an inverse variation model relating the time f to empty the tank and the 
pumping rate r. 


t= : Model for inverse variation 
20 = ot Substitute 20 for t and 70 for r. 
1400 =k Solve for k. 
The model is t = a 


b. As the pumping rate r increases, the time to empty the tank decreases. 


c. The value of k is 1400 gallons, which is the volume of the tank being emptied. 


The variables x and y vary inversely. Use the given values to write an 
equation relating x and y. 


7.x =3,y=4 


Rewriting Inverse Variation The equation for inverse variation can also 
be written as xy = k. So, a set of data pairs (x, y) shows inverse variation if the 
products xy are constant or approximately constant. 


Check Data for Inverse Variation 


Pressure and Volume The table 
compares the pressure (in atmospheres) 
to the volume of oxygen (in liters) at 25 2.8 
0°C. Do these data show inverse 
variation? If so, find a model for the 


P(atmospheres) V (liters) 


relationship between P and V. 


Solution 


From the table you can see that PV is equal to 70. For example, (25)(2.8) = 70 

and (50)(1.4) = 70. So, the data do show inverse variation. A model for the 

relationship between the pressure and the volume of oxygen at 0°C is PV = 70, 
70 


or P= =. 
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CONCERTS Many musicians 
wear earplugs to protect their 
hearing. Over time, sounds 
louder than 80 decibels can 
damage hearing. 


Types of Variation Joint variation occurs when a quantity varies directly as 
the product of two or more other aera For example, if z = kxy where k # 0, 
then z varies jointly with x and y. Other types of variation are also possible. 


Types of Variation 


In each equation, kis a constant and k # 0. 
RELATIONSHIP EQUATION 
y varies directly with x. 
y varies inversely with x. 
Z varies jointly with x and y. 


y varies inversely with the square of x. 


Zvaries directly with y and inversely with x. 


Write a Variation Model 


Intensity of Sound The intensity y of a sound (in watts per square meter) 
varies inversely with the square of the distance d (in meters) from the source of the 
sound. At a distance of 1 meter from the stage, the intensity of the sound at a rock 
concert is about 10 watts per square meter, which is about 130 decibels. 


a. Write an equation relating y and d. 


b. You are 15 meters from the stage. What is the intensity of the sound you hear? 


Solution 


a. Choose the equation that shows that y varies inversely with the square of d. 


y= 7 Write equation. 


10 = 7 Substitute 10 for y and 1 for d. 
10=k Solve for k. 


ANSWER > An equation relating y and dis y = - 


b. Substitute 15 for d and solve for y. 


ANSWER > The intensity of the sound at 15 meters is 0.044 watts per 
square meter. 


10. Intensity of Sound In Example 5, suppose the intensity of the sound at a 
rock concert is about 15 watts per square meter when you are 1 meter from the 
stage. Write an equation relating y and d. 
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AD Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 19-26 
Example 2: Exs. 27-32 
Example 3: Exs. 35-36 
Example 4: Exs. 37-39 
Example 5: Exs. 40-45, 

50-54 


1. Copy and complete the statement: If x and y vary inversely, then the product 
xyis_? 
Tell whether x and y show direct variation, inverse variation, or 
neither. 


= _5 = =e 
2. y = 5x 3.y=5 4.xy =5 5.y=2x-1 
yy = cl _ 8 = 
o— 8 7.y=x a=] 9.xy=7 
Tell whether x varies jointly with y and z. 
_ a _ _ & 
10. 9yx = z thas, 12. xy = 0.3z 13.x = 5 
= = OX = 1 _ 
4.x=yt+z 15. 4x = 5yz 16. = = 2y 17. 57 = 3 


18. Interest The simple interest J on a bank account varies jointly with the time 
t (in years) and the principal P (in dollars). After one quarter (3 months) the 
interest on a principal of $6000 is $60. 


a. Find the value of k in J = Ptk. What does k represent in this situation? 


b. Find the interest earned on the account after two years. 


Determining Variation Tell whether x and y show direct variation, 
inverse variation, or neither. 


2 3 
19. xy = 12 20. y = 5x 21.y= 5 22.y —3 = 2x 
= a3 =x =! 
23. Sy = 6x 24. y 74 25. 15 7 26. x y 


Inverse Variation Models The variables x and y vary inversely. Use 
the given values to write an equation relating x and y. 


27.x=3,y=1 28.x=5,y =6 29.x=4,y=9 

30. x = —8,y =3 B1.x=hy=4 32.x= 2 y= 12 

Direct Variation Models In Exercises 33 and 34, write a direct 

variation equation. 

33. The variables ¢ and r vary directly, and r = 2 when f = 18. 

34. The variables p and q vary directly, and p = —8 when q = 24. 

35. Traveling Time When driving in your car, the amount of time traveled 
varies inversely with the speed of the car. It takes you 1.5 hours to reach your 


destination driving 65 miles per hour. How long will it take if you drive 
55 miles per hour? What does the value of k represent? 
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DIVING The deeper a diver 
is under water, the faster he 


or she uses air from the tank. 


So, a diver at 33 feet below 
sea level will use air faster 
than a diver at 15 feet below 
sea level. 


36. Diving Scuba is a portable device that allows divers to breathe while under 
water. It consists of one or two tanks of compressed air connected by tubing to a 
mouthpiece. The pressure p inside the tank varies inversely with the volume v of 
the tank. The volume of the tank is 0.4 cubic feet of compressed air. The pressure 
inside a full tank is 3000 pounds per square inch. What is the equivalent volume 
of air at an atmospheric pressure of 15 pounds per square inch? 


Interpreting Data Determine whether x and y show direct variation, 
inverse variation, or neither. 


Joint Variation Models The variable z varies jointly with x and y. 
Use the given values to write an equation relating x, y, and z. 


40.x=2,y=6,z = 24 41.x=5,y = 3,2 = 60 
42.x=8,y=4,z= 16 43.x=9,y =6,z= 18 
SP os iS Pg ey Dg cs 
a4.x= Sy 5,z= 10 45. x 3 5S 8 


Writing Equations Write an equation for the given relationship. 
46. z varies inversely with x and y, and k = 4. 

47. y varies jointly with x and the square of z, and k = . 

48. w varies inversely with x and jointly with y and z, and k = —3. 


49. Challenge The value of y varies directly with x and inversely with v. When 
x = 45 and v = 12, y = 15. Find the value of y when x = 8 and v = 16. 


50. Levers You can use a simple 
lever to lift a 300-pound rock. 
The force F needed to lift the 
rock (in foot-pounds) is inversely 
related to the distance d from 
the pivot point of the lever (in 
feet). To lift the rock, you need 
60 pounds of force applied to a 
lever with a distance of 10 feet 
from the pivot point. What force 
is needed when you increase the 
distance to 15 feet from the pivot 
point? 


7 


pivot point 


51. Geo The volume V of a right circular cone varies 
jointly with the square of the radius r of the base and the 
height h of the cone. The volume of a right circular cone 
with a radius of 2 centimeters and a height of 4 centimeters 
is 16.76 cubic centimeters. Find the volume of a cone with 
r = 3 centimeters and h = 7 centimeters. 
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Science Link», In Exercises 52-54, use the following information. 


The load P (in pounds) that can be safely 
supported by a horizontal beam varies jointly 
with the product of the width W (in feet) of 
the beam and the square of the depth D (in 
feet) and inversely with the length L (in feet). 


52. Write an equation relating P, W, D, L and 
a constant k. 


53. How does P change when the length of 
the beam is doubled? 


54. Challenge How does P change when the width is doubled and the 
depth of the beam is cut in half? 


Standardized Test 55. Multiple Choice The variables x and y vary inversely. Given the values 
Practice x = —5 and y = 15, find the equation relating x and y. 


—3 =75 
Dy=% By=-e Oy=F Ory=-> 


56. Multiple Choice The variable z varies directly with x and inversely with y. 


2. and z = £, find the equation relating x, y, 


Given the values x = 7 y= 
and z. 


96 2x 96 
Bip @O2=15 W z= De= 5. 


125xy 


Mixed Review __Point-Slope Form Write an equation of the line that passes through 
the given point and has the given slope. (Lesson 2.5) 


57. (0, —1),m=4 58. (2, 1),m=—1 59. (3, —2),m=2 
60. (—2, 5), m =0 61. (5, —4), m = 2 62. (1, 3), m= a 


Simplest Form Simplify the expression. Write your answer using 
positive exponents only. Assume all variables are positive. 
(Lesson 7.2) 


63. (49x*)!/ 64. (27a!>)!3 65. (8m~3n!9)23 
66. (25¢8d*)>” 67. (64k°) 1/3 68. (16x4)~!2 


Graphing Functions Graph the function. Then state the domain and 
range. (Lesson 7.6) 


69. y = —vx 70.y=vx+2 71.y=Vxt4 


Geometry Skills Triangle Similarity Determine whether the triangles are similar. If 
they are similar, name the triangle that is similar to AABC. 


72. D 73. A 


27° 
PS on 
B 


B C N 
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Graphing Rational Functions 


Key Words | GOAL | Graph rational functions. 
¢ rational function 
“(hyperbola mn is a function of the form f(x) = PO) where p(x) and g(x) 
¢ branches q(x) 
are polynomials and q(x) # 0. Consider the parent functions and their graphs 


below. 


Solve for x. 
1.x+7=0 
2. x7 -9=0 


Name the asymptote 
of the graph of the 
function. 


S$. 9=2'7? 
4. y=2*-6 


with the following properties. 


Each graph is a 
e The x-axis is a horizontal asymptote and the y-axis is a vertical asymptote. 


e The domain and range are all nonzero real numbers. 


e The graph has two symmetrical parts called bi 


e For each point (x, y) on one branch of y = 7 the corresponding point (—x, —y) 
is on the other branch. 


Graph a Rational Function 


Graph y = = State the domain and range. 


Solution 
TUDENT HELP 
READING GRAPHS 
The hyperbola in 
Example 1 is symmetric 


Draw the asymptotes. The y-axis is the 
vertical asymptote and the x-axis is the 
horizontal asymptote. 


about the origin. So, Plot a few points on each side of the 
once you determine that vertical asymptote. 

(—1,4) is on one branch, 

you know that (1, —4) is (-1, 4), (—2, 2), (-4, D 

on the other. (4), 2, 2), 1) 


Draw the two branches of the hyperbola. Each 
branch approaches the asymptotes and passes 
through the plotted points. 


ANSWER > The domain and range are the same: all nonzero real numbers. 
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"plicit HELP 
GRAPHING NOTE 
The branches of the 
graph are symmetric and 
the point of symmetry is 


the intersection of the 
asymptotes. 


For functions of the form y = S, the value of a tells you the shape of the graph. 


e If a>, the branches of the hyperbola are in the first and third quadrants. 
e If a< 0, the branches of the hyperbola are in the second and fourth quadrants. 


e As | al increases, the branches of the hyperbola move farther from the axes. 


Graphing Rational Functions of the Form y = 


x- 
a 


The graph of a rational function of the form y = 


5 +kisa 
hyperbola with a vertical asymptote at x = hand a horizontal 
asymptote at y= k. 

To graph a rational function, use these steps. 

STEP @ Draw the asymptotes x = hand y= k. 

STEP © Plot points on each side of the the vertical asymptote x = h. 


STEP © Draw the two branches of the hyperbola that approach the 
asymptotes and pass through the plotted points. 


Graph a Rational Function 


Graph the function y = ee. State the domain and range. 


Solution 
The function is in the form y = : & Fi + k. So,a = 10,h = —3, andk = 0. 
@ Draw the asymptotes x = —3 andy = 0. y 


@ Plot a couple of points on each side 
of the vertical asymptote. 


(2, 2), (-1, 5), (—5, —5), and (—8, —2) >a Pt 
© Draw both branches of the hyperbola. es Se 


Each branch approaches the asymptotes 
and passes through the plotted points. 


ANSWER > The domain is all real numbers except —3. 
The range is all real numbers except 0. 


Graph the function. State the domain and range. 


=o a2 eu 
Ty=5 2.y = 3.y ra | 


—1 


4. Tickets In a radio contest, you win a certificate for $100 worth of 
concert tickets. The ticketing agency charges x dollars plus a $2 processing 
100 
KD 
tickets y you can buy. Graph the function in the first quadrant. 


fee for each ticket. The function y = models the number of 
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Graphs of General Rational Functions 


Let p(x) and q(x) be polynomials with no common factors other 


than +1. The graph of the rational function f(x) = ae has the 


following characteristics: 


1. The x-intercepts of the graph of f(x) are the real zeros of p(x). 
2. The graph of f(x) has a vertical asymptote at each real zero of g(x). 


x 


EXAMPLE The graph of f(x) = oe has an x-intercept of 3 and 
ie = Se ap 2 


vertical asymptotes at x = 2 and x = 1. 


To sketch the graph of a general rational function, use a graphing calculator. 


Use a Calculator 


Use a graphing calculator to sketch the graph of y = — ; 
so 


Solution 


Enter the function. Use parentheses as shown. 
Most graphing calculators have two graphing | Y1=X2/(X2-1) | 


modes: Connected mode and Dot mode. ie 
Yas 
ie 
Thesmohe belowshor y= hed ee 
The graphs below show y = -"— graphe Y7= 
in each mode. L . al 
CONNECTED MODE DOT MODE 


STUDENT HELP 
GRAPHING NOTE 


Be sure to choose | a Ce \ | 

a viewing window J \ ae Meaceuass 
that shows all of the | | | 
important characteristics / | 

of the graph, such as Ee 


the branches and the 4 J a JS 


intercepts. 
Notice that the graph in connected mode has two vertical lines: x = —1 and x = 1. 
These lines are not part of the graph. They are the calculator’s attempt to connect 
the three branches of the graph. These segments indicate the location of the 
asymptotes. The graph in dot mode eliminates the connecting lines. However, the 
graph is represented as a collection of dots instead of a smooth curve. 


Graph the function. Identify the x-intercept(s) and the vertical 


asymptote(s). 
3 Ax 2x? xe+4 
5.y= 6. y= 7.y= 8. y= 
y e+] Mi 2x+1 y 2-4 y x2 -4 
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WY) Exercises 


Guided Practice 


Vocabulary Check 1. Copy and complete the statement: The graph of a function of the form y = = 
is called a(n) _?_. 


Skill Check Identify the vertical and horizontal asymptotes of the graph of the 


function. 
_ 4 _4_ _ 2 
2.y=5 3.y=5-4 ot er 
=) _ 3 = wl. 
BY at 6. y oa5 3 7.y a | 7 


8. You are creating a 100-point test. Each question will be worth y points. 
The value of y depends on the number of questions x. The function y = ae 
models the situation. Graph the function in the first quadrant. 


Practice and Applications 


STUDENT HELP Properties of Graphs Identify the vertical and horizontal asymptotes 
HOMEWORK HELP of the graph of the function. Then identify the points (1, ?) and 
Example 1: Exs. 9-25, (—1, ?.) that are part of the graph. 
30-38 r a5 4 ’ 
Example 2: Exs. 17-40 9.y=x 10. y = 11. y= 12.y= 
Example 3: Exs. 41-59 
° 13.y => 14, y=— 15. y =41 16. y=" 


Identifying Asymptotes Identify the vertical and horizontal asymptotes 
of the graph of the function. Then state the domain and range of the 


function. 
17.y=2-5 18. y= +2 19. y= 
20. y = 21.y=—'_-3 22.y=— +1 
=2 x+6 x+4 
S28 el | 
23. y= 5 1 24. y rar Aula, 25. y 5.713 


Matching Graphs Match the function with its graph. 


26.y=— +1 27.y=—2 +1 28. 
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29. Error Analysis Explain why the 
graph shown is not the graph of 


-1 
y~ x-4 2 
ee eEnt HELP Graphing Functions Graph the function. State the domain and 
GRAPHING NOTE range. 
Use a different color to 5 22 — J 
draw the asymptotes 30.y= 5 31. y= > 32. y= x+2 
than you use to draw the a. 2, _ 3 _ 2 
graph. This shows that aaa Sealer 34.9 = 45 35. y= 3 
the asymptotes are not _ 4 _ -l _ ae 3 
part of the graph of the 36. y=7 9° ° ee ae = 7 a are a 


function. 
Health Club In Exercises 39 and 40, use the following information. 
You pay $200 for a membership to a health club. The price p per visit to the health 
club can be modeled by p = 200 where ¢ is the number of visits to the health club. 


39. Graph the model. Identify the vertical and horizontal asymptotes of the graph of 
the function. Identify the part of the graph that models the situation. 


40. Use the graph to determine how many visits to the health club are needed to have 
a price of $8 per visit. 


Analyzing Graphs Identify the x-intercept(s) and vertical asymptote(s) 
of the graph of the function. 


_ x3 _ Ay*- 1 _ x7 -2x-3 
te 4 42. y= —— 43. y ae, re ae 
= k= 1 =k ao a #45 

44.y= x) 45. y 3, I 46. y Pua 


q Graphs In Exercises 47-50, use a calculator to match the function 
with its graph. 


_ x2 +3 _x-4 
a | 48. y= 2 
+2 x—2 
49. y=" + 50. y = 
er -8 - e+ 
B. 


476 Chapter 9 Rational Equations and Functions 


Standardized Test 
Practice 


Graphing Functions In Exercises 51-59, use a calculator to graph 


2: 2 = 
ae ae a a 53. y=? 
-—3 x+2 x3 
54. y=— 55. y= 56. y = 
4 x2 — 16 ” we +9 _ x+1 
2_ 4 2x+5 x +8 
57.y=— 58. y = 59. y = 
4 x +27 = e-1 x2 -9 
60. |f 


#3) an initial cost of $500 plus $20 for each student that uses the program. The 
price p per student can be modeled by 

+2 
p = 500 +.20s 


| School Your school purchases a math software program. The program has 


where s is the number of students using the program. Use a calculator to graph 
the function. How many students need to use the program so that the price per 
student is $30? 


61. Lightning The time it takes for sound to 
travel one kilometer can be modeled by 


1000 
0.672 + 331 


where s is time (in seconds) and T is 
temperature (in degrees Celsius). You 
are 1 kilometer from a lightning strike. 
You hear the thunder 2.9 seconds later. 
Use a graph to find the approximate air 
temperature. (Hint: Use tick marks that 
are 0.1 unit apart on the s-axis.) 


62. Reasoning In what line(s) is the graph of y = 1 symmetrical? What does this 
symmetry tell you about the inverse of the function f(x) = ty 


63. Challenge The graph of the rational function fis a hyperbola. The asymptotes 
of the graph of fintersect at (3, 2). The point (2, 1) is on the graph. Find another 
point on the graph. Explain your reasoning. 


64. Multiple Choice What is the vertical asymptote of the graph of the function? 


y= 4 +7 
@x=-7 ®x=-4 @x=4 @M)x=7 
65. Multiple Choice What are the x-intercept(s) of the graph of the function? 
_x-4 
eet 
® 1,-1 @® 4 @ 1 @®D -4 
66. Multiple Choice What is the domain of the function y = - = * 
(A) all real numbers except —2 all real numbers except 4 
© all real numbers except 2 (@) all real numbers except —4 
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Mixed Review _ Solving Equations Solve the equation. (Lesson 1.4) 
67. 9x + 24=6 68. 24 + 7n=—n 69. —4s+2=-7-s 
70. 6r + 7=3r—8 71. 2(—2m + 10) = —2m = 72. 8(2x — 6) = 4x 


Simplifying Algebraic Expressions Simplify the expression. State 
which properties of exponents you used. (Lesson 6.1) 


73. (x 2y?)? 74. (2x°)~? 75. = 

2 —1,,3 25) 
76. —~ 77,2 73.°- 

xy? 2xy xy 

Graphing Functions Graph the exponential function. (Lesson 8.2) 

_ al x _ 1 x _ 1 x 
79. y = 4(}) 80. y 34) 81. y 2() 
82.) = 23(3) 83. y = 10/4)" 84. y = 100(0.6)* 


Geometry Skills | Volume of a Cone Find the volume of the cone. Round your answer 
to the nearest whole number. 


85. 86. 87. 
: 17cm 15 ft 
Gin. 
13 cm 
2 in. 20 ft 


Lesson 9.1 Tell whether x and y show direct variation, inverse variation, or 


Quiz 1 


neither. 
1.y=4% 2. xy = 10 3.2x+1l=y 
4.y=2 5.x +5 =3y 6.8 =* 


Lesson 9.1 The variables x and y vary inversely. Use the given values to write an 
equation relating x and y. 


7.x=4,y=1 8.x =2,y=—-5 9.x =3,y= 
= geoak a2 ye =% ys 2 
10. x =2,y 4 11. x at 9 12.x=6,y Fl 


Lesson 9.2 Identify the vertical and horizontal asymptotes of the graph of the 
function. Then state the domain and range. 


13. y=3 14, y=—2-3 15. y=—2. +5 


16.y=—1 -1 17.y=— 5471 18. y= — 6 


x+1 


19. The volume V of a prism can be written 
as V = Bh, where B is the area of the base 
and h is the height. A prism has a volume 
of 64 cm. Graph all possible combinations 
of B and h for the prism. 
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USING A GRAPHING CALCULATOR (For use with Lesson 9.2) 


92 


TUDENT HELP 


KEYSTROKE HELP 
See keystrokes for 
several models of 
calculators at 
www.classzone.com 


A rational function f(x) = PO) has a horizontal asymptote when the degree of 


q(x) 
p(x) is less than or equal to the degree of q(x). 


You can use the Table feature of a graphing calculator to find the horizontal 
asymptote of a rational function, if it exists. 


EXAMPLE 1 


Find the horizontal asymptote of y = = 


3 
2x 1" 


if it exists. 


SOLUTION 


O The degree of the numerator is equal to the degree of the denominator, so the 
function has a horizontal asymptote. 


© Enter y = ss into a graphing calculator. Use the Table feature to see the 


values of y as x increases and decreases without bound. In the Table Setup menu, 
change “‘indpnt” to “Ask” in order to enter values for x. 


[ X Nicci | | X Y1 | 
1 4 = -.66667 
10 -68421 -10 HOGS) 
100 abl 7 De) -100 -48259 
OOO) |e Sod 7S | | -1000 |.49825 
10000}.50018 -10000}. 49983 


L J L a 


© You can use the tables to determine that the graph has a horizontal asymptote at 
y = 0.5 because the values of y become closer to 0.5 as x becomes increasingly 
large or small. 


EXAMPLE 2 


; PS I soeet och 
Find the horizontal asymptote of y = ae if it exists. 


SOLUTION 
@ The degree of the numerator is greater than the degree of the denominator, 
2 
so the function i. = i does not have a horizontal asymptote. 
EXERCISES 
Find the horizontal asymptote of the rational function, if it exists. 
3x — 1 2x7 — 1 3 
ES herrea 2.y=—->y ao 
24 x? 2x + 3 
4.y=~ B.y = 6. y= 
“ xt+1 - 4x2 — 9 - 27-1 
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Simplifying and Multiplying 
Rational Expressions 


Key Words 


¢ rational expression : 3 ; : 
¢ simplified form Cy Simplify and multiply rational expressions. 


How do penguins adapt to very cold 
temperatures? 


In Exercise 57, you will write a fraction to 
answer this question. A fraction whose 
numerator and denominator are nonzero 


when its numerator and denominator pe 
3.x27-x no common factors (other than +1). 


Factor the expression. 


4.2x+4 


You can simplify a rational expression by factoring the numerator and 
denominator. Then divide out any common factors, as shown in Example 1. 


Simplify a Rational Expression 


Simplify the rational expression, if possible. 


Divide out the common factor 5 and simplify. 


. Zz 
a5 This expression is already in simplest form 
x p bi p : 


Divide out the common factors 2 and x. 


When you simplify rational expressions, you can divide out only factors, not 
terms. So in part (b) of Example 1 you cannot divide out x because it is not a 
factor of 5. 


Expression 


Simplify the expression, if possible. 


4x 8 9x 1-x 
1.55 2. AF 3. Da +1 4. —; 
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Simplify the expression below, which gives the ratio 
of the volume of the solid to the volume of the hole. 


Solution 


arh — m(2)°h 7 ah(r? — 4) 


Write in Simplest Form 


ar-h — W(2)*h 
a(2)°h 


m(2)°h 


Factor numerator and denominator. 


Ath 
__mh(r? — 4) i 
ae Divide out common factors 7 and h. 
oi 
a : Simplify. 


In the simplified ratio in Example 2, the numerator has factors (r + 2) and 
(r — 2) and the numerator has factors 2 and 2. There are no common factors, 
so the ratio is in simplest form. 


TUDENT HELP 


WRITING ALGEBRA 
You do not need to write 
the prime factorizations 
of 36 and 24 if you 
recognize 12 as their 


greatest common factor. 


Simplify the expression, if possible. 


2x + 1 


5. a 


; 3x2(x + 1) 7 2x? + 8x x+2 
. 3x "12x "37+ 6 


Multiplying Rational Expressions Because the variables in a rational 
expression represent real numbers, the rules for multiplying rational expressions 
are the same as the rules for multiplying fractions. 


Multiplying Rational Expressions 


Let a, b, and c 


be nonzero variable expressions. 


To multiply, multiply numerators and denominators. 


@ .G — ale 


bd. bd 


Multiply Rational Expressions 


2 

Multiply es Simplify the result. 
3x 8x° 

Solution 


4x2, Ov _ 36x3 
3x 8x 24x 


Multiply the numerators 
and denominators. 


De De Bee xox Factor and divide out 


2° 22s Ze xe xe xexexex the common factors. 


Simplify the expression. 


9.3 Simplifying and Multiplying Rational Expressions 


Rational Expressions 


. 3x r-%9 G: . 
Multiply naa +. Simplify the result. 
Solution 
fo HS Be BH DS Factor the numerators and 
4x — 12 x 4(x — 3) x denominators. 
_ 3x(x — 3)@ + 3) Multiply the numerators and 
4x(x — 3) denominators. 
_ 3x(x 3) + 3) Divide out the common 
4x(x>=3) factors. 
_ 3(x + 3) 


q Simplify the expression. 


CHECK You can check that your solution is correct by substituting the same value 
for x, such as 1, in the original expression and in your answer. 


3x x?-9_ = 3) — a? -9 23, -8 
4x-12 * 4-122 @® 8 1 


3a +3) 304+3) 3-4 _ 


=3 


3V 


4 4 4 


Multiply the rational expressions. Simplify the result. 


3x 7x 2x 2x —4 4x + 8 6x 
pee 10. +S 171: 
4 6x ” 3x — 6 x2 33 =a 


Multiply by a Polynomial 


Multiply == + 3(2 — x). Simplify the result. 
Xx 


—5x+6 
TUDENT HELP Solution 
AVOID ERRORS gh x , 32 — x) Write polynomial as a 
Look for terms that are iS 6 x= Se + 6 1 rational expression. 
common if you factor out 
—1 from one of them. = a 1 *3@— 2) Factor —1 out of 
(x — 2) = -1(2 — x) 23) | (2 - x). 
_ _~3x@~2) Multiply. Then divide 
(x= 2)(x — 3) out the common factor. 
= 3% er 
== Simplify. 


Multiply the expressions. Simplify the result. 


M2 ¢ x (2 _ 3x ge 
12.75 (2x + 6) 13. 2 (x* + 4x) 0 (2 — x) 
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WE Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


pent HELP 

HOMEWORK HELP 
Example 1: Exs. 22-37 
Example 2: Exs. 22-37 
Example 3: Exs. 38—45 


Example 4: Exs. 38-45 
Example 5: Exs. 46—51 


1. Explain how you know that a rational expression is in simplest form. 


2. Copy and complete the statement: To multiply rational expressions, multiply 
the _? and the _? 


Simplify the rational expression. If not possible, write already in 
simplest form. 


16x 24x? 48x 
3. a 4. 8x ark 
6x +3 5x3 + 2x 8 2x* — 6x? 
” 12x? — 16 ” 3x2 + x ” 4x3 + 10x? 
Multiply the rational expressions. Simplify the result. 
8x2 x 4x* 10x x 4x+8 
Wa os 10. aoe 11. oo 
2x x2 — 16 x 4x? x2 — Ax? 
12. ° 13. °(2 4x) 14. ° 
5x- 20°. 2 Sg oe ga” 6a 


15. Error Analysis Describe and correct the error in simplifying the rational 
expression shown. 


SA eee) (| p< 
B= 4) ee -4) x -4 ae 4 Oe 


Common Factors Write the common factors of the expressions. 
16. 24x, 8 17. 72x”, 18x 18. 4x7, 16x? — 12x 
19. 32x, 16x4 + 56x? 20. x7 — 81,x7- 10x +9 21.27 — 4,27 — 4x - 12 


Matching Match the expression with its simplified form. 


Dn geo 6 7 3 

22. 27x 23. 3x 6x 24. 18x’ 25. 15x’ + 9x 

9x? ra 24x7 + 6x4 52° + 3x 

3x2 3 BC = 237) 

A. 3x2 : Cc. = Db. ——_—_ 
4x3 + | is we 


Factoring and Simplifying Simplify the expression. If not possible, 
write already in simplest form. 


45x? Ax? x 5x 
26. 15x 27. 4a +) 28. 2a 29. 5a aa 
30. Qxt+ + 1 31. 14x? + 21x 32. 3x3 + Tx? 33. 4x® + 2433 
12x3 42x* 6x> + 9x3 12x? — 30x4 
2_4 x2 + 9x + 18 x2 + 6x — 16 eo-x 
a4.¢ 35. —_—_—_—_——_. ooo oS 
x+2 4x + 24 x2 + 10x — 24 x3 — Tx? + 6x 


9.3 Simplifying and Multiplying Rational Expressions ea 


BIOLOGY 


PENGUINS The Magellanic 
penguins, shown in the 
photo, live in southern South 
America. They weigh 8 to 13 
pounds. Emperor penguins 
live in southern Antarctica 
and weigh 70 to 90 pounds. 
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38. Error Analysis Describe and correct the error in multiplying the rational 


expressions shown. 


(= 9) x — 4 _ = BK+3) 4 _ = BABA) _ 


(4—x) x+3 KE 


x+3 


(x 4)(x43) 


£3 8) 


xX 


Multiplying Rational Expressions Multiply the rational expressions. 


Simplify the result. 
5x 1 


39. "| 

—2 x+3 
ser 8(x — 1) 

x x7 4+ 3x +2 
rs | x+2 


Multiplying Polynomials 


Xx 
=15 (6x + 30) 


6x2 
2-1 


48. 


50. 


° (3 — 3x) 


2x? 


52. —* 6 (x7 +7 -9 
4x3— 16x ( ) 


Geo: 


1x 6x 6x° _ 16 
40.23 At 
9 3 4x2 Ax 2x? 
3x -4 45 x x+3 
ae ee 44. ae 
ag, 28 +45, 3° az, 6x4, x? + 3x — 10 
x? x? — 81 eS 8x® 
Multiply. Simplify the result. 
16x? 
i ° (15x —5 
(24x® — 8x>) ( ) 
5x + 20 2 
51. “(x 25 
x2-—x—- 20 ( ) 
10x 2 
53. “Xx 49 
2x2 — 4x — 70 ( ) 


region to the total area of the figure. 


54. [7 


3x2 — 12x 


Biology Links, In Exercises 56-57, use the following information. 


Animals that live in temperatures several degrees colder than their body 
temperatures must avoid losing heat to survive. Animals with a minimum 
amount of surface area exposed to the environment can better conserve body 
heat. As a result, animals with a similar body shape tend to be larger when they 


live in colder climates. 


In Exercises 54 and 55, find the ratio of the shaded 


56. Find the surface area to volume ratio in simplest form for a cylindrical object. 


57. To make an estimate of the ratio of a penguin’s surface area to its volume, you 
can model a penguin with a cylinder. Find the ratio for each of the penguins 
described below. Based on the information above, which penguin lives in a 
colder climate? Explain your reasoning. 


Emperor penguin: height = 31 inches, radius = 5 inches 
Magellanic penguin: height = 18 inches, radius = 2.8 inches 


58. Find the surface area-to-volume ratio in simplest form for a spherical object. 


59. Reasoning Fora spherical object, describe the relationship of the surface area 
to volume ratio and the radius of the sphere. What happens to the ratio as the 


radius increases? 
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60. Model Building You build a model for the construction of a new building. 
The dimensions are based on a value x that will be determined once the 
location is finalized. Write a model in terms of x for the total area of the base 
of the new building. 


x? —7x+ 10 
6x — 12 


Standardized Test 61. Multiple Choice Write the expression in simplest form. 


Practice 6x + 4 
3x2 — 4x — 4 


2(3x — 2)? 


2(3x — 2) 
3x2 — 4x —4 


@ ®*> ©>5 ® x= 2 


62. Multiple Choice Multiply the expressions. Simplify the result. 
x . x? + 5x — 24 
ax 9 x? + 8x? 


3 = 
©; One OG 3 
Mixed Review Factoring Factor the polynomial. (Lesson 6.5) 

63. 5x° — 20 64. 125x3 + 1 65. 8x° — 64 

66. Sx° — 135 67. x(x — 9) — 6(x — 9) 68. =< $e = 1 
Logarithmic Expressions Evaluate the expression. (Lesson 8.4) 

69. log, 81 70. log, 243 71. log, 125 72. log, 4 
73. log,, 6 74. log,, 121 75. log), 64 76. log, 4256 


Determining Variation Tell whether x and y show direct variation, 
inverse variation, or neither. (Lesson 9.1) 


77.y=-~ 78. xy = 15 79. y—4x+ 10=0 B0. y = 3x 
81.23 =* 82. 3y = —Tx 83. 5y +8 =x g4.x= 2 


Geometry Skills Identifying Parts of a Circle Give the coordinates of the part 
related to the circle. 


85. center 
86. endpoints of a diameter 
87. point of tangency 


88. endpoints of a radius 


89. endpoints of a chord that is not a diameter 


9.3 Simplifying and Multiplying Rational Expressions Fal 


Dividing Rational Expressions 


Key Words | GOAL | Divide rational expressions and simplify complex fractions. 
¢ complex fraction 


You already know how to multiply rational expressions. In this lesson, you will 
learn how to divide rational expressions. 


Dividing Rational Expressions. 


Let a, b, c, and d be nonzero variable expressions. Use these steps 
, , @ . © 
to find the quotient aa 
STEP @ Rewrite the division as a product. 
ise eee) 
ly Gl iy 
STEP ® Multiply the numerators and the denominators. 


Factor the expression. 
3. 3x + 6 
4. 2x—-4 


STEP © Factor the numerator and denominator, if possible. 


STEP €) Divide out the common factors. 


STEP © Simplify. 


Divide Rational Expressions 


2 
. . Xx ie, x 
Simplify 10° 35° 
Solution 
x. xt _ x 25 Rewrite as a product. Use the reciprocal of the 
10° 25 10 x2 divisor. 
= ae Multiply the numerators and the denominators. 
IX 
oe ae Factor the numerators and the denominators. 
2°Sexex 
a2 SRR Divide out the common factors x and 5. 
2° xeX 
2 Simplify th i 
=. implify the expression. 


Write the quotient in simplest form. 


2 
gaan 4.8 3.242 


x5 
“6 3 "xX 9 y2 
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ee TuDENT HELP 

AVOID ERRORS 
When you multiply the 
numerators and the 
denominators, write the 
result as a product of 
factors. Then, in the next 
step, you are less likely 
to make a mistake when 
factoring. 


Divide Rational Expressions 


: : 1 : x 
Sumplity 3x +15 ° 2x + 10° 
Solution 
1 : x = 1 , 2x + 10 ‘ 
ik a eS z Rewrite as a product. 
— _2x+ 10 Multiply the numerators and the 
(3x + 15x)(x) denominators. 
_ 2 +5) Factor the numerators and 
3(x + 5)(x) denominators. 
_ 2@+5) Divide out the common factor 
3Q-+-3)(x) (x + 5). 
= 7 Simplify the expression. 


CHECK Check that the simplified expression is equivalent to the original 
expression by substituting a convenient value for x. 


ft 4. 4.2 
3D +15. 20) +10 ~ 3 Substitute 1 for x. 
ee Simplify and rewrite as a product. 
18 #1 3 
1 e & e 2 —=4 2 1 
G3 i 3 Jv Solution checks. 


Simplify 9—3* + 
5x° 
Solution 
6 — 3x 6 — 3x 1 . ‘ 
xe = 2) = . Multiply by reciprocal. 
aa ( ) 5x2 G2) ply by p 
6:= 3% . 
Sia. Multiply. 
5x2(x — 2) ial 
en at Factor. 
5x2(x — 2) 
= ie Divide out common factor (x — 2). 
5x?(x 2) 
= —3. Simplify the expression. 
5x 


Write the quotient in simplest form. 


os, 29 x+5 . 2x+ 10 9 — 3x 
4.7 a er 6. > 


+ — 3) 
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Complex Fractions A comfy m is a fraction that has a fraction in 
its numerator or denominator, or both. To simplify a complex fraction, you can 
rewrite the fraction as a division expression. Then follow the steps for dividing 
fractions. 


a.c_a 
b d b 


Ja 
c 


Ql; Sssa 


Simplify a Complex Fraction 


pruvenr HELP : 
x+1 


ANOTHER WAY Simplify ——; 
You get the same x 
result if you multiply . 
the numerator and the Solution 
denominator of the 1 
complex fraction by xt1._ 1... F ans ; 
the reciprocal of the 2 oe Rewrite as a division expression. 
denominator. x j 

1 x 1 x = x : Z 

eo ee mr me Multiply by reciprocal. 
2.x 1 
xX 92 = x : A 
704+ D Simplify. 


x+1 
3 nye. SD 
Simplify ais 
x+2 
Solution 
x+1 


x+5 xt+1.x4+1 
x+1 x+5 x42 


Rewrite as a division expression. 


x+2 
= : — : . + ; Multiply by reciprocal. 
a ea Divide out common factor (x + 1). 
= At? Simplify. 


Simplify the complex fraction. 


1 A x—-1 
x+2 2x x+2 
7. T 8. 5) 9.2 
x x+1 x+3 
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WZ) Exercises 


Guided Practice 


Vocabulary Check 
Skill Check 


Practice and Applications 


TUDENT HELP 


HOMEWORK HELP 

Example 1: Exs. 18-29 
Example 2: Exs. 30-35 
Example 3: Exs. 36—41 
Example 4: Exs. 42-49 
Example 5: Exs. 42-49 


1. What is a complex fraction? 


Write the quotient in simplest form. 


Sx. 3 2x 2 x Xs x2 
2. Ge Og 3. 9° 3 a7 x 
4. 8 i: 2 dp Gr eS4 
3x 15x3 x-5 3x-15 3x2 2x3 
Simplify the complex fraction. 
i x ol, x 
2 6 x= 2 6 
8. a 10. 3 11. —,— 
3 x x+1 
4x x+3 x—5 5x 
x+2 Peel x+8 3x +9 
125 13. x43 14. 7 15. — 
3 x+4 X+8 3 


Error Analysis Describe and correct the error. 


16. 
or 
SS Se ee sel 
2S) Yoo XD 8 xD ms 
x+5 

17. 
Kx-4,.0 3 _x—-4, &~4)K +4) 
4-x y2-16 4-x 3 


_ (x - 4x + 4) 
~ 3(4 =x) 


x 


Dividing Rational Expressions Write the quotient in simplest form. 


18.222 19.222 20.2 +° 
21.522 22. >= 5 2a, 2% 2 
24.222 a5. 2: +d 
27 28. ta 29.26 5 
9.4 Dividing Rational Expressions 


489 


Dividing Rational Expressions Write the quotient in simplest form. 
Check your answer. 


We: ee 4x. 3 
20k” gad eas os 
2x+1 10x + 5 x+5 3x + 15 
2. ; 33. —— + —— 
. 6x 3x2 x7-9 x+3 
xe-1l.i-x x27+4x—-12 . x +6 
i oS .  o 


Divide by a Polynomial Write the quotient in simplest form. 


4x—6 . 


a6, 9244) 37. (2x — 3) 
3x2 4x 
3g. 2—? = (x2 — 4x — 45) 39.2—7 = (14 — 2x) 
2x 4 
x7-—3x- 10, x27-25 . 9 _ 
40. 5 = (20 — 4x) 41. Ss a (x* + 2x — 35) 
Complex Fractions Simplify the complex fraction. 
1 1 1 2 
x+4 x= 3 x+9 x 
42. =— 43. =~ 44. ~— 45. —— 
2x x x+9 Pe 
xt+1 x? x+8 x? — 6x + 8 
46. 3 47. FS, 4s. _ #t3. 49. _ 4x7 12 
x—-7 2x x? + 4x — 32 x? + 5x — 14 
6 x +3 x—-4 3-x 
50. Geometry\Link’ Write a simplified x 
expression for the ratio of the x 


perimeter of the figure to its area. 


3x 


Efficiency Ratio In Exercises 51-53, use the following information. 
The surface area S and the volume V of a cylindrical can are given by 
S = 2nr? + 2arh and V= rh 


where r is the radius and / is the height. 


Radius, r Height, h 


51. Write and simplify an expression for the efficiency ratio 5 


52. Find the efficiency ratio for each can listed in the table above. 


53. Rank the three cans in Exercise 52 according to efficiency. Explain 
your ranking. 


ia Chapter 9 Rational Equations and Functions 


Standardized Test 
Practice 


Geometry Link’ Find the ratios 4 Bc 7 and 4 — F. Explain how you know 
that EB is parallel to DC. 


54. 1x 3x 
C 3x+9 B x+3 A 


56. Geo: Use the Pythagorean theorem a? + b? = c* to find the 
ratio of the perimeter to the area of the triangle shown below. 


y 


6x 15x 


f(x) —_xt+3 


57. Challenge Write two rational functions f(x) and g(x) such that —— AO = 


2 
58. Multiple Choice Which product represents (x? — 5x — 6) = an > ois 


1 7 7 1 
x7 —5x—6 3x74 21x Oya 3x? + 21x 


x Se 6 Oe 4 2x x? — 54—6 7 
© 1 7 ® 1 3x2 + 21x 
Dt 
59. Multiple Choice Which of the following represents * +3 + = = = 
in simplest form? 
2 2x — 10 
Oo @ o-90-5 
1 (x + 3)(x? — 9) 
®. DO 
‘ ‘ . . x= 16... #=4 
60. Multiple Choice Which of the following represents fas aoe 
gee 


in simplest form? 


®t B® (x + 5)(x +4) 
© ® (x ~ 5) 4) 


61. Multiple Choice Which of the following represents the complex fraction 


Xx 
_ 9/2 
oe in simplest form? 
xXx” — 1X 
4x — 8 
eT 4x(x — 2) 
© 7a 4(x — 2) x(x — 2)?(x — 7) 
4 x*(x — 7) 
® (x — 2) — 7) D 4(x — 293 


9.4 Dividing Rational Expressions fe] 


Mixed Review 


Geometry Skills 


Quiz 2 


Lesson 9.3 


Lesson 9.3 


Lesson 9.3 


Lesson 9.4 


Lesson 9.4 


Linear Combinations Solve the system using the linear 
combinations method. (Lesson 3.3) 


62. 3x + Sy = 8 63. 2x + 3y = 13 64. 2x + 5y=7 

6x — 2y = 40 x—2y =3 3x-y=-15 
Adding and Subtracting Polynomials Perform the indicated 
operation. Write the answer in standard form. (Lesson 6.3) 
65. (2x? — 3) + (x? + 2) 66. (3x° + 7) — (4 — x) 
SI $46 —3y Mle tae 5) Bb = Se Ae ee = 8) 


Multiplying Polynomials Find the product. (Lesson 6.4) 

69. x(x* + 2x — 3) 70. (3x + 2)(x + 5) 71. (x + 3)(« — 7) 
72. (x + 2)(x? — x — 6) 73. (x + 4)(x2 + 3x) 74. x(x — 5)(x? + 1) 
Exterior Angles Find the measure of 72. 
76. 


Simplify the expression, if possible. 
4 2x? x7 -x-12 x? + 3x — 10 
* 6x3 — 10x “x2 — 6x +8 x2 + 5x +6 


Write the product in simplest form. 


5x. 6 4x—8 5x? 2x 
4.—- 5. ° 6. °(x—3 
4” 15x? ae" Dy 4 fia 
7. Find the area of the rectangle. 
2 
2 
10° 
. 21x2 
Write the quotient in simplest form. 
25° x Qn +1. 4e+2 4x + 24 
a > oe 7 a 
3x + 3 x+1 2 4x2 x2 a x+3 o o 
Simplify the complex fraction. 
xl x+4 x—-4 
2 x2 2x +3 
11. 12. 
3x 3x + 12 Ax? — 16x 
x+2 HA 2 6x +9 
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USING A GRAPHING CALCULATOR (For use with Lesson 9.4) 


9:4 


STUDENT HELP 


KEYSTROKE HELP 
See keystrokes for 
several models of 
calculators at 
www.classzone.com 


You can use a graphing calculator to numerically and graphically check the 
results of operations on rational expressions. 


EXAMPLE Use a graphing calculator to check that * z 3 is the simplified form 
x? + 2x —3 
of a ae 
x” — 3x+2 
SOLUTION 
@ Enter the original expression as y, and the 
simplified result as > Choose the Path | Y 1B X24+2X-3)/ \ 
style for y, by placing the cursor to the (X2-3X+2) 
left of Y2 and pressing four ‘emt wae 
times. Remember to use parentheses | Yas | 
Y5= 
correctly. { yom } 
© Check Numerically Use the © Check Graphically Put your 
Table feature to view corresponding calculator in Connected mode. Use 
values of the two expressions. the standard viewing window. 
Why is only y, undefined at x = 1? The Path style shows the graph of y, 
being drawn even though it coincides 
with the graph of y,. 


The two expressions are equivalent 
if the values of y, and y, are the 
same except where a common 
factor has been divided out. 


The two expressions are equivalent 
if the graphs of the two expressions 
coincide. 


EXERCISES 


Simplify the expression. Use a graphing calculator to verify the 
result numerically and graphically. 


2x? + Ax w+x x +x—6 


1. 7 : 
x—x-6 x27 + 5x +4 x? + 8x + 15 


Perform the indicated operation and simplify. Use a graphing 
calculator to verify the result numerically and graphically. 


4g. xt4,x75 4x—- 12. x= 3 6 eee 2 ed 
“¢=5 223 "3x x? ett x—-6 x2 — 2-8 


9.4 Dividing Rational Expressions fa 


Adding and Subtracting 
Rational Expressions 


Key Words 
e least common 
denominator (LCD) 


| GOAL | Add and subtract rational expressions. 


How long will a trip take? 


In Example 5, you will add rational 


Simplify. 
aa expressions to write a model for the 


1. 2 : total time it takes for a trip. 
2 4_2 You can add and subtract rational 
7 7 expressions in the same way as 
3.141 fractions. So, if two rational expressions 
3 6 have a like denominator, add or subtract 
4. ‘ = ; the numerators. Then write the result 


over the like denominator. 


Add and Subtract with Like Denominators 


Perform the indicated operation. 


Para b, 2-2 eames 
pened HELP dx 2x xPo 243 r=1 9#=1 
AVOID ERRORS Solution 


When you subtract 
rational expressions, a. + 
write the quantity that 


Add numerators and simplify. 


you are subtracting in 


parentheses. This will b-2 4 Ee Subtract numerators. 
help you remember to ce RES. EES 
distribute the negative 6 ee 
factor. ee EF) Subtract numerators. 
x-1 x-1 x-1 
7 fax 8 Distribute the factor —1. 
= 
ee: eee 
Teed Simplify. 
nominators 
Perform the indicated operation. 
2 4 20 . x 2x. . x= 3 
aa Bn ga g=9 aod aed 


Least Common Denominator To add or subtract rational expressions with 
unlike denominators, first rewrite each expression so that the expressions have 
like denominators. Use the least common as of me original denominators 
as the like denominator. It is called the least comm ono! 


Chapter 9 Rational Equations and Functions 


STUDENT HELP 


SOLVING NOTE ....--++-+«+ 


In part (b), neither 
denominator can be 
factored. The LCD is the 
product (x — 2)(x + 5) 
because the LCD must 
contain both of these 
factors. 


errr erry Ax ; 3 


Find the LCD of Rational Expressions 


Find the least common denominator. 


a 1 
. 6x’ 8x3 


Solution 


a. The factors of 6x are 2, 3, and x and the factors of 8x? are 2? and x°. Use 
the greatest power of each factor in either denominator and multiply to 


find the LCD. 
LCD = 23-3 «x3 = 24x3 


b. The factors of 2x — 4 are 2 and (x — 2) and the factors of 3x + 9 are 3 
and (x + 3). Use the greatest power of each factor in either denominator 


and multiply to find the LCD. 


LCD = 2(% — 2)(3)( + 3) = 6@ — 2) + 3) 


! Expressions 


Find the least common denominator. 


2 cd 5 3 x 
3x’ gy2 "4-2? 32-4 


Add with Unlike Denominators 


Perform the indicated operation. 


a ae b. 


"2x x2 x= 2 


Solution 


a. The LCD is 2x”. Rewrite the expression so they have like denominators. 


3 4 3. ey Ae : . 
+ => e + e ; 
a 2 te ee 2 So Rewrite using LCD 
3% 8 i A 
a ee Simplify each term. 
9x2 * 9x2 pity 
a Add numerators. 
2x? 


b. The LCD is (x — 2)(x + 5). 


Qx(x+5) | 3x —2) 
(—2x+5) &—2x+5) 


x-2 x+5 


2x? + 10x 3x — 6 
(x—-2)a%+5) (&-—2)(x + 5) 


_ 2x? + 10x + 3x — 6 
(x — 2) + 5) 


= 2x? + 13x — 6 
(x — 2)(x + 5) 


9.5 Adding and Subtracting Rational Expressions eal 


Rewrite using LCD. 


Simplify numerators. 


Add numerators. 


Combine like terms. 


Subtract with Unlike Denominators 


Subtract : 
w—x-2 x-4 
Solution 


The factors of x? — x — 2 are (x — 2) and (x + 1) and the factors of x* — 4 are 
(x — 2) and (x + 2). So, the LCD is (x — 2)(x + 1)(x + 2). 


1 2 1 2 . 

" gidehegeald HELP Banas @ok G=DErD G=DG2 ‘A Orenomietion. 
AVOID ERRORS (x + 2) 2x + 1) 
Sometimes the sum or = = Rewrite using LCD. 
difference will need to Ea2 et ee Ae ee 
be simplified. Leave the — x+2-2x+1) 
denominator in factored (x — 2)(x + I(x + 2) aes 
form, and remember 8 ; 
to check for common ee ee at 2 Distributive propert 
factors in the numerator. (x — 2) + 1)@ + 2) ia ed 

x 


= G= De + Nea) Combine like terms. 


enominators 


Li k to Add Rational Expressions 
C 


AREERS Travel You are planning a trip for a group that will take a 40-mile bus ride and 
SAGO I< then ride a train. The entire trip is 140 miles. The average speed of the train is 
30 miles per hour faster than the average speed of the bus. Let x equal the average 


hoe 


speed of the bus. The time the bus travels is y, = a The time the train travels is 


ee 0 0° Write a model that shows the total time y it will take for the trip. 
Solution 


Add the time the bus travels to the time the train travels. 


Y= yy TP, Write model for total time for the trip. 
1 
ao + : ave Substitute. 

: = 1008 Rewrite using LCD 
TRAVEL AGENTS often xe430) | xe + 30) asa 
arrange all of the travel, 
meals, and hotels for groups = 40x + 1200 + 100x Add fractions. 
of people traveling together. x(x + 30) 

_ 140x + 1200 


x(x + 30) Combine like terms. 


a Chapter 9 Rational Equations and Functions 


WL Exercises 


Guided Practice 


Vocabulary Check 1. Explain how adding and subtracting rational expressions is similar to adding and 
subtracting numerical fractions. 


1 rid 1 


a 
x+t2 (+t 2) 
Skill Check Find the least common denominator. 


7 1 2 3x x+4 x 
i a ap eel "2-9 x+3 


2. Why is (x + 2)? not the LCD of at What is the correct LCD? 


Perform the indicated operation and simplify. 


2 + 6 2 x 3x 

Se Se Wo a re) 3 

9. Traveling by Canoe You take a 10-mile canoe trip on a river. You paddle 
upstream for 5 miles at a rate of r — 3 miles per hour. The second half of the 


trip you travel r + 3 miles per hour downstream. Write a model that shows the 


total time T it takes for the trip. Use the formula time = distance 
e e e 
Practice and Applications 
' glebeaied HELP Operations with like Denominators Perform the indicated operation 
HoMEWoRK HELP and simplify. 
Example 1: Exs. 10-15 
Example 2: Exs. 16-24 10.2 +2 1.9 - 3 12.5 =o 
Example 3: Exs. 27-42 2x" 2x 
Example 4: Exs. 27-42 2 3x — 8 2x x-4 8x2 24x 
Example 5: Exs. 43-48 18g x-2 a 5x+20 5x+ 20 7-9 2-9 
Finding LCDs Find the least common denominator. 
5 4 10 2 KES XH 1 
16. op 3x eal er re, 
3 lS x > x x? 
a 4x’ 2x3 e 3(x — 5)’ 3x at. (x + 2)(x — 2Y 8(x — 2) 
2x 3 x 27 Kt 1 5 oe 
q , 23. : 24. 
x — 36 x +6 X—8 x7 + 3x — 40 x? —9x4+ 14 x7 -6x-—7 


Logical Reasoning In Exercises 25 and 26, tell whether the statement 
is always, sometimes, or never true. Explain your reasoning. 


25. To obtain the LCD of two rational expressions, multiply the denominators. 


26. The LCD of two rational expressions will have the greatest power of each 
factor in the denominators. 


27. Error Analysis Describe and 
: : 2 4_ 2+4 _ 6 
correct the error in adding the +S = 
; : Sx x? Bx +x? (5 + x) 
rational expressions. 
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Operations with Unlike Denominators Perform the indicated 
operation and simplify. 


2a.3+2 29.5% 30.54%, 
os 32,2 t 5-4 33. * 5 == 
i ea a5. OS a6: I ao 
Adding and Subtracting Simplify the expression. 

7.53 t3 re ae 

= x? ar : : r ; ae: ree: 2) x a 6 

ora (ey aa ara ae a 


Triathlon In Exercises 43-45, use the following information. 


SPORTS You participate in a sprint triathlon that involves swimming, bicycling, and 
<=? 


running. The table shows the distances (in miles) and your average speed for 
each portion of the race. Your bicycling speed and your running speed are 
written in terms of your average speed r for the swimming portion of the race. 


Distance (miles) Speed (miles per hour) 


43. Write an algebraic model for the total time (in hours) to complete the race. 


distance 


Use the formula time = 
rate 


44. Write your answer to Exercise 43 as a single rational expression. 
TRIATHLONS The Iron Man 
Triathlon World Championship 
is held each year in Hawaii. 
The participants begin the 


race with a 2.4-mile ocean ; 
swim, then a 112-mile bike You are hired to wash the new cars in a dealership’s parking lot with two other 


race, and a 26.2 mile run. people, Sue and Tom. It takes you an average of 40 minutes to wash a car 
They must complete the 
entire race within 17 hours. 


45. Use your answer to Exercise 44 to find how long it would take you to complete 
the race if you can swim at an average speed of two miles per hour. 


Washing Cars In Exercises 46-48 use the following information. 


(= a car per minute). Sue can wash a car in x minutes. Tom can wash a car 
in x + 10 minutes. 
46. Write an expression for the Sue’s rate R, and Tom’s rate R,. 


47. Write a single expression R for the combined rate of cars washed per minute by 
the group. 


48. Evaluate your expression if Sue washes a car in 35 minutes. How many cars per 
hour does this represent? Explain your reasoning. 
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Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


49. Geometry Link, Find an expression for the surface area of the box. 


Pay oe Ls 
'HIS — 
<i PB 
x 
x+5 ia 


x 


x 


50. ice ag Choice Find the least common denominator of Bias and 
x2 — Tx + 12 
@ (x + 4) — 3) (x + 4)(x — 4)? + 3) 
© («+ 4x — 3) — 4) ®D ( — 3) — 4) 
51. Multiple Choice What is the difference of ax x and > in 
simplest form? a OR es 
=42 2 _ 
© OE 
24 2 
Solving Equations Solve the equation. (Lesson 1.4) 
52.x+6=—1 53. —3x + 25 = 7x — 35 54.5x + 13 = —4x -6 
55. —15x + 6 = —6x — 48 56.x= 10 +2x 57. 2x + ix =7 


Intercept Form Write the quadratic function in intercept form and 
give the zeros of the function. (Lesson 5.4) 


58. y = x° — 49 59. y =x° — 81 
60. y = x7 — 16x + 64 61. y = x7 + 24x + 144 
62. y = 9x7 + 6x +1 63. y = 100x* — 80x + 16 


Logarithmic Equations Solve the equation. (Lesson 8.6) 
64. log, (x — 4) = log, (4x + 1) 65. log, (10x + 3) = log, (4x — 9) 
66. log, (Sx) = 5 67. log, (4x — 1) =3 


Transformations Tell whether the transformation that maps the red 
figure onto the blue figure is a translation, a reflection, or a rotation. 


70. y 
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Solving Rational Equations 


| GOAL | Solve rational equations. 


What is the focal length of a camera? 


Key Words 
¢ rational equation 
* cross multiply 


In Example 5, you will solve a rational 
equation to find the focal length of a 
camera lens. 


Find the least common 
denominator. 


contains rational expressions. When each 


it 1 : ee ; . 

Ve Gea side of the equation is a single rational 
expression, you can cross multiply to solve. 

2,1 3 

‘ 2 

4x 8x If 4 = S then ad = be. 
ee ee b d 
. 2 aa 1 2x’ x —]1 2 6 
1 lol For example, = = 9,802 +9 =3+6 = 18. 


24 Art 4g xrxt+2 


4 _3 : hele . 
TUDENT HELP ree hae Write the original equation. 

AVOID ERRORS 4x = 3(x + 1) Cross multiply. 

When you solve rational eos es acts 

equations, be sure to 4x = 3x + 3 Use distributive property. 

check your answers. x= Subtract 3x from each side. 


Remember, values of the 
variable that make any 
denominator equal to 0 
are excluded. 


ANSWER > The solution is 3. 


CHECK Substitute 3 for x into the original equation. 


4 _3 i ies ‘ 
phi Write original equation. 
4-63 
34173 Substitute 3 for x. 
l=lV Simplify. Solution checks. 


Multiplying 


Solve the equation. Check your solution. 


x _ 12 Lae) ia 
13 18 247 39 15 
a-_ t 5S 2 3__3 
oS oa y oo ged 
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Multiply by the LCD Another method for solving a rational equation 
is to multiply each term on each side of the equation by the least common 
denominator (LCD) of the terms. This method works for any rational equation. 


Multiply by the LCD 


Solution 


The least common denominator is 2x. 


2 of : = el Write the original equation. 
2 °2x + 3 °2x = a ° 2x Multiply each term by the LCD 2x. 
4+ 3x = 10 Simplify each side. 
3x =6 Subtract 4 from each side. 
x=2 Dividing each side by 3. 


ANSWER > The solution is 2. 
3 3 
CHECK 5 + 375 Jv 


Solve an Equation with an Extraneous Solution 


Solve 8 + —2— = 2_, 
x= 1 x¢=1 
Solution 
8 + nee Write original equation 
K=1. x¥-J1 i 
8+(x—-1 + + @-D= an -(¢—1) Multiply by LCD (x - 1). 
8 — 1) +2 = 2x Simplify. 
8x —8 +2 = 2x Use distributive property. 
TUDENT HELP ae 
Avouw aan’ 8x — 6 = 2x Simplify. 
When solving rational 6x = 6 Combine like terms. 
equations, check your = fa . 
answers. If substituting a x=1 Divide each side by 6. 


solution into the original 
equation results in 
division by 0, the solution 
is extraneous and must @ 4: 2. 2 2) x 
be rejected. I-1l 1-1 


ANSWER > The solution | is extraneous because it leads to division by 0 in the 
original equation. So, the original equation has no solution. 


Solve the equation. Check your solutions. 


2,1 _3 
x 
9.6 Solving Rational Equations Fa 


30x 


Solve an Equation with Two Solutions 


; Z i “tr = =2 Write original equation. 
—+xa- 1) + 3.x —-1)=2°-x(x-1) Multiply by LCD x(x — 1). 
2x + 3x — 1) = 2x(x — 1) Simplify. 
2x + 3x — 3 = 2x? - 2x Simplify each side. 
0 = 2x7 -7x+3 Write in standard form. 


0 = (2x — 1) — 3) Factor. 


x= 5or x=3 Zero product property. 


ANSWER > The solutions are ; and 3. Check these in the original equation. 


Solve the equation. Check your solutions. 


ae eee 3 se 
are ee iy at 


Solve a Rational Equation 


Link to, 
PHOTOGRAPHY Photography The focal length fof a thin camera lens is given by 
a re 
f P4 
where p is the distance between an object being photographed and the lens and q 
is the distance between the lens and the film. Find the focal length when p = 12 


centimeters and g = 4 centimeters. 


FOCAL LENGTH The focal 
length of a camera lens is the 
distance between the lens and 


the point where the light rays | _________________p f 
converge after passing through qg—“ 


the lens. 
Solution 
ae ee Substitute 12 for p and 4 for 
5 2 4 qin original equation. 
; ° 12f= 4 - 12f + ; - 12f Multiply each term by LCD 12f 

12 =f+ 3f Simplify. 
12 =4f Combine like terms. 

3=f Divide each side by 4. 


ANSWER > The focal length is 3 centimeters. 
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WTF Exercises 


Guided Practice 


Vocabulary Check 1. How is a rational function different from a polynomial function? 


2. Give an example of a rational equation that cannot be solved using cross 
multiplication. Explain your reasoning. 


Skill Check Solve the equation. Check your solutions. 


a 34 8 _6 
oea a ee Ba | x 
4_ 5 ae ae 2 1_ 5 
ae = 3 Tea a x | 4 x-1 
2 _ x 3 = 23% 1 2 
Ce rece Rao 10. -—~, + 6 al 11. > = 1 
12. Use the fact that a segment parallel to a v9 
a side of a triangle divides the side lengths 
proportionally to find the value of x and x+3 6 


give the length of each labeled side. 


13. Describe and correct the error in identifying the solutions of the rational 


equation. 
' By = = 
The solutions C) rere =F 4p arex 6 and x tk x 
e e e 
Practice and Applications 
TUDENT HELP Checking Solutions Determine whether the given value of xis a 
HOMEWORK HELP solution of the equation. 
Example 1: Exs. 14-34 x _ 6 _ Uh aan: = 
14. ; 6 15. , 2 
Example 2: Exs. 35-50 x-3 x-3” stl #-1* 
Example 3: Exs. 20-50 a I 3 
Example 4: Exs. 20-50 16: 7eg ce ee 3 17. to Teal 
Example 5: Exs. 53-58 
2 . _ 3x ,2_10 ._ 
18. 7g’ sea 1lx=2 19. 5 +s zie 4 


Cross Multiplying Solve the equation. Check your solutions. 


20.5 =4 21.2=7 22.4=5 

23,2 =—*. 24, p=. 25.4 = 3. 
= 6535 iz gag 28 a Par 
= ae 30. =a at er 
se a Sina Gee ae 


9.6 Solving Rational Equations fea 


Least Common Denominator Solve the equation. Check your 


solutions. 

35.5 +9=1 36.2 +3=1 
37.5—7=1 38.3+1=3 

er ae a 40. 5 a 
Al rage a2. asa 
43.5 eee. 44, <— wie ill 


Choosing a Method Solve the equation using any method. Check 
your solutions. 


5 _x«*t+4 x-2_ 6 t &. <3 x+3 
Ce opel ae: x x+8 aie S40 Bea 

3 pxt1_ eS x+2_x+6 
48.- 4 7-9 1 ao. =e 50. = a) 


Logical Reasoning In Exercises 51 and 52, ais a nonzero real number. 
Tell whether the statement is always, sometimes, or never true. 
Explain your reasoning. 


. x ‘ % 
51. For the equation + Z qZ = y= @ * = Gis an extraneous solution. 


: 3 _ x , 
52. The equation = = >=; has exactly one solution. 


53. Park Maintenance You and a friend are cleaning a park. You can clean the 
park in two hours working alone. Your friend can clean the park in three hours 
working alone. Use the verbal model to determine how long it will take you to 
clean the park working together. Convert your answer to hours and minutes. 
There are 60 minutes in one hour. 


1 
Your friend’s time 


1 
Your time 


1 
Combined time | 


AREERS 


54. Airplane Travel An airplane travels at a speed of 400 miles per hour in still 
air. The plane travels 920 miles with a tail wind in the same amount of time it 
takes to travel 680 miles into a head wind. The tail wind and the head wind are 
the same speed. Use the verbal model to find the speed of the wind. 


with head wind 


Airplane speed Airplane speed 
with tail wind with head wind 


Distance traveled 
with tail wind 


Distance traveled | 


TRAFFIC CONTROLLERS 


Air traffic controllers direct 55. Average Car Speeds Two cars start traveling at the same time. The first car 
airplanes between airports. travels 120 miles in the same time that the second car travels 108 miles. The 
They tell pilots when they can average speed of the first car is 5 miles per hour greater than the average speed 
land and take off safely. of the second car. What is the average speed of each car? 


Chapter 9 Rational Equations and Functions 


Standardized Test 
Practice 


56. 


Sci 


Volleyball You are playing in a volleyball match. So far, 37 of your 44 serves 
have remained in bounds. Solve the equation 

90 _ 37 +x 

100 44+x 


to find the number of consecutive serves you need to have in bounds in order to 
raise your service percent to 90%. 


In Exercises 57 and 58, use the model below. It shows 


how to calculate the acid concentration of a solution diluted in 
water. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


Concentration of Volume of 
original solution original solution 


Concentration of 
new solution 


Volume of 4 Volume of 
original solution water added 


You have 0.5 liter of an acid solution whose acid concentration is 20 moles per 
liter. You want to dilute the solution with water so that its acid concentration is 
only 15 moles per liter. How much water should you add to the solution? 


What would the acid concentration of the new solution be if you added 0.2 liter 
of water? 


Choosing a Method Give an example of a rational equation that you would 
solve using cross multiplication. Then give an example of a rational equation that 
you would solve by multiplying each side by the LCD of the fractions. 


Challenge From 1995 through 2003, the annual sales S (in billions of dollars) 
of entertainment software can be modeled by 


84817 + 3220 


,O<t<s8 
11572 + 1000 


S() = 


where ¢ is the number of years since 1995. For which year were the total sales S 
of entertainment software about $5.3 billion? 


- E 2. -*% 

Multiple Choice Solve sf 

A) 4 —1 © 4, -1 @) no solution 

Multiple Choice Solve + -2=2 + > 

& 4 @ 2 CD 2,4 @®) no solution 
- e bai 3 

Multiple Choice Solve a4 Gr 0 

@ 2,3 2 @3 @) no solution 
. ’ 5.72 

Multiple Choice Solve 2x — 2 oe 

© , 0 @® ;, 0 GD 5 @®) no solution 


9.6 Solving Rational Equations al 


Mixed Review —_ Multiplying Complex Numbers Write the expression as a complex 
number in standard form. (Lesson 5.7) 


65. (2i)(57) 66. (2 + 1)(1 — 2i) 67. (6 + 4i)(3 — 4i) 


Solving Radical Equations Solve the equation. Check for 
extraneous solutions. (Lesson 7.3) 


68. V3x +5 =8 69. Vx +5=5 70.W/5x+44+7=11 
71. V2x+ 19 =x+2 72. V2x +6 =V3x41 73.Wx+8 =W4x+5 


Graphing Functions Graph the function. State the domain and 
range. (Lesson 9.2) 

at _ -2 
74.y=54+2 75. y 4 


2 


x—-4 


=3 76. y = +5 


Geometry Skills Parallelograms Find the value of x in the parallelogram. 


77. 78. 2 79. 
é 2x—-—5 rea 2 x-2 
x+1 


Lesson 9.5 Find the least common denominator. 


Quiz 3 


23 so x3 
“3y°x+2 ” 92? 4x “2a + 1’ 2,2 
Lesson 9.5 Simplify the expression. 
3x 2, 1 3 
nae ped es aa 
xt+4 2x x 3x 
"ES eH 2 “x+4 3248+ 16 


Lesson 9.6 Solve the equation. Check your solutions. 


4 _2 6 _ 5 x _ 2 
S046 5 2 as 2¢— 1 brary x+9 

4,1 _8 4 _ 2& 2 4 _4 
15 +S i2.6+— = — 13,5+ = 3 


Lesson 9.6 Perimeter and Area For Exercises 14 and 15, use the rectangle below. 


x-1 
x+2 
14. The perimeter of the rectangle is 3. Write a rational equation for the 
perimeter of the rectangle. Then solve the equation. 


15. The area of the rectangle is 2. Write a rational equation for the area of the 
rectangle. Then solve the equation. 
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Chapter Summary 
and Review 


VOCABULARY 


¢ inverse variation, p. 466 ¢ hyperbola, p. 472 ¢ complex fraction, p. 488 
¢ constant of variation, p. 466 ¢ branch, p. 472 e least common denominator 
e joint variation, p. 468 e rational expression, p. 480 (LCD), p. 494 


¢ rational function, p. 472 ¢ simplified form, p. 480 * rational equation, p. 500 
¢ cross multiply, p. 500 


VOCABULARY EXERCISES 


1. How are two variables related if they show inverse variation? 


2. Give an example of two rational expressions with like denominators. Give an 
example of two rational expressions with unlike denominators. 


3. What does it mean for a rational expression to be in simplified form? 
4. Name two methods that can be used to solve rational equations. 


5. What is a complex fraction? 


| EXAMPLE | ‘You can write an inverse or joint variation equation using a general 


equation for the variation and given values of the variables. 


Inverse Variation x = 3, y = 6 Joint Variation x = 4, y = 9, z = 27 
y= i: y varies inversely with x. z= kxy z varies jointly with x and y. 
k ; 27 = k(4)(9) Substitute for x, y and z. 
= z Substitute for x and y. 
27 = 36k Multiply. 
REVIEW HELP 18=k Solve for k. 
Exercises Examples el 2 cowetor k 
6-8 2, p. 466 The inverse variation equation is y = i 36 4 
3-10 5, p. 468 The joint variation equation is z = a xy, 


In Exercises 6-8, the variables x and y vary inversely. Use the given 
values to write an equation relating x and y. Then find y when x = 3. 


6.x =2,y=6 7.x=4,y=-3 B.x=hy=4 
9. Write an equation in which z varies inversely with x and y and k = 7. 


10. Write an equation in which z varies jointly with x and inversely with y 
and k = —2. 


Chapter Summary and Review 507 


| EXAMPLE | Graph the function y = = qe, 


The function is in the form y = —@— + So,a = —1, kh = 3, and 
oo va 


Draw the vertical asymptote x = 3 and the horizontal asymptote 
y=2. 


Plot a couple of points on each side of the vertical asymptote. 


REVIEW HELP Draw the two branches of the hyperbola that approach the asymptotes and pass 
Exercises Examples through the plotted points. 


11-16 1, 2, p. 472 


The domain is all real numbers except 3. The range is all real numbers except 2. 


Graph the rational function. 


W.y=4 12y=— 13.y=— +1 
oe = #.: oe 
14.9 = 5 6 15.y a5 4 16. y aaa 4 


Simplify a rational expression by factoring the numerator and denominator 


and then dividing out any common factors. 
1] cats X52) CY 
14x(Qx27+4) 2*Fex(Q2?+4) 207+ 4) 


The rules for multiplying rational expressions are the same as 
the rules for multiplying fractions. 


xt5, P-16 _  (@t5)@’— 16) 
X+4 x24 8r+15 (x +4) (x? + 8x + 15) 


Multiply numerators and denominators. 


REVIEW HELP _ &+5)@+4)(x — 4) 
Exercises Examples +4 (x+5)(x + 3) 


Factor and divide out the common factors. 


17-19 1,2, p. 480 


20-22 3,4,p. 481 a implify. 
p een Simplify. 


Simplify the expression. If not possible, write already in simplest form. 


6x7 12x x? + 7x +10 
ms 6x + 12 = 8x2 — 24x = 5x + 25 
Multiply the rational expressions. Simplify the result. 
x+6. x+x-6 2x-2 x -—3x-4 et+x-20 °4+5x4+6 
20. . 21. ° F ° 
x-2 4+ 5x-6 e-4 gt -3x+2 x—4x-12 x? +3x-28 
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| EXAMPLES | The rules for dividing rational expressions are the same as the 


rules for dividing fractions. 
eee Say ng yee eS 
xt+2x-3 Ww-2 742x-3 x—-5 
_ GDA t+ NAOT) 
Gah) +> 3) G—>) 


Rewrite as a product. Use the reciprocal. 


Multiply numerators and denominators. 


AGE ae S)) eee 
Se Simplify. 


To simplify a complex fraction, divide the numerator by the denominator. 


REVIEW HELP 


Exercises Examples x-1 

23-25 =: 1,2, p. 486 Ae el a ee ee 

26-28 4,5, p. 488 dari  gsp3° ese eae} ese laa 
se ap 3} 


Write the quotient in simplest form. 


2x+3 . 4x+ 10 x. x x-4. 3x-12 
ale ae oe eo 26.45 @t5y 
Simplify the complex fraction. 

ell x—4 x-— 1 

=D 2x + 10 vr -9 
26. ——— °) cere 28. —— 

r= 5 x+5 x—3 


| EXAMPLE | You can use the least common denominator (LCD) to add or 


subtract rational expressions with unlike denominators. 
D 5 — Ail) S(x + 4) 


Rewrite with a common denominator. 


geared p= il Garayer=— i) Grae =— i) 


_, Ae = il) = De ze) 
(«+ 4@ + 1) 


Subtract numerators. 


= 2 HO) 


Use the distributive property. 


REVIEW HELP (+ 4a — I) 
Exercises Examples 


=o — 2) 


29-34 2,3, 4, p. 495 SS a SS impli 
Cea Simplify. 
Simplify the expression. 
3 4 2 6 ) 2x 
oo a ees a0 aa x+2 re x+3 
x-1l_ x-4 x+3:  H+2 AON 2, 
Sel x+2 ae eed x- 1 is x+6 
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ING RATIONAL EQUATIONS 


a 


| EXAMPLES | ‘You can cross multiply to solve a rational equation when each side 
of the equation is a single rational expression. 


REVIEW HELP 
Exercises Examples 
35-40 1,3, 4, p. 500 


41-46 2,3,4, p. 501 


47 5, p. 502 


6 _ 3 
ig aF Il p= 


6(x — 2) =3@ +4 1) 


6x — 12 =3x+3 


Original equation 
Cross multiply. 


Use distributive property. 


3x = 15 Simplify. 
x=5 Divide each side by 3. 
O -» 3 4 : ane A 
CHECK lg eso Substitute 5 for x in the original equation. 
6 _ 3 ; 
Ens v Solution checks. 


You can solve a rational equation by multiplying each term of the 
equation by the LCD of the terms. This method works for any 
rational equation. 


Original equation 


@a- )2+We@- py = (x(x — 18 Multiply by the LCD x(x — 1). 


3\G8 = Il) sb Ze = Eee — Il) Simplify. 
eS 3 ar 2 = (Ge = © Use distributive property. 
ee = Boe = (0) Simplify. 
3=x Solve. 


Always check solutions of rational equations to be sure they 
are not extraneous solutions. 


Solve the equation. Check your solution(s). 


eT gare eT a eer 37.5 ae 
ses=$atb2 gg. S83 BEL gg Stand 
Solve the equation. Check your solution(s). 
rrr re i ee 9 43. 5 aes 
a4. Se a Sa 46. aT irre 


47. Test Averages You have taken 5 quizzes in your history class. You have an average 
score of 83 points. If you can score 95 points on each of the rest of your quizzes, how 
many quizzes do you need to take to raise your average score to 90 points? 


fe Chapter 9 Rational Equations and Functions 


fer 9 Chapter Test 


The variables x and y vary inversely. Use the given values to write an 
equation relating x and y. Then find y when x = 4. 


1.x=6,y=2 2.x=—-2,y=8 3.x=2y=-1 
The variable z varies jointly with x and y. Use the given values to write 
an equation relating x, y, and z. Then find z when x = 2 and y = 6. 


2-1 
3’ 2 


4.x = 3,y =5,z = 30 5.x =6,y=6,z=9 6.x=Ly= 
7. The graph of y = 7 + kis shown at the right. Tell y 


whether the value of each of the constants a, h, and k 
for this function is positive, negative, or zero. 


Graph the function. State the domain and range. 
8.y = 9y=tt1 10.y=1+-1 
Simplify the expression. If not possible, write already in simplest form. 
36x? x? + 3x — 28 13 x? — 14x — 48 
* 16x "5x — 20 “x2 + 4x — 12 
Multiply the rational expressions. Simplify the result. 
x , 4x + 20 


14, — 15. 16. 

2 43 x? — 25 4x3 x+4 x? — 8x 
Write the quotient in simplest form. 

3x3. x? x+9 . 4x +36 x-9 . x+3 
ee Wie a=6 Le a) 

x— 8 
20. Simplify the complex fraction = sure 
4x — 32 
xD 
Simplify the expression. 

3 7 3x 6 3x 10 
Ag O52 eek ERA ae +6 Pos-@ 
Solve the equation. Check your solutions. 

2xt+3_ -3 2S. MW x-2_ 6 
aa =a ia ae ae a a 


27. Test Averages You have taken three math exams and have an average of 80 points. 
If you can score 100 points on each of the rest of your tests, how many tests do you 


need to raise your average to 90 points? 
Chapter Test al 


Chapter Standardized Test 


\ Jest Tip Try numbers in formulas. 


DD OO wD 


| EXAMPLE | Which equation is graphed at the right? 


3 3 
Dy = ar ® y=xt2 
® y= + 72 <D) y= wat +2 


Solution 

Pick point (2, 5) on the graph and substitute it in each equation. 
Choice A results in y = 3, which is false. 

Choice B results in y = Z which is false. 

Choice C results in y = 3, which is false. 


Choice D results in y = 5, which is the correct answer. 
X 


Multiple Choice 


x2 = 
1. The variables x and y vary inversely. What is 4. Simplify the Speen a 
_ _ ill + 4x—5) 
the value of k when x = —9 and y = =? 
3 1 5x(x — 1) 
© oe era eee 
@® —~27 =) 2 (x + 1) (x — 5) 
e=1 5x 
© 3 @ 27 aera Ons 
2. Which equation is graphed below? 5. Multiply x+ 7 x a Simplify the result. 
x 
@® x — 3x x3 
4x?(x — 2) 4x(x? — 4) 
x—-3 (x + 2) + 3) 
© 4x(x — 2) 4x(x? — 4) 
o = 
6. Write ou x i 2 rE ; oo 5 in simplest form. 
a+3 & = 3@— 
® +43 @ oo 
eee | x2 -9 
® D e-a6-D 


2_ 
ahi .. the comimion tacten(s)or Se 20 7. The variable z varies jointly with x and y. What 
and 6x~ + 12x? : = _ = 
is the value of k when x = 4, y = 1, and z = 4? 


© x, (x +2),(*- 2) @ 2,3,5,x,x-2 onl ®) 4 
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8. Write 2 x + ; in simplest form. 
te 7 r= 5 
© 7 @® Gra D 
e- 2 x? — 11x — 12 
WD 7 D Gr 16 FD 
OMS 2 
9. Solve —— i we 
@® -1,2 42 
1 
© 1-2 ® 2 


Gridded Response 


12. The variables x and y vary inversely. Find the 
value of k when x = —3 and y = —5. 


13. The variables x and y vary inversely. Find the 


value of k when x = : and y = 3. 


14. The variable z varies jointly with x and y. Find 
the value of k when x = 3, y = 6, and z = 54. 


15. The graph of y = = + 2 has a horizontal 
asymptote at y = k. Find the value of k. 


Extended Response 


21. A boat travels through still water at x miles per hour. The water in a river flows 


x2 —4x +3 
G@=3) 7-9 
G+ 2) eta 
@® ei ae 
8 ey ee 5x 
11. Solve — + | S52 
@ —5,6 ® 5, -6 
© 8,-9 @® -8,9 


16. The graph of y = =I + 4 has a vertical 
asymptote at x = h. Find the value of h. 


17. Multiply oem : 


5 15 _ 
18. Solve 5 + = 4. 


12 1 

19. Solve Se) 

20. Solve Ped S 
i= 2x 


18 #912 
-9 


downstream at 4 miles per hour. The boat travels on the river 15 miles upstream 

and then returns downstream. The rate the boat travels upstream is x — 4 miles per 
hour because the boat moves against the flow of the water. The rate the boat travels 
downstream is x + 4 miles per hour because the boat moves with the flow of the water. 


Speed of current: 4 miles per hour 


Direction of current 


a. Write a rational expression for the total time of the boat trip. Simplify the 


expression. 


b. The total time for the trip is 2 hours. Find the speed of the boat. 


Chapter Standardized Test a 


ers [29 Cumulative Practice 


Simplify the expression. (Lesson 1.3) 
1. 3x + 6y — 2x + 2y 2. 3x — 2(x + 4) 3. —4(—x)? 


Find the slope of the line passing through the given points. (Lesson 2.3) 
4. (4, —2), 3, D 5. (—1, 3), (1, 7) 6.3, =3),6,—4) 


The variables x and y vary directly. Write an equation that relates the variables. 
(Lesson 2.6) 


7.x=3,y= 18 8.x=4,y = 10 9.x=12,y=9 


Solve the linear system. (Lessons 3.1, 3.2, 3.3) 


10. y=3x—-7 11. 3x —2y=9 12.x-—2y=4 
5x — 2y = 12 x+2y=11 3x + 2y = —20 

13. —5x + 7y= 11 14.3x+y=1 15. 2x + 3y=9 
—5x + 3y = 19 —x + 2y = 16 3x —4y=5 


Solve the inequality. Then graph your solution on a real number line. 
(Lesson 4.1) 


16. 2x—1<7 17. —5x — 6219 18.2x + 4<S5orx—6>-—2 


Match the function with its graph. (Lesson 4.6) 
19. y = 2|x| 20. y = —2|x| 21.y=—5|x 


Solve the equation. (Lessons 5.2-5.8) 
22. x7 + 3x - 10 =0 23. 2x7 + 7x -4=0 24. x? — 12x = —28 


Perform the indicated operation. (Lessons 6.3, 6.4) 
25. (x? + 3x + 9) — (2x? + 4x — 3) 26. (x — 1I)(x+ 3x + 1) 


27. (x? + 5x2 + 2x — 12) + (x + 3) 28. (x° — 7x — 6) + (x — 2) 


Solve the equation. Check for extraneous solutions. (Lesson 7.3) 
29. Vx = 16 30. V2x + 9 = 13 31.Vx—1-6=-3 


Perform the indicated operation and state the domain. (Lesson 7.4) 
32.7 -—3:f0) = 2— 3,20) = 38-2 33. f(g(x)); A®) =x? + 1, g@) =x-7 
Find the inverse of the function. (Lesson 7.5) 


34. f(x) = 3x +4 35. f(x) = 7x 36. f(x) = 2x3 - 1 
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Graph the function. (Lessons 7.6, 8.1, 8.2) 


37.y=Vx—-3+4+2 38. y = 2Vx+4 39.y=Vxt+1-3 
40. y=3x-1 A1.y=2¢! 42. y=4x°+2 
aa. y= (1) aa. y= 1 as. y = 102) 

4 5 3 


Compound Interest In Exercises 46-48, use the following information. 


You have $1200 to deposit and are comparing the bank offers shown in the table 
below. (Lesson 8.3) 


Bank InterestRate | Compounding 


fx | 3% | monthty | 


Dye | uae] 
[z[se | yenty | 


46. Find the balance after 6 years if you deposit $1200 in an account at Bank X. 
47. Find the balance after 6 years if you deposit $1200 in an account at Bank Y. 
48. Find the balance after 6 years if you deposit $1200 in an account at Bank Z. 


Evaluate the expression. (Lesson 8.4) 
49. log, 32 50. log, ,, 16 51. log, 3 


Solve the equation. (Lesson 8.6) 
52. 5° = 54+! 53. 3° = 11 54. log, 3x = log, (5x + 3) 


Interpreting Data Determine whether x and y show direct variation, inverse 
variation, or neither. (Lesson 9.1) 


Perform the indicated operation and simplify. (Lesson 9.3, 9.4, 9.5) 


xt+5 .3x+9 KH 4 5 OES 1 x 
38: oy 6 x—-5 a Ma a0. 4A x+2 
Solve the equation. Check your solutions. (Lesson 9.6) 

4 __ 2 x-4_x-3 3, xt4_ 
0 gS ae x+5 Sen Ga : 


Cumulative Practice ia 


Pp 
Nigite 


la How many ways can you choose 
dancers from a group? 


Suppose that a choreographer is choosing groups 
from a dance company to perform different dances. 


Think & Discuss 


1. The partial list below shows possible groups of 2 dancers 
formed from the 6 dancers A, B, C, D, E, and F. Notice 
that repeated groups are crossed out. Copy and complete 
the list by adding 3 more rows. 


Qa @ @®@® 


2. Make sure all repeated groups are crossed out in your 
list from Exercise |. Then count the remaining groups. 
How many groups of 2 dancers are possible? 


Learn More About It 


You will use a formula to find a combination of dancers in 
a dance group in Exercise 22 on page 549. 
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| PREVIEW What's the chapter about? 


¢ Multi-Language Glossary 
* Vocabulary practice 

e Identifying sources of bias in samples and survey questions 

¢ Choosing random samples and finding the margin of error for a sample 

e Using permutations and combinations to count the ways an event can happen 

¢ Calculating and using probabilities 


Key Words 

¢ population, p. 519 

¢ unbiased, biased sample, p. 519 
¢ random sample, p. 526 


¢ geometric probability, p. 558 

¢ compound event, p. 562 

¢ overlapping, disjoint events, p. 562 

¢ complement of an event, p. 564 

¢ independent, dependent events, 
p. 569 

¢ conditional probability, p. 570 


¢ margin of error, p. 528 
¢ permutation, p. 540 

¢ factorial, p. 540 

¢ combination, p. 545 


| PREPARE | Chapter Readiness Quiz 


Take this quick quiz. If you are unsure of an answer, look back at the 
reference pages for help. 
Vocabulary Check (refer to p. 46) 
1. In a data set, the difference between the greatest value and the least 
value is called the _?_. 


C) mean median 
© mode @®) range 
Skill Check (refer to pp. 743, 745) 
2. Write the fraction E as a percent. 
fF) 0.34% @® 17% HD 3.4% D 34% 


3. Simplify x op - = 5 Round the answer to the nearest hundredth. 


CA) 0.51 0.63 © 0.69 @® 0.74 


Compare and Contrast 


TAKE NOTES 


PERMU 
Use your notes to compare TATIONS Order is important 
formulas. Describe the by poe ® greater than ny b 
differences in the formulas (n — r)I of combinat; ie 
’ thations 
and how the differences affect 
COMBINATIONS 


the outcomes. ° order not important 
(= hl ® fewer than number 


ro, = esate 
ay 
Met of permutations 


ia Chapter 10 Data Analysis and Probability 


Key Words 

¢ population 

¢ sample 

¢ unbiased sample 
¢ biased sample 


Solve. 


1. What number is 25% 
of 124? 


2. 52 is 20% of what 
number? 


3. 162 is what percent 
of 180? 


4. What number is 35% 
of 150? 


Populations and Surveys 


| GOAL | Use unbiased samples and surveys to make predictions. 


How can you use a survey to collect information? 


animals, or riecis that you want infomation 
about. 


If you cannot collect information about every 
member of the ee you can study a 
smaller part, or sal 


Identify a Population and Sample 


Market Research A company plans to open a new restaurant in a city. To 
study the preferences of people in the city, the company conducts a survey of 
400 city residents. Identify the population and the sample for this situation. 


Solution 


The population consists of the residents of the city, who are the potential 
customers for the new restaurant. The sample is the 400 people from this 
population who are surveyed. 


and Sample 


1. Biologists studying the bluebirds nesting in a wildlife refuge count the 
numbers of eggs in 20 bluebird nests scattered throughout the refuge. 
Identify the population and the sample for this situation. 


Samples and Bias An ur ole accurately represents a population. 

yi ple overrepresents or underrepresents part of the population. The 
diapram below shows two samples of 12 out of a population of 96 students who 
were asked whether they prefer playing softball or tennis. Three fourths of the 
population, or 72 students, prefer softball. 


®8@ 
Unbiased 
ee Sample 
: ®@e 
Population 
8e8°8e 


® Biased 
a Sample 


In the top sample, three fourths of the students prefer softball, the same as 

in the population. This sample accurately represents the population, so it is 
unbiased. In the bottom sample, only half of the students prefer softball. This 
sample does not accurately represent the population, so it is biased. 


10.1 Populations and Surveys ‘aa 


Eliminating Bias To obtain an unbiased sample of a population, you must 
be careful that the way you choose your sample does not introduce bias. Also, 
in general, a larger sample is more likely to be unbiased than a smaller sample 
chosen the same way. 


Identify Potentially Biased Samples 


Libraries A town wants to know if voters favor a tax increase for a new library. 
Tell whether the sample chosen is likely to be biased. Explain. 


a. Survey 200 people from all town residents who have library cards. 
b. Survey 20 people who come to town hall one afternoon. 


c. Survey 175 people from all town residents who are registered voters. 


Solution 


a. This sample is likely to be biased because those with library cards might be 
more likely than the whole population to support a new library. 


b. This sample is likely to be biased because people who come to the town hall 
might not represent voters in general. Also, the sample size is very small. 


c. This sample is less likely to be biased because the sample is large and is taken 
from those who are most likely to vote. 


siased Samples 


Tell whether the sample chosen is likely to be biased. Explain. 


2. To choose the theme of an all-school dance, you survey all of the 
members of your drama class. 


3. To study support for a proposed new cell phone tower, all the households 
within 200 yards of the proposed site are surveyed. 


4. To find out if a new Web site is easy to use, the site’s designer asks five 
people in the office to try it. 


Survey Questions Ina survey, not only must the people surveyed be chosen 
carefully, but the questions themselves must be worded carefully. Otherwise, 
the results may not reflect the true views of those surveyed even in a large, 
well-chosen sample. 


A survey question must not hint that there is a preferred answer. A survey’s 
setting or the questioner can also influence the results. For example, people 
asked in front of a news camera if they recycle might be more likely to answer 
“yes” than if they are asked to give an answer anonymously. 
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Linkitg, Identify Potentially Biased Survey Questions 
CAREERS 


Explain why the survey question may be biased. Then rewrite the 
question to remove the bias. 


a. Would you like to see healthy food served in our cafeteria? 


b. Do you plan to vote to replace the current mayor with a more effective one? 


Solution 


a. This question is biased because it suggests that the food now served is 
unhealthy, which encourages a response of yes. A more neutral wording might 


NUTRITIONISTS help people be “Do you think our cafeteria menu includes enough healthy food choices?” 
improve their lives by advising b. This question is biased because it suggests that the current mayor is 

them how to choose healthy, ineffective. A more neutral wording might be “If the mayoral election were 
nutrient-rich foods. held today, would you vote for the current mayor or the mayor’s opponent?” 


irvey Questions 
Explain why the survey question may be biased. Then rewrite the 
question to remove the bias. 

5. Do you follow dentists’ recommendations and floss daily? 


6. Do you think the city should replace the outdated police cars it is using? 


Making Predictions Samples that are carefully chosen to avoid giving 
biased results allow you to make predictions about a population. 


Make a Prediction from a Sample 


School Colors You want to find out if students at your school favor a proposed 
change in the school colors. Of the total of 960 students, you survey 40 who were 
chosen in an unbiased way. You find that 12 of the 40 favor the change. Predict 
how many students at your school favor the change. 


Solution 


You can predict that the ratio of students in the population who are in favor of the 
change will be about the same as the ratio in the sample who are in favor. 


Population number in favor _ Sample number in favor 


Write a proportion. 


Population size Sample size 
ee A ND . 
960 > 40 Substitute known values. 
40x = 11,520 Cross product property 
x = 288 Simplify. 


ANSWER > You can predict that about 288 students favor the color change. 


n a Sample 


7. In Example 4, suppose that 18 of 50 students surveyed favor changing the 
colors. Predict how many of the 960 students favor the change. 


10.1 Populations and Surveys 


PL Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


"  sahaeael HELP 

HOMEWORK HELP 
Example 1: Exs. 8-9 
Example 2: Exs. 10-16 
Example 3: Exs. 17-20 


Example 4: Exs. 21-26 


1. Copy and complete the statement: A portion of a population that is studied in 
order to make predictions about the whole population is a(n) __?_. 


2. Describe the difference between a biased sample and an unbiased sample. Give 
an example of each type of sample. 


Identify the population and the sample for the situation. 


3. The manager of a pet store plans to sell an additional brand of dog food. The 
manager asks all customers who purchase dog food or supplies at the store one 
day if they would like to indicate their choice of one of three possible new dog 
food brands on a card and put the card in a box. 


4. A pecan grower brings in 60 sacks of pecans to sell. The buyer takes a handful 
of pecans from each of several bags, weighs the pecans before and after shelling 
them, and inspects the shelled pecans. 


For a survey of student opinions about school subjects, you ask 
students which of several subjects they expect to be most useful to 
them as adults. Tell whether the given sampling method is likely to 
result in a biased sample. Explain. 


5. You ask all of the students in each of your classes. 


6. You ask 50 students whose names you draw without 
looking from a box containing all student names. 


7. You ask all of the class officers for each grade. 


Populations and Samples In Exercises 8 and 9, identify the 
population and the sample for the situation. 


8. A television sports show wants to know which team its viewers predict will win 
the championship next week. During the show, viewers are asked to vote online. 
Of the 9 million people watching the show, 0.4 million vote. 


9. A writer for the high school newspaper is conducting a survey to see who is 
the current leader in the race for senior class president. The writer hands out 
“ballots” to as many seniors as possible as they enter school, and asks them to 
vote for their favorite candidate and place the ballots in a box. 


Representative Samples A magazine wants to know which local 
ice cream shop residents think is the best. Tell whether the sample 
is likely to represent the population accurately. Explain. 


10. 20 customers surveyed at each one of the ice cream shops 


11. newspaper readers who mail in a contest entry form that is included in the 
Sunday paper 


12. 250 shoppers surveyed as they enter the town’s only supermarket 
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Biased Samples Tell whether the described sample is likely to be 
biased. Explain. 


13. A student investigating the most desired car color among students with driver’s 
licenses at the school counts the numbers of cars of each color in the school 
parking lot. 


14. A bus company researching riders’ opinions of bus service surveys 200 people 
chosen by computer from all the riders who have a monthly bus pass. 


15. Quality control workers at a shoe factory open and inspect 5 boxes of shoes from 
every shipment of 100 boxes. 


16. A researcher at a large company needs to know the average number of televisions 
in U.S. households. The researcher surveys the households of all the company’s 
employees. 


Link to, 

GOVERNMENT Government A survey is conducted to find out opinions about new 
laws passed by a state’s legislature. Explain why the survey question 
may be biased. Then rewrite the question to remove the bias. 


17. Do you agree with the court’s decision to overturn laws making public buildings 
and public transportation accessible to all? 


18. Do you agree with the decision to slash state funding for the arts by nearly 25%? 


19. Do you agree with the state’s groundbreaking new program to extend health care 
to all citizens? 


20. Do you think it was necessary for the state legislature to ban all dogs from ever 
being allowed off their leashes while in a state park? 


ACCESSIBILITY The 7 Fi : 7 

Arparicane with Disabilities Beaches In Exercises 21-24, use the following information. 

Act was passed July 26, 1990 The table shows results of an unbiased survey Favorite Beach Students 
to expand equal opportunity asking students at a school which of the four 

for people with disabilities. local beaches is their favorite. North Beach 


the number who prefer Turtle Cove and the aaatee 
: : ; Pirate’s Point 
number who prefer Pirate’s Point. 
22. Suppose the school has 2000 students. South Bevch 


Predict the number who prefer North Beach 
and the number who prefer South Beach. 


24 
21. Suppose the school has 1250 students. Predict Turtle Cove 


23. Suppose the school has 800 students. Predict the number who prefer a beach 
other than Pirate’s Point. 


24. Suppose the school has 100 teachers. Would you expect the survey results to 
predict teacher preferences accurately? Explain. 


25. Consumer Electronics A company finds that 380 of 500 consumers it 
surveyed chose its new phone over the leading competitor’s new phone. If the 
sample and survey question were unbiased, predict how many of 6.5 million 
potential customers are likely to choose the company’s phone over the 
competitor’s phone. 


26. Jobs Ina survey of teenagers, 23% said that teens should not have a paying job 
during the school year. If the sample and survey question were unbiased, predict 
how many in a group of 10,000 teenagers would say teens should not have a 


paying job during the school year. 
10.1. Populations and Surveys pa 


Standardized Test 27. Multiple Choice A manager of a restaurant is conducting a survey to find 
g g y 
Practice customers’ opinions of service at the restaurant. Which sampling method is most 
likely to result in an unbiased sample? 


(AD Personally ask 20 groups of diners each night for a week. 
Give customers who fill out a survey a free T-shirt. 


© Hand all customers a survey card and ask them to place completed cards in 
a box as they leave. 


@) Survey all of the employees at the restaurant. 


28. Multiple Choice In an unbiased survey of 400 households in a city, 320 said 
that they have a DVD player. If there are 45,000 households in the city, which is 
the best prediction of the total number of households with a DVD player? 


CF 20,000 households @) 25,000 households 
CHD 36,000 households @®) 56,250 households 


29. Multiple Choice Which survey question is least likely to result in a biased 
sample? 


A) Would you prefer that we sell hats or these really cool glow-in-the-dark 
T-shirts for the fundraiser? 


Do you think that building additional parking at the stadium will affect 
attendance at the games? 


©) Are you willing to take public transportation to your job to help the 
environment? 


@) Do you think that increasing taxes in the city to upgrade the brand new 
civic center is a bad idea? 


Mixed Review Standard Deviation Find the standard deviation of the data set. 
Round your answer to the nearest tenth. (Lesson 7.7) 
30. 40, 50, 20, 80, 10, 40 31. 13, 18, 17, 10, 12, 14 
32. 20, 25, 25, 26, 30, 36, 34 33. 51, 65, 72, 58, 84, 90, 70 


Rational Equations Solve the equation. Check your solutions. 
(Lesson 9.6) 


1 _ 3 3 25 MS 2x _ 3x 
wee A Sos Gy5 “x44 x42 
31.4= 3-5 38.5+2 Pa 39.1 +—=— a 


Geometry Skills = Chords If two chords intersect in the interior of a circle, then the 
product of the lengths of the segments of one chord equals the 
product of the lengths of the segments of the other chord. Find 
the value of x. 
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10/2 


DEVELOPING CONCEPTS (For use with Lesson 10.2) 


Goal 


To model sampling from 
a population 


Materials 
e red beans 
e pinto beans 
° paper bag 


QUESTION 


How well do samples taken in different ways represent a situation? 


EXPLORE 


(1) Drop 80 pinto beans into a container. Place 20 red 
beans directly on top of the pinto beans. Then out 
of 100 beans in the jar in all, twenty percent of the 
beans are red beans. 


O Without stirring, reach in and pull a handful of beans 
out of the jar. Count the number of red beans and the 
total number of beans in your handful. Record your 
results in a table like the one below. Return the beans 
to the jar. 


© Stir the jar thoroughly. Pull a handful of beans out of the jar. Record your 
results of this sample in your table. Return the beans to the jar. 


4) Stir the jar thoroughly. Pull two handfuls of beans out of the jar. Record 


your results. 


Number of red Total number Percent that 
beans, b of beans, T is red (b/T) 


Sample 


THINK ABOUT IT 
1. Comparing Samples Compare the first two samples. 
a. How does stirring affect the results? 


b. Which sample seems to be more representative of the beans in the jar? 
Why do you think this occurred? 


c. How could you accomplish the same effect as stirring the beans when 
choosing a real-world sample for a survey or a study? 


2. Comparing Samples Compare the last two samples. Which of these samples 
seemed to be more representative of the beans in the jar? Explain. 


3. Drawing Conclusions You would like to perform a fourth trial. Which of 
the samples below do you think would produce the most representative sample? 
Explain your reasoning. 


A. 20 beans poured out, unstirred B. two handfuls, stirred 


C. three handfuls, stirred D. three handfuls, unstirred 


10.2 Samples and Margin of Error ia 


Samples and Margin of Error 


Key Words | GOAL | Classify sampling methods and find sampling error. 
¢ convenience sample 


self-selected sample 7 
° systematic sample How can you select a sample? 


¢ random sample 


. You want to survey the families in your 
¢ margin of error 


neighborhood to find out how the residents 
feel about a proposal to build a new 
superstore adjacent to the neighborhood. 


What are some ways in which you can 
select your sample? Are there ways to 
increase the likelihood that your sample 
will be unbiased? 


Evaluate. Round your 
answer to the nearest 
thousandth. 


/ Some sample types are described below. 


In a convenience sample, easy-to-reach__In a self-selected sample, members of a 


members of a population are selected. population volunteer to be included. For 
For example, you could survey the example, you could leave surveys at the 
households on your street plus those doors of all the houses, then use those 
of two of your friends. that are returned to you. 


In a systematic sample, a rule or In a random sample, each member 


pattern is used to select members of of a population is equally likely to be 
a population. For example, you could chosen. For example, you could write 
survey every fourth household in the each address on a slip of paper, and 
neighborhood. then draw slips from a bag. 


Biased and Unbiased Samples In general, a random sample is least likely 

to be biased. In the situation above, the systematic sample is also unlikely to be 
biased. Convenience and self-selected samples are likely to be biased. Above, the 
convenience sample might overrepresent people very close to the new store, and the 
self-selected sample might overrepresent friends or people with strong feelings. 
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Classify a Sample 


Health Employees who go to a company health fair are given survey cards that 
ask for opinions about new health-related programs. Those who fill in and return a 
card are given a coupon for a free “Healthy Habits” lunch at the company cafeteria. 


a. Classify the sample as convenience, self-selected, systematic, or random. 
Explain your reasoning. 


b. Tell whether this method is likely to result in a biased sample. Explain. 


Solution 


a. Employees must first choose to attend the fair, and then must choose to fill out 
the survey, so the sample is self-selected. 


b. The survey is likely to be biased. Employees who attend may differ from those 
who don’t, and those who choose to fill out cards may differ from those who 
don’t. Offering a reward could also influence the results. 


he HELP 
SOLVING NOTE 
To make sure that you 
get at least 30 different 
numbers, set the rand/nt 


function to generate 
extra numbers. 


1. Suppose in Example | that every company employee whose employee number 
ends in a 3 is surveyed. Classify the sample. Then tell whether this method is 
likely to result in a biased sample. 


Choose a Random Sample 


Hobbies You plan to conduct a survey about the hobbies of students in your 
grade. You have a list of the names of all 240 students in your grade. Describe 
two ways you can choose a random sample of 30 students to survey. 


Solution 


METHOD 1 Number the list of students from 1 to 240. Open a 555-9047 
phone book to a residential page. Treating the last 555-3421 
three digits of each phone number as a number 555-6218 
from 000 to 999, choose the first 30 different 555-7901 
numbers from 001 to 240. Survey the 30 students : 
corresponding to these numbers. : 


METHOD 2 Generate random numbers using a calculator. Use the first 
30 different numbers that appear to select the 30 students. 


This command creates 
a list of 40 random 
integers from 1 to 240. 


randint(1,240,40) | 


{227 98 36 124... 


| 
L J 


1dom Sample 


2. Describe another way to choose a random sample in Example 2. 


10.2 Samples and Margin of Error 527 


Sampling Error Even arandom sample can give a biased result just by 
chance. The or of a sample tells how close you can expect a 


measure in a population to be to a measure found using a random sample 
taken from the population. 


amend HELP Margin of Error Formula 

READING ALGEBRA : : 
A margin of error is often If you take a random sample of size n from a large population, you can 
stated as “plus or minus” use the following formula to approximate the margin of error S. 
a given percent. So, a ; 1 
survey might claim that Margin of error = +T- 
“55% of those surveyed : . : : 

ne i This means that if p% of the sample responds a certain way, then it’s 

are against Proposal B, z ; : 
with a margin of error of likely that the interval from p% — S% to p% + S% contains the actual 
plus or minus 3%.” percent of the population that would respond the same way. 


Notice in the margin of error formula that the sample size is in the denominator 
of the fraction. So, the /arger the sample, the smaller the margin of error, and 
the more confident you can be that the sample represents the population. 


Link toy Find and Interpret a Margin of Error 
TRANSPORTATION Commuting to Work Inarandom survey of 1600 workers in a city, 47.5% say 


that it takes them more than 30 minutes to get from home to work every day. 
a. What is the margin of error for the survey? 


b. Give an interval that is likely to contain the actual percent of all the city’s 
workers who take more than 30 minutes to get to work. 


Solution 
a. Margin of error = = Margin of error formula 
n 
= + 1_ Substitute 1600 for n. 
V 1600 
COMMUTING To WORK = +0.025, or 2.5% Simplify. 
In the United States, about ANSWER > The margin of error is +2.5%. 
76% of workers drive to work 
alone, 12% carpool, 5% use b. To find an interval that is likely to contain the actual population percent, 
public transportation, and subtract and add 2.5% to the sample result of 47.5%. 
0 0 
— a. 47.5% — 2.5% = 45% Lower bound of interval 


47.5% + 2.5% = 50% Upper bound of interval 


ANSWER > It’s likely that it takes from 45% to 50% of the city’s workers more 
than 30 minutes to get to work every day. 


largin of Error 


3. In a survey of 6400 voters in a state, 51% favor a new tax law. What is the margin 
of error for the survey? Give an interval that is likely to contain the percent of all 
the voters in the state who favor the new tax law. 


Fal Chapter 10 Data Analysis and Probability 


WY Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 12-21 
Example 2: Exs. 22-24 
Example 3: Exs. 25-40 


Copy and complete the statement. 


1. A sample in which each member of a population is equally likely to be selected is 
called a(n) _?_. 


2. The number that describes how close you can expect an actual population 
measure to be to a measure from a random sample is the _ ? 


Classify the sample as convenience, self-selected, systematic, or 
random. Explain your reasoning. 


3. To assess customers’ experience making purchases online, a rating company 
e-mails purchasers and asks that they click on a link and complete a survey. 


4. To find out student opinions about the school dress code, you survey everyone in 
your algebra class. 
Describe a way to choose a random sample from the population. 


5. A company’s human resources department wants to survey 50 of the company’s 
1200 employees to get opinions about a proposed benefits change. 


6. A college wants to survey 100 of its 1600 soon-to-graduate seniors to find out 
how many have already found jobs in their field of study after graduation. 


In Exercises 7-10, find the margin of error for a survey of a random 
sample of size n chosen from a large population. Round your answer 
to the nearest tenth of a percent. 


7.n = 25 8. n = 80 9.n = 225 10. n = 840 


11. Surveys A survey of a random sample of adults in a state reports that 44% 
approve of the governor’s performance, with a margin of error of +3%. What 
does the margin of error indicate about this result? 


Classifying Samples Classify the sample as convenience, self-selected, 
systematic, or random. Explain your reasoning. 


12. The owners of a chain of 260 convenience stores want to assess employee job 
satisfaction. All employees from 12 stores near the headquarters are surveyed. 


13. As students enter a school assembly, they are asked to roll a six-sided die. 
Students who roll a 6 are given a survey question to answer before entering. 


News Polls In Exercises 14 and 15, use the following information. 


Each day, a television news show asks viewers to go online to tell whether they 
agree or disagree with a statement about national politics or events. 


14. Classify the sampling method as convenience, self-selected, systematic, or 
random. Explain your reasoning. 


15. Tell whether the sampling method is likely to give a biased sample. Explain. 


10.2 Samples and Margin of Error ia 


Fairs In Exercises 16-19, use the following information. 


You have a booth at a fair where you sell pottery. You want to find out how other 
booth holders feel about the booth locations they were given. Use the description and 
diagram to classify the sample as convenience, self-selected, systematic, or random. 


16. Using a numbered diagram of the 17. Using a diagram, you identify each 
booths, you ask booth holders whose booth and roll a 4-sided die for the 
booth number is a multiple of 4. booth. If you roll a 1 for the booth, 
(Your booth is shaded dark.) you ask the booth holder. 


Pal lel 
Ma oS 


ESSERE OES 


| 
18. You give survey cards to all booth 19. You ask all the other booth holders 
holders and ask for their return. in your section. 


|EEEEEH ES EEE 
oo 


Elections In Exercises 20 and 21, use 
the following information. 


A poll is conducted to predict the results of 
a statewide election in New Mexico before 
all the votes are counted. Fifty voters in 
each of the state’s 33 counties are asked as 
they leave the voting place how they voted. 


20. Classify the sample as convenience, 
self-selected, systematic, or random. 
Explain your reasoning. 


21. Critical Thinking Explain how the Population by County 
diagram shows that the polling method Over 150,000 © 50,000—99.999 
could result in a biased sample. ™ 100,000-149,999 Under 50,000 


In Exercises 22-24, describe two ways you can choose a random 
sample of the given population. 


22. Messaging A student newspaper wants to find out how many hours per week 
students spend instant messaging and text messaging. 


23. College Sports A national college athletic association wants to survey 15 of 
the 120 head football coaches in a division about a proposed rules change. 


24. Car Sales A car maker wants to survey customers who have purchased one of 
its cars in the past year. The company has a list of each customer’s address. 


25. Retirement Ina random sample of 1000 U.S. adults from across the country, 
20% said that saving for retirement was their most important financial goal. 
The margin of error is +3.2%. Give an interval that is likely to contain the actual 
population percent for whom retirement was the most important financial goal. 
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Standardized Test 
Practice 


Finding Margin of Error Find the margin of error for a survey of a 
random sample of size n chosen from a large population. Round your 
answer to the nearest tenth of a percent. 


26. n = 40 27.n=75 28. n = 210 29. n = 3025 
30. n = 1225 31. n = 600 32. n = 5000 33. n = 8000 
Nutrition In Exercises 34-37, a random sample of 500 high school 


students are asked how many servings of fruits and vegetables they 
ate on average last week. The results are shown. 


Daily Servings of Fruits and Vegetables 


Female 8 86 101 
Male 10 81 115 


34. What is the margin of error for the survey? 


35. From the table, 33.4% responded “1-2.” Give an interval that is likely to contain 
the actual percent in the population who ate | to 2 servings a day. 


36. If the females are considered as a separate sample, what is the margin of error? 


37. Use your result from Exercise 36 to give an interval that is likely to contain the 
actual percent of females in the population who ate 3 to 5 servings a day. 


Challenge In Exercises 38-40, use the following information. 


You read that a survey of a random sample of a state’s voters indicates that 
between 67.5% and 72.5% of the voters support a new law. 


38. What is the margin of error for the sample? 
39. Use the margin of error to find the size of the sample. 


40. How many people would the sample have needed to include to reduce the margin 
of error to half of what you found in Exercise 38? What is the relationship of this 
sample size and the sample size from Exercise 39? Explain. 


41. Multi-Step Problem A national chain of restaurants is studying the effects 
of a new company policy in its restaurants. 


a. Suppose two restaurant managers from every state Effect Results 
are surveyed. Classify the sample as convenience, _ 
self-selected, systematic, or random. | Positive | 80 | 

b. Suppose each store has a unique identification 
number. Describe a way to select a random 
sample of 100 managers. 

c. The table results shown are from a random sample of 100 managers. What is 
the margin of error for the sample? 


d. Give an interval that is likely to contain the actual percent of the chain’s 
restaurant managers who would say that the effect of the change is “positive.” 


42. Multiple Choice A random sample of 2500 consumers reports that 61% prefer 
game A over game B. Which interval best represents the actual percent of people 
in the population likely to prefer game A over game B? 


CA) 60.5%-61.5% 60 %—-62% © 59%-63% @D) 56%-66% 


10.2 Samples and Margin of Error ca 


Mixed Review Multiplying Rational Expressions Multiply the expressions. Simplify 
the result. (Lesson 9.3) 


x 9x , 6x? x << +#—6 


12 
43. +7 a4. a ae 
. 3x, 4x+8  . 7.2 
46. oa5 (4x + 12) 47. ae (2x + 4) 48. a (x 9) 


Dividing Rational Expressions Write the quotient in simplest form. 
(Lesson 9.4) 


Bie 5x. x 6. 2.3 
49. — + — wt ae 1.— -— 
: 5 IS - 3 4 7 4x4 10x? 

Ge Se 5. MS 3x +2. 6x+4 xr-1l. x-1 
A 2x ° 7 ns: x §~— 4 os xt+2 ° 5x+10 


Adding and Subtracting Rational Expressions Perform the 
indicated operation and simplify. (Lesson 9.5) 


x 7 5 4 2x 1 = 5x 
+ SS . _ 
ee x=5 ae 3X “33% a7 ix-—1 Tx 1 
3 x x =I 2 2 1 
sa eee ae =e ea x+1 * 


Geometry Skills — Polygons Use the formula S = (n — 2) « 180° where nis the number of 
sides to find the sum of the angle measures in the polygon. 


61. 62. 63. 


Quiz 1 


Lesson 10.1 In Exercises 1-4, a governor wants to know if voters in the state 
support building a highway that will pass through a state forest. Tell 
whether the described sample is likely to be biased. Explain. 


1. Survey members of a state wildlife conservation group. 
2. Survey workers at random outside their offices near the state capitol building. 
3. Survey residents whose property lies along the path of the highway. 


4. Survey business owners in a town that is a destination of the highway. 


Lesson 10.2 In Exercises 5-7, use the following information. 


An unbiased survey of people with driver’s licenses in a city asks whether they 
would favor paying an additional gasoline tax to expand public transportation. 
Of 150 people surveyed, 38 are in favor of the tax. There are 320,000 people 
with driver’s licenses in the city. 


5. Predict the number of people with driver’s licenses in the city who are in favor 
of the new tax. 


6. Find the margin of error. 


7. Find an interval that is likely to contain the actual percent of the population who 
are in favor of the additional tax. 


fs Chapter 10 Data Analysis and Probability 


Transformations of Data 


Key Words | GOAL | Find how statistical measures are affected by changes to data sets. 
e mean 

* median How does the average test score change 

* mode when all students improve their scores? 

° range 

e quartile In this lesson, you will examine how a data set’s 


measures change when you increase or decrease 
the data values by a constant amount or when 
you multiply them by a constant factor. 


Find the indicated 


In studying these transformations, you will look 
measure for the data 


at measures of central tendency: mean, median, 


set below. and mode; and at measures of dispersion: range 
16, 9, 11, 8, 10, 11, 6, 12 and the difference between quartiles. 
1. mean 
2. median Compare Data After Adding a Constant 
3. mode College Entrance Tests Ten students take a college entrance exam and receive 
4. range the scores shown below as “First test.” Suppose each student later takes the exam a 


second time and increases his or her score by 20 points, shown as “Second test.” 


First test: 870, 910, 970, 1050, 1080, 1120, 1200, 1210, 1210, 1340 
Second test: 890, 930, 990, 1070, 1100, 1140, 1220, 1230, 1230, 1360 


a. Compare the mean, median, and mode of the first test data and the second test 
data. What do you observe? 


b. Compare the ranges and the differences between the upper and lower quartiles 
for the first test data and the second test data. What do you observe? 


Solution 


STUDENT HELP a. : 
First test Second test 
Look BACK 


For help with mean, 10, ne ae _ 

median, mode, range, | Mean = 1096 = 1116 
and quartiles, see 

page 46. Median 1080 + 1120 + 1120 _ y499 | 1100+ 1140 1140 _ 1199 


ANSWER } The mean, median, and mode each increase by 20 points. 


b. First test: Range = 1340 — 870 = 470 
Upper quartile — lower quartile = 1210 — 970 = 240 


Second test: Range = 1360 — 890 = 470 
Upper quartile — lower quartile = 1230 — 990 = 240 


ANSWER > The range and the difference between the upper and lower quartiles 


remain the same. 
10.3 Transformations of Data Fal 


Compare Data After Multiplying by a Constant 


Suppose the students in Example 1 take the exam a third time and increase their 
scores by 10% from their original scores, giving the scores shown as “Third test.” 


First test: 870, 910, 970, 1050, 1080, 1120, 1200, 1210, 1210, 1340 
Third test: 957, 1001, 1067, 1155, 1188, 1232, 1320, 1331, 1331, 1474 
a. Compare the mean, median, and mode of the first test data and the third test 
data. What do you observe? 
b. Compare the ranges and the differences between the upper and lower quartiles 
for the first test data and the third test data. What do you observe? 
Solution 


a. < 2 
First test Third test 


x = 1096 Ae = 1205.6 


ee ee 


Find the percent increase in each measure: 


1205.6 — 1096 _ 
1096 


10% | Median: Searee = 10% 


Mean: 


Similarly, you can show that the mode increases by 10%. 
ANSWER > The mean, median, and mode each increase by 10%. 
b. First test: Range = 1340 — 870 = 470 
Upper quartile — lower quartile = 1210 — 970 = 240 


Third test: Range = 1474 — 957 = 517 
Upper quartile — lower quartile = 1331 — 1067 = 264 


Find the percent increase in each measure: 


— 470 _ ; . 264 — 240 _ 
Range: ae 70 = 10% Difference: —aagr 10% 


ANSWER > The range and the difference between the upper and lower quartiles 
each increase by 10%. 


Discounts Use the information below. 
Regular prices of 9 jackets: $48, $40, $64, $72, $64, $80, $76, $80, $96 
Prices after 25% discount: $36, $30, $48, $54, $48, $60, $57, $60, $72 


1. Compare the mean, median, and mode of the set of original prices and the set 
of discounted prices. What do you observe? 


2. Compare the ranges and the differences between the upper and lower quartiles 
for the original prices and the discounted prices. What do you observe? 
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eerupent HELP 
Look BACK 
For help drawing 


box-and-whisker 
plots, see page 46. 


Graph Data After Adding a Constant 


Make a box-and-whisker plot of the first test data and the second test data from 
Example 1. How do the two graphs compare? 


900 1000 1100 1200 1300 1400 1500 


870 970 1100 1210 1340 


890 990 1120 1230 1360 


ANSWER > The two box-and-whisker plots are the same shape, but the plot for the 
second test data is shifted 20 units to the right compared to the plot for 
the first test data. 


In Example 3, adding a constant shifts the graph horizontally that number of 
units, but doesn’t change the graph’s shape. This corresponds to the data’s middle 
(measures of central tendency) changing, but the spread (measures of dispersion) 
not changing. 


Graph Data After Multiplying by a Constant 


Make a box-and-whisker plot of the first test data and the third test data from 
Example 2. How do the two graphs compare? 


Solution 


900 1000 1100 1200 1300 1400 1500 


870 970 1100 1210 1340 


957 1067 1210 1331 1474 


ANSWER > The two plots are not the same shape. The plot for the third test is 
stretched out compared to the plot for the first. For example, the width 
of the box for the third test is 264, but for the first test the width is 240. 


In Example 4, multiplying by a constant stretches the graph horizontally by the 
same factor. This both moves the data’s middle and increases the data’s spread. 


3. Make a box-and-whisker plot of the two data sets from the Checkpoint at the 
bottom of page 534. How do the two graphs compare? 


10.3 Transformations of Data i 


ED Exercises 


Guided Practice 


Vocabulary Check — Copy and complete the statement. 
1. A measure of the middle of a set of data is a measure of _ ? 


2. A measure of the spread of a set of data is a measure of _?_. 


Skill Check Find the mean, median, and mode(s) of the data set. 


3. 0, 0, 1, 1, 4, 4. 2,4, 5,5, 5, 7, 5. 10, 10, 10, 15, 20, 
4,4,5,5,6 9, 10, 11, 12 25, 25, 30, 35 


In Exercises 6-9, use the data set 2, 4, 6, 8, 10, 12, 14, 14, 20. 
6. Transform the data set by increasing each value by 50%. 


7. Compare the mean, median, and mode of the original data set and the new data 
set. What do you observe? 


8. Compare the ranges and the differences between the upper and lower quartiles 
for the original data set and the new data set. What do you observe? 


9. Make a box-and-whisker plot of the original data set and the new data set. 
How do the two graphs compare? 


Practice and Applications 


STUDENT HELP Transforming Data Transform the data by adding —5 to each value. 
Homework HELP Compare the mean, median, mode, range, and difference between the 
Example 1: Exs. 10-11, upper and lower quartiles of the original data and the new data. 

pete 10. 0, 1, 1,2,3,4,4,4,5,5,6,6,77,8 11. —4,-2,-2,-1,0,0, 1,2,2,2,3,5 
Example 2: Exs. 12-13, 
E le3: aa 19 Transforming Data Transform the data by increasing each value by 

ea anes ans 25%. Compare the mean, median, mode, range, and difference between 

Example 4: Exs. 20-22 the upper and lower quartiles of the original data and the new data. 

29-31 12. 8, 8, 16, 24, 32, 40, 80, 100 13. 2, 4, 8, 10, 14, 20, 24, 32, 32, 38 


Graphs of Transformations The box-and-whisker plot represents 
the daily high temperatures (°F) in June last year for a city. 


72 76 80 84 88 92 96 100 
14 80 83 88 96 


14. You find out that last June’s high temperatures in the city averaged 4° cooler than 
in a “normal” June. Use this fact and the plot above to predict the five measures 
on a box-and-whisker plot of the high temperatures for a normal June. 


15. What differences would you expect to see between the box-and-whisker plot 
above and a box-and-whisker plot for a normal June as described in Exercise 14? 
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Link to. 
ECONOMICS 


EXCISE TAXES The taxes 

on gasoline include both 
state and federal excise 
taxes, which are taxes on 
consumption. On average, 
Americans pay about $.46 per 
gallon in federal, state, and 
local taxes on gasoline. 


TUDENT HELP 


SOLVING NOTE 

In Exercise 26, the 
original estimate, 89, 

is the assumed mean. 

So, in Exercise 28, you 
are finding this sum: 
(assumed mean) + 
(mean of the differences 
from assumed mean) 


Economics Link, In Exercises 16-19, use the data set below. It shows 
the total state taxes (in cents per gallon) charged on gasoline for the 
14 Atlantic Coast states in March, 2007. 


37.0, 23.0, 32.6, 21.8, 28.3, 23.5, 23.5, 20.6, 14.5, 42.4, 30.2, 31.0, 16.8, 19.3 


16. In addition to state taxes, consumers in all states pay a federal excise tax of 
18.4 cents on each gallon of gasoline. Transform the original set of data to show 
the total state and federal tax on each gallon of gasoline. 


17. Compare the mean, median, and mode of the original data set and the new data 
set. What can you conclude about each of these measures? 


18. Compare the ranges and the differences between the upper and lower quartiles 
for the original data set and the new data set. What can you conclude about each 
of these measures? 


19. What differences would you expect to see between a box-and-whisker plot of the 
original data and a box-and-whisker plot of the new data? 


Energy Efficiency In Exercises 20-22, use the data set below. It 
shows the average daily electricity use (in kilowatt-hours, or kWh) 
for several families last year. 


22, 26, 19, 31, 24, 16, 22 


20. The families set a goal of reducing their electricity use by 10%. Transform the 
original data to show a 10% decrease in electricity use by each family. 


21. Compare the mean, median, mode, range, and the difference between the upper 
and lower quartiles for the original data and for the transformed data. 


22. What differences would you expect to see between a box-and-whisker plot of the 
original data and a box-and-whisker plot of the transformed data? 


Logical Reasoning Complete the statement with a/ways, sometimes, 
or never. 


23. Transforming a set of data by adding a constant will _? change the range of 
the data set. 


24. Transforming a set of data by multiplying by a positive constant will _? _ make 
the range of the new data set greater. 


25. Transforming a set of data by multiplying by a positive constant will _ ? 
increase the mean, median, and mode of the data set. 


Transformations and Calculation In Exercises 26-28, use the data 
set below. It shows the weights in kilograms of 6 male mule deer 
captured in a wildlife study. 


83, 86, 89, 90, 91, 92 
26. From examining the data, it appears that 89 might be a good estimate for the 


mean. Transform the data set by subtracting 89 from each value. 


27. Find the mean of the transformed data set from Exercise 26. What does this 
mean represent? 


28. Add the mean of the transformed data set to 89, the number used in the 
transformation. What does the result represent? Explain your reasoning, then 
verify your conclusion using the original data set. 


10.3 Transformations of Data 537 


Combining Transformations In Exercises 29 and 30, use the data set 
below. It shows the hourly wages of 8 retail workers. 


$7.00, $7.40, $8.00, $8.00, $8.80, $9.60, $11.00, $13.00 


29. The wages increase first by 5%, then by 25 cents per hour. Write an equation for 
the transformation where w is the original wage. Then transform the data. 


30. What differences would you expect to see between a box-and-whisker plot of the 
original data and a box-and-whisker plot of the new data? 


31. Challenge When multiplying a set of data by a positive constant c, what 
value(s) of c will make the range greater? What value(s) of c will make the 
range smaller? What value(s) of c will not change the range? 


Standardized Test 32. Multi-Step Problem Use the data set below. It shows the wholesale prices a 
Practice department store pays per pair for various styles of shoes. 


$10, $20, $14, $8, $16, $18, $24, $34, $52, $30, $46, $40 


a. Find the mean, median, range, and difference between the upper and lower 
quartiles for the wholesale prices. 


b. Find the mean, median, range, and difference between the upper and lower 
quartiles for the retail prices if each pair is marked up $20 above wholesale. 


c. Find the mean, median, range, and difference between the upper and lower 
quartiles for the retail prices if each pair is marked up 50% above wholesale. 


d. What differences would you expect to see between the plots in a double 
box-and-whisker plot of the wholesale prices and the retail prices in part (b)? 


e. What differences would you expect to see between the plots in a double 
box-and-whisker plot of the wholesale prices and the retail prices in part (c)? 


Mixed Review — Substitution Method Solve the system using substitution. (Lesson 3.5) 


33.x+ 2y —3z=1 34.y—2z=7 35. x —4z = —10 
x+z=3 3x -y+z=—10 —2x+y+z=3 
x-y=1 x+2y=0 3x —2y—z=-2 


Graphing Inequalities Match the inequality with its graph. (Lesson 4.2) 
36.x+ y<1 37.y2x+2 38. -x+y<s-1 
c. 


Geometry Skills Translations Describe the translation from the blue triangle to the 
red triangle using coordinate notation. 
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The Fundamental Counting 
Principle and Permutations 


Key Words 


¢ permutation 
e factorial 


| GOAL | Use the fundamental counting principle and permutations. 


How can you find the number of meal possibilities at a cafeteria? 


How many lunch specials can you choose from if you can choose chicken, pasta, 
or fish as a main dish and soup or salad as a side dish? One way to answer this 
question is to use a tree diagram, as shown below. 


Evaluate the 
expression. 


1..5X4xX3x2x1 


2.9X8xX7X6 


4X3x2x1 
3xX2xX1 Chicken 


Main Dish Side Dish Lunch Choice 


3. 


For each of the 3 main dishes, there are 2 possible side dishes, for a total of 
3 ¢ 2 = 6 different lunch special choices. 


Fundamental Counting Principle — 


Two Events If one event can occur _—‘ Three Events If one event can 
in m ways and another event can occur in m ways, a second event 
occur in nways, thenthe number _ in nm ways, and a third event in p 


of ways that both events can ways, then the number of ways 
occur is that a// three events can occur is 
men mene p 


The counting principle also extends to four or more events. 


Use the Fundamental Counting Principle 


Music You are ordering a case for your MP3 player. You can choose any of 
30 colors for the main shell, any of 32 colors for the protective band, and any of 
200 decals for the cover screen. How many different cases are possible? 


Solution 
Number of cases = 30 « 32 « 200 = 192,000 
ANSWER > There are 192,000 different cases. 


10.4 The Fundamental Counting Principle and Permutations a 


Use the Fundamental Counting Principle 


Passwords You are choosing a password that has 4 letters followed by 2 digits. 


NCWJ 37 


4letters 2 digits 


a. How many passwords are possible if letters and digits can be repeated? 


b. How many passwords are possible if letters and digits cannot be repeated? 


Solution 


a. There are 26 choices for each letter and 10 choices for each digit. Use the 
fundamental counting principle. 


Number of passwords = 26 * 26 * 26 * 26+ 10 + 10 = 45,697,600 
ANSWER } The number of different passwords is 45,697,600. 


b. If you cannot repeat letters and digits, there are 26 choices for the first letter, 
but only 25 choices for the second letter, 24 choices for the third letter, and so 
on. There are 10 choices for the first digit and 9 choices for the second digit. 


Number of passwords = 26 ¢ 25 * 24 ¢ 23 + 10 * 9 = 32,292,000 
ANSWER > The number of different passwords is 32,292,000. 


inting Principle 


1. At the top of page 539, suppose that the lunch special also comes with your 
choice of 3 desserts. How many lunch specials are possible? 


2. You are choosing a personal identification number (PIN) for your ATM card. 
The PIN has 4 digits. How many PINs are possible if digits can be repeated? 
if digits cannot be repeated? 


Permutations An ordering of a set of objects is a pe ion of the objects. 
By the fundamental counting principle, there are 3 * 2 + 1 = 6 permutations of 
3 objects. For example, there are 6 permutations of the letters A, B, and C: 


ABC ACB BAC BCA CAB CBA 


The expression 3 * 2 « | can also be written as 3!. The symbol ! is the factoria 
symbol, and 3! is read as “three factorial.” In general, the number of Senmnenons 
of n distinct objects is n!. 


Permutations of n Objects 


The number of permutations of n distinct objects is n!. 
nli=ne(n—1)¢(nN—2)¢-+++3+2¢1 
EXAMPLES 
4 Objects 5 Objects 6 Objects 
41=4-3-2-1 51=5-4-3-2-1 6!=6-5+4-3-2-1 
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MOGULS skiing is one of two 
freestyle skiing events that 
are Olympic medal sports. 
Moguls skiing first became 
an Olympic medal sport at 
the 1992 Winter Olympics in 
Albertville, France. 


" opeeatenld HELP 
AVOID ERRORS 
The formula at the right 
suggests that if r= n, 
— nm _al 
oP = (n—n)! 0! 


In order for nP,to be nl, 


the value of 0! must be 1. 


Zero factorial is defined 
this way: 


0!=1 


Find the Number of Permutations 


Skiing Eight skiers are competing in a moguls (snow bumps) competition. 
a. In how many different orders can the skiers finish the competition? 
b. In how many different ways can 3 of the skiers finish first through third? 
Solution 
a. This is a permutation of 8 people. So, there are 8! different orders. 
81 =8°7*6°5*4+3¢2¢ 1 = 40,320 
ANSWER > The skiers can finish in 40,320 different ways. 


b. Any of the 8 skiers can finish first. Then one of 7 skiers can finish second. 
Then one of 6 skiers can finish third. The number of different orders is: 


8° 7° 6 = 336 
ANSWER > The skiers can finish first through third in 336 different ways. 


Using Factorial Notation In part (b) above, an ordered group of 3 skiers is taken 
from the group of 8 skiers. This is a permutation of 8 objects taken 3 at a time. 
It is denoted by ,P;. This number can be expressed using factorial notation. 


8+7+6+5+4+3+2-1_ 8!_ 8! 
524-3-2¢1 5! (8 — 3)! 


gh = 8° 7*6= 


Permutations of n Objects Taken r at a Time 


The number of permutations of n objects taken rat atime is 
denoted by ,P, and is given by the following formula: 


een! 
WP te r= Tal 


Permutations of n Objects Taken r at a Time 


Text Messages You have 6 text messages on your cell phone. In how many 
orders can you reply to 4 of the messages? to all 6 of the messages? 


Solution 


Find the number of permutations of 6 objects taken 4 at a time. 


ee eee ee ce eee ee 
Ce as oe 6+5+4+3 = 360 


Find the number of permutations of 6 objects taken 6 at a time. 


_ 6! _ 6! _ 6 50403220 | 


0 
os @-6! 0! i 720 Remember: 0! = 1. 


3. In how many different orders can 12 snowboarders finish a competition? 


4. In how many orders can you respond to 5 of 8 text messages? 


10.4 The Fundamental Counting Principle and Permutations ial 


3 Exercises 


Guided Practice 
Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 17-24 
Example 2: Exs. 25-30 
Example 3: Exs. 31-42, 

55-60 
Example 4: Exs. 43-60 


1. Copy and complete the statement: An ordered arrangement of a set of 
objects is called a(n) __? _ of the set. 


2. Describe how to evaluate n! for a given nonnegative integer n. 


3. Use the tree diagram to list all the la 


possible outfits that you can make from 
the two pairs of jeans and 4 different A A 


T-shirts shown in the diagram. eT Oe Pin 


Evaluate the expression. 
4. 4! 5. 2! ee ee 


Find the number of permutations of n distinct objects. 
8.n =3 9.n=1 10.n=5 11.n=8 


Find the number of permutations of n objects taken r at a time. 
12.n=5,r=2 13.n=5,r=3 14.n=5,r=4 15.n=5,r=5 
16. Passwords You choose a password with 4 letters followed by 3 digits for your 


e-mail account. How many different passwords are possible (a) if letters and 
digits can be repeated, and (b) if letters and digits cannot be repeated? 


Fundamental Counting Principle In Exercises 17-20, each event can 
occur in the given number of ways. Find the number of ways both or 
all of the events can occur. 


17. Event A: 4 ways, Event B: 3 ways 

18. Event A: 6 ways, Event B: 4 ways, Event C: 5 ways 

19. Event A: 2 ways, Event B: 5 ways, Event C: 4 ways, Event D: 3 ways 
20. Event A: 3 ways, Event B: 8 ways, Event C: 6 ways, Event D: 1 way 


21. Tree Diagram Make a tree diagram to show all the possible combinations of 
class and time if you can take one of three sports classes (tennis, dance, or weight 
training) in one of first period, second period, or third period. 


22. Voting There are 6 candidates for student council president, 3 candidates for 
vice-president, and 4 candidates for treasurer. In how many different ways can a 
president, vice-president, and treasurer be chosen? 


23. Pizza You are ordering a pizza. You choose one of 3 sizes of pizza, one of 
3 types of crust, one of 6 types of meat topping, and one of 5 types of vegetable 
topping. In how many different ways can you choose your pizza? 
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24. License Plates In some states you can 
choose a personalized license plate. Find GH; PIPE OP. 


how many different personalized license 

plates are possible (a) if the plate has 3 digits 123° XYZ 
followed by 3 letters, and (b) if the plate has 

2 digits followed by 4 letters. 


Passwords Find how many different passwords are possible for 
the given configuration if (a) digits and letters can be repeated, and 
(b) digits and letters cannot be repeated. 


25. | letter followed by 4 digits 26. 3 digits followed by 2 letters 
27. 2 digits followed by 3 letters 28. 4 letters followed by 1 digit 


Error Analysis Describe and correct the error. 


29. 30. 
Number of 3-digit numbers Number of ways to arrange 
with only odd digits: the letters C, O, D, E: 
total=5+4-3 p< total=4+4+44+4 
= 60 =16 


Factorial Notation Evaluate the expression. 


31.5! 32. 7! 33. 0! 34. 9! 
x 8! “ 10! 
35. — 36. 3 37. 38. er 


Permutations Find the number of permutations of n distinct objects. 
39.n = 2 40.n = 4 41.n =6 42.n = 10 
Permutations Find the number of permutations of n objects taken 
ratatime. 


43.n=6,r=2 44.n=7,r=3 45.n=8,r=5 46.n=9,r=4 


Permutation Notation Find the number of permutations. 


47. (P, 48. P, 49. ,P, 50. ,P, 


| Technology Use the nPr feature of a graphing calculator to find 
the number of permutations. 


53. 5P. 54. oo?s 


Marathons Find how many different ways that the given number of 
runners can earn gold (first place), silver (second place), and bronze 
(third place) medals in a marathon race. 


55. 10 56. 20 57. 30 58. 50 
59. NMlovies You and a group of friends have a total of 45 movies. You decide to 


watch 3 of the movies together. Write and evaluate an expression that represents 
the number of ways you can select and watch 3 movies. 


60. School A teacher selects 5 students from a class of 20 students to present their 
book reports next Monday. Write and evaluate an expression that represents the 
number of orders 5 students can be assigned to present their reports. 


10.4 The Fundamental Counting Principle and Permutations fea 


Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


ee UDENT HELP 
SKILLS REVIEW 
You can find the table of 


geometry formulas on 
page 798. 


61. Reasoning Use the permutations formula to show that ,P, = n for any positive 
integer n. 


62. Challenge You are trying to remember a license plate number that consists of 
three letters followed by four digits. You remember the three letters, but can’t 
remember what order they were in. You remember the first two digits in order, 
but can’t remember the last two digits. Assuming letters and digits can repeat, 
how many possibilities are there for the license plate number? 


63. Multiple Choice Your class is voting for class officers. There are 5 candidates 
for president, 3 for vice-president, and 6 for treasurer. How many different ways 
can a president, a vice-president, and a treasurer be chosen? 


@ 14 60 © 90 @ 846 


64. Multiple Choice You are choosing a 5-digit password. The digits cannot be 
repeated. How many passwords are possible? 


53931 27805 


not allowed allowed 
&) 25 @ 3125 CHD 5040 @® 30,240 
65. Multiple Choice How many permutations are there of 7 objects taken 
3 at a time? 
CA) 21 210 © 343 (> 2187 


Inequalities Tell whether the given number is a solution of the 
inequality. (Lesson 4.5) 


66. |x| <5:3 67. |x + 4| > 10; 0 es. |x — 10| >5:5 
69. [3x +6| <8; 1 70. |5x —2| <8;2 71. |3x— 2) <4: 10 
Solving Equations Using nth Roots Solve the equation. (Lesson 7.1) 
72.x° =27 73. 7x = 189 

74. ax =4 75. (x + 6)4 = 16 


Surface Area of a Prism Find the indicated measurement for the 
rectangular prism shown below. 


76. area of the base 


77. perimeter of the base =m 


78. Use the results from Exercises 76 and 77 7cm 
to find the surface area of the prism. 5cm 


Surface Area of a Cylinder Find the indicated measurement for the 
cylinder shown below. Use 3.14 for 7. Round your answer to two 
decimal places. 

3m 


79. area of the base 


80. circumference of the base 6m 


81. Use the results from Exercises 79 and 80 
to find the surface area of the cylinder. 
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Key Words 


¢ combination 
e Pascal's triangle 


Find the number of 
permutations. 


1. 


STUDENT HELP 


SOLVING NOTE 
Choosing 3 of 4 students 
to be painters is the same 
as choosing 1 of the 4 not 
to be a painter. Notice: 


_ 4) _— Al 
af (4—1)l-e1! 3! 
$0) 40, = gle 
In general, C=C _ 


Combinations and 
Pascal's Triangle 


| GOAL ] Use combinations and relate them to Pascal’s triangle. 


How many groups of 3 can be chosen from 4? 


The number of orders in which 3 student volunteers 
can be chosen from 4 at a nonprofit organization’s 
worksite is the number of permutations of 4 objects 
taken 3 at a time: ,P, = 24. But if the 3 students are 
all given the same task, the order in which they are 
chosen does not matter. 


A co n is a selection of r objects from a 
group of n objects where the order is not important. 


Combinations of n Objects Taken r at a Time 


The number of combinations of n distinct objects taken rat a time is 
indicated by _C_, and is given by the formula: 


n-r' 


ope n! 
n&r rh (n—-Dler 


Find Combinations 


Volunteering Jamal, Kay, Li, and Max have volunteered to help a nonprofit 
organization build houses. Three of the 4 will be assigned to work as painters. 
How many choices are there for the 3 painters? 


Solution 
Use the combinations formula with n = 4 andr = 3. 


ca 4 tat 4 
4-3 (4-3-3! Ile3! 3! 3! 


Notice: 44 = 4+-3+2+1and 
3!=3-2-1,so4l=4- 3). 


You can also list all the orders in which the three students can be chosen, then 
cross out any repeated listings of a group of the same three students. 


JIKL JEKR- 4-3” EF EK Each row represents 


JKM JMK -KiM -KMT -MIK  -MKT a single group of 
ILM JME (LIM EMF MIE MEF three students. 
KLM -KME LKM -LMK -MKE -MEK 


The list shows why the number of combinations is the number of permutations (24) 
divided by the number of ways of ordering each group of three students (6). 


ANSWER > There are 4 different groups of 3 painters that can be chosen from the 


4 original volunteers. 
10.5 Combinations and Pascal's Triangle ial 


1. In Example 1, suppose that the 3 painters are chosen from a group of 
5 student volunteers. How many choices are there for the 3 painters? 


Distinguish Permutations and Combinations 


Tell whether the question can be answered using a permutation or a 
combination. Then find the answer. 


a. For summer reading, you are asked to read 2 books from a list of 6 books. 
How many different pairs of books can you choose to read? 


b. Twelve students enter a talent show. Awards are given for first place through 
fifth place. In how many ways can the students finish first through fifth? 
Solution 


a. The order in which you choose the books is not important. Use a combination 
to answer the question. 


6! 6! _6*5-+A4! 


TUDENT HELP 
AVOID ERRORS 


You must perform the +++++++++s+« > 62 = (6-212 =. 3 a 15 pairs of books 
operation in parentheses 
first. b. The order in which the awards are given is important. Use a permutation to 
(6 — 2)! #6! —2! answer the question. 
_ 12!) _ 121 | 12+ 11+ 10°98 eH _ 
ws (2 — 5)! 7 Te 95,040 ways 


Combinations 
Tell whether the question can be answered using a permutation or a 
combination. Then find the answer. 

2. In how many ways can you play 3 of the 11 songs ona CD? 


3. In how many ways can a soccer team choose 2 captains from 12 players? 


Multiple Events From 5 students, you can choose ;C, = 10 groups of 3. But if 
the group of 5 consists of 3 girls and 2 boys, and you want to select a group of 3 with 
exactly 2 girls and 1 boy, then there are two events: choose the girls, and choose the 


boy. This is a multiple event. 
4 i 


Ist event: Choose 2 of 3 girls. 3C, = 3 choices 
2nd event: Choose | of 2 boys. 2C, = 2 choices 


You can choose the girls in 3 ways and the boy in 2 ways, 
so use the fundamental counting principle. You can / 
choose the group of 2 girls and 1 boy in3 +2 =6ways. “® ® 


@ 2 © My 
e» # : 
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A deck of playing cards can help you to investigate 


é ; s ‘ Ka K¥ Ke Ke 
combinations of simple events and of multiple events. Qe Ov Q¢ Oe 
A standard deck contains 52 cards, as shown. Ja Jv Je Je 

: ; 10a 10¥ 10¢ 104 

There are 13 cards in each of the 4 suits: spades (4), 9a 94 96 Oe 
hearts (¥), diamonds (#), and clubs (#). In each suit 8a 84 8% 8% 
there are cards numbered 2 through 10, an ace (A), : ; ! : : | - 
and 3 face cards: the king (K), queen (Q), and jack (J). oY at a oe 
4a 49 4¢@ 46 

3:4 3@ 364 34 

2@ 20 20 2h 

Aa Aw A@® Aw 


Find Combinations of Multiple Events 


Cards Consider a standard deck of 52 playing cards. The order in which the cards 
are dealt for a “hand” does not matter. 


a. How many different 5-card hands are possible? 


b. How many different 5-card hands have all 5 cards of a single suit? 


Solution 
TUDENT HELP a. This is a simple combination with n = 52 and r = 5. The number of hands is: 
READING MATH C= 52! _ 52*51+*50*49+48 + a = = 2.598.960 hands 
In part (b), the word Sa ATS) 41 +5 *+4+3+26 
“and” does not appear b. This is a multiple event: You must choose the suit and choose the cards within 


to indicate that this is 
a multiple event, but “a 
single suit” hints that 
you are making a choice C 
from the 4 suits. 4 


the suit. You can choose | suit from 4 in ,C, ways. You can choose 5 cards 
from the 13 in a suit in ,,C, ways. Multiply to find the total number of hands. 


_ 4! . 13!) 13¢12-+11+10° 2B = 
C, Bre dl’ Ble 5! 4e Be 5eAe3eDe 5148 hands 


e 
1 13 


Checkpol 


4. How many different 5-card hands have all 5 cards of a single color? 
5. How many ways can you choose 3 dogs and 2 cats from 5 dogs and 6 cats? 
Pascal's Triangle If you arrange the values of C, in a triangular pane in 


which each row corresponds to a value of n, you get a pattern called Pa: 
I >, shown below using both combinations notation and numbers. 


n = 0 (Oth row) oo 1 

n = | (st row) 19 141 1 1 

n = 2 (2nd row) 2 2, 2C, 1 ¥ 1 

n = 3 (rd row) 3€p 3, 3. 3C; 1 ¥ ¥ 1 

n = 4 (4th row) alo aC, a©n a€3 Cy 1 =e - - 1 
WN NEN 

n = 5 (Sth row) 5&9 5") 5C, 5C3 5Cy 5C, 1 5 10 10 5 1 


The first and last numbers in each row of Pascal’s triangle are 1. Every other 
number is the sum of the two closest numbers in the row just above it. 
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Use Pascal's Triangle 


Social Networking Use Pascal’s triangle to find the number of groups of 4 of 
your friends you can choose from among 6 of your friends to post as “friends” on 
your profile on a social networking website. 


Solution 

The sixth row of Pascal’s triangle represents combinations of 6 objects taken r at a 
time where r is from 0 to 6: 60» 61> 6G a» 6&3» 64> 6C5> 6Co- You need to find 6C4: 
Add entries from the fifth row to find the number corresponding to ,C,. 


n = 5 (Sth row) 1 5 10 10 #5 1 
WS SSN NS 
n=6(6throw) 1 6 15 20 15 46 1 


rT re FT 


6&o 6 6&2 6&3 6&4 6Cs 6&o 


ANSWER > There are 15 different groups of 4 friends from a group of 6 friends. 


6. Write the seventh row of Pascal’s triangle using both combinations notation 
and numbers. Use your results to find the number of combinations of 5 fruits 
you can choose from among 7 fruits for a fruit salad. 


PLS Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


1. Describe the difference between a combination of n objects taken r at a time and 
a permutation of n objects taken r at a time. Give an example to illustrate the 
difference in the numerical result for specific values of n and r. 


2. Describe the relationship between Pascal’s triangle and combinations. 
3. Use an ordered list to find all the combinations of 2 of the colors red, green, 
yellow, and blue that can be chosen as team colors. 
Find the number of combinations of n objects taken rat a time. 
4.n=5,r=5 5B.n=5,r=4 6.n=5,r=1 7.n=5,r=3 
In Exercises 8 and 9, tell whether the question can be answered 
using a permutation or a combination. Then find the answer. 


8. Video Clips You are going to send 3 video clips to a friend as attachments to 
an e-mail. How many different groups of 3 video clips can you choose from 7 
video clips? 


9. Vacations You wanted to see 7 tourist sites on your vacation, but decide you 
have time to see only 4. In how many orders can you visit 4 of the 7 sites? 


10. Viovies How many different groups of 2 comedies and | drama can you select 
from 6 comedies and 5 dramas? 
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Practice and Applications 


” paadateil HELP 
HOMEWORK HELP 
Example 1: Exs. 11-23, 
43-46 
Example 2: Exs. 24-27 


Example 3: Exs. 28-36 
Example 4: Exs. 40—42 


THE KENTUCKY DERBY, 
the Preakness Stakes, and 
the Belmont Stakes make up 
U.S. horse racing's “Triple 
Crown.” The last horse to win 
all 3 races the same year was 
Affirmed, who did so in 1978. 


Pizza In Exercises 11-13, use the following information. 


You are ordering pizza for a birthday party. You plan to choose 2 toppings from 
5 available toppings: pepperoni (p), hamburger (h), mushrooms (m), olives (0), 
and roasted peppers (r). 


11. Use an ordered list to find all possible pairs of toppings. 
12. How many different choices of 2 toppings do you have? 


13. When you place your order, you learn that extra cheese is also an available 
topping. How many different choices of 2 toppings do you have now? 


Combinations Find the number of combinations. 
14. 0 15. 44 16. gC] 17. 6&3 


1S.gc, 19...C, 20. C5 21. 


22. Dance Groups A choreographer needs 4 dancers to perform a work. How 
many different combinations of 4 dancers can the choreographer choose from a 
dance company consisting of 9 dancers? 


23. Entertainment A comedian begins a routine by choosing 4 people from the 
audience. How many different groups of 4 people can the comedian choose from 
an audience of 50 people? 


Permutations and Combinations In Exercises 24-27, tell whether 
the question can be answered using a permutation or a combination. 
Then find the answer. 


24. Track Ina 4 by 100 meter relay race, a different runner runs each of the four 
successive 100 meter “legs” of the race. In how many ways can 4 from a group 
of 8 runners be assigned to run the legs of the race? 


25. Basketball Each March, 64 teams complete the “bracket” in the Division 1 
college basketball tournament. How many possibilities are there for the 4 teams 
that advance from these 64 to the semifinals, known as the “Final Four?” 


FINAL FOUR 


26. Kentucky Derby Twenty horses competed in the 2006 Kentucky Derby. In 
how many ways could the horses have finished in first place through third place? 


27. Work Groups Your teacher divides the class into groups of 5 for an activity. 
How many possibilities are there for the group that contains you if there are 
25 students in the class in all? (Hint: How many remain to be chosen?) 


28. Menus Planners for a company party will choose 2 of 4 vegetarian entrees and 
3 of 6 meat entrees for the buffet. How many entree combinations are possible? 


29. Government A conference committee is formed to reconcile different versions 
of a law passed by the U.S. Senate and U.S. House of Representatives. How many 
possible conference committees can be formed by choosing 3 out of a committee 
of 10 Senate members and 3 out of a committee of 16 House members? 
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Card Hands In Exercises 30-35, use the description of a standard 
52-card deck given at the top of page 547 to find the number of 
possible 5-card hands that contain the specified cards. 


30. 5 hearts 31. 2 twos and 3 threes 
32.5 face cards 33. 4 aces and | other card 
34. 2 hearts and 3 diamonds 35. 4 cards of one number and an ace 


36. Card Games When two people play the card game “Go Fish,” each person 
begins the game with a 7-card hand. How many different 7-card hands contain 
4 cards with the same value (four 2’s, four 6’s, four jacks, and so on)? 


Adding Combinations 


Postcards You are on vacation and have a list of 12 friends that you want to send 
postcards. How many different sets of friends can you send postcards if: 


a. you send postcards to at most 3 of them? 


b. you send postcards to at least 10 of them? 


Solution 
a. You can choose 0 or | or 2 or 3. Or indicates addition. The total number is: 


ign PG ® oC GH 1+ 2 66 + 220 = 299 


b. You can choose 10 or 11 or 12. The total number is: 


Pig F Gy + Cy = OO + 1271 =79 


Adding Combinations You've been given 9 extra-credit math 
problems. How many combinations of the given numbers of problems 
can you choose? 


37. at least 8 38. at most 4 39. from 5 to 7 
Pascal's Triangle Write the indicated row of Pascal's triangle using 
both combinations notation and numbers. 

40. eighth row 41. ninth row 42. tenth row 


43. Critical Thinking Which is larger 
without performing the calculations. 


, 50C9 or soci. Explain how you can tell 


Challenge Show that the identity is true for any whole number n. 
44. C,=1 45. C,=1 46. C.= C 


Standardized Test 47. Multiple Choice Which expression is equivalent to ,,C,? 
Practice 7! 


48. Multiple Choice What is the value of gos? 
6720 @® 336 @ 56 ® 40 
49. Multiple Choice In how many ways can you choose 3 fish from 15? 
@ 0 220 © 455 @® 2730 


Fe Chapter 10 Data Analysis and Probability 


Mixed Review 


Geometry Skills 


Quiz 2 


Lesson 10.3 


Lesson 10.4 


Lesson 10.5 


50. Comparing Areas The radius of a circle is 7 times the radius of a smaller 
circle. How many times greater is the area of the larger circle than the area of 
the smaller circle? (Lesson 6.1) 


51. Real Zeros How many real zeros does the y 
function whose graph is shown have? Explain how 
you can tell immediately that the graph cannot be 3x 


the graph of y = x? — ae + 1. (Lesson 6.6) 


52. Permutations Ten bands are marching in a parade. 
In how many ways can you order (a) all 10 bands 
(b) the first 3 of the 10 bands? (Lesson 10.4) 


Triangles Classify the triangle as equilateral, isosceles, or scalene. 


53. , ~ ] 54. 35 55. 5 
16 5 


35 5 


Sales Taxes In Exercises 1 and 2, use the data showing the city sales 
tax rates for several Colorado locations in 2007. 


City/Town Sales Tax City/Town Sales Tax 


1. In 2007, Colorado also had a 2.9% state sales tax. Transform the original data 
to show the combined city and state sales taxes charged in each location. 


2. Without calculating, tell how the mean, median, mode, and range of the 
transformed data will compare to the same measures in the original data. 


Find the number of permutations. 


3. <P, 4. ghia 5. ws 6 ic3 
Find the number of combinations. 
7. ,C, 8. 10" 9. 37 10. C10 


In Exercises 11-13, tell whether the number of possibilities can be 
found using a permutation or a combination. Then find the answer. 


11. Amusement Parks An amusement park ride seats 4 people in a row. In how 
many ways can you and 3 friends be seated on the ride? 


12. Concerts At an all-day concert, 12 bands are performing on the main stage. 
How many different possibilities are there of 4 of the bands that you can see? 


13. Game Show A contestant on a game show has to choose 3 cases to open from 
5 cases. How many possibilities are there for which cases to open? 
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USING A GRAPHING CALCULATOR (For use with Lesson 10.5) 


105 


TUDENT HELP 


KEYSTROKE HELP 
See keystrokes for 
several models of 
calculators at 
www.classzone.com. 


In Lessons 10.4 and 10.5, you found permutations and combinations using 
formulas. Some calculators have special keys or menu items designed for 
evaluating permutations and combinations. 


EXPLORE 


Use a calculator to evaluate the expression. 


a. P56 b. Ce. 
Solution 
a. Enter the expression 39/6 into your b. Enter the expression ,<C, into your 
calculator. Notice that you enter calculator. Notice that you enter 
the value for 1 before accessing the value for n before accessing 
the permutations command. the combinations command. 
Keystrokes Keystrokes 


20 Te Ee ee 6 ie 25 Ee Ee es 


| 20 niin \ | 25 nCr 8 | 
27907200 1081575 


L J L J 


EXERCISES 


Permutations and Combinations Use a calculator to evaluate the 
permutation or combination. 


1. Po 2 oP 4 3. i6Ps 

4. soP; 5- goPs 6. oP 10 

7. 1 8. 14Co 9. Cio 
10. sac 11. 3810 12. 30€ 22 


Tell whether the number of possibilities can be found using a 
permutation or a combination. Then answer the question. 


13. Employee Relations A 10 person employee advisory committee will be 
selected from 180 workers at a business. How many possibilities are there for 
the committee? 


14. Lotteries In a lottery, six winning numbers are removed from a tumbler 
containing balls with the numbers 1 through 40. How many possibilities are 
there for the winning numbers? 


15. Music You have room to place 30 of your 56 CDs on a rack. In how many 
ways can you choose and place the CDs on the rack? 
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0 
Extension 


Pascal's Triangle and 
the Binomial Theorem 
| GOAL |} Relate Pascal's triangle to the terms of a binomial expansion. 


In Lesson 10.5 you saw values of ,,C,, arranged in a triangular pattern to obtain 
Pascal's triangle: 


n= 0 (Oth row) oo 1 

n= | (1st row) 1% 14 1 1 

n= 2 (2nd row) 2% 2, 121 

n= 3 (3rd row) 305 3, 34, 3C; 13 3 1 

n=4 (4th row) 4s&p aC, 42 43 4g 146 4 1 
n=S(Sthrow) <C, <C, 5C, 5C, 5C, <C; 1 5 10 10 5 1 


The numbers in Pascal’s triangle have a very helpful algebraic connection. Recall 
the special product patterns for the square and cube of a binomial: 


(a+ b= a” + 2ab + b = la” + 2ab + 1b? < 2nd row 


(a + b> =a? + 3a*b + 3ab? + b° = 1a? + 3a2b + 3ab? + 1b° — 3rd row 


Notice the following about these expansions: 


* The coefficients of the terms in the expansion of (a + b)” are the numbers in 
row n of Pascal’s triangle. 


¢ The powers of a decrease from n in the first term to 0 in the last term (a = 1). 


* The powers of b increase from 0 in the first term (b° = 1) to n in the last term. 


Expand a Power of a Simple Binomial Sum 


Expand (a + b)*. 


Solution 
In (a + b)+, the power is n = 4. So, the coefficients of the terms are the 
numbers in the 4th row of Pascal’s Triangle. 


Coefficients: 1, 4, 6, 4, 1 
Powers of a: a‘, a>, a”, a’, a® 


Powers of b: b°, b!, b?, b>, b4 


(a + b)* = 1a4b® + 4a3b! + 6a7b? + 4a'b? + 1a°b4* 
=a‘ + 4a3b + 6a2b? + 4ab3 + bt 


Pascal's Triangle and the Binomial Theorem a 


Example 1 illustrates a more general result called the binomial theorem. 


The Binomial Theorem 


For any positive integer n, the expansion of (a+ b)" is: 
= 0 = 1p1 = 2p2 0 
(arb) = Cy aibe  C.di © Die Gaus tba ae CdD. 


Note that each term has the form Ca” “b’ where ris an integer 
from 0 to n. 


Expand a Power of a Binomial Sum 


Expand (x + 5), 


Solution 
Use the binomial theorem with a = x andb = 5. 
__ O33 
GPs? =e + ee gle St eS 


(GP) + (3)@)(5) + (3)@N25) + A)°)(125) 


x? + 15x? + 75x + 125 


Note that in Example 2 you could have used the third row of Pascal’s triangle to 
write the first step above as (x + 5)? = 1x°5° + 3x75! + 3x15? + 1795? 


Expand a Power of a Binomial Difference 


Expand (2x — y)4. 

Solution 

First rewrite the difference as a sum: (2x — y)* = [2x + (—y)]*. 

Then use the binomial theorem with a = 2x and b = —y. 

[2x + (—y)]4 = ,C)(2x)4(—y)® + ,C,(2x)3(—y)! + C,(2x)2(-y)? + 
gC3(2x)'(—y)? + ,C,(2x)°(—-y)4 
= (1)(16x4)(1) + (4)(8x°)(—y) + (6)(4x7)(") + 

(4)(2x)(—y3) + (1)(1)6%) 


= 16x* — 32x3y + 24x7y? — 8xy? + y4 


im or Difference 


Expand the power of the binomial sum or difference. 
1. (a + by 2. (x + 2)4 3. 3x +5) 
4. (p — 4) 5. (m — n)* 6. (35-1) 
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Patterns When you examine the numbers in Pascal’s triangle closely, you 


will discover many number patterns. 


Find Patterns in Pascal's Triangle 


1 Row 0 
11 Row 

EI 2 1 Row 2 

d 3 3 1 Row 3 

y 4 6 4 1 Row 4 


7 25. 10. 10) (5) oth, 


a. Find the sums of the entries in 
rows 0 through 4 of Pascal’s 
triangle. Then predict the sum 


b. Find the sums of the entries 
along the diagonals indicated 
in the diagram. Then predict the 


of the entries in row II. next three sums. 


Solution 


a. The sums of rows 0 through 4 are 1, 2, 4, 8, and 16. Notice that these are the 
powers of 2: 2°, 2! 22, 23 24. The sum of the entries in row 11 is 2!! = 2048. 


b. The sums are 1, 1, 2, 3, 5, 8. Each of these numbers after the first is the sum of 
the two numbers before it. (These are the Fibonacci numbers.) The next three 
sums will be 5 + 8 = 13,8 + 13 = 21, and 13 + 21 = 34. 


Exercises 


1. Using Patterns Copy rows 0 through 5 of Pascal’s triangle from the top of 
this page. Then add rows for n = 6, 7, 8, and 9. 


Pascal's Triangle Use the rows of Pascal's triangle from Exercise 1 
to expand the power of the binomial. 
2. (a + b)® 3. (x + y)’ 4. (s + 1)? 
5. Distributive Property Verify the results of Example | by using the 
distributive property to expand (a + b)*. 
Binomial Theorem Use the binomial theorem to expand the power 
of the binomial. 
6. (a + 2) 


9. (t — 5)? 


8.(y + => 
11. (3x — y)* 


7. (2x + 1)4 
10. (x — yy 
12. Challenge Use the binomial theorem to write the expansion of (x3 + ay. 


13. Patterns For rows 2 through 4 of Pascal’s triangle, alternately subtract and add 
all the entries, as shown below. 


1-2+1 
1-3+3-1 
1-44+6-4+1 


What do you notice? Verify that this pattern continues for rows 5 through 9. 
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Key Words 

¢ probability 

e theoretical probability 

¢ experimental probability 
¢ geometric probability 


You are packing for a 
trip. You have 8 shirts 
and 6 pairs of pants. 


1. How many different 
choices of 3 pairs of 
pants can you pack? 


2. If you pack 5 shirts, 

in how many different 
ways can you choose 2 
of them to wear on the 
first and second days? 


"saad HELP 

READING ALGEBRA 
In Example 1, you can 
alternately noe 


the probability = as 
0.375 0r37!%. 


Introduction to Probability 


| GOAL | Find theoretical and experimental probabilities. 


How likely is it that songs chosen at random 
will play in a particular order? 


Questions involving how likely it is that a particular thing 
will happen can be answered in terms of probabilities. 


Consider a list of songs playing in random order. All 

the possible orders the songs can play in are outcomes. 
An event is a particular outcome or a group of outcomes. 
For example, your favorite song playing last is an event. 


The p y of an event is a number from 0 to | that tells how likely it 
is to occur. If an event must occur, its probability is 1; if it cannot occur, its 


probability is 0. If an event is equally likely to occur or not, its probability is 7 


increasing likelihood 


——————=— 
o_O  ——o 


_ ia = 
P=0 P=} P=1 


Event cannot occur. Event is equally likely Event must occur. 


to occur or not occur. 


A probability can be expressed as a fraction, a decimal, or a percent. 


Theoretical Probability of an Event 


When all outcomes are equally likely, the 
p ity that an event A 


al p all possible outcomes 
will occur is: s 


_ Number of outcomes in event A 
P(A) 
Total number of outcomes 


The theoretical probability of an event is ——— outcomes 


often simply called its probability. P(A) = 2 


Find the Probability of an Event 


What is the probability that the spinner shown lands on 
red if it is equally likely to land on any section? 


Solution 


The 8 sections represent the 8 possible outcomes. Three 
outcomes correspond to the event “lands on red.” 


Number of outcomes in event _ 3 
Total number of outcomes 8 


P(red) = 
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Use the spinner shown to find the given probability. 


1. lands on yellow 2. lands on green 


3. lands on white 4. does not land on red 


Use Permutations or Combinations 


Music You have 8 songs on your workout songs MP3 playlist. You set your player 
to play all the songs on the list in random order without repeating any songs. 


a. What is the probability that the songs play in the exact opposite order they are 
listed in your playlist? 

b. Three of the songs on the playlist are by the same group. What is the 
probability that 2 of the songs by this group play first, in any order? 


Solution 
a. Any ordering, or permutation, of the songs is a possible outcome. There are 
8! permutations of the songs, but only | has the opposite order of your playlist. 


P(8 songs play in reverse order) = aa = 40.390 =~ 0.000025 


b. The order in the group of 2 songs is not important. From the whole playlist, 
there are ,C, different combinations of 2 songs that can play as the first group 
of 2. From the 3 songs by the same group, there are ,C, combinations of 2. 


: __ combinations of 2 songs by the group 
PAZ Sones Eye: ErOUD D ayTesy total combinations of 2 songs 


32 
ron 

ae 
28 


= 0.11, or about 11% 


5. Suppose in Example 2 that 4 of the songs on your playlist are jazz. What is 
the probability that these 4 songs play last, in any order? 


Experimental Probability It’s not always possible or convenient to find 
an event’s theoretical probability. By conducting an experiment or survey or by 
looking at an event’s history, you can find the experimental probability of an event. 


Experimental Probability of an Event 


Fora given number of trials of an experiment, the experimental 
that an event A will occur is: 


Number of trials where A occurs 
Total number of trials 


P(A) = 
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Experiments A trial of an experiment can be something as simple as a flip of 
a coin. A survey is an experiment where each response is a single trial. 


Find Experimental Probabilities 


Surveys The graph shows results of a 
survey asking students to name their favorite 
type of footwear. What is the experimental 


Favorite Type of Footwear 
1000 


probability that a randomly chosen student g ant 
prefers (a) sneakers or (b) shoes or boots? s a 
= 
a 
Solution 200 
Find the total number of students surveyed. 0 
820 + 556 + 204 + 120 = 1700 
oo HELP a. Of 1700 students, 820 prefer sneakers. 
poe tele Number preferring sneakers 
In a large, well-designed P(prefers sneakers) = E s = 820 _ 0.48 
experiment or survey, Total number of students 1700 
an event's experimental 
probability should be a b. Of 1700 students surveyed, 204 + 120 = 324 prefer shoes or boots. 
good approximalion ofits Number preferring shoes or boots 
theoretical probability. P(prefers shoes or boots) = E — 324 ~ 0.19 


Total number of students 1700 


Geometric Probabilities You can find pau based < on n ratios of two 
lengths, areas, or volumes. These are called geo1 15 


- pr ol 


Find a Geometric Probability 


Archery You shoot an arrow at the target 
shown, whose diameter is 40 inches. The red 
bull’s-eye is 8 inches in diameter. The rings 
have equal widths. If the arrow is equally 
likely to hit anywhere on the target, what is 
the probability it lands in the outermost ring? 


Solution 
The width of each of the rings is (20 — 4) + 4 = 4 inches. 


Area of the outermost ring 


P(outermost ring) = : 
( 8) Area of the entire target 


_ +20? —- Te 162 
at ° 20° 


or 36% 


= EZ 
25° 


ic Probabilities 


6. Use the information in Example 3 to find the experimental probability that a 
randomly chosen student prefers (a) boots or (b) shoes or sandals. 


7. In Example 4, what is the probability that the arrow lands in the bull’s-eye? 
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WTS Exercises 


Guided Practice 
Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 10-26 
Example 2: Exs. 27-33 
Example 3: Exs. 34-41 
Example 4: Exs. 42-47 


1. Copy and complete the statement: A probability found by calculating a ratio of 
two lengths, areas, or volumes is called a(n) __? _ probability. 


2. Copy and complete the statement: To find a(n) ___? _ probability, divide the 
number of trials in which an event occurs by the total number of trials. 


A jar contains 3 red marbles, 2 blue marbles, and 2 green marbles. 
Find the probability of drawing the given type of marble at random. 


3. ared marble 4. a blue marble 


5. ared or a green marble 6. a blue or a green marble 


Find the probability that a dart thrown at the target will hit the 
shaded region. Assume that the dart is equally likely to hit any point 
on the target. 


7. 8. 9. (A 


10 


Logical Reasoning Tell whether the statement is always true, 
sometimes true, or never true. Explain your reasoning. 


10. The probability of an event is greater than 1. 


11. If there are exactly two possible outcomes, then the theoretical probability of 
either one occurring is 0.5. 


12. An event is a single outcome. 
Choosing Numbers You have an equally likely chance of choosing 


any integer from 1 through 25. Find the probability of the given 
event. 


13. An even number is chosen. 14. A number less than 5 is chosen. 
15. A number greater than 12 is chosen. 16. A perfect square is chosen. 

17. A multiple of 4 is chosen. 18. A multiple of 2 or 3 is chosen. 

19. A factor of 60 is chosen. 20. A number containing a | is chosen. 


Choosing Cards A card is drawn at random from a standard 52-card 
deck (see page 547). Find the probability of drawing the given card. 


21. the jack of hearts 22.a7 
23. a black card 24. a heart 
25.a2ora3 26. acard other than an ace 
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Ballots In Exercises 27-30, use the following information. 


You are one of five people running for class treasurer. The names of the 
candidates will be listed in random order on the ballot. 


27. What is the probability that your name will be last? 
28. What is the probability that the names will be listed in alphabetical order? 


29. What is the probability that the names of 2 of the 3 female candidates 
will be listed first? 


30. Challenge What is the probability that the names of the 3 female and 
2 male candidates will be listed girl-boy-girl-boy-girl? 
Lotteries Find the probability of winning the lottery using the given 
rules. Assume that lottery numbers are selected at random. 
31. You must correctly select 5 out of 40 numbers. The order is not important. 
32. You must correctly select 6 out of 50 numbers. The order is not important. 
33. You must correctly select 4 numbers, each an integer from 0 to 9. The order 
is important. 
Surveys In Exercises 34-37, use the following information. 


The graph shows the results of a survey asking high school students to name their 
favorite sport. For a high school student chosen at random, find the experimental 
probability of the event. 


Favorite Sport 


34. The student’s favorite sport is football. 


35. The student’s favorite sport is baseball. ee 
; ; Soccer Football 
36. The student’s favorite sport is football 510 1120 
or basketball. 
37. The student’s favorite sport is not soccer. Baseball 


650 Basketball 
1010 


38. Writing You ask 3 friends to each flip a penny 25 times, then report the 
probability the penny shows tails. Your friends report probabilities of 0.44, 
0.48, and 0.60. You say the probability is 0.5. Can everyone be right? Explain. 


Statistics Link, In Exercises 39-41, use the following information. 


The table shows the distribution of 
civilian workers by job category in Job category Number 
the United States in 2005. Find the (millions) 


probability that a randomly selected Managerial/Professional 


worker was employed in the given 


job category. Sales/Office 36.0 

39. sales/office Service 23.1 

40. resources/construction/ Production/Materials/ 18.0 
maintenance Transportation 


41. not managerial/professional Resources/Construction/ 15.3 


Maintenance 
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Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


Geometry Link, Find the probability that a dart thrown at the target will 
hit the given region(s) if it is equally likely to hit any point on the target. 


42. the red region 
43. the white region 
44. either of the green regions 


45. the yellow region 


46. the yellow region or the blue region 


18 in. 


47. Challenge A sphere fits exactly in a cube so that it touches each side. What is 
the probability a point chosen at random inside the cube is also inside the sphere? 


48. Multiple Choice You are equally likely to choose any integer from | through 
50. What is the probability that you choose a number that is divisible by 5? 


CAD 0.25 0.2 © 0.15 @D 0.1 


49. Multiple Choice What is the probability of the 
spinner shown not landing on yellow? 


Qi @+ 
® + D1 


50. Multiple Choice You draw 3 cards from a standard 52-card deck. Which 
expression represents the probability that all 3 of the cards are aces? 


C. Cc C. 
1 33 4-3 13°"3 
@ — st © = 
52©3 523 523 523 
Expanding Expressions Expand the expression. Assume all 
variables are positive. (Lesson 8.5) 
51. log 6x 52. log, a 53. log : 
x 8x7 
54. log, 81xy 55. log, y 56. log, a 


Condensing Expressions Condense the expression. Assume all 
variables are positive. (Lesson 8.5) 


57. log, 5 + log, x 58. 3 log, x + log, 2 59. log, x — log, y 
60. 4 log, 6 + 2 log, 15 61. log,, 40 — log,, x 62. 5 log, x — 4 log, z 
Combinations Find the number of combinations. (Lesson 10.5) 

63. .C, 64. .C, 65. Cy 

66. C, 67.0G., 68. .C, 


Lines of Symmetry Determine the number of lines of symmetry in 
the figure. Then tell whether the figure has rotational symmetry. If it 
does, describe the rotations that map the figure onto itself. 


69. 70. 71. 
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Probability of 
Compound Events 


Key Words 


¢ compound event 

¢ overlapping events 

¢ disjoint or mutually 
exclusive events 

¢ complement of an event 


| GOAL | Find probabilities of unions and intersections of events. 


The union of two events A and B is all of the outcomes that are in either A or B. 
The intersection of A and B is all of the outcomes shared by bon A and B. The 
union or intersection of two events is called a 


Prerequisite OVERLAPPING EVENTS DISJOINT EVENTS 
Find the probability ° e 
that a person chosen 
from the given advisory (+) 
board is a student. $ = ° 
e e e 
1. 2 administrators, Union of Aand B Intersection of A and B A and B do not intersect. 


6 teachers, 4 students 


Two events that have outcomes in common are 6 


2. 3 administrators, ; 
that have no outcomes in common are d 


3 teachers, 3 students 


To find the probability of the union of two events, you need to know if the 
events share any outcomes. 


Probability of Compound Events 


Overlapping Events If A and Bare overlapping events, then 
P(Aand B) # 0, and the probability of A or Bis: 


P(A or B) = P(A) + P(B) — P(A and B) 


etelaeel HELP 
SOLVING NOTE 
You subtract P(A and B) 
in the formula for 
P(Aor B) so that you 
don't count outcomes 


that are shared by both 
Aand Btwice. 


Disjoint Events If Aand Bare disjoint events, then P(A and B) = 0 
and the probability of A or Bis: 


P(A or B) = P(A) + P(B) 


Find P(A or B) for Disjoint Events 


Cards A card is randomly selected from a standard 
deck of 52 cards. What is the probability that the 
card is a 10 ora face card (a jack, queen, or king)? 


Solution 


Let event A be selecting a 10 and let event B be 
selecting a face card. Event A has 4 outcomes 
and event B has 12 outcomes. Events A and B are disjoint events. 


P(A or B) = P(A) + P(B) = 4 g = 2 = 4 ~ 0.308 


ANSWER > The probability is about 0.308, or about 31%. 
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TUDENT HELP 


AVOID ERRORS 
Because A and B 
overlap, don’t forget to 
subtract the probability 
of their intersection. 


Find P(A or B) for Overlapping Events 


A card is randomly selected from a 


standard deck of 52 cards. What is the B 

a é 10a 9a 8a 
probability that the card is a face card Te 665446 
or a spade? BV. AS IN 


Solution 


Let event A be selecting a face card. Let event B be selecting a spade. 
Event A has 12 outcomes, and event B has 13 outcomes. 
Three of the outcomes are common to both A and B. 


P(A or B) = P(A) + P(B) — P(A and B) Union of overlapping events 


_12,13_ 3 : a 
= = + 52 52 Substitute probabilities. 
2 22 ames 

= jp or about 0.42 Simplify. 


ANSWER > The probability is about 0.42, or 42%. 


Find P(A and B) for Overlapping Events 


College In aclass of 20 seniors, 17 have applied 

to a state university and 11 have applied to a private B 
university. In all, 19 of the 20 students have applied Private 
to a university. What is the probability that a class 

member chosen at random has applied to a state 

university and a private university? 


Solution 


Let A represent the event “has applied to a state university.” Let B represent the 
event “has applied to a private university.” You need to find P(A and B). 


i z = a7 = il — 19 
You are given: P(A) 20 P(B 0 P(A or B) 70 


P(A or B) = P(A) + P(B) — P(A and B) Write formula for P(A or B). 


19_ 47, 1 om 
20 20° 20 P(A and B) Substitute probabilities. 
on ee) ee 
P(A and B) = 70 * 20 30 Solve for P(A and B). 
9D er 
= sq ot 0.45 Simplify. 


ANSWER > The probability is 0.45, or 45%. 


pound Event 


In Exercises 1 and 2, a card is randomly selected from a standard deck of 
52 cards. Find the probability of the given event. 


1. The card is an ace or a jack. 2. The card is a heart ora 7. 


3. Pets Of 25 students, 13 have a dog and 8 have a cat. In all, 16 of the 25 have a 
dog or a cat. What is the probability that any one of the 25 has a dog and a cat? 
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Complements The compl f an event consists of all outcomes that 
are not in the event. For example, if an integer from | to 10 is chosen at random, 
the complement of the event “the integer is even” is “the integer is odd.” 


Probability of the Complement of an Event 


The sum of the probabilities of an event and its complement is 1. 
P(A) + P(not A) = 1, so P(not A) = 1 — P(A). 


Find Probabilities of Complements 


Dice When two six-sided dice are FEO FE OB Se Be 


rolled, 36 outcomes are possible, as : 
shown. Find the probability of the Ci CM i i i Ee 


given event. LE OR OE OR Oe Ee 
TUDENT HELP a. The sum is not 2. CI CJR CRE COR ER ES 
\ SOLVING NOTE b. The sum is less than or equal i CC CO Ce Ee 
In part (b), you could tom (JHB CIBB CBB CBB CBB E388 
count all outcomes of : 
“less than or equal to 10” Solution 
directly, but it’s easier to a. P(sum is not 2) = 1 — P(sum is 2) = 1 — A 0.972 
use the complement to 363 
count the few outcomes 3 33 _ Il 
< =|- = f= = _ as 
that are greater than 10. arms ya hem yl 360 36s 12 on 


Find Probabilities of Complements 


Birthdays A class has 23 students. What is the probability that at least 2 of the 
students share a birthday? 


Solution 


The complement of “at least 2 of the students share a birthday” is “each student 
has a different birthday.” Because each student has a birthday on one of 365 days 
(ignoring leap year), there are 365°> possibilities for all the birthdays. The number 
of possibilities in which each of the 23 birthdays is different is: 


365 + 364 « 363 +--+ © 345 «344 + 343 This is ..P3- 


Write the 


P(at least 2 are the same) = | — P(all are different) complement 


ee 36°93 Express the 
365" probability. 
= 0.507 Use a calculator. 


ANSWER > There is about a 51% chance that at least two students share a birthday. 


4. Use the information in Example 4 to find the probability that the sum is not 5. 


5. What is the probability that at least 2 people in a family of 6 share a birthday? 
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Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


ee DENT HELP 
HOMEWORK HELP 
Example 1: Exs. 16-24, 
34-41 
Example 2: Exs. 16-24, 
27-29 
Example 3: Exs. 22-29 
Example 4: Exs. 30-41 
Example 5: Exs. 42-43 


Copy and complete the statement. 
1. The _? _ of two events is all of the outcomes that are in either event. 


2. The _? _ of two events is all of the outcomes that are in both events. 


3. If two events have no outcomes in common, they are _?__ events. 


Events A and Bare disjoint. Find P(A or B). 


4. P(A) = 0.3 5. P(A) = 0.4 6. P(A) = 0.11 
P(B) = 0.3 P(B) = 0.6 P(B) = 0.19 
Events A and Bare overlapping. Find P(A or B). 
7. P(A) = 0.4 8. P(A) = 0.5 
P(B) = 0.3 P(B) = 0.5 
P(A and B) = 0.2 P(A and B) = 0.3 


A bag contains 10 pieces of paper numbered 1 through 10. You draw 
one piece of paper at random. Find P(A or B) for the given events. 


9. Event A: The number is at least 6. 10. Event A: The number is even. 
Event B: The number is odd. Event B: The number is prime. 


Events A and Bare overlapping. Find P(A and B). 


11. P(A) = 0.2 12. P(A) = 0.7 
P(B) = 0.6 P(B) = 0.5 
P(A or B) = 0.7 P(A or B) = 0.9 


Given P(A), find P(not A). 
13. P(A) = 0.25 14. P(A) = 0.5 15. P(A) = 0.95 


Compound Events Tell whether events A and B are disjoint or 
overlapping. Then find P(A or B). 


16. P(A) = 0.3 17. P(A) = 07 18. P(A) = 0.45 
P(B) = 0.5 P(B) =0.4 P(B) = 0.15 
P(A and B) = 0 P(A and B) = 0.3 P(A and B) = 0.1 


Compound Events In Exercises 19-21, the spinner is divided into 
12 equal parts. Given events A and B, find P(A or B). 


19. Event A: Spinner lands on the number 3. 
Event B: Spinner lands on yellow. 


20. Event A: Spinner lands on an even number. 
Event B: Spinner lands on blue. 


21. Event A: Spinner lands on a number less than or equal to 4. 


Event B: Spinner lands on red. 
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BLOOD TYPES determine 
what kinds of transfusions 
are allowed. People with 
blood type AB positive blood 
can receive blood of all types. 
People with blood type O can 
receive blood of type O only. 


Compound Events Find the indicated probability. Tell whether 
events A and Bare disjoint or overlapping. 


22. P(A) = 0.2 23. P(A) = 0.5 24. P(A) = 0.1 
P(B) = 0.5 P(B) = 0.5 P(B) = _?_ 
P(A or B) = 0.5 P(A or B) = _?_ P(A or B) = 0.9 
P(A and B) = _?_ P(A and B) = 0.2 P(A and B) = 0 


Intersections In Exercises 25 and 26, a student at a high school 
is selected at random from the 10th, 11th, or 12th grades. The 
probabilities given represent P(A), P(B), and P(A or B). Find 
P(A and B). 


25. P(male) = 0.4 26. P(female) = 0.6 
P( Ith grader) = 0.3 P(i2th grader) = 0.36 
P(male or 11th grader) = 0.66 P(female or 12th grader) = 0.8 


27. Critical Thinking A high school has 1500 students, of which 725 are female. 
There are 900 students involved in after-school activities, of which 525 are 
female. Is it possible for the events “selecting a student involved in an after- 
school activity” and “selecting a female student” to be disjoint? Explain. 


Biology Link», In Exercises 28 and 29, use the following information. 


A blood bank records the blood types, including positive or negative Rh-factor, 
during a blood drive. The table shows the number of donors with each type 
of blood. 


Blood Type 


26 
172 


- 
i=) 
= 
(*) 
c 
Le 
1 
= 
c 


28. Find the probability a donor chosen at random has type O or AB blood. 

29. Find the probability a donor chosen at random has type A blood or is 
Rh-positive. 

Finding Probabilities of Complements A meteorologist gives the 

following probabilities. If the probability is P(A), find P(not A). 

30. P(rain today) = 0.3 31. P(snow tonight) = 0.6 


32. P(sunny tomorrow) = 0.9 33. P(clear on weekend) = 0.75 


Statistics Link, In Exercises 34-37, use the following information. 


The estimated percent age distribution of the U.S. population for 2010 is shown 
in the circle graph. Find the probability that a person chosen at random fits 
the description. 


34. under 5 years old Under 5 7% pele Tae 
65+ 139 

35. not 65 or older e 15-24 14% 
ne fe) 

36. at least 15 years old pees Nah \ 4— 25-34 13% 


37. from 25 to 44 years old | 45-54 15% > — 35-44 13% 
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Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


Using Complements You roll two six-sided dice. Find the probability 
of the given event. 


38. The sum is not 4. 39. The sum is greater than or equal to 9. 
40. The sum is neither 2 nor 12. 41. The sum is less than or equal to 9. 


42. Home Electronics Five houses on a block have the same model of garage 
door opener. Each opener has one of 4096 possible codes. What is the probability 
that at least 2 of the houses have openers with the same code? 


43. Testing A web-based test generator assigns | of 100 possible questions as 
the first question on a practice quiz. If 20 students take the quiz, what is the 
probability that at least 2 of the 20 are assigned the same first question? 


44. Challenge Show that the following statement, an example of what is known as 
the inclusion-exclusion principle, is true. 


P(A or B or C) = P(A) + P(B) + P(C) — 
P(A and B) — P(B and C) — 
P(C and A) + P(A and B and C) 


(Hint: Use probability notation to write expressions for 
each region of the Venn diagram shown.) 


45. Multiple Choice You have a bag containing 10 red marbles, 15 blue marbles, 
and 5 green marbles. You choose a marble at random from the bag. What is the 
probability that you choose a blue marble or a green marble? 


1 1 1 2 
@®! 1 ©! ®? 
46. Multiple Choice You roll a 12-sided die that has its faces numbered from 


1 to 12. What is the probability that in a single roll you roll an even number or 
a multiple of 3? 


®i @; Or OF 
Evaluating Expressions Evaluate the expression. (Lesson 7.1) 
47. 9°/ 48. 81° 49. 6473 50. 256° 
51. 27-13 62. 32-4 53. 169° >? 54. 625 */4 


Identifying Exponential Functions Tell whether the function shows 
exponential growth or exponential decay. Then identify the initial 
amount and the percent increase or decrease. (Lesson 8.3) 


55. y = 54(1 + 0.2)' 56. y = 16(1 + 0.65)’ 57. y = 125(1 — 0.4)’ 
58. y = 750(1.5)' 59. y = 1200(0.3)' 60. y = 560(0.35)' 
Using Inverse Properties Simplify the expression. (Lesson 8.4) 

61. log, 6° 62. log 10° 63. 5085+ 

64, 81°Es* 65. 10! & 66. log, 32” 


Classifying Triangles Use the converse of the Pythagorean 
theorem. Tell whether the triangle has a right angle. 
67. 68. 26 69. 

20 15 6 12 


25 13 
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DEVELOPING CONCEPTS (For use with Lesson 10.8) 


108 


Goal QUESTION 

To use a simulation to find an ae : : - 

experimental probability How can you explore probability using a simulation? 
Materials Often, you can make a model of a situation to help you find a probability. 


A simulation is an experiment performed to model a real-life probability. 
e index cards 


EXPLORE 


Do a simulation to find an experimental probability that you and 
a friend are the 2 students randomly chosen from a group of 


8 students. 

O Label eight index cards as shown. Use 
1 to represent yourself, 2 to represent 1 2 ) 4 
your friend, and the 3, 4, 5, 6, 7, and 8 
to represent the other students. 5 6 7 & 


© Shuffle the cards. Randomly draw a card, 
and then another, without replacing the 
first. Record your results. Decide whether A 
or not the results represent you and your 1 
friend being chosen. Replace the cards. 


‘3) Repeat drawing a pair of cards. Draw 
a total of 10 pairs. For each pair of 


Pair Times Drawn 
cards drawn, record the results. Use —_—_ —_—__ 
here You and friend are chosen 4 

Total number of pairs drawn 7,2 II 
to find the experimental probability Dye J 


that you and your friend are chosen. 


THINK ABOUT IT 


1. Use your results from the simulation above. Combine all the class results. 
Based on these results, what is the experimental probability that you and 
your friend are chosen? 


2. The die at the right has 8 sides numbered 1-8. 
Each outcome is equally likely when the die 
is rolled. Describe how you can use this die to 
simulate the experiment above. Explain why 
each pair (n, 1) must be disregarded. 


3. Do you think your results or the class results are closer to the theoretical 
probability that you and your friend are chosen? Explain. 
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Probability of Independent 
and Dependent Events 


Key Words 

¢ independent events 

¢ dependent events 

¢ conditional probability 


| GOAL | Find the probability of independent and dependent events. 


Two events are independent if the occurrence of one event does not affect the 
occurrence of the other. Two events are dependent if the occurrence of one 
event does affect the occurrence of the other. The probability that both of two 
events occur depends on whether the events are independent or dependent. 


Evaluate. 


1. 0.5 + 0.5 Consider the probability of drawing a blue marble at random from a bag after 

2. 0.25 + 0.75 first drawing a green marble. How does whether you replace the green marble 
ee : 9 

3. 035 +05 affect the probability of drawing blue? 

4. 0.075 + 0.25 


Choose green, 
and replace. 


Choose green, and 
do not replace. 


“T 2 
_ 4, _l _ 4. ull 
P(green) = =; P(blue) = = P(green) = =; P(blue) = = 
7 7 7 6 
Independent Events Dependent Events 
The probability of drawing blue is The probability of drawing blue is 
the same as it would have been if you different from what it would have been 
had not chosen the first marble. if you had not chosen the first marble. 


Identify Events 


Tell whether the events are independent or dependent. Explain. 


a. Your teacher chooses students at random to present their projects. She 
chooses you first, and then chooses Kim from the remaining students. 


b. You flip a coin, and it shows heads. You flip the coin again, and it shows tails. 
c. One out of 25 of a model of digital camera has some random defect. You and 
a friend each buy one of the cameras. You each receive a defective camera. 

Solution 


a. Dependent; after you are chosen, there is one fewer student from which to 
make the second choice. 


b. Independent; what happens on the first flip has no effect on the second flip. 


c. Independent; because the defects are random, whether one of you receives a 
defective camera has no effect on whether the other person does too. 
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Tell whether the events are independent or dependent. Explain. 
1. You choose Alberto to be your lab partner. Then Tia chooses Shelby. 


2. You spin a spinner for a board game, and then you roll a die. 


Conditional Probability For two dependent events A and B, the oy 
that B will occur given that A has occurred is the co y 
B given A, written as P(B |A). 


Find Conditional Probabilities 


Concerts A high school has a total of 850 students. The table shows the numbers 
of students by grade at the school who attended a concert. 


a. What is the probability that a student at the school attended the concert? 
b. What is the probability that a junior did not attend the concert? 


Grade Attended Did not attend 


Frewnan [80 | 
Fsopkone | oe | a 


Solution 


"aadatiel HELP a. P(attended) = {0t@l who attended _ 80 + 132 + 173 + 179 _ 564 ~ o.664 
SOLVING NOTE : total students 850 850 

In part (b), you use only 

the row of the table for «.+++++}> t. P(did not attend| junior) = 


juniors who did not attend 


juniors. Being a junior is — 
the “given” when finding 29 
this probability. = 7734097 saa =~ 0.144 


Checkpoj ind Con abilities 


3. Use the table in Example 2 to find the probability that a student is a junior given 
that the student did not attend the concert. 


Probability of Independent and Dependent Events 


Independent Events If A and Bare independent events, then the 
probability that both A and B occur is P(A and B) = P(A) « P(B). 


Dependent Events If A and B are dependent events, then the 
probability that both A and B occur is P(A and B) = P(A) + P(B|A). 


Notice that if events A and B are independent, then P(B |A) is just P(B), so the 
first formula in the box above is a special case of the second. 
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Independent and Dependent Events 


Games A word game has 100 tiles, 98 of which are letters and two of which 
are blank. The numbers of tiles of 


each letter are shown in the diagram. Ag H 2 0 8 V2 
Suppose you draw two tiles. Find the B2 too Pp? W2 
probability that both tiles are vowels —— —— on — 
in the situation described. C2 J }! Qi xX 
a. You replace the first tile before D4 K 1 Ré6 NY}? 
drawing the second tile. —Ew2L4 $4 Z1 
b. You do not replace the first tile F 2 M2 T 6 2 
before drawing the second tile. pores , _—- ; 
& G3 N 6 ua Blank 
Solution 
e DENT HELP a. If you replace the first tile before selecting the second, the events are 
ANOTHER WAY independent. Let A represent the first tile being a vowel and B represent the 
In part (b), there are second tile being a vowel. Of 100 tiles, 9 + 12 +9 +8 + 4 = 42 are vowels. 
42&> Pairs of vowels out 4 4D 
of a total of ,5)C, pairs of P(A and B) = P(A) + P(B) = 100 100 0.1764 
tiles. So, you could also b. If you do not replace the first tile before selecting the second, the events are 
calculate ee which dependent. After removing the first vowel, 41 vowels remain out of 99 tiles. 
100 “2 
gives the same result. P(A and B) = P(A) + P(B|A) = = . a ~ 0.1739 


Three or More Events You can extend the formulas for probabilities of 
independent and dependent events to three or more events. For example, for 
three independent events A, B, and C, P(A and B and C) = P(A) * P(B) « P(C). 


Probability of Three Independent Events 


Forecasting The official weather forecast for an upcoming 3-day holiday 
weekend calls for a 30% chance of rain Saturday, a 40% chance of rain Sunday, 
and a 50% chance of rain Monday. Assuming these events are independent, what is 
the chance that it does not rain on any of the three days? 


Solution 


There is a 100% — 30% = 70% chance it does not rain Saturday. Similarly, there 
is a 60% chance it doesn’t rain Sunday and a 50% chance it doesn’t rain Monday. 


Pit does not rain any of the days) = 70% * 60% * 50% = 21% 


ANSWER > There is a 21% chance that it doesn’t rain Saturday, Sunday, or Monday. 


Dependent Events 


4. In the game in Example 3, you draw two tiles. What is the probability that 
you draw a Q, then draw a Z if you first replace the Q? What is the probability 
that you draw both of the blank tiles (without replacement)? 


5. Three sisters each order a phone that comes in 6 colors. If the sisters are 
equally likely to receive any of the colors, what is the probability that all 
three receive a red phone? 
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ED Exercises 


Guided Practice 


Vocabulary Check 1. Copy and complete the statement: The probability that B will occur given that A 
has occurred is called the _?__ of B given A. 


2. Copy and complete the statement: If the occurrence of one event affects the 
occurrence of another event, then the events are __? 


Skill Check — Events Aand Bare independent. Find the indicated probability. 


3. P(A) = 0.25 4. P(A) = 0.8 5. P(A) =_? 
P(B) = 0.6 P(B) = _? P(B) = 0.7 
P(A and B) = _? P(A and B) = 0.4 P(A and B) = 0.21 
Events A and Bare dependent. Find the indicated probability. 
6. P(A) = 0.2 7. P(A) = 0.4 8. P(A) = _? 
P(B|A) = 0.9 P(B|A) = _2 P(B|A) = 0.6 
P(A and B) = _? P(A and B) = 0.12 P(A and B) = 0.45 


Magazines In Exercises 9 and 10, eight magazines are stacked 
randomly. The stack has 5 news magazines and 3 sports magazines. 


9. What is the probability that the second magazine in the stack is a sports 
magazine given that the top magazine in the stack is a sports magazine? 


10. You pick up the top two magazines from the stack. What is the probability that 
they are both sports magazines? 


Practice and Applications 


Identifying Events Tell whether the events are independent or 
dependent. Explain. 


11. You spin a spinner, then roll a die. 


le DENT HELP 12. You draw a card at random, then draw another without replacing the first. 
HOMEWORK HELP 


13. You choose one raffle ticket at random from each of two different bags. 
Example 1: Exs. 11-14 


Example 2: Exs. 15-17 14. You draw a name from a bag, return the name, shake the bag, and draw again. 
Example 3: Exs. 18-28 
Example 4: Exs. 29-33 History Link Use the table showing the numbers of members in the 


House of Representatives and Senate in the 110th U.S. Congress in 2007. 


Democrat Republican Independent Other 


15. What is the probability that a Congress member was a Democrat? 


16. What is the probability that a Senate member was a Republican? 


17. What is the probability that a Democrat was a member of the House? 
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Rolling a Number Cube In Exercises 18-20, you are playing a game that 
involves rolling a six-sided die. Find the indicated probability. 


18. rolling an even number and then an odd number 

19. rolling a number less than 3 and then a number greater than 3 

20. rolling an odd number and then a 2 

21. Marbles Refer to the diagram on page 569. Find the probability of drawing a 
green marble, then a blue one (a) with replacement and (b) without replacement. 

Drawing Numbers You draw numbers at random without replacement 

from a hat holding 20 disks numbered 1 through 20. Find the probability. 

22. drawing a 12 and then a 13 

23. drawing an even number and then an odd number 

24. drawing an odd number and then another odd number 

Drawing Cards Find the probability of drawing the given cards at 


random from a standard 52-card deck (see page 547) under each 
condition: (a) with replacement and (b) without replacement. 


25. a club, then a spade 26. an ace, then a queen 

27. a face card (K, Q, or J), then a 4 28. a jack, then another jack 

Drawing Cards A card is drawn at random from each of 3 standard 
52-card decks. Find the probability that the given cards are chosen. 

29. an ace, then a king, then a queen 30. a heart, then a diamond, then a club 
Three Dependent Events In Exercises 31 and 32, use the fact that for 

3 dependent events, P(A and Band C) = P(A) + P(B|A) « P(C|A and B). 


31. Refer to Example 3 on page 571. You draw 3 tiles at random without 
replacement. What is the probability that you draw “E,” then “G,” then “G?” 


32. A calculator generates random integers from | to 5. What is the probability that 
the first three integers generated are all different? (Hint: P(A) = 1.) 


33. Challenge The diagram shows results of observations at one high school 
of seat belt use in cases where an adult drove a student to school. For example, 
there is a 31% chance the adult was not wearing a seat belt. If the adult was not 
wearing a Seat belt, there is a 74% chance that the student wasn’t either. Find 
the probability that a student driven by an adult was wearing a seat belt. 


@) Event C 
0.66 
(4) Event A 


Student wears seat belt. 


@) Event D 


Student does not wear seat belt. 


() Event C 


Student wears seat belt. 


@) Event D 


Student does not wear seat belt. 


Adult wears 
seat belt. 


OF, 


Adult does not 
wear seat belt. 
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Standardized Test 34. Multiple Choice The probability of event A occurring is P(A) = 0.3. The 


Practice probability of event B occurring given that A has occurred is P(B|A) = 0.4. 
What is the probability that events A and B both occur? 
@ 04 0.6 © 07 @) 0.12 


35. Multiple Choice What is the probability of drawing one heart and then 
another heart at random from a standard 52-card deck if you do not replace 
the first card after you draw it? 


&) 0.059 @ 0.0625 HD 0.485 GD 0.5 
Mixed Review Order of Operations Evaluate the expression. (Lesson 1.2) 
36.10+3-4 37.12 +(4—2)+2 38. 6 — 2(5 — 8) 
39.24+4-+245 40. (1 —7+9 + 3)? 41. —(17 — 8)” 


Quadratic Formula Use the quadratic formula to solve the equation. 
(Lesson 5.9) 


42..°+4x+6=0 43. 2x7 + 8x +1=0 44. 3x* — 2x-7=0 
45. 4x7 -x+3=0 46. x? + 10x -6=0 A7. 2x2 —4x +9=0 

Geometry Skills — Volume of a Cylinder Find the volume of the cylinder. Round your 
answer to the nearest whole number. 


48. 49. 16in. 50. 


8m 5 in. 


10m 12 in. 16 in. 


Quiz 3 


Lesson 10.6 A card is drawn at random from a standard 52-card deck. Find the 
probability of drawing the given card. 


1.a9 2. aclub 
3. a face card (K, Q, or J) 4. a red card 


Lesson 10.7 Find the indicated probability. 


5. P(A) = 0.4 6. P(A) = 0.6 7. P(A) = 0.6 
P(B) = 0.2 P(B) = 0.3 P(not A) = _? | 
P(A or B) = 0.5 P(A or B) = _?_ 
P(A and B) = _?_ P(A and B) = 0.2 


Lesson 10.8 You are drawing numbers at random from a hat. The hat contains 
40 pieces of paper numbered 1 through 40. The numbers are not 
replaced after they are drawn. Find the indicated probability. 


8. You draw the number 10, then a number less than 5. 
9. You draw the number 10, then a multiple of 5. 


10. You draw a prime number greater than 2, then an odd number. 
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cer 0 Chapter Summary 
and Review 


VOCABULARY 


¢ population, p. 519 e factorial, p. 540 ¢ compound event, p. 562 

¢ sample, p. 519 ¢ combination, p. 545 ¢ overlapping events, p. 562 
¢ unbiased sample, p. 519 e Pascal's triangle, p. 547 ¢ disjoint or mutually 

¢ biased sample, p. 519 ¢ probability, p. 556 exclusive events, p. 562 

* convenience sample, p. 526 ¢ theoretical probability, * complement of an event, 


. 564 
¢ self-selected sample, p. 526 p. 556 P 56 
* systematic sample, p. 526 * experimental probability, ¢ independent events, p. 569 


srandomeample,p. 526 p. 557 ¢ dependent events, p. 569 
¢ geometric probability, ¢ conditional probability, 


¢ margin of error, p. 528 p. 558 p. 570 


¢ permutation, p. 540 


VOCABULARY EXERCISES 


1. Why is it important to be careful that a sample taken from a population be 
unbiased instead of biased? 


2. What is the margin of error of a sample? How is the margin of error related to 
the size of the sample? 


3. What is the difference between a permutation of n objects taken r at a time and a 
combination of objects taken r at a time? 


4. What is the difference between the theoretical probability of an event and its 


experimental probability? 


| EXAMPLE | You can use an unbiased sample to make predictions about a population. 


In an unbiased survey of 50 of a school’s 1500 students, 35 said that they favor 
changing the school’s mascot. Predict the number of students at the school who 
favor changing the mascot. 


Population number who favor change _ Sample number who favor change 


Population size Sample size 
x = 35) 
REVIEW HELP 1500 50 
Exercises Example 50x = 52,500 


5 4, p.521 


x = 1050 students 


5. Surveys In an unbiased survey of 75 of a high school’s 1100 students, 55 say they 
participate in at least one after-school activity. Predict the number of students at the 
school who participate in at least one after-school activity. 
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| EXAMPLE | Some sample types are convenience, self-selected, systematic, and random. 


REVIEW HELP 

Exercises Examples 
6 
7 


1, p. 527 
3, p. 528 


In general, a random sample is less likely to be biased. The margin of error of a 
random sample taken from a large population tells how close you can expect a 
population measure to be to a measure found from the sample. 


Suppose that in a random sample of 800 phone company customers, 41.5% say 
they are dissatisfied with their service. Find the margin of error, and give an 
interval likely to contain the actual percent of the company’s customers who 
are dissatisfied. 


The margin of error S is approximated by S ~ te where nis the sample size. 
n 


sx+l 
800 


= +0.035 

ANSWER > The margin of error is about +3.5%. It is likely that between 
41.5% — 3.5% = 38% and 41.5% + 3.5% = 45% of customers 
are dissatisfied. 


6. An electric company sends surveys to all its customers that they can fill out and 
return. Classify the sample, and tell whether it is likely to be biased. Explain. 


7. Find the margin of error for a random sample of size n from a large population if 
(a) n = 144, (b) n = 576, and (c) n = 2000. 


TR 


| EXAMPLE | You can find how the mean, median, and mode of a data set change when the data 


REVIEW HELP 
Exercises Example 


8-9 


576 


2, p. 534 


values are increased by or multiplied by a constant. Consider these prices: 
$34, $36, $36, $39, $40, $44, $45, $48, $53, $55. 
$10 increase: $44, $46, $46, $49, 20% increase: $40.80, $43.20, $43.20, 
$50, $54, $55, $58, $63, $65 $46.80, $48, $52.80, $54, $57.60, $63.60, $66 


Original hie a Original oe ay 
data set data set 


a 


ESS 
Puen [30 [ss] [mewn | ssa 
Pwose [56 [ses | [mote | ss | sn 


When prices increase $10, the mean, median, and mode increase $10. When prices 
increase 20% (multiplication by 1.2), the mean, median, and mode increase 20%. 


In Exercises 8 and 9, use this data set: 33, 39, 33, 42, 48, 45, 39, 33, 45. 


8. Transform the set of data to show a 33 4% decrease in each data value. 


9. Compare the mean, median, mode, range, and the difference between the upper 
and lower quartiles for the original data and for the transformed data. What can 
you conclude? 
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FUNDAMENTAL COUNTING PRINCIPLE AND 


| EXAMPLE | You can use the fundamental counting principle to count how many ways two or 
more events can occur, and to find the number of permutations of a set. 


a. Find the number of meals possible from 2 soups, 6 entrées, and 5 side dishes. 


REVIEW HELP By the fundamental counting principle, there are 2 * 6 * 5 = 60 meals. 


Exercises Examples 


b. Find the number of orders that 4 members from a team of 10 can run a relay race. 

10-11 2, p. 540 

12-18 4, p. 541 pe 10! —_ 10! _— 10*9+ 8+ 7 eG e543 2 ef 
14° (0-4)! 6! eae eae a 


= 5040 ways 


10. A college student chooses | out of 3 math classes, | out of 11 arts classes, and 
1 out of 8 science classes. How many possible choices are there for the 3 classes? 


11. How many possible security codes can be made using 4 digits followed by 3 letters if 
(a) digits and letters can be repeated, and (b) digits and letters cannot be repeated? 

Find the number of permutations of n objects taken r at a time. 

12.n=4,r=4 13.n=8,r=2 14.n=8,r=4 

Find the number of permutations. 

15. Ps 16. gf 3 17. ws 

18. In how many ways can the 40 contestants in a spelling bee finish first through third? 


IMBINATIONS AND PASCAL’S TRIANGLE a 


| EXAMPLE | You can use combinations to count the number of ways an event can happen when 
order is not important. 


a. You must read 3 books from a list of 15 books for a summer reading program. How 
many different choices do you have for the three books? 


ee 15! St eee aes 13 
3 5-3-3! 12-3! ed 


= 455 choices 


b. How many different 7-card hands dealt from a standard 52-card deck of playing 
REVIEW HELP cards have all 7 cards of the same color? 


Exarcises: Exempla Choose | color from 2: ,C,. Choose 7 cards from the 26 of a given color: ,.C 


z 
Ses 
1° 26@7 = Ty Tort 


19-24 1, p. 545 


25 3, p.547 ic 


= 2 + 657,800 = 1,315,600 hands 


Find the number of combinations of n objects taken r at a time. 
19.n=9,r=2 20.n = 8,r=3 21.n=10,r=4 
Find the number of combinations. 

223. 6C, 235.5, 24. Cy 

25. How many groups containing 4 boys and 3 girls can you choose from a class that 


contains 12 boys and 9 girls? 
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PROBABILITY AND COMPOUND EVENTS ee | 


| EXAMPLE | You can find the probability that a simple or compound event will 
occur. Consider a card drawn from a standard 52-card deck. 


a. Find the probability that the card is a 7. 


Total number of outcomes 52) 13 


P(7)= Number of favorable outcomes _ 4 1 


REVIEW HELP b. Find the probability that the card is a 7 or a diamond. 


Exercises Examples : 
26-27 ‘1, p. 556 Let A represent the event that the card is a 7 and B represent the event that the 


28 2, p. 563 card is a diamond. Then A and B are overlapping events. 


293, p. 563 P(A or B) = P(A) + P(B) — P(A and B) = = 4 s +s = s = + 


In Exercises 26-28, a number is chosen at random from the numbers 
1 through 50. Find the indicated probability. 


26. The number is 10 or less. 
27. The number is a multiple of 5. 
28. The number is 10 or less or the number is a multiple of 5. 


29. The probability that a student at a school participates in basketball is 8%. The 
probability that a student at the school participates in track and field is 10%. If the 
probability that a student participates in basketball or in track and field is 15%, what 
is the probability that a student participates in both? 


PROBABILITY OF INDEPENDENT AND DEPENDENT E 


| EXAMPLE | To find the probability that both of two events will occur, you must know 
whether the events are dependent or independent. 
A hat contains pieces of paper numbered | through 15. You draw 2 numbers at 
random. What is the probability that the first number is odd and the second is even 
(a) with replacement and (b) without replacement. 


a. The events of drawing the two numbers are independent. 


P(odd and even) = P(odd) « P(even) = 4 ° = = aa = 0.25 


b. The events of drawing the two numbers are dependent. Find the probability 


that the second number is even given that an odd number has been removed. 
S 7 — 6 4 


isa a 8 se 


REVIEW HELP 
Exercises Example 


30-323, p. 571 P(odd and even) = P(odd ) * P(even|odd) = 


Find the probability of drawing the given marbles at random from a bag 
of 3 red marbles, 5 blue marbles, and 2 green marbles. 


30. drawing a blue marble, then a red marble (with replacement) 
31. drawing a red marble, then a green marble (without replacement) 


32. drawing a blue marble, then a green marble (without replacement) 
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e' JQ Chapter Test 


1. Vacations In an unbiased survey of 40 of a company’s employees, 25 responded 
that they considered it very important that the amount of vacation time be 
increased. The company has 825 employees. Predict how many employees at the 
company believe it very important that vacation time be increased. 


2. Marketing A market research company surveys a randomly chosen sample of 
7500 adults and finds that 62% prefer the taste of its energy drink over the taste of 
a competitor’s energy drink. What is the margin of error? 


Find the number of permutations. 


ar, as Beja? 


Find the number of combinations. 


6. 1] 7. ial 8. Bo 


9. Food Choices You are making a sandwich. You can choose from 5 types of 
cheese, 4 types of vegetables, 3 types of dressing, and 3 types of bread. How many 
different sandwiches can you make choosing one of each ingredient type? 


10. Insurance An identification code on an insurance card has 3 letters followed by 
3 digits followed by 2 letters. How many identification codes are there if letters and 
digits can be repeated? 


11. Security In how many different ways can 6 family members line up to go 
through a metal detector at an airport? 


12. School Projects How many different groups of 3 students can be chosen from a 
class of 17 to present the results of their term projects? 


Use the spinner to find the probability. 
13. landing on 4 
14. landing on green or red 


15. not landing on 2 


16. landing on blue, and then landing on 2 


Games You draw letter tiles at random from a bag of 100 tiles. Use 
the table to find the indicated probability. 
17. drawing an A, replacing it, then drawing an E vettor Nuubot atlas 
18. drawing a G, replacing it, then drawing a G 
19. drawing an A, then drawing aG 


20. drawing an E, then drawing an A 


21. drawing two A’s, two E’s, or two G’s when 
drawing two tiles at once 
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Chapter Standardized Test 


\ Jest Tip Make an organized list or table. 


DDS © Oo 


| EXAMPLE | A softball league division has 5 teams. If each team in the division 
plays every other team in the division exactly once during a season, how many games 
are there in all between division teams? 


@ 5 ® 4 © 10 @® 50 


Solution 


The number of games is the same as the number of combinations of 
5 teams taken 2 at a time, or <C,,. 


Possible Games 


AB BC CD DE 


You can list the possible outcomes by using an organized approach. AC BD CE 

Name each of the teams: A, B, C, D, and E. Then ask yourself, AD BE 

“What games will Team A play? What games will Team B play?” 

and so on. There are ten possible games, so the correct answer is C. AE 

Multiple Choice 
1. You are conducting a survey of opinions about 4. A data set has a range of 33. If the data are 

selecting a new school song. Which method is transformed by multiplying each value by 10, 
least likely to result in a biased sample? what is the range of the transformed data? 
(@ Survey 25 females in your grade. f 3.3 @® 33 
Survey 25 males in your grade. @& 4 G 330 


©) Survey each student in your music class. 
: . 5. How many different passwords are possible if a 
@®) Survey 25 students chosen in a drawing. password has 2 letters followed by 3 digits, and 


letters and digits can be repeated? 


2. You roll an 8-sided die, numbered from | to 8. @) 1,757,600 676.000 
What is the probability that you roll a 3 or a 7? a : 
l 1 © 468,000 @® 67,600 
oii @® 5 
GD i D x 6. In how many ways can a manager and an 
assistant manager be chosen from a group of 
: : ‘ 
3. You roll a six-sided die. What is the probability PS jepcandidales: 
of rolling a number less than 5? f) 25 @® 30 
®? ® ; @ 105 D 210 
2 1 
© 5 OF 
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7. In how many ways can 3 cars be chosen 
from a group of 12 cars? 


CA) 1320 
© 36 


@® 220 
@® 4 


8. Given P(A) = 0.55, what is P(not A)? 
® 0 @® 0.45 
CHD 0.55 ®D 1 


Gridded Response 


11. In an unbiased sample of 50 students in a 
school, 18 said that they own more than 
10 movies. There are 1440 students at the 
school. Predict the number of students who 
own more than 10 movies. 


12. To the nearest tenth of a percent, what is 
the margin of error in a random sample of 
160 people chosen from a large population? 


13. What is the value of gis? 
14. What is the value of acs? 


15. A number is drawn at random from a basket 
containing 50 balls numbered | to 50. What 
is the probability that the number contains the 
digit 5? 


Extended Response 


21. The table shows the results of a survey asking adults in a 
town how they feel about the recent town square project. 


Assume that the survey was unbiased. 


a. A town resident chosen at random is asked how she feels 
about the project. What is the experimental probability 
that she is not indifferent about the project? 


9. Events A and B are dependent, P(A) = 0.2, 


and P(B|A) = 0.5. What is P(A and B)? 
@ 1 0.7 
© 01 @® 0.01 


10. Events A and B are independent, P(A) = 0.5, 


and P(B) = 0.4. What is P(A and B)? 
&) 0.02 @® 0.1 
HD 0.2 D®D 09 


Assume that cards are drawn at 
random from a standard 52-card deck 
of playing cards. Give probabilities as 
decimals to three decimal places. 


16. 


17. 


18. 


19. 


20. 


How many 2-card hands are possible? 


If one card is drawn, what is the probability 
that it is not a diamond? 


If one card is drawn, what is the probability 
that it is a black card or a face card? 


If two cards are drawn without replacement, 
what is the probability that the first card is a 
king and the second card is a queen? 


If two cards are drawn without replacement, 
what is the probability that both cards are aces? 


Number 


indiererent 


Opinion 


b. Find the margin of error of the survey. What does this 
indicate about the actual percent of people in the town 


who are dissatisfied with the project? 


Chapter Standardized Test a 


ICS 


ad 
© 
= 
v 

| 


A building contractor sets the salaries for his 
employees. Suppose the salary earned by an employee 
forms a pattern seen in the graph below. By extending this 
pattern, you can predict a future salary. 


y 
45,000 


41,000 
37,000 


33,000 


0 
0 1 2 3 4 +5 6 


Think & Discuss 


Use the graph to answer the following questions. 


1. What is the salary earned by the employee for the first 
year of employment? What is the salary earned for the 
sixth year? 

. Write a rule for the salary earned y in terms of the years 
of employment x. 


. Use the rule from Exercise 2 to predict the salary 
earned by the employee for the ninth year. 


Learn More About It 


You will write a sequence to predict the future salary of a 
construction worker in Exercises 59-62 on page 612. 


« J] study Guide @Hometutor 


classzone.com 
¢ Multi-Language Glossary 
* Vocabulary practice 


| PREVIEW What's the chapter about? 


¢ Performing matrix operations 

¢ Finding inverse matrices and using them to solve linear systems 
¢ Writing rules for sequences and finding sums of finite series 

* Finding sums of infinite geometric series 


Key Words 


¢ matrix, element, p. 585 © sequence, p. 608 

¢ dimensions of a matrix, p. 585 ¢ terms of a sequence, p. 608 
¢ equal matrices, p. 585 ¢ series, p. 610 

¢ scalar, p. 587 ¢ arithmetic sequence, p. 615 


¢ scalar multiplication, p. 587 ¢ common difference, p. 615 
e identity matrix, p. 600 ¢ arithmetic series, p. 677 

¢ inverse matrix, p. 600 © geometric sequence, p. 621 
¢ coefficient matrix, p. 6017 ¢ common ratio, p. 621 

¢ matrix of variables, p. 607 ¢ geometric series, p. 623 

¢ matrix of constants, p. 601 


| PREPARE | Chapter Readiness Quiz 


Take this quick quiz. If you are unsure of an answer, look back at the 
reference pages for help. 


Vocabulary Check (refer to p. 125) 


1. An ordered pair that satisfies both equations in a system of linear 
equations is the _? of the system. 


C) x-coordinate solution © graph @ slope 


Skill Check (refer to pp. 9, 16) 
2. What is the value of 4(3) — 5(6) + 1(3)? 


® 15 @® -15 ® 45 ® ~-21 
3. Which expression is equivalent to 27 — 4(n — 1)? 
@ 26 —-4n B® 23 —-4n CE) 27 = Sn @® 31 -—4n 


TAKE NOTES 


Define Symbols Matrix: a recta 
numbers j Padiak arrangement of 
col 1 horizontal rows and vertical 
umns. The dimensi ¥ 
nsi 
are3 x 4, one’ or the Matrix below 


Your vocabulary list should 
include each special math 
symbol and its meaning. 
See page 794 for a list of 
symbols that are used in 
this book. 
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Key Words 


matrix 

element 

dimensions of a matrix 
equal matrices 

scalar 

scalar multiplication 


Simplify. 
1. —10+ 12 
—6-4 
oO =—€) 
. 8+ (—2) 


P WRN 


SerUDENT HELP 
READING ALGEBRA 
You can name a matrix 


using an uppercase letter 
suchas A, B, or C. 


Matrix Operations 


| GOAL | Perform matrix addition, subtraction, and scalar 
multiplication. 


The table shows the number of items sold during the first day of a class fundraiser. 


Items 


Sweatshirts 


A matrix can help you organize data such as the fundraiser data. A matrix i 
rectangular arrangement of numbers in horizontal TOWS pane cee columns. 


with m rows and n columns are m X n (read “m by n”). 


A matrix for the fundraiser data is shown. Extra 

Notice that the entries in the table above page Parge 

correspond to the elements in the matrix. T-shirts | 10 15 |) 
Sweatshirts | 8 12] »3 rows 

The matrix has 3 rows and 2 columns. So, Long sleeves J4 5 

the dimensions are 3 X 2. The element in y 

the third row and second column is 5. 2 columns 


Two matrices (the plural of matrix) are equal if their dimensions are the same 
and the elements in corresponding positions are equal. 


Compare Matrices 


Tell whether the matrix is equal to the fundraiser matrix. Explain. 


10.15 b. 10 15 
A=! 8 6(2) B=|16 6 
4 5 14.5 


The element 6(2) is equal to 12. So, 
matrix A is equal to the fundraiser 
matrix because all corresponding 
elements are equal. 


Matrix B is not equal to the 
fundraiser matrix because the 
corresponding elements in the 
second row are not equal. 


Tell whether the matrices are equal. Explain. 


“BE SJ] +f WR gra} ee af] 


11.1. Matrix Operations aa 


Matrix Operations You can add or subtract matrices only if they have the same 
dimensions. To add or subtract matrices, you add or subtract corresponding elements. 


Add and Subtract Matrices 


Add or subtract, if possible. If not possible, state the reason. 


4 2+4 6 
1]+]-1]=]1+Cb] =o 
3 5 3-45 8 


[4 t-| 1 ‘| taf 2129 -|3 =| 
lO. 5 =) 3 (= 323 7. 4 


1 3 -11] [1 
li2 -—2 15 


It is not possible to subtract the matrices. They have different dimensions. 


Use a Matrix Operation 


The number of items sold during the second day of the class fundraiser is shown. 


a. Add the matrix for the second day of the Second Day of Fundraiser 
fundraiser to the matrix for the first day of Extra 
the fundraiser on page 585. Large _Large 
b. What is the total number of large, long T-shirts | 12 5 
sleeve shirts sold during the first two days Sweatshirts | 4 3 
of the fundraiser? Long sleeves | 5 6 
Solution 


a. Add corresponding elements in the matrices. 
10 15 12 5 10+ 12 15+5 22 20 


8 12} +) 4 3)/= 8+4 1243 }=]12 15 

144 5 5 6 144+5 5+6 19 11 
b. You need to find the element in the matrix Extra 
from part (a) that corresponds to large, long Large _— Large 
sleeve shirts. The element in the third row T-shirts | 22 20 
and first column corresponds to large, long Sweatshirts | 12 15 
sleeve shirts. A total of 19 large, long sleeve Long sleeves | 19 ll 


shirts were sold. 


Add or subtract, if possible. If not possible, state the reason. 


3 a: 2 
ofp Je[ 23] fae] ea] ops 2J-[4 3] 
2 4 —2 2 7 3 0 1 2 
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Scalar Multiplication In operations with matrices, a real number is often 
called a scalar. To multiply a matrix by a scalar, you multiply each entry in the 
matrix by the scalar. This process is called scalar multiplication. 


Multiply a Matrix by a Scalar 


‘ -| 3 |= =1(3), “= 10) =|3 | 
. —2 1 -—1(-2) -1(1) 2 -1 


b.2| | ‘}-|S0 Oo |-[°2 ‘ 


0 3 2(0) 2(3) 0 6 


Perform Multiple Operations 


A store sells small and large steel DVD racks with wooden bases. Each size is 
available in three types of wood: walnut, pine, and cherry. Sales of the racks for 
last month and this month are shown. 


Walnut Pine 


Lastmonth 11 20° 


This month 14 36 20 This month 15 28 17 


Use the matrices to find the average monthly sales for the two month period. 


Last month (A) This month (B) 
Small Large Small Large 
Walnut | 12 11 Walnut | 14 15 
Pine | 28 20 Pine | 36 28 
Cherry | 22 21 Cherry | 20 17 
ie TUDENT HELP Solution 
ANOTHER WAY You can find the average monthly sales for the two month period by adding 


You can also evaluate 


1 matrices A and B together and multiplying the sum by =, 
glA + B) by first using 2 


i (ie tt 14 15 
5A + B)=5||28 20} +]36 28 Write the average. 
[22 21 20 17 


the distributive property 
to write aA + 38, and 


then simplifying. 
[26 26 


= 5 64 48 Add matrices A and B. 
[42 38 
13 13 
=|32 24 Multiply each element by 1 
21 19 
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Solving Matrix Equations You can use what you know about matrix operations 
to solve an equation involving matrices. 


Solve a Matrix Equation 
el SL | =e 
3 15 6 15 

Solution 


To solve the matrix equation, add the matrices on the left side of the equation, 
equate the element involving x with its corresponding element, and solve for x. 


ax -1),]4 -l)_}l2 —2 Write original equation. 
3 «(0 3 15 6 15 


Pre sls 1s 


2x 1 
3 0 


Solve the matrix equation for x. | 


Add corresponding matrix elements. 
6 15 6 15 
2x +4= 12 Equate corresponding elements 2x + 4 and 12. 
2x = 8 Subtract 4 from each side. 


x=4 Divide each side by 2. 


Perform the indicated operation(s). 


1 —-2 —2 3 -1 -2 
7.2 a + 
E 5 2.5 0 | 4 | 
Solve the matrix equation for x. 
x 24 a7 
o| 25] 5]=| 30 1o.[! 3]-[-4 3]=f3 9] 
=e) —10 =19 - 


Matrix Operations The order of operations for matrix expressions is similar 
to that for real numbers. When multiplying one matrix by a scalar and adding 
the product to or subtracting the product from another matrix, perform the scalar 
multiplication first. Several properties of matrix operations are stated below. 


Properties of Matrix Addition and Subtraction 


Let A, B, and C be matrices with the same dimensions, and 
let k be a scalar. 


Associative Property of Addition (A+ B)+C=A+(B+C) 
Commutative Property of Addition A+B=B+A 
Distributive Property of Addition kK(A + B) = kA+ kB 


Distributive Property of Subtraction k(A — B) = kA— kB 
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AD Exercises 


Guided Practice 


Vocabulary Check 1. Copy and complete the statement: A 4 x 3 matrix has __? columns. 
1 3 1 3 
2.Are|—4  2/]and|—4 2) equal matrices? Explain. 
6 -7 6 7 


3. Copy and complete the statement: You can add or subtract matrices only if 
the _? are the same. 


Skill Check Add or subtract, if possible. If not possible, state the reason. 


«| 10 Sal > 2 g,|20 15]_[16 13 
|-4 1 2 34 16 12 i 5 
[-—3 4 0 [—2 3 

6.| 5/+/-14 12 7.| 7/-—]15 
| 9 11 —20 |—-3 4 


8. Inventory A department store has a clothing sale. The matrices show the 
number of items in stock before the sale and after the sale. Use the matrices 
to find the number of each item sold during the sale. 


Before Sale After Sale 
Men’s Women’s Men’s Women’s 
T-shirts | 100 125 T-shirts ]65 40 
Shorts | 75 90 Shorts | 50 53 
Hats 40 35 Hats | 15 20 
e e e 
Practice and Applications 
STUDENT HELP Comparing Matrices Tell whether the matrices are equal. Explain. 
HOMEWORK HELP 2 1 
Example 1: Exs. 9-12 L 4 20 2 —3 
Example 2: Exs. 13—20, 9. - 4 - | 10. 2 A at 7 
30-35 7 =27.7.—2 L-3 7 i 0 11 
Example 3: Exs. 21—23 
Example 4: Exs. 24—35 6 r 5 -4 5 -1 
Example 5: Exs. 36—37 11.[6 10 -—3],| (17-7) 12. , i 
Example 6: Exs. 38—43 (-9 +6) [3(4) 12 6/2] 


Error Analysis Describe and correct the error. 
13 5 me | 7 |_| 2 =| 7 = Bee |_| —1 3 Sew 
3 4 ) 3 4 3 10 5 42 14 7 


x x 
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Adding and Subtracting Matrices Add or subtract, if possible. 
If not possible, state the reason. 


15. 


18. 


21. 


23. 


OLYMPICS The 2006 Winter 
Olympics were held in Torino, 
Italy. The Men’s Freestyle 

Skiing medalists are pictured. 


22. 


6 9 


[4 —6 —3 4 3 
= ae 16. = 17.;}1 7]/+ 
: 15 | 3 4 | 3] 
13 —5 
5 10 —2 9 —5 6 2 
: eae *| 19.| 4 1}/-|6 7] 20./1 9 =e | 
: 9 —5 2 4 q § 


Football The matrices below show the number of wins and losses for home and 
road games for four NFL teams during the 2006 season. Use matrix addition to 
write a matrix showing the total number of wins and losses for each team. 


Home Games Road Games 


Wins Losses Wins Losses 
Indianapolis | 8 0 4 4 
Tennessee | 4 4 4 4 
Jacksonville | 6 2 2 6 
Houston | 4 4 2 6 


Olympic Medals The matrices below show the number of gold, silver, and 
bronze medals won by three countries during the Winter Olympic Games in 
2002 and 2006. Use matrix addition to write a matrix showing the total number 
of gold, silver, and bronze medals won by each country. 


2002 2006 
Gold Silver Bronze Gold Silver Bronze 
Finland | 4 2 1 0 6 3 
Australia| 2 0 0 1 0 1 
United States | 10 13 11 9 9 7 


College Costs The matrices below show the average yearly cost (in dollars) 
and the average room and board cost (in dollars) at colleges in the United States 
in 1993 and 2003. The total cost is the sum of the tuition cost and the room and 
board cost. Use matrix subtraction to write a matrix showing only the tuition cost 
for each type of college. 


Total Cost Room and Board 
1993 2003 1993 2003 
Public 2-Year Colleges | 3996 6020 2871 4319 
Public 4-Year Colleges | 6365 10,674 3829 6087 
Private 2-Year Colleges | 10,406 19,559 4037 8013 
Private 4-Year Colleges | 15 904 25,083 4951 7306 
Multiplying by a Scalar Perform the indicated operation. 
- —1 r 
24.3| 4 25.—4| 8 26.2) > —! 
| —2 —4 7 
—5 = 
3. 7 
2 8 =] 8 5 1 
27.5 28. —1.5 29. -| — 
| -6 | A . » : 
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Combining Matrix Operations Perform the indicated operations. 


1] [2 
30. 3} —3/ + |7 a1. ° {4 = 
-4| [9 
6 -4] [10 3 
32.-6| 9 Bale 4 33.2/1 -2|-| 5 6 
3-1} [12 9 
0 <8) [= 5 
a2 ]-f3 2] sd? 2 1-52 9 
7 15 1-4 


Sales Bonus In Exercises 36 and 37, use the following information. 


An insurance company is offering a reward plan for its sales staff. A salesperson 
receives a $100 bonus for each new policy and a $50 bonus for each policy 
renewal. The matrices below show the number of new policies, the number of 
policy renewals, and the base salary for three salespeople. 


New Policies Policy Renewals Base Salary 
(N) (R) (B) 
Salesperson 1 20 35 35,000 
Salesperson 2 15 30 40,000 
Salesperson 3 25 40 30,000 


36. Use scalar multiplication and matrix addition to write an expression in terms 
of N, R, and B that you could use to determine the yearly earnings for each 
salesperson. 


37. Evaluate the expression in Exercise 36 to write a matrix showing the yearly 
earnings for each salesperson. 


Solving Matrix Equations Solve the matrix equation for x. 


x 8|_[-4 8 | 6 2x|_ | 6 —-12 
3s. | =| 4 i sad ae | i ;| 
4x 3 5 
40 é Ae : =| Fi 41.| 28] — | —2| = 3/10 
10 4 a 
[ 2x 3 8 1 6x 4 
42.2] = =|? i | a3.|-4 1/+|20 7/=|16 8 
6 7 4 1 10 8 


Challenge Solve the matrix equation for x and y. 
aa.| °| = -4 6 as.|*)- | 3|= 13 
3  -1 yo ool 2 =2 y 
4 3 3x =| 9 | a7.4|71 | + 8 1 -|3 4 
1 y -l 3-15 -3 11 Ty 2 17 6 


48. Logical Reasoning Find two matrices A and B such that A + B = ° | 
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Standardized Test 49. Multiple Choice Which matrix is equal to Ee e "| = E = °h 


‘ 4 6 5 -6 2 
Practice 
14 6 8 6 6 —-8 
® | o =2 | ®| § —10 | 
6 —4 
©| 8s 2 D5 
—10 4 
-10 5 2 1 
50. Multiple Choice Which matrix is equalto] —9 3/+4/3 —3]? 
—5 20 5: 7 
> 3°15 —-8 6 —18 1 —2 9 
®©l5 3%] @l-6 o @®|-21 -9| Dd] 3 -9 
0 13 —25 48 15 —-8 


51. Multiple Choice Which value of x satisfies the following matrix equation? 
—2 4x %: 3]. 2 = 
5 ol 14-7 9 6 


@® -5 ® -3 © -5 OF: 


4 


Mixed Review _ Simplifying Expressions Simplify the expression. Assume x is positive in 
Exercises 56 and 57. (Lesson 8.5) 


52. log,5 + log,6 53. log, 8 — log, 2 
54. 2 log 6 — log 12 55. 2 log, 8 + log, 4 
56. 3 log, x + log, 9 57. x log, 5 — log, 7 


Inverse Variation Models The variables x and y vary inversely. Use the 
given values to write an equation relating x and y. (Lesson 9.7) 


58.x=6,y=2 59.x=4,y=3 60. x = —2,y=5 

61.x = —7,y=4 62.x=1,y=8 63. x = y= 

Permutations Find the number of permutations. (Lesson 10.4) 

64. .P, 65. .P; 66. <P, 

67. P, 68. ,P3 69:4,F5 
Geometry Skills Alternate Exterior Angles Find the measure of ZABC. 


70. 71. 72. 


94° A 
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USING A GRAPHING CALCULATOR (For use with Lesson 11.1) 


mM 


You can use a graphing calculator to perform matrix operations. 


EXAMPLE 
The matrices show movie sales (in thousands) for January 
a video store chain during a two month period. Cc A Ch OD 
The movie formats are DVD and VHS. The DvD {32 21 12 19 
categories of movies are Comedy (C), Action (A), vHs |24 15 30 18 
Children’s (Ch), and Drama (D). 
: February 
a. Find the total sales for the two months. Cc A Ch D 
b. Estimate the DVD sales of comedies in March if a Dvd {29 31 10 15 
5% decrease from the February sales is expected. VHS |20 17 25 17 
SOLUTION 
STUDENT HELP —————— 
KEYSTROKE HELP a. Let matrix A represent January sales and matrix B represent February sales. 
See keystrokes for Enter each matrix on a graphing calculator. Then find the sum of matrix A 
several models of and matrix B. 
calculators at 
www.classzone.com. [ [ 
MATRIX CAI 2X4 i] MATRIX CAI] 2X4 i] CAI+CBI | 
mo @ @ B32) 210) ai2teans [L61 52 22 34 
7 © @ 9 24 15 30 181 44 32 55 3511 
| | | | 
L J L J L J 
Enter the dimensions of | Enter the elements in Add the matrices to 
each matrix. each matrix row by row. _ find the total cost. 
"ee DENT HELP b. To ae the poe - pare . 
SOLVING NOTE an a ed os - re (t27/55 29.45 ... | 
A5% decrease from ou can see that March sales for 19 Arig. oo. 
the February sales is comedy DVDs are expected to be 
expected for March 27.55 thousand, or 27,550. 
sales, so to find the L J 
March sales, multiply 
the February sales by 
100% — 5% = 95%, or eS ELE 
0.95. 


Use a graphing calculator to perform the indicated operation(s). 


578 601 492 478 502 587 
2./529 501 592}—|493 613 525 


j H | be | 
495 612 534 534 609 512 


42 58 123 94 


3.2 12.8 


3.1.057/°3 79 
235 17 0.06 2.17 


4.2.45) 50° ea are a4 


5. Movies Write a matrix that gives the change in sales from January to February 
for the video store chain in the example. For which categories of DVD and VHS 
did sales increase? For which categories did sales decrease? 
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Key Words 


¢ dimensions of a matrix, 
p. 


7 


mb W KN 


585 


Simplify. 
. 23) + 11) 
- 3(-1) + 2(2) 


- 50) + (-1I(-D) + 4(0) 
- 2-1) + G2) + 302) 


Multiplying Matrices 
| GOAL | Multiply matrices. 


What is the cost of hockey equipment? 


You will use matrix multiplication in Example 4 
to find the cost of equipment for two hockey teams. 


You can multiply two matrices A and B if the 
number of columns in A is equal to the number of 
rows in B. Otherwise, the product is not defined. 


If the dimensions of A are m X n, and the dimensions of B are n X p, then the 
dimensions of the product AB are m X p. 
A « B = AB 
mxXn nXp mxXp 


[oo 7 
dimensions of AB 


2 0 


and B = | because 
1 2 


For example, you can multiply the two matrices A = | 
there are two columns in A and two rows in B. 


Describe Matrix Products 


Given the dimensions of matrices A and B, tell whether the product AB is defined. 
If so, give the dimensions of AB. 


a.A:3 X2,B:2X 1 b. A: 2 X 3,B:2 x2 


Solution 


a. Because A is a3 X 2 matrix and Bis a2 X 1 matrix, the product AB is 
defined. The dimensions of AB are 3 x 1. 


b. Because the number of columns in A (three) does not equal the number of 
rows in B (two), the product AB is not defined. 


Matrix Multip lication 


To find the product of two matrices, multiply the elements of each row 
of the first matrix by the elements of each column of the second matrix, 
and then add the products, as shown below. 


ALGEBRA 
a el: ‘| = ae+bg af+bh 
cd gh ce + dg cf + dh 
EXAMPLE 


? ale |= 2(—1) + (31) -2(4) + (3)(3) -| 1 nl 
0 1 3 5(—1) + (0)(1) 5(4) + (0)(3) —5 20 
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Multiply Matrices 


Find the product AB when A = ae and B = ae , 
3 2 9 6 
Solution 


Multiply the numbers in the first row of A by the numbers in the first column of B, 
add the products, and put the result in the first row, first column of AB. 


Bab || 


Multiply the numbers in the first row of A by the numbers in the second column of 
B, add the products, and put the result in the first row, second column of AB. 


E ‘I; " pose ue 


3 2I/19 6| 


Multiply the numbers in the second row of A by the numbers in the first column of 
B, add the products, and put the result in the second row, first column of AB. 


F alle °| = 1(5) + 49) 1(0) + 4) 
3 2j19 6] |3(5) +209) 


Multiply the numbers in the second row of A by the numbers in the second column 
of B, add the products, and put the result in the second row, second column of AB. 


! al " _ [16) +49) 10) + 406) 
3 2 | 3(5) + 2(9) 3(0) + 2(6) 


9 6 


Simplify the product matrix. 


! Ale se ena 10) + 4(6) -(4 | 
3 2 | 3(5) +29) 300) +26) | [33 12 


9 6 


In Example 2, you found the product AB. Notice that the product BA, shown 
below, is not the same as the product AB. In general, matrix multiplication is 
not commutative. 


gxel> Olt Si] S20) 245 
9 6|l3 2] [27 48 


Given the dimensions of the matrices A and B, tell whether the product 
AB is defined. If so, give the dimensions of AB. 


1.4:2X2,B:2X1 2.A:2X3,B:3 X1 3.A:3 X 1,B:2 X 3 


Find the product. If it is not defined, state the reason. 


4. 2 14/0 5. 2 OVO -1 6. 1 -1]/1 3 
1 34|{1 —1 14,3 0) —1 O},2 —-1 
11.2 Multiplying Matrices Fa 


— 


HOCKEY The Minnesota 
Golden Gophers celebrate 
scoring a goal during the 
final game of the Women’s 
Frozen Four tournament. 


Properties of Matrix Multiplication 


Let A, B, and C be matrices. 


Associative Property of Matrix Multiplication A(BC) = (AB)C 
A(B + C) = AB+ AC 


(A + B)C =AC+ BC 


Left Distributive Property 


Right Distributive Property 


Use a Property of Matrix Multiplication 


fas|" ties!) Alagoa? —) emia eae 
0 -1 a 1 
Solution 


AB+AC=A(B+C) Left Distributive Property 


_f2  1ff1 3]),fo -1 
~ 10 Ail mM + : Al Substitute for A, B, and C. 
=|? lL: 31] Add Band C. 
[0 —1]\[5 0 
_[ 20)+16) 22) + 100) oan 
|0(L) +(-DG) 02) + (- DO) Py: 
_{ 7 4 — 
- | —5 4 Simplify. 


Use Matrix Multiplication 


Hockey The matrices below show the equipment two hockey teams need and the 
price of each item. Use the matrices to find the total cost of the new equipment. 


Equipment Cost 
Sticks Pucks Uniforms Dollars 
Women’s Team 14 30 | Sticks | 60 
Men’s Team | 16 25 20 Pucks | 2 
Uniforms | 35 
Solution 


Multiply the equipment matrix by the cost matrix to find each team’s total cost. 


EE 30 sl - poe 30(2) Heed 


35 
ANSWER > The total cost is $1530 for the women’s team and $1710 for the men’s. 


16 25 20 ~ 16(60) + 25(2) + 20(35) 1710 


of Matrices 


7. Use the matrices in Example 3 to find AB + AC without using the distributive 


property. Compare your answer to the solution in Example 3. 
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Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 


HOMEWORK HELP 
Example 1: Exs. 9-14 
Example 2: Exs. 15-24 
Example 3: Exs. 25-36 
Example 4: Exs. 37-43 


WP Exercises 


Guided Practice 


1. Copy and complete the statement: The product AB of matrices A and B is defined 
when the number of _? in A is equal to the number of _? in B. 


2. Let A, B, and C be 2 X 2 matrices. What property of matrix multiplication would 
you use to simplify (A + B)C? 
Given the dimensions of A and B, tell whether the product AB is 
defined. If so, give the dimensions of AB. 


3.A4:3X1,B:3X 1 4.A:5X5,B:5X5 5.A:2X1,B:1X2 


Find the product. 


6. [1 -2][° ‘| 


0 1 


Describing Matrix Products Given the dimensions of A and B, tell 
whether the product AB is defined. If so, give the dimensions of AB. 


9.A:3 X¥2,B:1 x2 10.A4:3 X 4,B:4 xX 1 11.A:5 X 3,B:3 x4 
12.A:5X2,B:4 x2 13.A4:4 x 1,B:1 x3 14.A:3 X5,B:5X2 


Error Analysis Describe and correct the error in finding the element in 
the first row and first column of the matrix product. 


“ear Pe? ]) “Pek 
ae Et ae 


Finding Products Find the product. If it is not defined, state the reason. 


s - 4 2 
17. ; le 4 18./ 0 1 H 

H —2 0 

se : 4 1 
19. |! led 4 | 20.|7 ° 1 0 -2 

2 -2 01 -2 

. : 1 0 

: : [8 0 
21. : Me : =| 22.1. 2 k 7" 

. : lo. 3 

[4 olf 1 5 fo -1 o]f1 2 -1 
23./0 1/||/-3 0 24./2 1 O/]0 2 O 

[2 | 1 0 13 O 7{|[1 5 2 
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MAKEUP ARTISTS 
apply makeup and other 
components of an actor's 
costume for theatrical 
productions. 


Simplifying Expressions Let A =| i B= f 3} and 


—2 0 0 -3 
C= i | Simplify the expression. 
25. 3AB 26. —2(BC) 27. A(B + C) 
28. (A + B)C 29. AB + BC 30. 2AB + 3AC 
: ae . 6 -8 -—7 -12 
Ss lif E Let A= ,B= , and 
implifying Expressions Ee | | 0 is 
C= & bal Simplify the expression. 
31. —AB 32. —3(BC) 33. B(B + C) 
34.(A4 + C)B 35. AB — BC 36. 2A(B + 3C) 


Basketball In Exercises 37-39, use the following information. 


The number of shots made by three players in a basketball game is shown in the 
matrix below. The three types of shots are 3 point field goals (3 PT), field goals 
(FG), and free throws (FT). 


Matrix A 
37. A player earns 3 points for a 3 point field goal, 3PT FG FT 
2 points for a field goal, and | point for a free Player 1} 1 2 4 
throw. Organize this information into a matrix B. Player 2 | 0 5 5 
38. Find the product AB. Player 3 [3 2 | 


39. Which player scored the most points? How many points did the player score? 


Theater In Exercises 40-42, use the following information. 


Your class is selling tickets to a play that will show for three nights. The numbers of 
student (S), adult (A), and senior citizen (SC) tickets are shown in the matrix below. 


40. The tickets cost $2 for students, $5 for Number of Tickets Sold 
adults, and $3 for senior citizens. Organize A SC 


S 
this information into a matrix B. Night | 120 = - 
Night 2 | 135 80 54 
41. Find the product AB. Night 3 | 100 72 52 


42. On which night were the ticket sales highest? 
What was the amount earned from ticket sales on that night? 


43. Art Supplies An art teacher buys supplies for two art classes. For class 1, 
the teacher buys 24 tubes of paint, 12 brushes, and 17 canvases. For class 2, the 
teacher buys 20 tubes of paint, 14 brushes, and 15 canvases. Each tube of paint 
costs $3.35, each brush costs $1.75, and each canvas costs $4.50. Write a matrix 
for the equipment and a matrix for the cost per item. Use matrix multiplication to 
find the total cost of the supplies for both classes. 


Solving Matrix Equations In Exercises 44 and 45, solve for x and y. 
3 1 2 1 4 0 1 

4A, 2 of *)=[e as.|) Sy! 2}=| 7 3 
—1 0 1jl-1 y 7 


Logical Reasoning In Exercises 46-48, A, B, and C are matrices. Tell 
whether or not the statement is always true. Explain your reasoning. 


46. AB = BA 47.(A+ B)C=AC+ BC 48. C(AB) = (CA)B 
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Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


Challenge In Exercises 49 and 50, use the matrices and graph below. 


Matrix A is a transformation matrix. Matrix B gives the coordinates of the 
triangle’s vertices shown in the graph. 


A 0 -l p= 3.93 7 
1 0 2 7 °5 
49. Calculate AB. Graph the coordinates of the 


vertices of the triangle given by AB. What 
transformation does AB represent in the graph? 


50. Calculate A(AB) and A(A(AB)). Graph the 
coordinates of the vertices of the triangle given 
by the products. What transformations do these 
products represent in the graph? 


51. Multiple Choice A is a2 X 3 matrix and B is a3 X 4 matrix. What are the 
dimensions of the product AB? 


A 3x3 ®B4x2 @©2x4 @) Not defined 
52. Multiple Choice What is the product ee |i ? 
3 3 64[3 
8 16 O 24 . 
17 25 18 Not defined 
®|s : | @L 1 ® [%] D Not define 
1 0 3 =o 
53. Multiple Choice What is the product —2 0}? 
2 -1 0 0 3 


3 10 3 8 3 0 0 : 
® | | ®| | © |} ‘ >| @®) Not defined 


Solving Linear Systems Solve the system using the linear 
combinations method. (Lesson 3.3) 


54. 3x — 2y=7 55. 2x + 3y = 1 56. 5x + 7y = —6 
2x + 3y =9 4x + 5y =7 2x — 3y = —14 
57. 2x —5y=4 58. 5x + 4y =4 59. 7x + by = —4 
Tx + 2y = —25 Tx + 2y = —25 3x + 4y=—-1 


Multiplying by a Scalar Perform the indicated operation. 
(Lesson 11.1) 


[2 0 4 
60. 2 61.-3/0 2 62.5[1 5 -2] 
3 -1 
: [1 0 
[ 0: a 2 : 
63.4/-4 1 0 64. =a, : 1 65. 10| 3] 
0 -2 0 ‘ 


Surface Area Find the surface area of the sphere. 
66. 67. 


11.2 Multiplying Matrices ial 


Key Words 

¢ identity matrix 
inverse matrices 
coefficient matrix 
matrix of variables 
matrix of constants 


Find the product. 


; 1 2]/}1 -2 
“PO D),0: 4 
2. 2 1 2 -l 
3 2\|-3 2 
Solve the system of 
equations. 


3B.xt+y=2 
x+2y=5 

4. 2x -y=4 
x + 2y = 12 


ee vcenr HELP 
AVOID ERRORS 
Note that only square 


n X nmatrices can have 
inverses. 


13 Solving Linear Systems Using 


Inverse Matrices 


| GOAL | Find inverse matrices and use them to solve linear systems. 


Recall that the number | is the multiplicative identity for real numbers because 

1*a=ae 1 =a. For matrices, the n X n identity m x is a matrix that has 

1’s on the main diagonal and 0’s elsewhere. If A is any n X n matrix and J is the 
n X n identity matrix, then JA = AJ = A. 


2 x 2 Identity Matrix 3 x 3 Identity Matrix 


100 
r=|) 9] 16° 1 
001 


Two n X n matrices are I if their product (in both orders) is the 
n X n identity matrix. For example, consider the matrices below. The matrices 
are inverses of each other because AB = BA = I. 


e-[ JL Ab = 


“(2 Mab I 


Verify Inverse Matrices 


=| and B = & 


3 


Tell whether the matrices A = | 1 


4 . 
3 are inverses. 


Solution 
You can show that A and B are inverses by showing that AB = J and BA = I. 


aa =|? =e ‘| 3(-1) + (4-1) 304) + (- 4) -|! " 
—-1 3 l(-1) + (-1)(-1)_ 114) + (- 1D) 0 1 


=i ‘(i “t|- (—DG) +40) (—D(-4) + 4-1) =|! "| 
=I. 3| (1 41 (-1)3)+30) (-1(-4)+3(-)] [0 1 


ANSWER > Because both products AB and BA equal the 2 X 2 identity matrix, 
A and B are inverses. 


ny 


Matrices 


—— 


Tell whether the matrices are inverses. 


tlt oklt a} el abet a) La oblt a] 
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Finding Inverse Matrices To find the inverse of a matrix, you can use a 
graphing calculator. The symbol for the inverse of a matrix A is A7!. 


Find the Inverse of a Matrix 


Use a graphing calculator to find the inverse of matrix A. Then use the calculator 
to verify that AA7! = Jand A7!A = 1. 


1 0 0 
3 1 0 
2 5 1 
Solution 


Enter matrix A into the graphing calculator and calculate A~!. Then find the 
products AA~! and A7!A to verify that you obtain the 3 x 3 identity matrix. 


| LAI-1 \ f LAILAI-1 \ | CAI-1CA] \ 
co1 CL [C1 


0 01 1 fgeeog 0 0] 
c-3 {egg co 1 0] co 1 0] 
£13 =5) edad [0 0 131 Cor 0) ag 
| 
L J L J L J 
Find the inverse of A. Verify AA! = I. Verify A~'A = I. 


Use a graphing calculator to find the inverse of matrix A. Then use 
the calculator to verify that AA“' = Jand A“'A = I. 


3 5 1 0 0 2. 3 i 
a.a=|7 | 5.A=/-1 1 0 6.A=/2 1 0 
1 4 1 13 1 


the system, X is the n 


Write a Matrix Equation 


Write the system of linear equations as a matrix equation. 


x+3y=4 Equation 1 
2x + 5y =2 Equation 2 


Solution 


You can write a matrix equation by finding the coefficient matrix A, the matrix of 
variables X, and the matrix of constants B. Then write the equation AX = B. 


coefficient matrix of matrix of 
matrix (A) variables (X) constants (B) 


1 3 | = 4 
2 5 BA 2 
11.3 Solving Linear Systems Using Inverse Matrices a 


heel HELP 

SOLVING NOTE 
Remember that you 
can use the method in 
Example 4 only if Ahas 
an inverse. If A does not 
have an inverse, then 
the system has either 
no solution or infinitely 
many solutions. 


Write the system of linear equations as a matrix equation. 


7.x-—4y=5 8. 2x -—y=4 9.3x —2y=2 
4x + y =3 3x — 2y = 8 4x —3y=1 


Solving a Matrix Equation Let AX = B represent a system of linear equations. 
If A has an inverse, the linear system has exactly one solution: X = A7!B. 


Using an Inverse Matrix to Solve a Linear System 


To find the solution of a linear system using a graphing calculator: 
STEP @ Write the system as a matrix equation AX = B. 

steP © Enter matrix A into the graphing calculator. 

stTeP © Enter matrix B into the graphing calculator. 

STEP @ Multiply the inverse of matrix A by matrix B. 

The solution of AX = Bis X = AB. 


Solve a Linear System 


Use an inverse matrix to solve the linear system. 


x+2y=4 Equation 1 
2x+y=2 Equation 2 

Solution 

Write the linear system as a matrix equation: 5.2 | i ‘ 

2 ISLy 2 

Then use a graphing calculator to solve the system. 
———- : = — -“ ————— ae 
f MATRIX CA] 2x2 ' i MATRIX CB] 2X1 \ | CAI~1CBI eS ( 
| m4 1\f ie ij | 211) | 
| im | | 
| Y | 1 | 
Eee = — = —— 


Enter matrix A. Enter matrix B. Multiply A~' by B. 


Use an inverse matrix to solve the linear system. 


10.x—4y=5 
4x + y=3 


11.2x-—y=4 
3x — 2y = 8 


12. 3x — 2y=2 
4x —3y=1 
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SED Exercises 


Guided Practice 


Vocabulary Check 1. Identify the matrix of variables, the matrix of constants, and the coefficient 
matrix in the matrix equation = z H =|—82 i 
| (| 4 21 


2. Provide an example of ann X n identity matrix. 


Skill Check _ Tell whether the matrices are inverses. 
3 0 1 2. i 8 —-5 —3.-—5 5 2 5 8 5 
“]1 -2/7 1 0 —-5 3/|-5 -8 “13 8/7 [-3 2 


| Use a graphing calculator to find the inverse of the matrix A. Then 
use the calculator to verify that AA~' = Jand A“1A = I. 


9 4 1 -7 —1 3 
6.A = 7.A = 8. A = 
f | F | 2 A 
Write the system of linear equations as a matrix equation. 
9.5x+2y= —-14 10.4x-y=—14 11. 7x + 2y=—ll 
xt+y=0 3x — 8y = -l 2x —y = —10 


Practice and Applications 


TUDENT HELP Identifying Inverses Tell whether the matrices are inverses. 
HOMEWORK HELP r 
Example 1: Exs. 12—19 12. : ah ; 13. fi Al 5 : 14. i : i 
Example 2: Exs. 20—28 Ll OF Ll —3 1 0} [2 0 21 Z 4 
Example 3: Exs. 29-37 . 
Example 4: Exs. 38—49 15. # a 0 1 16. F = Ee "| 17. k | ki "| 
[1 O}; [-l 4 1 =L) ,-1 1 O -I} [1 -l 


0 1 0 2 =2) S2. 4 = 
18. | —1 L L).P=l 1 1 19. / 1 O —-l1},} 0 O —-1 
1 0 0 —-4 O}] |-2 10 -1 


Finding Inverses Use a graphing calculator to find the inverse of 
=|} matrix A. Then use the calculator to verify that AA! = /and A“'A = I. 


20.4 =|! 6 21.A4=|> —4 22.A=| / | 
l1 7 [2 -3 1-2 1 
23.A-| | ° 2a.A=| 19 —9 25.A=|) *! 
| 6 4 | 1 0 5 3 
[1 -3 9 te GQ fr 501 
26.A=/0 1 3 27.A=| & 1-0 26.A4=|-—2 1 0 
0 O11 -6 5 1 5 2 
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Writing Matrix Equations Write the system of linear equations as a 
matrix equation. 


29.x+y=3 30. 8x + Sy = 39 31.x-y=11 
2x-y=12 xt+ty=6 —4x + Sy = —16 

32. 3x —y= —-6 33. —2x — 4y = 14 34. 9x + 8y = 0 
Tx — 9y = —54 6x = —42 2x + 14y =2 

35. 6x — 7y — 3z = 17 36. 8x + 3y — z= 23 37.x + 3y — 1.2z7=2.4 
xt+ty—5z=17 2y + 5z = 23 20.5y + 1.5z = —4.2 
—4x — 2y + 7z = —30 —5x —2y= 14 —2.4x — 0.3y = 5.7 


Solving Systems Use an inverse matrix to solve the linear system. 


38.x + y = 26 39.x—2y= 14 40. 6x -—y=0 
12x + 3y =0 2x + 5y = —17 —3x — Ty = 45 
41. —4x + 8y = 24 42. 2x — 2y = —4 43. —Sx + 4y = 25 
—x —3y = —9 Tx + y = 58 2x = —10 
44.x+y+z=0 45. 2x + y+ 3z= 15 46. y + 3z = —10 
3x —2y-z=5 —x-z=-3 “x +zZ=—-4 
Link to, 2x — 6y + 4z=8 Sy — 2z = 10 —2x — by =4 
CAREER 47. Interior Design An interior designer needs 9 square feet of tiles to decorate 


a wall in a kitchen. The designer is going to use blue and yellow tiles. The cost 
of a sheet of tiles that has an area of | square foot is $6 for blue tiles and $4 for 
yellow. The designer’s budget for tiles is $40. Use matrices to solve the linear 
system below to find how many sheets of each color tile the designer should buy. 
xt+ty=9 
6x + 4y = 40 


48. Aviation A pilot has flown for 200 hours in single-engine airplanes and 
twin-engine airplanes. Renting a single-engine airplane costs $60 per hour, and 
renting a twin-engine airplane costs $240 per hour. The pilot has spent $21,000 
on airplane rentals. Use matrices to solve the linear system below to find how 
many hours the pilot has flown each type of airplane. 


x+y = 200 
60x + 240y = 21,000 


INTERIOR DESIGNERS 
choose materials to create 
a look and feel for interior 
spaces, such as offices, 
homes, and restaurants. 


49. Viath Exam A 100 point math exam consists of 32 problems. There are two 
types of problems. Type A problems are worth 5 points each and type B are 
worth 2 points. Write a system of linear equations to model the situation. Then 
use matrices to solve the system to find the number of each type of problem. 


Challenge In Exercises 50-52, use the information below. 


Below is the general expression for the inverse of a 2 X 2 matrix. A 2 X 2 matrix 
will not have an inverse if ad — cb = 0. 


1a =|4 b | then at = 1 E ai 


d ba = Che a 
50. Write a2 X 2 matrix that does not have an inverse. 


51. Use the expression to find the inverse of the matrix | 


52. Use the expression to show that AA~! = Jand A~!A = Jif ad — cb # 0. 
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Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


Quiz 1 


Lesson 11.1 


Lesson 11.2 


Lesson 11.3 


Lesson 11.3 


53. Multiple Choice What is the inverse of =? ip 


®|2 3] ®[53 o[ 3 | 


54. Multiple Choice What is the solution of > ] il = ei 


) (—152,21) W@W (-7, -3) (D @1,—152) GD GC3,-7 


55. Camping Your family rents an RV to go camping. The cost to use the RV 
is $.22 per mile, with 100 free miles per day. It costs $25 per night to stay at 
the campground. Write and simplify an expression that gives the cost 
of traveling m miles per day, where m > 100. Find the total cost of traveling 
550 miles in one day and staying two nights at the campground. (Lesson 1.3) 
Factoring Factor the trinomial. (Lesson 5.3) 


56. x2 — 14x — 72 57. 3x2 — 10x +3 58. 4x2 + 12x + 5 


Finding Inverses Find the inverse of the function. (Lesson 7.5) 
59. f(x) = 2x + 1 60. f(x) = 3x — 6 61. f(x) =-y— 5 


<—_ <—_ 
Perpendicular Lines Tell whether AB is perpendicular to XY. 


Perform the indicated operation, if possible. 


‘lio -altLa 3] als Zal-[s 4 


3. 3 8 9 A. 8 —4] | > 3 0 
5 6 6 2 —-1 4 
Let A= ° a - I" a and C= Ee el Simplify the expression. 
5. 2AB 6. (A — B)C 7.BA+C) 
Use a graphing calculator to find the inverse of matrix A. 
8.A=|9 !} ga=2 @ 10.4=| 7 ~!0 
1 -6 3° 7 —4 21 
Use an inverse matrix to solve the linear system. 
11.x—y=27 12. —2x+ y= —10 13. 7x — 4y = —24 
3x + 2y=4 5x + 3y =3 9x + Ty = 42 


11.3 Solving Linear Systems Using Inverse Matrices few 


fl 


Extension 
Key Words 


¢ determinant 
e Cramer’s Rule 


 gaeteeld HELP 
AVOID ERRORS 
In Cramer’s Rule, be sure 
to use determinants, 
not matrices, in each 
numerator of the 


solution. 


e 
Determinants and 
4 
Cramer's Rule 
| GOAL | Evaluate determinants and use Cramer’s Rule to solve a linear system. 


Associated with each square (7 X nm) matrix is a real number called its 
‘ . The determinant of a matrix A is denoted by det A or by |A|. 


The Determinant of a 2 x 2 Matrix 


Hoth The determinant of a 2 X 2 matrix is 
det | ‘| = | | = ad— cb the difference of the products of the 
“ elements on the diagonals. 


Evaluate Determinants 


1 
5 |" 


Evaluate the determinant of the matrix 3 


Solution 


Find the difference of the product of the elements on the diagonals. 
| x_| = 2(5) — 30) = 10-3 =7 


Cramer's Rule You can use determinants to solve a system of equations. This 
method, called C le, uses the coefficient matrix of the linear system. 


Cramer's Rule for a 2 X 2 System 


>) 
Let A be the coefficient matrix of the linear system: | 
LINEAR SYSTEM COEFFICIENT MATRIX (A) 
ax+ by=e 2 | 
cx + dy=f @ Gl 
If det A # 0, then the system has exactly one solution. The solution is: 
e b ae 
Ce f d a _|e ¥v 
“data (uo = aera 


Notice how the determinant in each numerator of the solution is formed in Cramer’s 
Rule. For the numerator of x, you replace the coefficients of x in the first column of 
the coefficient matrix with the constants from the linear system. For the numerator 

of y, you replace the coefficients of y in the second column of the coefficient matrix 
with the constants from the linear system. 
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Use Cramer’s Rule for a 2 x 2 System 


Use Cramer’s rule to solve the system. 
2x + Ty = —3 Equation 1 
3x — 8y = —23 Equation 2 
Solution 
Evaluate the determinant of the coefficient matrix. 


2 7 
3 -8 


| = 2(-8) — 3(7) = —16 — 21 = —37 


You can apply Cramer’s Rule because the determinant is not 0. 


eae 
_ |-23. -8| — 24-—(-161) _ 185 _ 5 
—37 —37 =37 
Be 
eel Gar) 
yO =37 =o =37 


ANSWER > The solution is (—5, 1). 


CHECK Check x = —5 and y = 1 in the original equations. 


2x + Ty = -3 3x — 8y = —23 
2(-5) + 70) 2 —-3 3(-5) — 8) 2 —23 
—3=-3V —23 = -23V 


e 
Exercises 
Evaluating Determinants Evaluate the determinant of the matrix. 
eae 5 |= | 3,|10 12 
1 6 —2 1 Ls 2 

[—-7 11 [ 8 0 i 8 

4 
~7 ,| a | %-)5 | 
[0 3 |—-3 —6 [-12 6 

7 7 
[8 a ° |-1 | : | -9 4 


Using Cramer’s Rule Use Cramer’s Rule to solve the system. 


10. 2x+y=3 11. 9x + 2y =7 12. —x — 12y = 44 
5x + 6by =4 4x — 3y = 42 12x — 15y = —51 

13. 7x — Sy = 11 14. 4x — 5y = 12 15. 3x + Illy = 56 
3x + 10y = —56 2x — Ty = 24 12x + 14y = 59 


16. Challenge The attendance at a rock concert was 6700 people. The tickets 
cost $40 for floor seats and $25 for all other seats. The total ticket sales were 
$185,500. Write a linear system that models this situation. Use Cramer’s Rule 
to solve the system. 
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114 


Key Words 


¢ sequence 
e terms of a sequence 
© series 


Find f(2) for the 


function. 
1. f(y =x+3 
2. f(x) = 3x 


State the range of the 
function for the given 
domain. 


positive integers less 
than 6 


4. f(x) = 2x; domain: 


positive integers less 
than 5 


ee ent HELP 
READING ALGEBRA 
In part (b) of Example 1, 
notice how a negative 
number raised to a power 


causes the terms to have 
alternating signs. 


3. f(x) = x + 1; domain: 


An Introduction to 
Sequences and Series 


| GOAL | Use and write sequences and series. 


When a collection of objects is listed in sequence, the collection is ordered so 
that it has a first item, a second item, a third item, and so on. Some familiar 
examples of objects listed in sequence are days of the week or months of the year. 


In algebra, you can think of a as a function whose domain is a set 
of consecutive integers. If the domain is not specified, it is understood that the 
domain starts with 1. The values in the range of the function are called the 
terms of the sequence. 


Domain: 1 2 3 4...0 Relative position of each term 


Range: a, 4, 4d, a,...a, Terms of the sequence 


The first term of a sequence, a,, is read “a sub one.” The next term is read 


“a sub two,” and so on. A finite sequence has a limited number of terms. An 
infinite sequence continues without stopping. 


Finite sequence: 2, 4, 6, 8 Infinite sequence: 2, 4,6, 8,... 


Write the Terms of a Sequence 


Write the first six terms of the sequence. 


a.a,=2n+ 1 b. a, = (—-1)” 


Solution 


To find a term of a sequence given the rule for the sequence, substitute the position 
of the term into the rule. 


aa, =2(I) + 1=3 Ist term b.a,=(-l)'=-1 Ist term 
G26) 7 l= 5 2nd term ay = (-1)?=1 2nd term 
a, =2(3)+1=7 3rd term a,=(-l3=-1 — 3rdterm 
a,=2(4)+1=9 Ath term ag= (-1)4 =1 4th term 
a= 2s) Pl = il 5th term ag= (-1)5 = -1 5th term 
a,=2(6)+1=13  6thterm a,=(-)®=1 6th term 
Write the first five terms of the sequence. 
185073 2.a, = 3n 3.a,=2n-1 
4.4, = 3" 5.a, =n +3 6. a, = (-3)” 
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Writing Rules for Sequences The terms of a sequence may have a 
recognizable pattern. If so, you may be able to write a rule for the nth term of 
the sequence. Some common patterns are: 


e A particular value is added to each consecutive term of the sequence. 
e Each term is multiplied by a constant. 


e Each term is raised to a particular power. 


Write a Rule for a Sequence 


ev DENT HELP For the given sequence, describe the pattern, write the next term, and write a 
rule for the nth term. 
WRITING ALGEBRA 
The general rule for a a. 3,4,5,6,... b. —2, 4, —8, 16,... 
sequence can also be 
written using function Solution 


notation. For instance, 
you can write the rule for 
part (a) of Example 2 as 
f(n) =n+2. 


First, find the pattern in the sequence, use the pattern to write the next term, 
then write the rule. 


a. You can write the terms as a, = 1 + 2,a, =2 + 2, a3 =3+2,a,=4 72, 
and so on. So, 2 is being added to each term. 
The next term is a, = 5 + 2 = 7. Arule for the nth term isa, =n + 2. 

b. You can write the terms as a, = (-2)!, a, = (—2)?, a, = (—2)3, a= (—2)4, 
and so on. So, —2 is being raised to consecutive integer powers. 


The next term is a, = (—2)°? = —32. A rule for the nth term is G2=(=2)" 


For the given sequence, describe the pattern, write the next term, 
and write a rule for the nth term. 


7. 2,3,4,5,... 8. 3, 6,9, 12,... 9. 4, 8, 12, 16,... 


Graphing a Sequence You can graph a sequence by letting the horizontal 
axis represent the position numbers (the domain) and the vertical axis represent 
the terms (the range). 


Graph a Sequence 


Graph the sequence 3, 5, 7, 9, 11, 13. 


Solution 


Make a table of values. 


Plot the points. Do not connect the points with a line. 
The sequence is defined only for integer values of n. 


11.4 An Introduction to Sequences and Series 


Graph the sequence. 
10. 2, 4, 6, 8, 10 11. 2,3, 4, 5,6 12. 1, 3,4, 7,9 


Finding the Sum of a Series When the terms of a sequence are added, the 
resulting expression is a series. A series can be finite or infinite. 


Finite Sequence Finite Series 

2, 4, 6, 8, 10 2+4+6+8+4 10 
Infinite Sequence Infinite Series 

2,4, 6, 8, 10, ... 2+44+6+8+410+4+-:- 


The sum of a finite series can be found by adding the terms. 


Find the Sum of a Series 


Find the sum of the series. 


a.3+5+7+9 b3+4+5+6 
Solution 
a3+5+7+9=24 b3+44+5+6=18 


Sequences with Many Terms For sequences with many terms, adding the 
terms can be tedious. You can use the formulas given below to find the sums of 
the terms of three special types of series. 


Formulas for Special Series 


Sum of n1’s 
1+414+174+174+174+-'-+1=7n 


v 


nterms 


Sum of the first n positive integers 


14243444544 n= 040 


Sum of the squares of the first n positive integers 


n(n + 1)(2n + 1) 


72+ 27+ 327+ 42457 4+---+n? = 


Find the sum of the series. 
13.44+54+64+7+8+4+9+10+4 11 14.44+8+412+ 16+ 204+ 24+ 28 


15. sum of sixteen 1’s 16. sum of the first 12 positive integers 
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WES Exercises 


Guided Practice 


Vocabulary Check 


1. Copy and complete the statement: For a sequence of numbers, the numbers in 
the sequence are called _? 


2. The _? term of a sequence is a,. 


Skill Check 


Write the first six terms of the sequence. 


3.0, = 30 4.a,=2n-1 6.2. -nt4 6. f(n) =n + 3 
Write the next term in the sequence. Then write a rule for the 
nth term. 

7. 2,4, 6, 8, 10,... 8. 16, 12, 8, 4,0,... 9. 1, 4,9, 16, 25,... 


Find the sum of the series. 
10.14+2+3+4 


11.1+(—-1) + (—3) +(—-5) 12.5+74+9411 


Practice and Applications 


TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 13-24 
Example 2: Exs. 25-33 


Writing Terms Write the first six terms of the 
13.a =n+2 14.a =1-n 
n n 


16. a_=2n? 17. a_ = 3n? 
n n 


sequence. 
15.a =4n-1 
n 


18.a =n-1 
n 


Example 3: Exs. 34-39 


= 32 _ 2 = 
Example 4: Exs. 40—49 19. a, =n +1 20. a, = (n + 2) 21. f(n) =3n+2 


23. fin) = "+4 24. fin) = we 


eo 
22. f(n) =n — 5 es 


Writing Rules Write the next term in the sequence. Then write a rule 
for the nth term. 


25. 1,3,5,7,... 26. 2,1,0,—1,... 27. 1,4, 7, 10,... 

28. 5, 10, 15, 20,... 29. 4,7, 12, 19,... 30. 16, 25, 36, 49,... 
94:28, 18,99. 32.4535... 33.3598, 
Graphing Sequences Graph the sequence. 

34. 3,7, 11, 15, 19, 23 35. —1, 1, 3,5, 7,9, 11 36. 1, 4, 9, 16, 25, 36 
37. 4, 8, 12, 16, 20, 24 38. —2, —5, —8, —11,-14 39. —2, 1, 6, 13, 22, 33 


Finding Sums of Series Find the sum of the series. 


40.3+5+7+9+11+13+15 41.1+5+9+13+17 
42.6 + 12 + 18 + 24 + 30 + 36 43.1+4+9+4 16+ 25 
44.0+3+8+4+ 154 24+ 35 45.6+ 11+ 16+ 21+ 26+ 31 
46.3 +0-—5- 12-21 — 32 47.2+8+ 18 + 32 + 50 
Lg Sy g Te 9 re oe ee | 
ast Ts ie tee ay 
11.4 


An Introduction to Sequences and Series ial 


Using Formulas Use the formulas for special series to find the sum of 


the series. 

50.1 +1+1+1+141 51.1 +14+14+14+14+14+1+4+1 
§2.14+2+34+4+5+6+7 53.1+2+3+4+5+6+7+8 
64.1+2+3+4+5+6+7+8+9 55.1+4+9+16+4 25 
56.1+4+9+16+4+ 25+ 36 57.1+4+9+4+ 16+ 25+ 36+ 49 


58. Geometry Link, The measurement of each angle at the tips of the six stars 


180(n — 4) 
n 


shown below is given by d, = , where n is the number of points on the 


star and n = 5. Write the first six terms of the sequence of angle measurements. 


REQOOOO 


5 Points 6 Points 7 Points 8 Points 9 Points 10 Points 


Salary In Exercises 59-62, use the following information. 


An employee at a construction company earns $33,000 for the first year of 
employment. Employees at the company receive raises of $2400 each year. 


59. What will the employee’s salary be for each of the first five years? 
60. Write a rule to determine the employee’s salary for the nth year. 


61. Use the rule from Exercise 60 to determine the employee’s salary for the 
seventh year. 


62. Find the total amount of money the employee will earn working for the 
company for six years. 
Retail Displays In Exercises 63-65, use the following information. 


You work at a grocery store. You are stacking apples in the shape of a square 
pyramid. A side of each layer has one more apple than the layer above it, as 
shown. The first layer has one apple. You make the pyramid seven layers high. 


<—First layer 


63. Write a rule to determine the number of apples 
in the nth layer. 


64. How many apples are in the sixth layer? 


65. How many apples are used to make the display? 


Savings In Exercises 66-68, use the following information. 


You want to save $500 for a school trip. You begin by saving a penny on the 
first day. You plan to save an additional penny each day after that. For example, 
you will save 2 pennies on the second day, 3 pennies on the third day, and so on. 


66. How much money will you have saved after 100 days? 
67. How many days must you save in order to save $500? 


68. Explain how you used a series to find your answer to Exercise 67. 
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Standardized Test 
Practice 


Mixed Review 


Geometry Skills 


69. Exercise Program You are in an exercise program. The first week you 
do 25 push ups. Each week you do 10 more push ups than the previous week. 
How many push ups will you do the ninth week? Explain how you found 
your answer. 


70. Writing Explain the difference between a sequence and a series. 


71. Multiple Choice What is the next term in the sequence? 


2,5, 8, 11, 14, 17,... 
@ 18 19 © 20 ® 21 
72. Multiple Choice What is the rule for the nth term of the sequence? 
5,11, 17, 235.295... 
®Ma,=nt+1 @a,=6n-1 
@® a, =5n+1 CD a, = 6(n — 1) 
73. Multiple Choice What is the next term in the sequence? 
1, 3, 9,27, 81, 0 
CA) 121 162 © 243 @) 729 


74. Multiple Choice What is the sum of the series? 
34+7+4+11+15+4 19 


® 23 @® 50 @D 52 ® 55 
Simplifying Expressions Simplify the expression. (Lesson 7.3) 
75.12 + 4n—4 76. 2n + 3n — 11 77. 10 — 2(n — 1) 
78. 16n — S5(n — 6) 79. —7(2n — 3) + 4n 80. 3n + 4 + 6(n — 5) 


Slope-Intercept Form Write an equation of the line that has the 
given slope and y-intercept. (Lesson 2.5) 


w= bs 82. m = 3,b = —2 83. m= 
B4.m=25,b=~4 85. m = —4,b=23 86. m = 


Graphing Functions Graph the function. State the domain and 
range. (Lesson 9.2) 


2 4 3 
87.9 set! 88.y=— 7 +2 ate area 


= 
x+4 


= 


=2 


3 92. y= 


1 
seen | 


Arc Measures Find the measure of the blue intercepted arc. 


93. 94. 95. & 
\wee 


11.4 An Introduction to Sequences and Series aa 


USING A GRAPHING CALCULATOR (For use with Lesson 11.4) 


You can use a graphing calculator to find the terms of a sequence, graph a 
sequence, and find the sum of a series. 


EXAMPLE 


Use a graphing calculator to: 
* find the first eight terms of the sequence a, = 4n — 3. 
¢ graph the sequence. 


¢ find the sum of the first eight terms of the sequence. 


SOLUTION 
TUDENT HELP — 
KEYSTROKE HELP ay) Be sure that the graphing calculator (2) Use the Table feature to view the 
See keystrokes for is in Sequence mode and Dot mode. terms of the sequence. The first 
several models of Enter the sequence. Note that the eight terms are 1, 5, 9, 13, 17, 21, 
calculators at calculator uses u(n) rather than a. 25, and 29. 
www.classzone.com. 
| nMin=1 \ | n | 
u(n)B4n-3 1 
u(nMin)= 2 
v(n)= 3 
v(nMin)= 4 
w(n)= 5 
w(nMin)= J L n=1 J 
3) Set the viewing window so that 4] Use the Summation feature to 
l<n<8,1<x<8,and0<y<30. find the sum of the first eight 
Graph the sequence. You can use terms of the sequence. The 
the Trace feature to view the terms screen shows that the sum 
of the sequence. is 120. 


| sum(seq(4n-3,n,1, \ 
8,1)) 
120 


EXERCISES 


Use a graphing calculator to find the first ten terms of the sequence, 
graph the sequence, and find the sum of the first ten terms. 


1.a,=4n—1 2.0 =20 +6 3. a, = 20 — 3n 
4.a =S(n—- 1) 5.a = n° 6.a_ = 2n? 

n n n 
7.a,= 3n*+1 8.a =n? —5 9.a_= u 

n n n nt+1 
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iE) Arithmetic Sequences 
and Series 


Key Words 
* arithmetic sequence Write rules for arithmetic sequences and find 
¢ common difference sums of arithmetic series. 


e arithmetic series 


How many cards are in a house of cards? 


In Example 4, you will see how to find the number 
Write the next term of cards in a house of cards. The first three rows of 
in the sequence. Then a house of cards are shown. There are 3 cards in the 
write a rule for the nth first row, 6 cards in the second row, 9 cards in the 
term. third row, and so on. The sequence below represents 


the number of cards in each of the first five rows. 
1. 1,2,3,4,... 
2. 3,4,5,6,... 3, 6, 9, 12, 15 
Find the sum of the 
series. 
3.24+3+4+5 


i Ae eG For example, the number of cards in each row of the house of cards has a 
common difference of 3. 


4.34 


Gy — 6 =O-—3=3 aa, =90 > 6 = 3 
a> G,=12—-9=3 a.>4,= 15 —12=3 


Identify Arithmetic Sequences 


Tell whether the sequence is arithmetic. 
a. 0, 7, 14, 21, 28 b. 1, 3, 6, 10, 15 


Solution 


To tell whether a sequence is arithmetic, find the differences of consecutive terms. 


a.a,-a,=7-0>7 b.@,-—2@,—3-1=2 
a,—-a,= 4a T= 7 da, 6-3 > 5 
@,~-a,=21-4=7 6-a,—0=-oS4 
a. a,=28 —21 7 a. a,= 15 —10=5 
Each difference is 7, so the The differences are not constant, 
sequence is arithmetic. so the sequence is not arithmetic. 


Sequences 


Tell whether the sequence is arithmetic. 
1. 1, 8, 27, 64, 125 2. 0, 2, 4, 6, 8 3. 1,4, 7, 10, 13 


11.5 Arithmetic Sequences and Series ia 


Rule for an Arithmetic Sequence 


The nth term of an arithmetic sequence with first term a, and common 
difference dcan be found using the following rule. 


aaa el = ch 


Write a Rule for a Sequence 


Write a rule for the nth term of the arithmetic sequence 20, 18, 16, 14,.... 
Then find ay. 
Solution 


The sequence is arithmetic with first term a, = 20. The common difference is 
d = 18 — 20 = —2. So, arule for the nth term is as follows. 


a,=a,t+(n— ld Write general rule. 
= 20 + (n — 1)(-2) Substitute 20 for a, and —2 for d. 
= 20 —-2n+2 Use distributive property. 
= 22 —2n Simplify. 


You can find the 9th term by substituting 9 for n in the rule a, = 22 — 2n. 
The 9th term is ag = 22 — 2(9) = 22 — 18 = 4. 


Graph a Sequence 


One term of an arithmetic sequence is a,, = 24. The common difference is d = 2. 


a. Write a rule for the nth term. b. Graph the sequence. 


Solution 


a. Find the first term. 


a,=a,t+(— ld Write general rule. 
a4,=4,+ (1 — 1d Substitute 11 for n. 
24 =a, + 10(2) Substitute 24 for a,, and 2 for d. 
24 =a, + 20 Multiply. 
4=a, Subtract 20 from each side. 
Write a rule for the nth term. 
a,=a,+(n—1)d Write general rule. 
=4+(n—1)2 Substitute. 
TUDENT HELP =4+2n—2 Distributive property 
READING GRAPHS =2+2n Simplify. 
For the graph in part (b) b. Make a table of values and plot the points. 


of Example 3, notice 
that the points lie ona 
line. This is true for any 
arithmetic sequence. 
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TUDENT HELP 


WRITING ALGEBRA 
To help remember the 
rule for the sum of 

the first n terms of an 
arithmetic series, write 
the meaning in words. 


Graph Sequences 


4. Write a rule for the nth term of the sequence 3, 5, 7,9, .... Then find a)» 


5. Write a rule for the nth term of the sequence where a, = 10 and d = —3. 
Then graph the sequence. 


Arithmetic Series The expression formed by adding the terms of an 
arithmetic sequence is called an arithmeti ies. The sum of the first n terms 
of an arithmetic series is denoted by S, and can be found using the following 
formula. 


The Sum of a Finite Arithmetic Series 


The sum of the first n terms of an arithmetic series is given by the 
following formula. 


a, = 
2) 


S, = n| 


In words, the sum of the first n terms of an arithmetic series, S_, is the 
mean of the first and nth terms, multiplied by the number of terms. 


Find the Sum of an Arithmetic Series 


Find the number of cards in the first 20 rows of the house of cards on page 615. 


Solution 


Notice that the first term is a, = 3. The common difference is d = 6 — 3 = 3. 
You need to write a rule for the nth term so that you can find the 20th term. 


a,=a,+ (n — l)d Write general rule. 
=3+(n—1)3 Substitute 3 for a, and 3 for d. 
= 3n Simplify. 


Find the 20th term. The 20th term is a, = 3(20) = 60. 
Find the sum of the first 20 terms. 


_ a, + Ayy ‘ 

sg 20 5 Write rule for S,,. 
= 20(32=%) Substitute 3 for a, and 60 for a,p. 
= 630 Simplify. 


ANSWER > There are 630 cards in the first 20 rows of the house of cards. 


Find the sum of the first 10 terms of the arithmetic series. 
6.24+54+8+4+11+144+17+::: 7.5+64+74+8+4+9+4+104+-::: 


8 —-44+04+4+4+8+4+12+4+ 16+-::: 9. (-—9) + (-2) +54+124+19+-:- 


11.5 Arithmetic Sequences and Series 617 


ES Exercises 


Guided Practice 


Vocabulary Check 1. Copy and complete the statement: The expression formed by adding the terms 
of an arithmetic sequence is called a(n)__?_. 


2. Is the sequence 2, 5, 8, 11, 14 an arithmetic sequence? Explain why or why not. 


Skill Check — Write a rule for the nth term of the arithmetic sequence. Then find a,,. 


3. 13, 18, 23, 28, 33,... 4. 36, 32, 28, 24, 20,... 5. 9, 21, 33, 45, 57,... 
Write a rule for the nth term of the arithmetic sequence. 
= = _ _ 3 il 11 
6.d=7,a, = 21 7.da = 23,4, = 29 8.d = 5,4,= 3 
Find the sum of the first 10 terms of the arithmetic series. 
i | i i a8 1 3 | 5 i Pa oe 
9.3+84+134+18+234+ 10.5 +1 +5+2+54 


Practice and Applications 


"staid HELP Identifying Arithmetic Sequences Tell whether the sequence is 
HOMEWORK HELP arithmetic. Explain why or why not. 
Example Exs. t- 11.1, 5,7, 12, 14,... 12. 48, 43, 38, 33, 28,... 
Example 2: Exs. 15-20 
Example 3: Exs. 21-35 a8 7 1-1... on 
Example 4: Exs. 36-47 —— 3 9 27 3 3? 37.3? 


Writing Terms Write a rule for the nth term of the arithmetic 
sequence. Then find a,,. 


15. 32, 30, 28, 26, 24,... 16. 17, 22, 27, 32, 37,... 
17. 47, 54, 61, 68, 75,... 18. 51, 45, 39, 33, 27,... 

4 67 8 
19. 5° 1, Besette 20. 9.8, 9.5, 9.2, 8.9, 8.6, ... 
Writing Rules Write a rule for the nth term of the arithmetic sequence. 
21.4 >9,.a,> 66 22. d= —4, a, = 89 23.d=3,0,>7 

= = i =o = = 

24.d=5,a,= 11 25.d = 3,4, =& 26.0 > —3,0,= =) 


Matching Match the graph with the appropriate sequence. 
27.a, = 8 — 3n 28.a,=3 + 8n 29. a, = 8 + 3n 
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RAFTS 


QUILTING Quilters will 
sometimes work together 
to make quilts to donate 
to a variety of causes and 
charities. 


Graphing Sequences Graph the first six terms of the arithmetic 
sequence. 


30.a, = 11 + 4n 31.a,=3+ 6n 32.a,=9 + 2n 
33.4, = 13-n 34.4, = 27 —4n 35.4, = 9.1 — 0.5n 


Finding Sums Find the sum of the first 12 terms of the arithmetic 
series. 


6.346494 04 tex 37.2+ 114204290 + 38+4+--: 
38.8485 +949 + 10+--- 39.12+ 2413+ 2444+... 
40. 56 + 544+52+50+48+--- 41.93 +88 +83+78+73+--: 


Finding Sums Find the sum of the first 18 terms of the arithmetic 
series. 


42.5 +134214+29437+4>>: 43. 21 +27 +334394+45 +>-- 
AA (62S 9 O74 Se as. 2+2+72+8434--. 


46. 144 + 137 + 130 + 123 + 116+--: 47.108 + 105 + 102+ 99+ 96+--- 


48. Quilting A quilting pattern is shown. 
The innermost layer has 8 blocks. Each 
layer in the pattern has 16 more blocks 
than the layer before it, as shown in the 
diagram. Write a rule for the number 
of blocks in the nth layer where n = 1 
represents the first layer. 


49. Car Payments You buy a used car. The down payment is $500. The monthly 
payment is $250. The sequence showing your total payment after n months is 
750, 1000, 1250, 1500, and so on. Write a rule for the nth term of the sequence. 

Honeycombs In Exercises 50 and 51, use the information below. 


Domestic bees start with a single hexagonal cell to make their honeycombs. 
Then they form ring after ring of hexagonal cells around the initial cell, as 
shown. The numbers of cells in successive rings form an arithmetic sequence. 


-—-e— 


Initial cell 1 ring 2 rings 


50. Write a rule for the number of cells in the nth ring. 
51. Find a,. What is the total number of cells in the honeycomb after the eighth 


ring is formed? 


52. Earnings Suppose you earn 25 cents on the first day of the month, 50 cents 
on the second day, 75 cents on the third day, and so on. Write an arithmetic 
sequence for this situation. Then write a rule for the mth term. Find the total 
amount you earn during a 30-day month. 


11.5 Arithmetic Sequences and Series ia 


Standardized Test 53. Multiple Choice What is a rule for the nth term of the arithmetic sequence? 


Practice 9, 16, 23, 30, 37,... 
@a,=2+ 7 ® a,=9+7n 
© a,=-2-n @® a,=7n-2 


54. Multiple Choice What is the sum of the first 25 terms of the arithmetic series? 
144+ 344+ 54+ 74+94+--- 


CF) 494 @® 506 CHD 6350 @® 6500 


Mixed Review Joint Variation The variable z varies jointly with x and y. Use the 
given values to write an equation relating x, y, and z. (Lesson 9.1) 


55.x = 1,y = 6,z = 30 56. x = 8, y=4,z = 96 57.x=2,y=7,z= 12 
Combinations Find the number of combinations. (Lesson 10.5) 

58. .C, 59. C, 60. ,,C, 

Graphing Sequences Graph the sequence. (Lesson 11.4) 


61. 13, 21, 29, 37, 45, 53 62. 16, 19, 22, 25, 28, 31 63. 0.76, 1.16, 1.56, 1.96 


Geometry Skills Finding Angle Measures ABCD is a parallelogram. Find the unknown 
angle measures. 


64. 


Quiz 2 


Lesson 11.4 Write the next term in the sequence. Then write a rule for the 
nth term. 


1..5,9,- 13,17, 23 9 He es 3. 3,9, 27, 81,... 
Lesson 11.4 Find the sum of the series. 

4.6+ 11+ 16+ 21+ 26+ 31 5.4 + (—16) + 64 + (—256) + 1024 
Lesson 11.5 Write a rule for the nth term of the arithmetic sequence. 

6. 8, 13, 18, 23, 28,... 7. 5,8, 11, 14,17,... 8. 10, 6,2, —2, -6,... 


i.0=2:4,=9 10. d = —4,a, = 15 11.d=24,=% 


Lesson 11.5 12. Find the sum of the first 22 terms of the arithmetic series. 


11 +17+23+294+35+--- 


Lesson 11.5 13. Boxes You are stacking boxes in a warehouse. The bottom row (row 1) has 
47 boxes and the top row (row 6) has 42 boxes. Each row has one less box than 
the row below it. How many boxes are in the stack? 


iz Chapter 11 Discrete Mathematics 


Key Words 
¢ geometric sequence 
¢ common ratio 
¢ geometric series 


Write the fraction in 
simplest form. 


) Geometric Sequences and Series 


Write rules for geometric sequences and find sums of 
geometric series. 


The diagram below shows a snowflake curve at each of the first three stages. 


Stage 1:3 sides Stage 2: 12 sides Stage 3: 48 sides 


The sequence 3, 12, 48, 192, 768 represents the number of sides in the snowflake 
curve at each of the first five stages. This is an example of a geometric sequence. 


Inag ce 
This constant ratio is ealled the con o and is denoted by 7. For eerapie 
the sequence of the number of sides in the snowflake curve shown above has a 
common ratio of 4. 


8|,8 
i) 


_— 12_ 43 48 ay _ _ _ 
A= Bad p= Bea psa “s — 168 _ 4 


Identify Geometric Sequences 


Tell whether the sequence is geometric. 
a. 32, 16, 8,4,2,... b. 1, 2, 6, 24, 120,... 


Solution 


To tell whether a sequence is geometric, find the ratios of consecutive terms. 
If the ratios are the same, the sequence is geometric. 


% 16_1 4° 8 #41 ee | 4,2 1 


“ad, 32 2 4% 16 2 9, 8 2 4% 4 2 
Because the ratios are the same, the sequence is geometric. 


Because the ratios are different, the sequence is not geometric. 


Sequences 


Tell whether the sequence is geometric. 
1. 1, 3, 9, 27, 81 2. 1,4, 7, 10, 13 3.4, 2,1, 


Ale 


I 
oP 


11.6 Geometric Sequences and Series 


Rule for a Geometric Sequence 


The nth term of a geometric sequence with first term a, and common 
ratio rcan be found using the following rule. 


= i= 1 
a, — ar 


Write a Rule for the nth Term 


Write a rule for the mth term of the geometric sequence 32, 16, 8, 4,2,.... 
Then find ag. 


Solution 


The sequence is geometric with first term a, = 32. The common ratio is 
16 _ 1 


T= 33 Substitute these values in the general rule. 


a,=a,r"~ ! Write general rule. 
n 
aa 
a= 32(3" Substitute 32 for a, and 3 for fr. 


n-1 
A rule for the nth term is é.= 32(5) . To find the 8th term of the sequence, 


Substinate 8 fora The shige = 32(5)° OP gs 32(3)’ = 32/ l = 
: 8 2 2 128 4 


Write a Rule for the nth Term 


One term of a geometric sequence is a, = 54. The common ratio is r = 3. 


a. Write a rule for the nth term. b. Graph the sequence. 


Solution 


a. Find the first term. 


n-1 


a,—ar Write general rule. 
a,=ayr4—! Substitute 4 for n. 
54 = a,(3)3 Substitute 54 for a, and 3 for r. 
34 = a,(27) Evaluate power. 

2= 6, Divide each side by 27. 


Write a rule for the nth term with a,= 2andr =3. 


n-1 


a, =a Write general rule. 
a, = 2(3)"— ! Substitute for a, and r. 
TUDENT HELP 
READING GRAPHS b. Make a table of values and plot the points. 


In part (b) of Example 3, 
notice the points li on Mm (2 )3/4]s |e | 
an exponential curve. 

7 , EARSCIENCED 
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Graph Sequences 


Write a rule for the nth term of the geometric sequence. 
4. 5, 20, 80, 320,... 6:0, = 32,7 =2 6.a, = 96,r=4 


7. The third term of a geometric sequence is a, = 40. The common ratio is 
r = 2. Write a rule for the nth term. Then graph the sequence. 


Geometric Series The expression formed by adding the terms of a 
geometric sequence is called a geometri s. The sum of the first 7 terms 


of a geometric series is denoted by S, and can be found using the following 
formula. 


The Sum of a Finite Geometric Series 


The sum of the first n terms of a geometric series with common 
ratio r(r # 1) is given by the following formula. 


S,= a7 = o 


deol 


Find the Sum of a Geometric Series 


Find the sum of the first 10 terms of the geometric series. 
54+ 10+20+40+-:- 


Solution 
Notice that the first term is a, = 5. The common ratio is r = 2 = 2, 
= l= 7" . 
5, =a /-— Write general rule. 


Substitute 10 for n. 


123" 
= 5| 3 | Substitute 5 for a, and 2 for r. 
= 3(7 — 1074) Evaluate power. 
1-2 
= [23 Subtract. 
= 5115 Multiply. 


ANSWER > The sum of the first 10 terms, S,,, is 5115. 


10° 


Find the sum of the first 10 terms of the geometric series. 


8940497481 4+ 9.20+10+5+2+4-- 


11.6 Geometric Sequences and Series a 


PTD Exercises 


Guided Practice 


Vocabulary Check 1. What is the difference between a geometric sequence and an arithmetic 
sequence? 


2. Copy and complete the statement: The expression formed by adding the 
terms of a geometric sequence is called a(n) _?_. 


Skill Check — Find the common ratio of the geometric sequence. 
3. 2,6, 18,54,... 4. 1,4, 16, 64,... 5. —1, —4, —16, —64,... 
6. —1, —2, —4, -8,... 7. 80, 40, 20, 10,... 8. —27, —9, —3, -l,... 


Tell whether the sequence is geometric. Explain why or why not. 


9. 1,2,3,4,5,... 10. 1,2, 4,8, 16,... 11. 16,8,4,2,1,... 

ae ae ee 3333 3 
12. 1.5, 3; 4.5, 6, 75; Cees 13. 3° 9 WT Br 243° erties 14. > 2 8° 16’ 32” eiser 
15. —3, —6, 12,24,48,... 16. 1, —3,9, -27,81,... 17. i LS om 2 


Write a rule for the nth term of the geometric sequence. 
18. 54, 18,6,2,... 19. 8, 16, 32, 64,... 20. —5, —10, —20, —40,... 


Practice and Applications 


TUDENT HELP Classifying Sequences Tell whether the sequence is arithmetic, 

HOMEWORK HELP geometric, or neither. Explain your answer. 

Example 1: Exs. 21-33, 49 

Example 2: Exs. 34-48, 21:.2,:5, 8; 11h. 45 22. 4, 8, 16, 32,... 23. 3, 12, 48, 192,... 

50-51 1 4 

Example 3: Exs. 52-66 24. 7,8, 10, 14,... 25. 1,4, 8, 13,... 26. 2, |, >a: 

Example 4: Exs. 67-75 
27.0, —6, —12, -18,... 28. —2,2,6,10,... 29. —4, —6, —9, —13,... 
80: 16; $8; = 4, 32,00. B90 4,8, 16.05. 32. ee 


33. Error Analysis Describe and correct 


the error in finding the common ratio 540 _3 =3 
: 180 60 20 
of the following sequence. 
The geometric sequence 
540, 180, 60, 20,... has a common ratio of 3. p< 


Writing Rules Write a rule for the nth term of the geometric sequence. 
1 1141 

34. 4, 16, 64, 256,... 35. 13.5,9,6,4,... 36. le eae: 

37. —8, —12, —18, —27,...38. —3,6, —-12,24,... 39.1,- 
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Writing Terms Write a rule for the nth term of the geometric 
sequence. Then find a,. 


40. 24, 12, 6,3,... 41.1, 10,100, 1000,... 42. —1, —5, —25, -125,... 
ae ee 3 9 27 

#3, 21,3,<9,97, 44. 4,2, 1,0.5,... 45. 2,5,5,55,... 

a6. —1, 1, —6, 36 ry eee ee 48. —0.3, 0.6, -1.2,2.4 
6. ? ae 26 18° 54° ° J, V.U, why Le Ty oss 


Chemistry Link’, In Exercises 49-51, use the following information. 


A scientist begins an experiment with 120 grams of Tungsten-187 and records 
the amount of Tungsten-187 left each day. The sequence 120, 60, 30, 15,... 
represents the number of grams the scientist records each day. 


49. Tell whether the sequence is arithmetic, geometric, or neither. If the 
sequence is geometric, find the common ratio. 


50. Write a rule for the mth term of the sequence. 


51. Find a,. What is the meaning of this value? 


Writing Rules Write a rule for the nth term of the geometric 
sequence given one term and the common ratio. 


ba A 2 53.a, = 44,r=4 54.a,=48,r=4 
55.a, = —4,r=3 56.a,= —8,r=4 57.4a,=6,r=—3 
= = - _1 = _1 
58. a, = —24,r= —3 59. a, = 7,7 == 60. a, = 16,r= 5 
Graphing Sequences Graph the geometric sequence. 
: 61.4, = (2)""! 62. a, = 3(2)"—! 63.4, = 4(3)"—! 
Link 
S 64.a =2(4)"~! 65. a =(4/" 66. a = 275)" 
PORTS men en 2 aa 3 
Finding Sums Find the sum of the first 8 terms of the geometric 
series. 
67.1+2+4+4+8+--:- 68. 544+ 18+6+2+-::: 
69. 100+ 20+44+2+--- 70. > +9 + 18 + 36 
71, 128 + (—64) + 32+ (-16) +--- 72. —1+(—6) + (—36) + (-216) +--: 


Basketball In Exercises 73 and 74, use the following information. 
The number of basketball games played in round n of the women’s NCAA 


n=1 
basketball tournament is given by a, = 32(3) 


73. Find the sum of the first 6 terms of the geometric series. 


* al . ws 


r 


74. If there are 6 rounds in the tournament, what does your answer to Exercise 73 


— mean in the context of the situation? 
BASKETBALL The 


University of Connecticut 75. Skydiving Ina skydiving formation, skydivers form rings by holding on to 
and Notre Dame compete each other. The first ring is made up of 5 skydivers, and each ring after the first 
in the quarterfinals of the has twice as many skydivers as the preceding ring. A rule for the number of 
2006 Women’s Big East skydivers in the nth ring is a, = 5(2)"~ ' Find the sum of the first three terms 
Conference. and state the meaning of its value. 


11.6 Geometric Sequences and Series lea 


Logical Reasoning Complete the statement with sometimes, 


always, or never. Explain your reasoning. 
76. A geometric sequence _? _ has a zero as one of its terms. 


77. A geometric sequence containing negative terms __? _ has a negative 
common ratio. 


78. A geometric sequence with alternating negative terms _? _ has a negative 
common ratio. 


Challenge Write a rule for the nth term of the geometric sequence 
that has the two given terms. 


79. a, = 10, a= 270 80. a, = 40, a, = 10 81. a, = —24, a= 1536 
Standardized Test 82. Multiple Choice Which of the following is a geometric sequence? 
Pioetiee @® 1, 11,22, 34,... +, 1, 1, 121,... 
CC) 36,18, 0; —18, 5... @D) 16, 12, 9,7,... 


83. Multiple Choice Which of the following is a rule for the nth term of the 


: = _l 
geometric sequence where a, = | andr = 4° 


n-1 
® a, = 406)""! © a, = 163] 
n 4 n 4 
= 1(qyn-1 ag ur? 
Wa, = Lay D a, = 4(3) 
84. Multiple Choice Which geometric sequence is shown by 
the graph at the right? 
dh Hat = j\r-1 
@ a, _ 4g) a, =2 ;| 
=1()n-1 ai" 
© a, = 52) D a, = 2(5] 


Mixed Review Describing Graphs Tell whether the graph of the function opens up 
or down. Then tell whether the graph is wider or narrower than the 
graph of y= |x|. (Lesson 4.6) 


85. y= —3]x| 86. y = 6|x| 87. y = |x| 


Graphing Radical Functions Graph the function. Then state its 
domain and range. (Lesson 7.6) 


88. y = 6Vx 89. y = 2.5Vx 90. y= 3x 
91.y=vx-—8 92.y=3Vx+1 93.y=Vx—-5-2 


Finding Sums Find the sum of the first 11 terms of the arithmetic 
series. (Lesson 11.5) 


94.44+8+12+16+20+-:: 95.20 + 19+ 184+ 17+16 +>: 
96.0441242428436+4::: 97.5 +2+2 +5434... 


Geometry Skills 98. Comparing Areas The radius of Circle A is 1 centimeter, the radius of 
Circle B is 2 centimeters, and the radius of Circle C is 3 centimeters. Find the 
area of each circle. Use a ratio to compare the area of Circle B to the area of 
Circle A and the area of Circle C to the area of Circle A. 
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DEVELOPING CONCEPTS (For use with Lesson 11.7) 


7 


Goal 


Find the sum of an infinite 
geometric series. 


Materials 
e scissors 
e piece of paper 


QUESTION 


What is the sum of an infinite geometric series? 


EXPLORE 


You can illustrate an infinite geometric series by cutting a piece of paper into 
smaller and smaller pieces. Start with a rectangular piece of paper. Define the 
area of the paper to be | square unit. 


@ Fold the piece of © Fold the piece of 3 ] Repeat Steps 1 and 2 
paper in half and paper you are holding until you find it too 
cut along the fold. in half. Cut along the difficult to fold and 
Place one half on a fold. Place one half cut the piece of paper 
desktop and hold the on the desktop. Hold you are holding. 
remaining half. the remaining half. 


4] The first piece of paper you placed on the desktop has an area of 5 square 
unit. The second piece of paper has an area of 4 square unit. Find the areas 


of the next three pieces of paper. Explain why these areas form a geometric 
sequence. 


5 ] Copy and complete the table by recording the number of pieces of paper on the 
desktop and the combined area of the pieces at each step. 


oe 
2 shes at _ 


THINK ABOUT IT 


1. Based on your table, what number does the combined area of the pieces of 
paper appear to be approaching? 


2. The formula for the combined area after n cuts is A= . What 


1 
17 
happens to the formula as n approaches infinity? (Hint: The only term with 


nin it, | y approaches 0 as n gets larger. Use this to evaluate the formula.) 
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7 Infinite Geometric Series 


Key Words 


¢ geometric series, p. 623 


Find the sum of the 
first 9 terms of the 
geometric series. 


1£142+4+8+... 


2.544+18+6+2+... 


3.32+16+8+4+... 


TUDENT HELP 
OLVING NOTE 


a+it+ltot::;, 


the sumis $= 4 = 1, 
1 


| GOAL | Find sums of infinite geometric series. 


You can find the partial sum, Nar of the first n terms of an infinite geometric 
series by adding the terms. The partial sums may approach a certain value. 


Find Partial Sums 


Consider the geometric series ; + | bd Aad ios. Jrind and graph the 


8 16 32 
partial sums S, for n = 1, 2,3, 4, 5. Describe what happens to S,asn increases. 


Solution 


Compute the sum of the first n terms for the given values of n. Then graph 
the sums. 


$,=5=05 

$,= 4+ 4 = 075 

S,=h +442 ~088 
S=Ftgtet ex 04 
S5=4 gtetet e097 


You can see from the graph and from the partial sums that the sum appears 
to be approaching 1 as n increases. 


Sums of Infinite Series To see why S, appears to be approaching 1 as n 


increases, consider the rule for oe with a, = Sand r= 2 


n 
As n increases, (5) gets closer to 0, which means S_, gets closer to 1. The 


sum of any infinite geometric series with —1 < r< | is given by the following 
formula. 


The Sum of an Infinite Geometric Series | 


The sum of an infinite geometric series with first term a, and common 
ratio ris given by 

a 

; 


er 
where |r| a Pa |r| 2 1, the series has no sum. 


S= 
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Find Sums of Infinite Geometric Series 


Find the sum of the infinite geometric series, if it exists. 


= — 2 2 2 eee 
a.a,=1,r 5 b.2+ 5 tg tat 


Solution 


Identify the first terms and common ratio. Then substitute the values into the 
formula for the sum of an infinite geometric series. 


a. Here, a,= landr = -}. b. Here, a, = 2andr = z 
ees Le I-23 “i 2 2 
I-r 4 (-4] oa 3 : lor 4d 2 ? 
2 2 3 3 
Checkpol ometric Series 
; nk Big he gi BE a IG SO. a ae 
1. Consider the series 5+ 35 + 125 + 625 + 3105 * . Find and graph the 


partial sums S,, for n = 1, 2, 3, 4, 5. Describe what happens to Sas n increases. 


Find the sum of the infinite geometric series, if it exists. 


2.4,= 3,7 =2 3.a,=3,r= 


Find the Common Ratio 


What is the common ratio of the infinite geometric series with sum S = 8 and 
first term a, = 3? 


Solution 
a 
= i + ’ Write rule for sum. 
= 9 = = Substitute 8 for S and 3 for a,. 
81 -—n= Multiply each side by 1 — r. 
l-r= z Divide each side by 8. 
—r= : =, il Subtract 1 from each side. 
a3 
r= 3 Solve for r. 


ANSWER > The common ratio is 2 


Find the common ratio of the infinite geometric series with the given 
sum and first term. 


5. S=3,a,=1 8.5= 10,4, =1 7.8=6.a=2 
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Repeating Decimals To write a repeating decimal as a fraction, write the 
decimal as a sum and use the rule for the sum of an infinite geometric series. 


Write a Repeating Decimal as a Fraction 


Write 0.171717. . . as a fraction. 


Solution 


Rewrite the repeating decimal as a sum. 


0.171717... = 0.17 + 0.0017 + 0.000017 + --- Write as a sum. 
= 17(0.01) + 17(0.01)? + 17(0.01)? + --- Rewrite sum. 
a 
=F + ; Write rule for sum. 
oa HELP ei 

SOLVING NOTE = {= Til Substitute 17(0.01) for a, and 0.01 for r. 

You can check the result ‘ 

in Example 4 by dividing = ss Write as a quotient of integers. 


17 by 99 ona calculator. 


ANSWER > The repeating decimal 0.171717. . . is a written as a fraction. 


ils as Fractions 


Write the repeating decimal as a fraction. 
8. 0.222... 9. 0.454545... 10. 0.357357357. . . 


Use an Infinite Series as a Model 


Pendulum A pendulum is released to swing freely. On the first swing, 

the pendulum travels a distance of 18 inches. On each successive swing, the 
pendulum travels 80% of the distance of the previous swing, as shown. What 
is the total distance d the pendulum travels? 


18 18(0.8) 18(0.8)? 18(0.8)° 


Solution 


The total distance d that the pendulum travels is given by an infinite geometric 
series with a, = 18 andr = 0.8. 


d=18 + 18(0.8) + 18(0.8)? + 18(0.8)3 + --- 


a 
=" + F Write rule for the sum of an infinite geometric series. 
= 18 Substitute 18 for a, and 0.8 for r. 
1-08 q ; ; 
= 90 Simplify. 


ANSWER > The total distance the pendulum travels is 90 inches. 
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Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


"beens HELP 

HOMEWORK HELP 
Example 1: Exs. 16-19 
Example 2: Exs. 20-38 
Example 3: Exs. 39-47 


Example 4: Exs. 48-56 
Example 5: Exs. 57-63 


1. Copy and complete the statement: An infinite geometric series has a sum if 
its__? is between —1 and 1. 


2. What two things do you need to know in order to find the sum of an infinite 
geometric series? 


Consider the geometric series. Find and graph the partial sums S_ for 
n= 1, 2,3, 4, and 5. Describe what happens to S_ as nincreases. 


81 1 1 1 


3 i i Je ig sa | i s 
ae ae ere SoG ig 54 12 

024 2 ae 12 , 36, 108 , 324, 
5.2 +6 +367 a6 * in96 | Bene a og,” ios ge 


Find the sum of the infinite geometric series, if it exists. 


A ea € ta 28s Be wu. 


—2 — 
3 4° 6 * 27 a al 


Find the common ratio of the infinite geometric series with the given 
sum and first term. 


10.5 =4,a,=2 11.5 = 8,4, =3 12. S$ = -12,a, = —5 


Write the repeating decimal as a fraction or mixed number. 
13. 0.151515... 14. 0.333... 15. 25.2525... 


Finding Partial Sums Consider the geometric series. Find and graph 
the partial sums S, for n = 1, 2, 3, 4, and 5. Describe what happens to 
Sas nincreases. 


1,1,1 1, 1 ores ere | Ms ogee os hug 


ae Oe eee ae ee 16; 20, 40, 80... 


Determining if a Sum Exists Given the first term and common ratio, 
tell whether the infinite geometric series has a sum. Explain. 


20.4, =4,7r=—3 21.4, = r= 22. a, =5,r= 4 
23.a, =3,r=—2 2a.a =17=12 25. a, = -1.5,r=% 
a, A 5 “a => ; ~a, 5, 5 


26. Error Analysis Describe and 
correct the error in finding the S a 1 2 


sum of the geometric series 
11.7 Infinite Geometric Series Fal 


= axe 
where a= landr= 7 


Finding Sums Find the sum of the infinite geometric series, if it exists. 


27.5-24+ 8-H 4... 2a.3+ 2424224... 
29.1+3+234 4... s0.1+atatat 
a1.1+ite+ Sy... 32.10-2+ 3-3. 
g3.5—242-3+... s4.7+ 2+ By ete 
35. 6 I5+2 SR. 36. 3 e = Bet 
37.4 B42 Bot 38.2+ 2 4 te 


Finding Common Ratios Find the common ratio of the infinite 
geometric series with the given sum and first term. 


39. S = 3,a, =1 40. S=7,a,=2 41.5 =5,a,=4 
= = = = _ 24 = 
42.5 = 12,a, =3 43.5 = —12,a, = —6 44.5 =<, ‘= 
Bee, a2 5 28g 8 
45.S$ = peal 2 46. S$ a) 47.5 74 3 


Writing Repeating Decimals Write the repeating decimal as a 
fraction or mixed number. 


48. 0.111... 49. 0.999... 50. 0.121212... 
51. 0.505050. .. 52. 0.353535. .. 53. 0.848484. .. 
54. 27.272727. .. 55. 7.777... 56. 61.616161... 


Geometry Link, In Exercises 57-59, use the following information. 


A square has sides that are 12 inches long. You can form a new square by 
connecting the midpoints of the sides of the square. The figure below shows 
this process for four new squares. You can continue this process to create an 
infinite geometric series. The area of each new square is half the area of the 
previous square. 


- 


57. Find a,, the area of the initial square. 


58. Find the common ratio r of the infinite geometric series. 


59. Find the sum of the infinite geometric series and state what it represents. 


60. Contest Winners A radio station has a daily contest in which a random 
listener is asked a trivia question. On the first day, the station gives $500 
to the listener who answers correctly. On each successive day, the winner 
receives 90% of the previous day’s winnings. The contest continues until 
no money is left. How much total prize money does the radio station give 
away during the contest? 
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Standardized Test 
Practice 


Ball Bouncing In Exercises 61-63, use the following information. 
You drop a ball from a height of 20 feet. Each time the ball hits the ground, 
it bounces to 75% of its previous height. 


61. The following series represents the distances 
that the ball bounces down. Find the sum of oor 


the series. © 


15 ft 
| 
20 + 20(0.75)! + 20(0.75)* + 20(0.75)? + --- ry 11.25 ft 
| (| @ saat 
62. The following series represents the distances | A! © 
the ball bounces up. Find the sum of the series. | | A! 
| ; ! | \ | 
15 + 15(0.75)! + 15(0.75)? + 15(0.75)3 + ++ a a F 
1 2 3 4 


63. Use your answers to Exercises 61 and 62 to 
find the total distance traveled by the ball. 


Bounce number 


Challenge In Exercises 64 and 65, use the following information. 


The Chamber of Commerce announced that a new advertising campaign helped 
to increase summer tourism this year. On average, each tourist spent an additional 
$10 on goods or services. Also, 80% of every $1 a tourist spends on goods or 
services is re-spent, creating a “multiplier” effect. 


The total spending for every $1 spent on goods or services is represented by the 
following infinite geometric series. 


$1 + $1(0.8) + $1(0.8)? + $10.8)? +--- 


64. Find the total spending that was generated for every $1 spent on goods or 
services. 


65. Find the total spending generated by the increased spending of an average 
tourist during the summer months. 


66. Multiple Choice What is the sum of the following infinite geometric series? 


8 ue AO 9 32 oy oc 
4tat ota 
@ 6 ® 12 © -2 @) No sum 


5 


67. Multiple Choice What is the sum of the following infinite geometric series? 
9 — 14498 _ 686, ... 


5 29. 125 


®) -t @® _5 @® -2 @® No sum 


68. Multiple Choice What is the common ratio of the infinite geometric series 
with S = 10 and a, = 6? 


2 
®s ®; © ®2 
69. Multiple Choice Which fraction is equal to the repeating decimal 
36.3636... ? 
9 36 73 400 
a5 @© x is ey 


11.7 Infinite Geometric Series fre 


Mixed Review 


Geometry Skills 


Quiz 3 


Lesson 11.6 


Lesson 11.6 


Lesson 11.7 


Lesson 11.7 


Biased Samples In Exercises 70-72, use the following information. 


You are conducting a survey to determine the public’s opinion on increasing the 
retirement age to 70. Tell whether the method could result in a biased sample. 
(Lesson 10.1) 


70. Survey high school freshmen. 
71. Survey every tenth person in the phone book. 


72. Survey the first 50 employees walking into an office building. 


Finding Probabilities A card is drawn randomly from a standard 
deck of cards. Find the probability of drawing the given card. 
(Lesson 10.6) 


73. the queen of diamonds 74. a red card 


75.a5or7 76. a spade 


Finding Matrix Products Find the product. If it is not defined, state 
the reason. (Lesson 17.2) 


24 
77 a 4 78.|—3 0 | 
01 


79. 
[3 


a laadl 


Volume of a Pyramid Find the volume of the pyramid. 


Write a rule for the nth term of the geometric sequence. 


1 


12, >3,%=3 2.4, = 32,r=7 3.a,= —10,r=2 


Find the sum of the first 6 terms of the geometric series. 
4.14+34+9+27+4+-:: 5.120 + 60+ 30+ 15+--:- 


6.150+ 30+ 64+2+-- 7.2 +15 +60 +240+--- 


Find the sum of the infinite geometric series, if it exists. 


git I vot Bo ID Dh ee 
G1 oe. ao. t Sie t=," 

46,12, 24... 20, 80, 3205... 
10. 3 a+ 49 + 343 11.54 ser a” 


Write the repeating decimal as a fraction. 


12. 0.444... 13. 0.2424... 14. 0.0606. .. 


Chapter 11 Discrete Mathematics 


eer T1 Chapter Summary 
and Review 


VOCABULARY 


e matrix, p. 585 ¢ identity matrix, p. 600 ¢ series, p. 610 

¢ element, p. 585 ¢ inverse matrix, p. 600 ¢ arithmetic sequence, p. 615 

¢ dimensions of a matrix, ¢ coefficient matrix, p. 601 ¢ common difference, p. 615 
p. 585 ¢ matrix of variables, p. 601 ¢ arithmetic series, p. 617 

* equal matrices, p. 585 ¢ matrix of constants, p. 601 ¢ geometric sequence, p. 621 

* scalar, p. 587 * sequence, p. 608 * common ratio, p. 621 

* scalar multiplication, p. 587 ¢ terms of a sequence, p. 608 ¢ geometric series, p. 623 


VOCABULARY EXERCISES 
3-7 , 


1. What are the dimensions of the matrix E 9 


2. What is an identity matrix? Give an example of an identity matrix. 
3. Explain the difference between a sequence and a series. 


4. Copy and complete the statement: The common _? _ of the arithmetic sequence 
1, 9, 17, 25, 33,... is 8. 


| EXAMPLE | You can add or subtract matrices that have the same dimension by adding or 
subtracting corresponding elements. 
ea lee 
a oS 


i pels ene 0+6 
To perform scalar multiplication, multiply each element by the scalar. 


2 4 5 ilsp4b =Pep 5 


REVIEW HELP 
Exercises Examples 


5-7 2, p. 586 >! 4 “|- —2(1)  —2(4) —2(-5) -|° —8 | 
10 4.p.587 OS 2G) 2-2) = 26) | ln Oe 2 


‘ 


Add or subtract, if possible. If not possible, state the reason. 


8 6 7 5 
s.|' “1-3 =| él Se elle ee 7.[° 7 aie 4 
—-1 5 0 2 


Perform the indicated operation(s). 


Chapter Summary and Review fra 


| EXAMPLE | You can multiply two matrices if the number of columns in the first matrix 
equals the number of rows in the second matrix. 


REVIEW HELP 
Exercises Examples 


BO) (5K 3) 3@) 5G] io 50 
| =| 2241-3) 20+14/=|1 4 
WHE) sr O(=3) 7(0) + O(4) 14 0 


3-5 
11-16 2, p.595 2 il | 
17-3, p.596 7 = 


In Exercises 11-16, find the product. If it is not defined, state the reason. 


11 ] ‘ ; 12.| | t2 3 1] 13./2 0 1] % 
‘ta alls o ee 3 
14.[1 3][-1 3 3] 15,| le 16. |? en "| 


1 0 6 1 


7.184 =[> “the=| ypanac = [0 7 Simpify AB + Ac 


| EXAMPLE | You can use inverse matrices to solve systems of linear equations. 


Write the system in matrix form AX = B. 


oa eee 


Use a graphing calculator to solve the system. 


MATRIX LA] 2X2 MATRIX CB] 2X1 CAI-1CBI 
[3 [2 


6 5 =" 


Enter matrix A. Enter matrix B. Multiply A-’ by B. 


REVIEW HELP en ee x]_[ 4 
Exercises Example Because X = A™°B = 5p you know that |, | = ; 


18-23 4, p. 602 


The solution is (4, —5). 


Use an inverse matrix to solve the linear system. 


18. 4x —y=9 19. 3x + 2y =9 20.2x + y= 12 
2x+y=15 Ixt+y=-1 3x —S5y=5 
21.3x-—y=-3 22.2x+y=—4 23. 5x + 4y = -6 

—x + 2y=—9 3x — 2y = 22 2x — 3y = -7 
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| EXAMPLE | You can write the first six terms of the sequence a, = 3n — 4. 


d= 21) 4 =—1 1st term 


Exercises Examples 


24-21 
28-30 


C12) a2 2nd term 
Ge 2) = 2 3rd term 
Gi 34) 15 4th term 
d= (5) —4-= 1) 5th term 
SEVIEW PELF a,=3(6)-4=14 _—6thterm 
1, p. 608 You can find the sum of the terms of a finite sequence. The resulting 
2, p. 609 expression is called a series. 


31-34 


4, p. 610 


= [lar 2 sr sei se Ul ar eb = 3) 


Write the first six terms of the sequence. 

24.a,=2n+5 25.a, = 8 — 3n 26. a, = 3n” 27.a,=n-1 

Write the next term in the sequence. Then write a rule for the nth term. 

28. 1,6, 11, 16, 21,... 29. 4, 7, 10, 13, 16, 19,... 30. 9,5, 1, —3, -7,... 

Find the sum of the series. 

31.34+7+ 114+ 15+ 19 + 23 + 27 32.14+24+34+44+54+6+74+84+9+410+11 
33.3+1-1-3-5-7-9 34.1+4+9+ 16+ 25 + 36 + 49 


| EXAMPLES | You can tell if a sequence is an arithmetic sequence by determining whether the 
difference between consecutive terms is constant. To tell whether the sequence 
8, 14, 20, 26, 32, ...is arithmetic, find the differences between terms. 


14-—8=6 20 —- 14=6 26 — 20 = 6 32 — 26 =6 


There is a common difference of 6, so the sequence is arithmetic. 


REVIEW HELP 


Exercises Examples You can write a rule for the sequence by substituting the values of d and a 


35-37 


38-40 
41-42 


1 
2, p. 616 into the formula a, = a, + (n — Id. A rule for the nth term of the arithmetic 


3, p. 616 sequence above is shown below. 


4, p.617 a,=a,+(n—- Id =8+4+ (n—-16=2+6n 


Write a rule for the nth term of the arithmetic sequence. 

35. 3,7, 11, 15, 19, 23,... 36. 5, 11, 17, 23, 29, 35,... 37.8, 11, 14, 17, 20, 23,... 
38.d=2,a,=7 39. d=7,a, =3 40. d=4,a, = 16 

Find the sum of the first 12 terms of the arithmetic series. 
41.7+13+19+254+31+:-: 42.—9+(-3) +3+9+15+-:-: 
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| EXAMPLES | You can tell if a sequence is geometric by determining whether the ratio between 
consecutive terms is constant. To tell whether the sequence 2, 8, 32, 128,512, ... 
is geometric, find the ratio of each term to the previous term. 
8 _ ae 128 _ 512 _ 
ae 8 32 128 


There is a common ratio of 4, so the sequence is geometric. 


REVIEW HELP 
Exercises Examples 
43-45 2, p. 622 the formula a, = a,r"~ ' A rule for the nth term of the geometric sequence 


46-48 3, p. 622 above is shown below. 
49-52 4, p. 623 eS ar" =i 2(4)"- 1 


You can write a rule for the sequence by substituting the values of r and a, into 


Write a rule for the nth term of the geometric sequence. 
43. 12, 24, 48,96, 192,... 44.2, 10,50, 250, 1250,... 45.972, 324, 108,36, 12,... 


46.a,=7,r=3 47.4, =3,r=—2 48. a, = 60,r=+ 


Find the sum of the first 10 terms of the geometric series. 


49.6 + 18+ 54+ 162+--- 50.9 + 18 + 36+ 72+--- 
51.600 +60+6+06+--- 52.50+ 10+ 2+2+--- 


| EXAMPLES | You can find the sum of the infinite geometric series 1 + : ap ; <P = = ap oo6 


using the formula for S with r = 7 anda, = 1. 


REVIEW HELP a, 1 3 
Exercises Examples S= i = = 
=P 1 2 
53-55 2, p. 629 b= 


3 
The infinite geometric series 2 + 10 + 50 + 250 + --- has no sum because 


56-61 3, p. 629 
62-65 4, p. 630 


|r| = 5, which is greater than 1. 


Find the sum of the infinite geometric series, if it exists. 


Des in od 2 J 3p 3 3 
fer cer iain . re ee pe pees 
5) 25 125 54.16+8+4+2+ ee a ee 


53.24 


Find the common ratio of the infinite geometric series with the given sum 
and first term. 


56.5 =9,a,=3 57.5=5,a,=4 58.5 =5,a,=8 
59. S=25,a,=5 60. § = —8,a, = -2 61.5=5a,=1 


Write the repeating decimal as a fraction or mixed number. 
62. 0.6666... 63. 0.3232... 64. 0.050505. . . 65. 12.1212... 
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er T1 Chapter Test 


Add or subtract, if possible. If not possible, state the reason. 


5 1 =D... =25 
=5 2 5 10 5 —-7 4 9 -2 
| \+[3 2.) 4 2/+] 3 —8 2.| ial | 
1 2 3 aa {4 a 1 9 3 3 1 7 
Find the product. If it is not defined, state the reason. 
2 O 2. =) 
4.|1 21} | 5./5 —1 |_| SE ‘| @ 1 
0 3 3 1 
Let A= B Oh B= ie ‘\ and C= i 5h. Simplify the expression. 
7. 2AB 8. A(B + C) 9.2A + 2B 
Use a graphing calculator to find the inverse of the matrix A. Then 
=) use the calculator to verify that AA"! = Jand A"'A = I. 
3 4 5 
10.4=|/ | wa=| 3 — 2A=|=> + 0 
12 2 
Use an inverse matrix to solve the linear system. 
13.2x+y=3 14.9x + 2y=7 15.4x + y+6z=7 
5x + 6y = 4 4x — 3y = 42 3x + 3y + 2z = 17 


—x-ytz=-9 
Write a rule for the nth term of the sequence. Then find a,,. 


16. 62, 57, 52, 47, 42,... 17. —3, 6, —12,24,... 18.7 = 3, G, =4 


Find the sum of the first 12 terms of the series. 
19.44 10+ 16+ 22+28+-:: 20.5 -— 15+45-—135+°:°: 


Find the sum of the infinite geometric series, if it exists. 


21.1424 24 Hae, ay eee ec are 


5 25 125 3 9 27 


Write the repeating decimal as a fraction or mixed number. 
23. 0.0404. .. 24. 0.2626... 25. 8.888... 


$51.00. The price per pound of each type Price $5.00 $6.00 
of nut is shown in the table. The grocer 


wants twice as many almonds in the mixture as cashews. Write a system of equations 
to describe the situation. Use matrices to determine how many pounds of each type 


of nut the grocer should use. 
Chapter Test a 


26. Snack Mix A grocer wants to mix two 
kinds of nuts to obtain a mixture that costs 


Chapter Standardized Test 


\ Jest Tip Eliminate unreasonable answer choices. 


DD O wD 


| EXAMPLE | What is the rule for the nth term of the sequence 4, 1, ‘ ie aeane 
Tal 
@®a,=7-32  ®a,=4}) 
ey ee =1(4yn-1 
(Ora aa ®D 4,=74 


Solution 
The sequence is a geometric sequence with a, = 4 and r = ‘ 
Choices A and C are rules for arithmetic sequences. 


Choice D incorrectly substitutes a, and r in the general rule for a geometric sequence. 


So, Choice B is the correct answer. 


Multiple Choice 


1. Evaluate | 4 +l 3h 4. Evaluate |? i | E 3 
i -1 -4 2 20 2 -7 
@|) 3] ®|, 5] ® |) 12 l © |; i| 
1 10 . = 2 
© 3-5 @®) Not defined CH a CD Not defined 
10 -1 5 3 6 2 5. Which matrix is equal to AC + BC if 
2. Evaluate = : 
=—4 12 3 =) = 2 Az| 2 % pall 2 d= { 2), 
135 7 7 <a 3 a a 0 4) 
® | 11 A @|7 13 | ® 3 8 -1 6 
7 #77 Aa 2 8 
® ®D Not defined 
=]. —] 7] © 12 ® -14 
6 8 0 4 
1 2; 3-1 
= fveiuale 2 4 -1| 5 —6) 6. Use an inverse matrix to solve the linear 
system. 
— <3 at =e xt dy =-2 
© = j ® | 3 i] 3x — 2y = -13 
5 a ® (-4 i @ (I -4| 
© i Z| @) Not defined 3 > 
@ (54, 20) D (-4,2) 
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7. What is the rule for the nth term of the 
sequence 50, 42, 34, 26, 18,...? 


@® a = 18-2n 
© a, = 58 — 8n 


a, = 50 — 4n 
@D a, = 50(8)"~! 


8. What is the rule for the nth term of the 


sequence —2, —16, —128, —1024,...? 
©) a, = —-2-8n @® a, = —2(8)"—! 
@® a,=-80y""!  D a, =2-8)""! 


Gridded Response 


11. Solve the matrix equation for x. 
5 —-4 ,| * =2)\_| 12 -=6 
8 2 -4 6 4 8 


12. Solve the matrix equation for x. 


9 —4 6 -2 3 =2 
6 Si =e x}=} 8 -9 
= 5 =) =o 8 


13. Solve the matrix equation for x. 
=5. = 7 43/7! 4) _|—-8 5 
—9 1 x 0 15 1 
Use your calculator to find the value of x. 


aaa 


Extended Response 


9. What is the sum of the first 12 terms of the 
series -6 —-2+2+6+-:::-? 


CA) 384 192 
© 48 @® 12 


10. What is the sum of the first six terms of the 
series with r = 3 and a= 36? 


) 972 @® 1456 
CHD 2928 ® 13,104 


15. Find a,, of the following sequence. 
5,12, 19, 26,33; «3 


16. Find the sum of the first 8 terms of the series. 
9+174+254+33+41+-::-: 


17. Find a, of the following sequence. 
6, 12, 24, 48, 96,... 


18. Find the sum of the first 9 terms of the series. 
5—10+20-40+::-: 


19. Find the sum of the infinite geometric series. 
12 36 4 108, 


7 40 ° 343 ~ 


20. Find the common ratio of the infinite geometric 
series where S = 6 and a, = 2. 


4+ 


21. Write 0.555. . . as a fraction. 


22. An accounting firm has a job opening with a salary of $40,000 for the first year. 
During the next 39 years, there is a 5% raise each year. 


a. Write a rule to determine the salary for the nth year. 


b. What is the salary for the 39th year? 


c. Find the total amount of money the accounting firm will have paid at the end of 


the 39th year. 


d. If the pattern in the series of salaries continued forever, would the associated 
infinite geometric series have a sum? Explain your answer. 


Chapter Standardized Test 


ee, Snes 
eee 
tt = 


Nes 


aid 


The distance traveled by a seaplane during 

its landing can be found using a diagram and the 
Pythagorean theorem. In Chapter 12, you will learn how 
to find the distance traveled by a seaplane during landing 
using just the angle of descent and the starting height. 


Think & Discuss 

The diagram below shows the landing of a seaplane from 
a starting height of 1000 feet and descending at an angle 
of 15°. 


Not drawn to scale 


3732 ft 


. Find the distance x traveled by the seaplane during its 
landing. Round your answer to the nearest foot. 


. Find the ratio of distance traveled to starting height. 


. When the seaplane is at a height of 600 feet, it has 
2318 feet to travel until landing. Find the ratio of 
distance to height. What do you notice? 


Learn More About It 


You will use a trigonometric function to find a distance 
flown by a seaplane in Example 4 on page 647. 


« J2 study Guide Biisaticin 


classzone.com 
+ Multi-Language Glossary 
* Vocabulary practice 


| PREVIEW | What's the chapter about? 


¢ Evaluating trigonometric ratios 
¢ Graphing trigonometric functions 
* Finding side lengths and angle measures of triangles 


Key Words 

sine, p. 645 ¢ standard position, p. 652 
¢ cosine, p. 645 ¢ coterminal, p. 653 

¢ tangent, p. 645 e quadrantal angle, p. 654 
¢ cosecant, p. 645 e periodic, p. 660 


¢ secant, p. 645 e cycle, p. 660 

¢ cotangent, p. 645 e period, p. 660 

e initial side, p. 652 e law of sines, p. 668 

¢ terminal side, p. 652 e law of cosines, p. 675 


| PREPARE | Chapter Readiness Quiz 


Take this quick quiz. If you are unsure of an answer, look back at the 
reference pages for help. 


Vocabulary Check (refer to p. 5) 
1. Complete the statement: The _? of any nonzero number a is - 


® opposite product © reciprocal @® quotient 


Skill Check (refer to pp. 255, 747) 
2. Simplify the expression V96. 


&® 4v3 @ 4V6 @ 4V12 ®D 16V6 
es 
3. Solve the equation 4-3 
® 5 > © 18 ®D 72 


WAN fee =Organize a Topic 


A concept map is a diagram 
that highlights connections 
between ideas. Drawing a 
concept map can help you 
organize important topics. 
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Key Words 
e sine 

© cosine 

¢ tangent 
cosecant 

© secant 

¢ cotangent 


Solve the proportion. 


3 
oa te 
5 _ 40 
2.305% 
2_12 
3.2 =a 
x _2 
#95 3 


"gba HELP 
VOCABULARY 
Trigonometry is used 
to find measures in 
triangles. 
trigono-metry 
triangle measure 


Right Triangle Trigonometry 


| GOAL | Evaluate trigonometric functions of acute angles. 


How can you find an airplane’s 
distance from a landing spot? 


In Example 4, you will use an 
airplane’s height and angle of 
descent to find this distance. 


Each of the six possible ratios of the three sides of a right triangle is used to define 
a tri ic fi 


Let 6 be an acute angle of a right triangle. The six trigonometric 
functions of 6 are defined as follows: 
opposite 


hypotenuse side 


adj 
adjacent side 
Notice that the ratios in the second column are the 
reciprocals of the ratios in the first column. 
1 1 


SS SS —————— mens 1 
se sin 0 SEE cos 0 were tan 0 


Evaluate Trigonometric Functions 


hypotenuse 
5 
L_| 


Solution = 


Evaluate the six trigonometric functions of the angle 6 
shown in the triangle. 


From the Pythagorean theorem, the length of the hypotenuse is 
V5? + 12? = V169 = 13. 
Using adj = 5, opp = 12, and hyp = 13, you can write the following. 


_ 9 OPP _ 12 Oh 2 ee ee 
sin 9 = hyp 33 cos 6 hyp 13 tan 6 “a 5 
opp 12 adj 5 opp 12 


12.1. Right Triangle Trigonometry a 


ic Functions 


1. Evaluate the six trigonometric functions of the 25 
angle @ shown in the triangle. ~ 7 
24 
as DENT HELP Special Right Triangles If you cut an equilateral triangle in half, the 
SOLVING NOTE measures of the acute angles of the resulting triangles are 30° and 60°. The 
Notice that two measures of the acute angles in an isosceles right triangle are both 45°. These 
30°-60°-90° triangles are angles are common, so you should know their trigonometric ratios. You can 
formed when the height remember the side lengths or memorize the table. 
of an equilateral triangle 
is drawn. 


You can use trigonometric functions to find a missing side length or angle measure 
of a right triangle. 


Find a Missing Side Length 


Find the value of x for the right triangle shown. 


8 
Solution 
Write an equation using a trigonometric function that involves = x 
the ratio of x and 8. Then solve the equation for x. 
o _ adj — ; ‘ 
cos 30° = ip Write trigonometric equation. 
cos 30° = 5 Substitute. 
- = . Use table to find cos 30°. 
4V3 =x Multiply each side by 8. 
ANSWER > The length of the longer leg is 4V3 ~ 6.93. 
Find the value of x for the right triangle. 
2. x 3. S 4. 
1 x a 13 - 
? a 


ioe Chapter 12 Introduction to Trigonometry 


Technology You can use a calculator to evaluate trigonometric functions of 

any angle, not just 30°, 45°, and 60°. Use the keys EIN), @esy, and for sine, 
cosine, and tangent. Use these keys and the reciprocal key for cosecant, secant, 
and cotangent. Before using the calculator, be sure it is set in degree mode. 


Use a Calculator 


Find the value of x for the right triangle. 


a. b. 
x 3 < 
a a 
10 
Solution 
di 
i: tan 9 = PP b. cos 9 = “4 
 _ldedaiaa HELP adj yp 
ANOTHER WAY tan 25° = = ee 
You can also use the 10 * 
secant function to find 10(tan 25°) = x x(cos 63°) = 3 
the unknown length in 3 
b 47 =x [——————————e 
part (b). cos 63° 
sec 63° = x 
3 x = 6.6 


Use Trigonometry in Real-life 


Planes How far is the plane 
from the landing spot? 


Solution 


Write an equation using a trigonometric function that involves the ratio of x and 
800. Then solve the equation for x. 


csc 0 = Opp Write trigonometric equation. 
ox i 
csc 15 800 Substitute. 
1 oe i ° 
am 15° 800 Use the reciprocal of csc 15°. 
3091 ~ x Multiply each side by 800. 


ANSWER > The plane is about 3091 feet from the landing spot. 


uations 


5. Write a trigonometric equation to find the length of the hypotenuse in part (a) 
of Example 3. 


6. In Example 4, how far is the plane from the landing spot if the plane is flying 
at a height of 650 feet and is heading toward the landing spot at an angle of 20°? 


12.1 Right Triangle Trigonometry 647 


WPA) Exercises 


Guided Practice 


Vocabulary Check 1. What do the abbreviations opp, adj, and hyp represent? Include a diagram in your 
answer. 


2. What is a reciprocal? 


Skill Check 3. Sketch and label a right triangle with adj = 6, opp = 3, and hyp = 3V5. Evaluate 
the six trigonometric functions of the angle 0. 


Evaluate the six trigonometric functions of the angle 90. 
4 5. 5 
: 15 L 
— 3 
a vV34 
12 
Find the value of x for the right triangle. 
6. 7. 
ea ts, 
a 
a x 


Sketch and label a triangle. Use a calculator to solve for x. 
8. cos 35° = 5 9. sec 54° = 3 10. cot 26° = — 


30 
Practice and Applications 
veer HELP Evaluating Functions Evaluate the six trigonometric functions of 
HOMEWORK HELP the angle 0. 


Example 1: Exs. 11-17, 38 11. 
Example 2: Exs. 18-23 11 
Example 3: Exs. 24-37 10 
Example 4: Exs. 40—44 | 
24 
14. “\ 16. 217 
AON yy 2 
15 


17. Error Analysis Describe and correct 


: a 3 « . opp 15 
the error in finding sin @. =i! 
g sin 0 We te 17 a 
| 
Chapter 12 Introduction to Trigonometry 


Finding Side Lengths Find the value of x for the right triangle. 


18. 19. 20. YS 
y 
4 x 
x 
22, fh 23. 
ey, 


Evaluating Functions Use a calculator to evaluate the trigonometric 
function. Round your answer to four decimal places. 


24. sin 23° 25. tan 56° 26. cos 42° 27. cos 34° 
28. cot 15° 29. sec 67° 30. csc 71° 31. sec 12° 


Finding Side Lengths Find the value of x for the right triangle. 
Round your answer to two decimal places. 


32. 33. cS 34. e 

9 — x 10 x 

os 
x 4 

35 12° 36. 37. 

oa x 

30 ‘i 
- @ 
30 


38. Visual Thinking The lengths of the sides of a right triangle are 4 inches, 


8 inches, and 4V5 inches. Sketch and label the triangle. Let @ represent the 
angle that is opposite the side that has a length of 8 inches. Evaluate the six 
trigonometric functions of the angle 0. 


39. Challenge Find the value of x in Exercise 33 using the cosecant ratio. 
Mount Rushmore In Exercises 40 and 41, suppose you are standing 


on the Grand View Terrace viewing platform at Mount Rushmore 
550 feet from the base of the monument. 


40. You look up at the top of Mount Rushmore at an angle of 39°. How high is the 
top of the monument from where you are standing? 


41. The elevation of the Grand View Terrace is 5280 feet. Use your answer to 
Exercise 40 to find the elevation of the top of Mount Rushmore. 


MOUNT RUSHMORE was 
sculpted by Gutzon Borglum. 
During the course of the six 
and a half years of work, 
450,000 tons of granite were 
removed from the moutain. Not drawn to scale 


12.1 Right Triangle Trigonometry Fa 


42. Flagpole A flagpole casts a shadow 10 feet long. Viewed from the end of the 
shadow, the top of the flagpole makes a 63° angle with the ground. Sketch a 
diagram that represents this situation. What is the height of the flagpole? 


43. Plane A plane is heading toward an airport runway at an angle of 20°. The 
plane is 25,000 feet from the airport runway. Sketch a diagram that represents 
this situation. How high is the plane flying? 


44. Skateboard Ramp A skateboard ramp has an angle of elevation of 12°. The 
height of the ramp is 2 feet. Sketch a diagram that represents this situation. What 
is the length of the ramp? 


Standardized Test 45. Multiple Choice Find the value of x for the right triangle. 
Practice @® 4 
4V2 
© 4v3 


@® s8v2 a 


46. Multiple Choice Find the approximate value of x for the right triangle. 


® 3.5 
@ 4.04 A) 
HD 4.40 sf 
D 9.27 


Mixed Review Inequalities Match the system of linear inequalities with its graph. 
(Lesson 4.3) 


10 


47.y<l 48.x<1 49. y<1 
y<x—3 youre 3 —3y <— 34+ 9 


Inequalities Tell whether the given point is a solution of the system 
of linear inequalities. (Lesson 4.3) 


50. (3, 5); 51. (0, 0); 52. (4, 1); 
ytx24 x<l 2x —y>6 
x<3 2y + 3<0 Yr —e +3 

53. (2, 4); 54. (6, 7); 55. (0, 3); 
3x ty>5 x-—y24 x<2 
y<5 x>y-8 yext5 


Geometry Skills | Surface Area Use the diagram of the regular 


pyramid to find the indicated measurement. Sit 


56. area of the base 
57. area of one triangular face 


58. total surface area of the pyramid 
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DEVELOPING CONCEPTS (For use with Lesson 12.2) 


12:2 


Goal QUESTION 


Relate the definitions How do you evaluate the trigonometric functions of any angle? 
of the trigonometric 

functions to the 

coordinates of a point EXPLORE 

on the terminal side of 


an angle in standard oO Draw a coordinate plane on a piece of graph paper with the x-axis near the 


bottom edge of the paper. Label the origin O. Draw an 8-inch line segment 


position. 
on the x-axis, centered at O. 
a © Use a compass to draw a half circle with center at O and radius of 4 inches. 
* penci 
¢ graph paper © Mark and label point A on the 
* compass half circle. Draw radius AO. 
* straightedge Draw a segment through A that is 
+ calculator perpendicular to PQ. Label the 
¢ protractor 


points as shown. Measure ZAOQ, 
and record the values of 7, x, and y 
in a table like the one below. 


4) Repeat Step 3 four more times. 
Try to place points B, C, D, and E 
at the intersection of two grid lines. 
Complete the table. 


THINK ABOUT IT 


1. Use a calculator to find the value of sin 0, cos 6, and tan @ for each angle. 


2. a. Compare the value of > and sin 6. What do you notice? 
b. Compare the value of as and cos 6. What do you notice? 


c. Compare the value of and tan @. What do you notice? 


3. Logical Reasoning Use your answers to Exercise 2 to develop general 


definitions for csc 0, sec 0, and cot 0. 
12.2 Functions of Any Angle a 


Functions of Any Angle 


Key Words | GOAL | Evaluate the trigonometric functions of any angle. 
e initial side 
* terminal side In Lesson 12.1, you worked only with acute angles in right triangles. In this 


* standard position lesson, you will study angles with measures greater than 90°. 
¢ coterminal 


¢ quadrantal angle An angle is formed by two rays that have a 

common endpoint, called the vertex. To generate 
any angle, fix one ray, called the | 
Then rotate the other ray, called the te 


90° 


terminal 
side 


: P q jo }=—s vertex initial x 
Simplify. side, about the vertex. 180 a - 360° 
1. 475° — 360° In a coordinate plane, an angle whose vertex is 
2. 65° — 360° at the origin and whose initial side is the positive 270° 
: x-axis is in st: n 
3. 120° — 360° 
Pee ee Angle Measure The angle measure is positive if the rotation of its terminal side is 


counterclockwise, and the measure is negative if the rotation is clockwise. 


Draw Angles in Standard Position 


Draw an angle with the given measure in standard position. 


a. 215° b. 410° c. —60° 
Solution 
TUDENT HELP : ‘ ° 
€ a. Because 215° is 35° b. Because 410° is c. Because —60 
AVOID ERRORS a ° ; ‘ 
Pictireaelocicte more than 180°, the 50° more than is negative, the 
determinethe direehoa terminal side is 35° 360°, the terminal terminal side is 60° 
an angle rotates. counterclockwise side makes one clockwise from the 
clockwise past the negative whole revolution positive x-axis. 
X-axis. counterclockwise 


plus 50° more. 


counterclockwise 


rd Position 


Draw an angle with the given measure in standard position. 
1. —30° 2. 460° 3. 230° 


4. Draw an angle with measure 90° in standard position. On a different 
coordinate grid, draw an angle with measure 90° not in standard position. 
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"eset HELP 
SOLVING NOTE 
Use the Pythagorean 


theorem to solve for r 
if you know x and y. 


=\xr+y 


added Angles In part (b) of Example 1, the angles 410° and 50° are 
‘minal because their terminal sides coincide. An angle coterminal with a 
given cere can be found by adding or subtracting multiples of 360°. 


Find Coterminal Angles 
Find one positive angle and one negative angle that are coterminal with the given 
angle. 

a. —45° b. 395° 


Solution 
There are many correct answers. Choose a multiple of 360° to add or subtract. 


a. —45° + 360° = 315° b. 395° — 360° = 35° 
—45° — 360° = —405° 395° — 2(360°) = —325° 


Find one positive angle and one negative angle that are coterminal 
with the given angle. 


5. 50° 6. 375° 7. —70° 


Trigonometric Functions of Any Angle In Lesson 12.1, you evaluated 
trigonometric functions of acute angles. Now, you will evaluate trigonometric 
functions of any angle. 


General Definition of Trigonometric Functions 


Let @ be an angle in standard position and 
(x, y) be any point (except the origin) on the 
terminal side of 6. The six trigonometric 
functions of 6 are defined as follows. 


. my; ate is 

Sing = csc 0= 4, (y #0) 
=, 26 ali 

cos 0 = = seo —— (x # 0) 

tano=% (x#0) cote=* (y#0) 


For acute angles, these definitions give the same values as those 


given by the definitions in Lesson 12.1. 
12.2 Functions of Any Angle aa 


Evaluate Trigonometric Functions Given a Point 


Let (4, —3) be a point on the terminal side of an angle @ in standard position. 
Evaluate the sine, cosine, and tangent functions of 0. 


Solution 
Use the Pythagorean theorem to find the value of r. 


r= \x2 + y? = Va? + (-3)? = V25 =5 


Find the value of each function using x = 4, y = —3, 
andr=5 
sin@ => = -2 cos@=2=4 tand= >= 


ns Given a Point 


Use the given point on the terminal side of an angle @ in standard position. 
Evaluate the sine, cosine, and tangent functions of 0. 


8. (—3, 4) 9. (6, 8) 10. (—8, 15) 


pod bay Angles If the terminal side of 0 lies on an axis, then 0 is a 


Evaluate the sine, cosine, and tangent functions of @ = 180°. 


Solution 
When 6 = 180°, you know that x = —r andy = 0. 
sn9=2="%=0 cos@=== =-] tng=2=% =0 
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fore TUPENT HELP 
ANOTHER WAY 
You can use a calculator 


to check the answers in 
Example 5. 


Signs of Trigonometric Functions 


The signs of the trigonometric function Quadrant ll fy Quadrant | 
values in the four quadrants can be singer SOs 
cos 0: — cos 0: + 


determined from the function definitions. 
tan 6: + 


tan 6: — 


For example, because sin 6 = » and ris 


Quadrant Ill QuadrantIV  * 
always positive, it follows that sin 0 is positive sin 6: — sin 6: — 
whenever y > 0, which is in Quadrants I and cos 6: — cos 6: + 
II. The signs of the sine, cosine, and tangent tan @: + tan 6: — 
functions are shown in the coordinate plane 
at the right. 


Positive and Negative Trigonometric Functions 


Determine whether the sine, cosine, and tangent functions of the given angle are 
positive or negative. 


a. Ay b. y 
100° 75° 
Xx x 
¥. 
c Ay d y 
210° 320° 
x Xx 


Solution 
a. Because the terminal side lies in Quadrant II, sin 100° is positive, cos 100° is 
negative, and tan 100° is negative. 
b. Because the terminal side lies in Quadrant I, sin 75° is positive, cos 75° is 
positive, and tan 75° is positive. 
c. Because the terminal side lies in Quadrant III, sin 210° is negative, cos 210° is 
negative, and tan 210° is positive. 


d. Because the terminal side lies in Quadrant IV, sin 320° is negative, cos 320° is 
positive, and tan 320° is negative. 


netric Functions 
11. Evaluate the sine, cosine, and tangent functions of 6 = 90°. 


Determine whether the sine, cosine, and tangent functions of the 
angle are positive or negative. 


12. 40° 13. 150° 14. 225° 


12.2 Functions of Any Angle 


WY) Exercises 


Guided Practice 


Vocabulary Check 1. Copy and complete the statement: When an angle is in standard position, 
its vertex is at __? 


2. Copy and complete the statement: Two angles in standard position are 
coterminal if their _? coincide. 


Skill Check — Draw an angle with the given measure in standard position. 

3. 150° 4. 480° 5. —45° 6. —330° 
Find one positive angle and one negative angle that are coterminal 
with the given angle. 

7. 20° 8. 390° 9. —75° 10. 170° 
Determine whether the trigonometric function of the angle is 
positive or negative. 
11. sin 230° 12. tan 140° 13. cos 310° 14. sin 70° 


15. Let (3, —4) be a point on the terminal side of an angle 6 in standard position. 
Evaluate the sine, cosine, and tangent functions of 0. 


Practice and Applications 


TUDENT HELP Visual Thinking Match the angle measure with the angle. 


see ORK HELE 16. 510° 17. —330° 18. —405° 
Example 1: Exs. 16-27 


Example 2: Exs. 28-36 A. y B. Cc. y 
Example 3: Exs. 37-48 y 
Example 4: Exs. 49-51 
Example 5: Exs. 52-60 
x x x 


Drawing Angles Draw an angle with the given measure in standard 


position. 

19. —50° 20. 200° 21. 390° 
22. —240° 23. —570° 24. 805° 
25. 1000° 26. —750° 27. —500° 


Finding Coterminal Angles Find one positive angle and one 
negative angle that are coterminal with the given angle. 


28. 35° 29. —80° 30. 225° 
31. 350° 32. —130° 33. 420° 
34. —380° 35. —400° 36. 660° 


in Chapter 12 /ntroduction to Trigonometry 


VOLLEYBALL players spike 
the ball at speeds up to 100 
miles per hour to prevent the 
opponent from being able to 
return the ball. 


Using a Point Use the given point on the terminal side of an angle 
0 in standard position to evaluate the sine, cosine, and tangent 
functions of 0. 


40. (— 12, —9) 41. (8, —15) 42. (— 10, 24) 43. (7, 24) 
4a. (1, —2) 45. (-1,-1) 46. (3, 1) 47. (-2, 3) 
48. Error Analysis Let (—3, 2) be a point Z 3 

on the terminal side of an angle @ in taney = 5 = 


standard position. Describe and correct 
the error in finding tan 0. 


Quadrantal Angles Evaluate the sine, cosine, and tangent functions 
of 0. 
49.9=0° 50. 6 = 270° 51. 0 = 540° 


Positive or Negative Values Determine whether the trigonometric 
function of the angle is positive or negative. 


52. sin 55° 53. tan 127° 54. tan 245° 
55. cos 340° 56. cos 160° 57. sin 300° 
58. tan 300° 59. sin 220° 60. cos 265° 


Using a Calculator Use a calculator to evaluate the function. Round 
your answer to four decimal places. 


61. sin (—35°) 62. tan 224° 63. cos 290° 
64. cos 140° 65. sin 190° 66. tan (—20°) 


67. Challenge Explain how to determine the sign of csc 6, sec 0, and cot 0 
given the quadrant in which the terminal side of 6 lies. 


68. Writing Explain how an angle’s direction of rotation determines its sign. 


69. Volleyball The horizontal distance d (in feet) traveled by a projectile with 


2 
an initial speed v (in feet per second) is given by d = on sin 20 where @ is the 


angle at which the projectile is launched. 


Estimate the horizontal distance traveled by a volleyball that is hit at an 
angle of 60° with an initial speed of 40 feet per second. 


12.2 Functions of Any Angle 


657 


70. Marching Band Your school’s marching band is performing at halftime 
100 feet wide in the center of 
the field. You start at a point 
d ag o 
goal line, march 300° around : ‘ ie 
the circle, and then walk al dof Kell fal dsl a dh iva 
field. How far from the goal 
line are you at the point where 


during a football game. In the last formation, the band members form a circle 
on the circle 100 feet from the 

toward the goal line to exit the 

you leave the circle? 


Standardized Test 71. Multiple Choice Which angle is coterminal with 60°? 
Practice @® —300° 300° © 480° @® —60° 


72. Multiple Choice Let (—15, 20) be a point on the terminal side of an angle 6 in 
standard position. What is the value of the cosine function of 6? 


® -3 ® -4 ® -3 D: 


73. Multiple Choice Let (—15, —8) be a point on the terminal side of an angle 0 
in standard position. What is the value of the tangent function of 6? 


QL ® © 2 Go -= 


15 8 


Mixed Review Rational Equations Solve the equation. Check your solutions. 
(Lesson 9.6) 


x _ §5 oP ee HD 2 _ 1 
rer pa ISA x+4 16. =| x—-4 

1 _ -7 2k 2 x+2 =x-1 
S53 as eae: x+4 PaaS x 


Adding and Subtracting Matrices Perform the indicated operation. 
(Lesson 11.1) 


go.[2 -1 3]+[1 5 2] aic|2 t)4|* ~~ 
0 5} lo 5 
5 0 1 —f 3 <4 =3 3 1 -4 
92.|-4 -3 2/+| 2 -5 9| 83] 0 6|-| 3 
1 7 =3 4 3 1 9 2} |-2 1 


Writing Rules Write a rule for the nth term of the arithmetic 
sequence. (Lesson 11.5) 


84. d = 3,a, = 8 85. d = 4,a, = 21 86. d = 7, a, = 45 
87.d=—-2,a4,=-10  88.d=-03,a,=2 89. d = 14,4, = 20 


Geometry Skills Finding Angles Determine the angle 0 in the regular polygon. 
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DEVELOPING CONCEPTS (For use with Lesson 12.3) 
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Goal QUESTION 

Use th | : : 

ie cen i eaehee se How do you graph the sine function? 

y=sin 0. 

Materials EXPLORE 

° pencil 1) Use a calculator to copy and (2) Use what you know about coterminal 
° paper complete the table. angles to complete the table below. 


¢ graph paper 
¢ calculator 


THINK ABOUT IT 
1. What are the domain and range of the function y = sin 6? 
2. What is the maximum value of y = sin 0? 
3. Copy and complete: The graph of y = sin 0 repeats itself every ? degrees. 


4. Choose the correct phrase that completes the statement: The value of sin 6 
will always be (less than, greater than, equal to) the value of sin (6 + 360°). 


12.3. Graphing the Trigonometric Functions ia 


Key Words 
¢ periodic 

¢ cycle 

e period 


. cos 30° 
2. sin 60° 
3. sin 45° 
4 


-_ 


. cos 0° 


Evaluate the function. 


Graphing the Trigonometric 
Functions 


| GOAL | Graph the sine, cosine, and tangent functions. 


What is the height of a hot air balloon? 


In Exercise 55, you will graph the height 
of a hot air balloon as it rises after 
taking off. 


In this lesson, you will learn to graph 
functions of the form y = a sin bx and 
y = acos bx, where a and D are positive 
constants and x is measured in degrees. 


Each function is c, which means that its graph has a repeating pattern 
that continues indefinitely. The shortest repeating portion is called a ¢ 
horizontal length of each cycle is called the 


The graphs of all sine and cosine functions are related to the graphs of 
y = sin x and y = cos x, which are shown below. 


All real numbers All real numbers 


—ls<y<l —l<y<l 
value 
el 


From the graph of y = sin x above, you can see that a maximum value of 

y = sin x occurs when x = 90° and a minimum value occurs when x = 270°. 
Because the sine function has a period of 360°, the maximum and minimum values 
occur every 360°. For example, maximum values occur when x = 450°, 810°, 
1170°, .. . and minimum values occur when x = 630°, 990°, 1350°,.... 


Similarly, maximum values of y = cos x occur when x = 0°, 360°, 720°, 1080°,... 
and minimum values occur when x = 180°, 540°, 900°, 1260°,.... 
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Graphing the Sine and Cosine Functions 


To graph y = asin bx and y= acos bx when a>0 and b>0, you can 
360° 
b 


o i — ) (P9) ‘ 


use the characteristics below. The period is —— 


ae ee 


b =a) b =a) 


Graph a Sine Function 


Graph y = sin 180x. 
Find the characteristics of the graph using a = 1 and b = 180. There is one 


intercept at (0°, 0) and the period is ay DF. 


Find two other intercepts. 
He 0) = [e 0| = (1°,0) 


b 180’ 


360° 360 é 
| b .0|= ben 1|= oe 


Find the maximum and minimum. 
[2 a) = (25 1)= 0.5% 0 


b? 180° 
270° __\ _ {270° = o 
| b? a| ee 1] Gee) 


Graph a Cosine Function 


Graph y = 2 cos x. 
Find the characteristics using a = 2 and b = 1. Because b = 1, you can see that 
two intercepts are at (90°, 0) and (270°, 0), and the period is 360°. 

The maximums are at (0°, a) = (0°, 2) 


360° 


and {36°° b 


, a) = (360°, 2). 


The minimum is at Lo 180° ,~a] = (180°, —2). 


b 
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Graphing Tangent Functions The domain of the graph of y = tan x is all 
real numbers except odd multiples of 90°. At odd multiples of 90°, the graph has 
vertical asymptotes. The range of the function is all real numbers and its period 
is 180°. 
For the graph of y = a tan bx, the following are true when a >0 and b> 0. 
180° 

ma 
2. There are vertical asymptotes at odd multiples of oe 


1. The period is 


Graphing the Tangent Function 


Use these steps to graph y = a tan bx on the interval a EKe< ne 
STEP @ Plot the x-intercept at (0°, 0). 


* and x = 


90° 
me 
STEP €) Plot the points that occur halfway between the x-intercept at (0°, 0) 


STEP © Draw the vertical asymptotes at x = 


and the asymptotes, [|-= 


Graph a Tangent Function 


Graph y = tan 2x. 


Solution 
Use a = | and b = 2 to find the key points on the interval | exe 0 
or —45° <x < 45°. 


@ Plot the x-intercept at (0°, 0). 


2 > 


® Draw the vertical asmptotes. 
_ 90° _ _ 90° _ _ Aro 
5 45 


_ 90° _ 90° 
— po 


x 


= 45° 


© Plot the halfway points. 


eo a) =( 4% 1) =(-22.5,-1) 


b? 2° ; 
45° _\ _/45° 4\ _ ° 
(Fa) (1) G20) | 
P F = - 180° _ 180° _ gro dG 
Notice that the period of y = tan 2x is eo ee 90°. So, one period is shown. 


agent Functions 


Graph the function. 


1.y=2sinx 2. y = cos 360x 3. y = 3tanx 
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WED Exercises 


Guided Practice 


Vocabulary Check — Copy and complete the statement. 
1. The cycle is the shortest repeating portion of a(n) __? _ function. 


2. The horizontal length of each cycle is called the _?_. 


Skill Check Find the maximum(s), the minimum, and the intercepts of the 


function on the interval 0° < x < ane 

3. y =5sinx 4. y = 3 cos 60x 5. y = 5 sin 180x 
Graph the function. 

6. y = 2 sin 180x 7.y =4cosx 8. y = 5 cos 45x 


Find the intercepts, the vertical asymptotes, and the halfway points 


of the function on the interval 0° < x< a 


9. y = tan 3x 10. y = 2 tan 5x 11. y = 4 tan 45x 


Graph the function. 
12. y = tan 45x 13. y =Stanx 14. y = 3 tan 15x 


15. Error Analysis Describe and ; 
correct the error in finding the Minimum = 22 , a = [= 2 
i ae b 30 
minimum of y = 2 sin 30x. 


= (3°, 2) x 


Practice and Applications 


TUDENT HELP Matching Graphs Match the function with its graph. 
HOMEWORK HELP 16. y = 2 sin 2x 17. y = 2 cos 2x 18. y = 2sintx 
Example 1: Exs. 16-39 ° 
Example 2: Exs. 16-36 19. y = 2 tan ax 20. y = 2 cos oe 21. y = 2 tan 2x 
Example 3: Exs. 16-21, 
40-49 A. y B. 


180° * 
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Analyzing Functions In Exercises 22-27, find the maximum(s), the 


minimum, and the intercepts of the function on the interval 
360° 
o< xc. 
O°<x< b 


24. y = 4 cos 135x 25. y = 2 sin 180x 
26. y = 5sin 45x 27.y= 560s 720x 


Graphing Graph the function. 


28. y = 3 sinx 29. y=4sinx 30. y = 5 cos x 
31. y = cos 3x 32. y = sin 90x 33. y = cos 180x 
34. y = 3 sin 6x 35. y = 2 cos 90x 36. y = 4sin 360x 


Writing Equations Write an equation of the form y = asin bx, where 
a>0Oand b>0, so the graph has the given maximum or minimum 
value, and period. 
37. Maximum: | 38. Maximum: 10 39. Minimum: —4 
Period: 45° Period: 180° Period: 3° 
Analyzing Functions In Exercises 40-43, find the intercept, the 
vertical asymptotes, and the halfway points of the function. 
40. 41. | 
| 
| 
| 


—90° 


42. y = 4 tan 5x 43. y = 3 tan 180x 


Graphing Graph the function. 
44. y = tan 9x 45. y = 6tanx 46. y = 3 tanx 


47. y = 2 tan 135x 48. y = 5 tan 270x 49. y= 5 tan 45x 


50. Physics The motion of a tire swing can be modeled by 
d = 3 cos 90t 


where d is the swing’s horizontal displacement 
(in feet) relative to its position at rest and ¢ is the 
time (in seconds). 


a. Graph the displacement. 


b. What is the maximum displacement of the swing? 
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Standardized Test 
Practice 


51. Tides Tides are the alternating rise and fall of sea level with respect to land. In 
one location, the change in sea level / (in feet) can be modeled by h = 2 sin 30t 
where f is the time (in hours). Graph the change in sea level. What is the 
maximum and minimum height of sea level? What is the period? 


Pendulum In Exercises 52 and 53, use the following information. 


You make a pendulum by hanging a funnel 

and filling it with sand. You place a piece of 
paper under the pendulum and set the pendulum 
in motion. As you slide the paper out at a 

steady rate in the plane perpendicular to the 
pendulum’s motion, the sand traces a curve as 
shown. 


52. Write a model for the curve traced by the sand, where y is measured in inches 
and fis measured in seconds. 


53. Find the coordinates of the next minimum point of the curve. 


54. Radar An airplane flies at an altitude of 5 miles directly over a radar antenna. 
The horizontal distance d is the distance (in miles) from the airplane to a point 
directly above the antenna (d is positive as the airplane moves away from the 
radar antenna). Let x represent the angle the airplane makes as it passes over the 
radar antenna. Write an equation for the distance d in terms of the angle x. Graph 
the distance on the interval 0° < x < 90°. 


55. Challenge You are standing 100 feet from a hot-air balloon ride launch site. 
The angle between the ground and balloon increases 3° per second. Write an 
equation for the height h (in feet) of the hot air balloon in terms of the time ¢. 
Graph the height of the hot air balloon on the interval 0 < t < 20. 


56. Multiple Choice Which function is shown in the graph? 


@ y =2cosx 
® y = 2 cos 90x 
© y = cos 90x 
@® y = sin 90x 


57. Multiple Choice What is the minimum value of y = 4 sin 540x? 


& —540 @® -4 CD 4 @® 540 
58. Multiple Choice What are the vertical asymptotes of y = 4 tan 45x? 

A) x = —45° and x = 45° @®) x = —2° andx = 2° 

© x = —-l°andx = 1° @) x = —90° and x = 90° 
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Mixed Review Probability A puppy is randomly chosen from a litter of 4 black 
males, 3 black females, 2 brown males, and 2 brown females. Find 
the indicated probability. (Lesson 10.6) 


59. P(male or brown) 60. P(female or black) 
Finding Probabilities of Complements A ball is randomly chosen 


from a bag of 10 balls numbered 1, 1, 2, 3, 4, 4, 4,5, 6, and 6. Find the 
indicated probability. (Lesson 10.7) 


61. P(number is less than 6) 62. P(number is not 4) 


Identifying Inverses Tell whether the matrices are inverses of each 
other. (Lesson 11.3) 


63. / 5d and “3 —4 64. 1-1 and] : 
—1 =3 1 1 2, = —2 1 

65. I and] = 66. 23 and * = 
2 1 2 = 1 4 2 1 


Sequences Write the next term in the sequence. Then write a rule 
for the nth term. (Lesson 11.4) 


67...3,.5,75.9) 45 68. 6, 13, 20, 27, ... 69. 5, 8, 11, 14,... 
70. 10,4, —2, —8, ... 71. —2, —8, —18, —32, ... 72.0, 3,8, 15,... 


Geometry Skills —_Bisectors Find the value of x. 


73. 74. 
B 
x+9 
D C 
15 
A 


Quiz 1 


Lesson 12.1 Find the value of x for the right triangle. Round the result to two 
decimal places. 


Lesson 12.2 Use the given point on the terminal side of an angle 0 in standard 
position. Evaluate the sine, cosine, and tangent functions of 0. 


4. (—6, 8) 5. (—5, 6) 6. (—3, —3) 7. (3, 9) 


Lesson 12.3 Graph the function. 
8. y = 5 sin 60x 9. y = 3 cos 450x 10. y = 2 tan 270x 
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USING A GRAPHING CALCULATOR (For use with Lesson 12.3) 
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STUDENT HELP 


KEYSTROKE HELP 
See keystrokes for 
several models of 
calculators at 
www.classzone.com. 


You can use a graphing calculator to graph the trigonometric functions 
y = asin bx and y = acos bx and observe the effects of changing the 
values of a and b. 


EXAMPLE 
Graph y = 2 sin x and y = sin 2x. 


SOLUTION 


@© Enter the functions into the graphing calculator. 


Be sure that your calculator is in degree mode. V2 DeGinGNo) \ 
Y2=sin(2Xx) 
Y3= 
Ya= 

| ys= 
Yo= 
Y7= 


s J 


© Use the viewing window shown. 
Note: Depending on the values of a and b, you [ WINDOW 


may need to change the viewing window. Xmin=-360 
Xmax=360 
Xscl=90 
| Ymin=-4 | 
Ymax=4 
Yscl=1 


© Use the Maximum, Minimum, and Zero features 
to find the maximum value, the minimum value, | : 
and the period of each function. 


y =2sinx y = sin 2x | 
Maximum value = 2 Maximum value = 1 
Minimum value = —2 Minimum value = —1 


Period = 360° Period = 180° L 5) 


EXERCISES 


Use a graphing calculator to graph the function for the given values 
of aor bin y= asin bx. Find the maximum value, the minimum 
value, and the period of each function. 


1.y =3sinx 2.y =F sinx 3.y = isin x 4.y =4sinx 
5. y = sin 3x 6. y = sin dx 7. y = sin 5x 8.y = sin 5x 
9. y = sin 4x 10. y=Ssinx 11. y= ysinx 12.y = sin dx 


13. Describe the effect of a on the graph of y = a sin x where a > 0. 


14. Describe the effect of b on the graph of y = sin bx where b > 0. 
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Key Words 


e law of sines 


Use a calculator to 
solve for x. 


x 
sin 40° 

2. = 
sin 100° ‘ 


3. sin 25° _ 5 


x 
sin 130° _ 
. x aes 


10 


"pedi HELP 
SOLVING NOTE 
If you know two angles 
in a triangle, you can find 
the third angle by using 
the fact that the sum of 
the angles in a triangle 


is 180°. 


The Law of Sines 


| GOAL | Use the law of sines to find the sides and angles of a triangle. 


How far from a path is an eagle’s nest? 


In Example 6, you will use the law of sines to find 
a distance. 


Law of Sines To find the side lengths and angle 
measures of a triangle with no right angle, you need 
to know the measure of at least one side and any two 
other parts of the triangle. This gives four possible 
cases. 


1. Two angles and any side (AAS or ASA) 


2. Two sides and an angle opposite one of 
them (SSA) 


3. Three sides (SSS) 
4. Two sides and their included angle (SAS) 


The first two cases can be solved using the law of 


sinA sinB. sinC 


Solve for a Side (AAS) 


Find the length c given that A = 32°, a = 10, and C = 105°. 


Solution 
You are given values for A, a, and C and are trying a 
. a _c¢ 
to find c, so use aa ae 
a Write law of sines. 
sinA  sinC 
————E Substitute for A, a, and C. 
sin 32° sin 105° ‘ 
Heme. = Solve for the variable. 
sin 32 
18.2 ~c Simplify using a calculator. 
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Inverse Trigonometric Functions You have used angles to find lengths of 
sides. You can also use ratios of side lengths to find angles. For a positive value 
of sin 6, there may be two angles between 0° and 180° for which the value of 
sin 0 is the same. You can find 6 by using inverse sine (sin~'). For example, if 
sin @ = 0.5, then @ = sin” '(0.5) = 30° and @ = 180° — 30° = 150°. 


pleased HELP Find Two Angle Measures 


KEYSTROKE HELP Find two values of 6 between 0° and 180° that satisfy sin 6 = 0.6428. 
On most calculators, you 


can evaluate inverse 


; Solution 
trigonometric functions 
using the keys ER) ED) Use the inverse sine function on your calculator 
for inverse sine, Et to find the angle between 0° and 90°. 
(es) for inverse cosine, 6 = sin '(0.6428) ~ 40° 
and ES E209 for To find the second angle, subtract 40° from 180°. 


inverse tangent. 


180° — 40° = 140° 
ANSWER > So, sin 6 = 0.6428 when 6 = 40° and when @ = 140°. 


1. In AABC, a = 20, B = 25°, and C = 40°. Find the value of b. 
2. Find two values of @ between 0° and 180° that satisfy sin 6 = 0.5736. 


SSA Two angles and one side (AAS or ASA) determine exactly one triangle. 
Two sides and an angle opposite one of the sides (SSA) may determine no 
triangle, one triangle, or two triangles. 


Possible Triangles in SSA Case 


Consider a triangle in which you are given a, b, and A. By fixing side b 
and angle A, you can sketch the possible positions of side a to figure 
out how many triangles can be formed. In the diagrams below, note 
that h = bsinA. 


Ais obtuse. Ais acute. 
< b 

b a 
A A 

a<b h>a h=a 

No triangle No triangle One triangle 

<> BN 
A LS A 

a>b h<a<b a=b 

One triangle Two triangles One triangle 
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Solve for an Angle (SSA) 


Find the measure of angle C given that A = 120°, a = 9, and c = 7. 


First make a sketch. Because A is obtuse anda>c, C a=9 B 
you know that only one triangle can be formed. a 
sue = snd Write law of sines. A 
ae =n ae Subsitute for c, A, and a. 
sin C = Zsa Multiply each side by 7. 
sin C ~ 0.6736 Simplify using a calculator. 


C = sin '(0.6736) Use inverse sine function. 
= 42.3° Simplify. 


ANSWER } The measure of angle C is about 42.3°. 


Solve for an Angle (SSA) 


Find the measure of angle B given that A = 40°, a = 13, and b = 16. 


pedal HELP First make a sketch. Because A is acute, and a < b, you need to find h. 
AVOID ERRORS h = bsinA = 16 sin 40° ~ 10.3 

If you were given the . 

triangle shown below Because h < a and a < J, two triangles can be formed. 


for Example 4, because 
angle Bis clearly obtuse, 
you would know that 

B = 127.7° and not 52.3°. 


Triangle 1 Triangle 2 


C 
A a me = sin A Write law of sines. 
sin B _ sin 40° : 
6° 2B Substitute for b, A, and a. 
sin B = esone Multiply each side by 16. 
sin B ~ 0.7911 Simplify using a calculator. 


There are two angles between 0° and 180° for which sin B ~ 0.7911. One is acute 
and the other is obtuse. Use a calculator to find the acute angle: 


B = sin 1(0.7911) ~ 52.3° 
The second angle is B = 180° — 52.3° = 127.7°. So, there are two possible 
triangles with the following angle measures: 40°, 52.3°, 87.7° and 40°, 127.7°, 12.3°. 


Checkzpolk 


3. Find the measure of angle B given that A = 40°, a = 6, and b = 9. 
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Recognize an Impossible Triangle 


Find the measure of angle A given that a = 7, b = 3, and B = 50°. 


Solution 
Using the law of sines, you can write the following. 


sinA _ sin 50° 


7 3 Write law of sines. 


penal HELP ne 
Loox BACK sin A = = Multiply each side by 7. 
PORTE ID aiiannes sin A ~ 1.7874 Simplify using a calculator. 
maximum and minimum 
values of the sine Because the value of sin 6 is always between —1 and 1, there is no angle that 
function, see page 661. satisfies the equation. So, it is not possible to draw the indicated triangle. 


Use the Law of Sines 


Hiking Two hikers want to find the 
distance from a hiking path to an 
eagle’s nest. One hiker is standing 
on the path at C and determines 

that her angle to the nest is 50°. The 
other hiker is standing 200 feet from 
the first hiker and determines that 
his angle to the nest is 40°. Find the 
length a, the distance from the path 


to the nest. 
Solution Not drawn to scale 
First, find the measures of angles B and C of AABC. 
C = 180° — 50° = 130° B = 180° — 130° — 40° = 10° 
Then, use the law of sines. 
a _ b é 4 
mg ee Write law of sines. 
a... 200 


sin 40° ~ sin 10° Substitute for A, B, and b. 


ge 200 sin 40° 
sin 10° 


a ~ 740 Simplify using a calculator. 


Solve for the variable. 


ANSWER > The distance from the path to the nest is about 740 feet. 


4. Explain how you could change one measurement in Example 5 so that the 
triangle is possible to draw. 


5. Find the measure of angle A given that a = 8, b = 5, and B = 60°. 
6. Use the information in Example 6 and the law of sines to find the length c, 


the distance from the other hiker to the nest. 
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73 Exercises 


Guided Practice 


Vocabulary Check 1. What information do you need in order to use the law of sines? 


2. Suppose a, b, and A are given for AABC where A < 90°. Under what conditions 
would you have no triangle? one triangle? two triangles? 


Skill Check __ Find the indicated side length of the triangle. 


3. Find a. 4. a 5. —— 
a=30 ko\ 


| Find two angle measures between 0° and 180° that have the given 
value. 


6. sin 6 = 0.8192 7. sin 6 = 0.1736 8. sin 0 = 0.9063 


Find the value of x. 


s 
c= [i i r=35 


Sketch AABC, then find the measure of angle A. If the triangle is 
impossible, explain why. 


12. a = 5 inches 13. a = 5 inches 14. a = 20 inches 
b = 11 inches c = 6 inches b = 5 inches 
= 105° C = 46° B= 25° 


Practice and Applications 


ie ENT HELP Solving for a Side Find the value of x. 
15. C 


HOMEWORK HELP 
Example 1: Exs. 15-20, 
34-41 

Example 2: Exs. 21-26 
Example 3: Exs. 27-33 
Example 4: Exs. 28-33 
Example 5: Exs. 38—41 
Example 6: Exs. 42-46 
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SAILING Triangular race 
courses are used in sailing to 
testa sailor’s ability to deal 
with winds from different 
directions. 


Finding Angle Measures Find two angle measures between 0° 
=] and 180° that have the given value. 


21. sin 06 = 0.5 22. sin 6 = 0.7071 23. sin 0 = 0.8860 
24. sin 6 = 0.4226 25. sin 6 = 0.9848 26. sin 0 = 0.3333 


27. Reasoning Refer to Example 3 on page 670. Can another triangle be formed 
with the given measurements and C = 137.7°? Explain. 


Solving for an Angle Find the measure(s) of the indicated angle(s). 


28. & 29. B 30. B a=4 C 
r=11 ae! 
c= 43 
R t= 30 s 2 
b=20 C 
A 
31. T 32. ¢ 33. E 
phar rn b= 36 x° Nd =3 
gs x 49° i 
U t= 39 V B A D e=4 F 


Finding Side Lengths Sketch AABC, then find the length of side b. If 
the triangle is impossible, explain why. 


34. A = 105°, B = 20°, a = 20 35. A = 135°,a =5,c = 12 
36. C = 132°,c = 25,a=6 37. B = 20°, C = 40°, a = 20 


Solving Triangles Sketch AABC, then find all of the angle measures 
and side lengths. If the triangle is impossible, explain why. 


38. A = 55°, B = 85°, b = 10 39. C = 118°.b=9,c = 11 
40. A = 105°, C = 30°.b=5 41.A = 35°,a=9,b = 15 


42. Critical Thinking You are asked to build a triangular sign for a design class. 
The specifications state that the side lengths for the sign need to be 10 feet, 
6 feet, and 4 feet. The angle opposite the 6-foot side needs to be 115°. Make a 
sketch of the sign. Can you build this sign? Explain your answer. 


43. Boat Race In the first leg of a race, the boats 
travel from point A to point B. The second leg 
of the race continues from point B to point C. 
In the final leg of the race, the boats return to 
point A. The boats travel 4 miles in the first leg 
of the race. What is the distance d (in miles) 
for the final leg of the race? 


44. Baseball On a baseball field, the pitcher’s 
mound at P is 60.5 feet from home plate at 
H and 95 feet from an arc where the outfield 
grass begins. A ball is hit 25° to the right of the 
pitcher’s mound and travels to the edge of the 
grass. What distance d must an outfielder at G 
throw the ball to make an out at home plate? 


12.4 The Law of Sines 673 


45. Koi Pond You are constructing a triangular 
koi pond in your backyard. You are given 
the following measurements, a = 5 ft, 
A = 65°, and B = 40°. What are the other 
side lengths of the pond? 


46. Challenge A reservoir supplies water through an aqueduct to Springfield, 
which is 15 miles from the reservoir at 25° south of east. A pumping station at 
Springfield pumps water 7.5 miles to Centerville, which is due east from the 
reservoir. Plans have been made to build an aqueduct directly from the reservoir 
to Centerville. How long will the aqueduct be? 


a proposed aqueduct 


P28 Centerville 


N 7.5 mi 
W vie E 
5 Springfield 
Standardized Test 47. Multiple Choice What is the value of a? A 


Practice ® 8.22 10 ax =8 
© 13.47 ; 


@) impossible triangle 


48. Multiple Choice In AABC, A = 120°, a = 16, and c = 7. What is the measure 
of angle C? 


) 22.26° @ 37.74 DD 52.5° GD 102° 


Mixed Review _ Finding Side Lengths Find the value of x for the right triangle. 
Round your answer to two decimal places, if necessary. (Lesson 12.1) 


49. 50. 51. 5 
10 
x 20 r L 
ie Xx 
a 

Writing Terms Write a rule for the nth term of the geometric 
sequence. Then find a,. (Lesson 17.6) 
52. 2,4, 8, 16,... 53. —1, —4, -16,—-64,... 54. 108, 36, 12,4,... 

= = af 42 PL id 
55. 2, —6, 18, —54,... 56. —1,5, —25, 125,... 57. 281637 °°° 


Geometry Skills — Area of a Sector Given the area A of the circle, find the area of the 
blue sector. 


58. A = 64 square meters 59. A = 72 square inches 60. A = 45 square feet 


fo 
¥y 
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Key Words 


e law of cosines 


Use the law of sines 
to find the measure of 
angle C. 


1.B=60°.b=7,c=4 
2.A=20°a=5,c=9 


The Law of Cosines 


Ce Use the law of cosines to find the sides and angles of a triangle. 


How far is the pitcher’s mound from 
first base? 


In Exercise 45, you will use the law of cosines 
to find this distance. 


Law of Cosines Suppose you have a triangle 
for which two sides and an included angle 
(SAS) or three sides (SSS) are given. To find 
the missing side lengths and angle measures, 


you can use the law of cosines. 


Law of Gosines 


If AABC has sides of length a, b, and cas shown, then: 
a* = b? + c* — 2bccosA 
b? = a2 + c* — 2accos B 


c2 = a2 + b? — 2abcosC 


Solve for a Side (SAS) 
Find the length b given that a = 7, c = 12, and B = 41°. A c=12 B 


Solution b a= 
Use the law of cosines to find the length b. You need to Cc 
find b, so use b? = a? + c? — 2ac cos B. 

b* = a* + c* — 2ac cosB Write law of cosines. 

b? = TP + 12? — 2(7)(12) cos 41° Substitute for a, c, and B. 

b* = 49 + 144 — 168 cos 41° Evaluate powers and multiply. 

b* ~ 66.2 Simplify. 

b = V66.2 ~ 8.1 Take positive square root. 


Find the unknown side length of the triangle to the nearest tenth. 


1.7 s=4 R 2. E 3. A c=i7 


b=6 ‘a 


C 
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Solve for an Angle (SSS) 


Find the measure of angle B. 


Use the law of cosines to find the measure of angle B. 


b? =a*+c2—2accosB Write law of cosines. e= 8 


Be oe eee |e : ‘ 
cos B= a Rewrite formula, by solving for cos B. 
2492 442 
cos B = Tae Substitute for a, b, and c. 
cos B = —0.4 Simplify using a calculator. 


Use the inverse cosine function to find the angle measure. 


B= cos '(—0.4) = 113.6° 


4. Find the measure of angle C given that a = 3, b = 7, and c = 9. Sketch 
the triangle. 


5. Find the measure of angle A given that a = 4, b = 8, and c = 6. Sketch 
the triangle. 


Choosing a Method 


[ets | Gieinomaton 
2 angles and | side (AAS or ASA) 
2 sides and the angle opposite one of them (SSA) 
3 sides (SSS) 
Law of cosines 
2 sides and their included angle (SAS) 


Choose a Method 


Find the length a given that b = 5, B = 28°, and C = 110°. 


You know two angles and one side. Use the law of sines. Use By 28° 
the fact that the sum of the angle measures is 180° to find A. 


A = 180° — 110° — 28° = 42° a 
a b A é 
: =-— Write law of sines. 
sin A sin B C b=5 A 
a .— 5 4 
sin 42> sin 28° Substitute for A, B, and b. 


a= osmee Solve for the variable. 
sin 28° 
ax~T7l Simplify using a calculator. 
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Link-t0) 


CAREERS 


SURVEYORS take precise 
measurements to establish 
official land, airspace, and 
water boundaries. A surveyor 
often uses an instrument 
called a transitto measure 
angles. 


Use the Law of Sines and the Law of Cosines 


Surveyor A bridge is being built 
across a river. A surveyor needs to 
measure the distance from point A 
to point B. The surveyor is at point 
C and measures an angle of 44°. The 
surveyor measures the distances 
from point C to points A and B and 
finds the distances to be 140 feet and 
125 feet. 


a. What is the distance from A to B? 


b. Find the measures of the angles in the triangle. 


Solution 


a. You know the lengths of two sides and their included angle. So, use the law 
of cosines. 


c2 =a’ + b* — 2abcos C 

c? = 125% + 140? — 2(125)(140) cos 44° 
c? = 15,625 + 19,600 — 35,000 cos 44° 
c? ~ 10,048.1 


c ~ V10,048.1 ~ 100.2 


ANSWER > The distance from A to B is about 100 feet. 


Write law of cosines. 
Substitute for a, b and C. 
Evaluate powers. 
Simplify. 


Take positive square root. 


b. To find the measures of the angles in the triangle, use the law of sines. 


sinA _ snC . . 
—— = — Write law of sines. 


a c 
sinA _ sin 44° 2 
125 1002 Substitute for a, c, and C. 
: 125 sin 44° : . 
sin A = 100.2 Multiply each side by 125. 
sin A ~ 0.8666 Simplify using a calculator. 


Use the inverse sine function to find the angle measure. 
A = sin !(0.8666) ~ 60.1° 
You then know that B ~ 180° — 44° — 60.1° = 75.9°. 


ANSWER } The measure of angle A is about 60° and the measure of angle B is 
about 76°. 


aw of Cosines 


Use any method to find the unknown angle measures and side lengths. 


6. A c= 10 B 7. G 
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WD Exercises 


Guided Practice 


Vocabulary Check 1. What information about a triangle do you need to know in order to use the 
law of cosines? 


Skill Check Find the unknown side length of the triangle. Round your answer to 
the nearest tenth. 


2. B 3. 
c a= 20 
A b=15 C 


Find the value of x. Round your answer to the nearest tenth. 


WY 
~ 
ll 
[~~] 
cS 


Practice and Applications 


TUDENT HELP Finding Sides Find the unknown side length of the triangle. Round 
HOMEWORK HELP your answer to the nearest tenth. 
Example 1: Exs. 8-16, 
: 24-37 aA c=6 B 9. és F 10. y m= K 
Example 2: Exs. 17-37 ar h 
Example 3: Exs. 38-43 b ae 
Example 4: Exs. 44-48 = H f= 15 G 
C 
11. 12. E 
f d=15 
D e= 18 F 
14. B 15. T, 16. £ gi ¢£ 
c a=20 u=T s=12 
f=7 e=12 
S t U 
A b=23 € G 
17. Error Analysis Describe and 
correct the error in finding the Pare io: + 107 — 18" _ oooig 
measure of angle A in AABC ete )0>) 
if a = 18, b = 15, and c = 10. A ~ cos '(0.0019) ~ 89.9° 
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Finding Angle Measures Find the value of x. Round your answer to 
the nearest tenth. 


18. U 19. Yo p=20 N 
v=22 t=25 
n=18 m= 14 
T u=2 V P 

21 h=2 G 22. R t= 16 s 23 J 

f=14 = 
g=25 ae — i jes Kk 

H T 


Finding Angles or Sides Sketch AABC, then find the indicated angle 
measure or side length. 


24. C = 52°,a4 = 17,b = 22,c = 2 25.A = 131°,b=12,c = 15,a= 2 
26. a = 30, b = 38,c = 21,A = 2 27. a = 20,b = 24,c =25,B= 2 


Finding All Angles Find the measures of all of the angles of the 
triangle. Round your answers to the nearest tenth. 


28. X z=9 Y 


29. E 
x=8 f= 20 d= 16 
y=15 t=7 s= 10 
D e=22 F 


i) 
(=) 
~—WY 
i—| 
Il 
—= 
—= 
4 


Solving Triangles Sketch AABC, then find all of the angle measures 
and side lengths. 


34. a = 50, b = 45, c = 40 35. a = 100, b = 110, c = 90 
36. A = 84°, b = 24,c = 20 37. a = 43, b = 58, c = 48 


Choosing a Method Sketch AABC, then use the law of sines or the 
law of cosines to find all of the angle measures and side lengths. 


38. A = 46°, B = 68°,a = 14 39. A = 32°,C = 102°,c = 24 
40. a = 30, b = 22, c = 28 41. A = 110°, b = 12,c = 15 
42. A = 98°,a = 18,b = 15 43. a= 15,b = 22,c =25 


44. Trapeze Artists The diagram 
shows the paths of two trapeze 
artists who are both 5 feet long 
when hanging by their knees. The 
“flyer” on the left bar is preparing to 
make hand-to-hand contact with the 
“catcher” on the right bar. At what 
angle 6 will the two meet? 
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Standardized Test 


680 


Practice 


Mixed Review 


45. Baseball The pitcher’s mound on a 
baseball field is 60.5 feet from home 
plate. The distance between the bases is 
90 feet. How far is the pitcher’s mound 
from first base? 


46. Distances The three cities, Pittsburgh, Buffalo, and Cleveland form a 
triangle on a map. The distance from Pittsburgh to Buffalo is 177 miles, the 
distance from Buffalo to Cleveland is 170 miles, and the included angle is 39°. 
Sketch a triangle to represent the relationship between the three cities. What is 
the distance from Cleveland to Pittsburgh? What are the measures of all of the 
angles in the triangle you sketched? 


Golf A golfer hits a drive 260 yards on a hole that is 400 yards long. The 
shot is 15° off target. 


47. What is the distance x from the golfer’s ball to the hole? 


48. Challenge Assume the golfer is able to hit the ball precisely the distance found 
in Exercise 47. What is the maximum angle 6 by which the ball can be off target 
in order to land no more than 10 yards from the hole? 


49. Critical Thinking Explain why the Pythagorean theorem is a special case of 
the law of cosines. 


50. Multiple Choice What is the value of a? C 


© 11.3 @D) 13.6 B c=11 A 
51. Multiple Choice In AABC, C = 95°, a = 24, and b = 32. Find c. 
&) 8.4 @) 40 HD 40.8 GD 41.6 
52. Multiple Choice In AABC, a = 14, b = 18, and c = 15. Find B. 
A) 13.4° 49.2° ©) 54.2° @) 76.6° 
53. Multiple Choice In AABC, a = 33, b = 40, and c = 42. Find A. 
&) 42.6° @) 47.4° HD 63.1° GD) 69.5° 


Perpendicular Lines Write an equation of the line that passes 
through the given point and is perpendicular to the given line. 
(Lesson 2.5) 


54. (2, —-4),y=2x—-—6 55.(1,5), y= —-x+3 56. (—3, -—7), y=xt2 
57. (2,2), y = —2x—-1 58. (—5,2),y=x-—2 59. (4,—-1l1),y=—-x+2 
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Geometry Skills 


Quiz 2 


Lesson 12.4 


Lesson 12.4 


Lesson 12.4 


Lesson 12.5 


Lesson 12.5 


Properties of Square Roots Simplify the expression. (Lesson 5.6) 


60. V80 61. V63 62. 50 
16 44 [72 
63. 2 64. 4 65. \ <7 


Geometric Series Find the sum of the infinite geometric series, if 
it exists. (Lesson 11.7) 


De he Oe he Bi tea 343,34... 
o6.1+2+ 5+ 54+ 67.3+3+5+54 
68.12+9+ 2742 bee 69. 20+2+0.2+0.02 + 0.002 +--- 


Determining Parallelograms Tell whether the quadrilateral is a 
parallelogram. Explain your reasoning. 


Find the indicated side length of the triangle. 
B 2. Y Z 3. 24. 5 R 
af \e=3 _ 
IS \/ sa 
c A hy s 


Use a calculator to find two angle measures between 0° and 180° 
that have the given value. 


4. sin 0 = 0.4067 5. sin 6 = 0.9848 6. sin 0 = 0.8746 


1. 


Sketch AABC, then find the indicated angle measure or side length. If 
the triangle is impossible, explain why. 


7.B = 38, C=71°,b = 15,c = 2 8.A = 62°. B=41° c=7,a= 2 
9.A=28°.a=l,c=H,B=2 10. B = 100°.a=5,b= 14,A= 2 


Find the unknown side length of the triangle. Round your answer to 
the nearest tenth. 


11. G j=21 4H 12. V, 13. f= 31 E 


D 
h=16 g c d=37 


‘Ud Xx Vv WwW F 


Sketch AABC, then find the indicated angle measure or side length. 
14.B =76°,a = 42,c = 33,b= 2 15. C = 33°.a = 22,b = 28,c= 2 
16. a = 23,b=24,c = 19,A = 2? 17. a = 35, b = 36,c = 27,C = 2 


12.5 The Law of Cosines a 


e FQ Chapter Summary 
and Review 


VOCABULARY 

e initial side, p. 652 

¢ terminal side, p. 652 

¢ standard position, p. 652 
¢ coterminal, p. 653 


e sine, p. 645 

° cosine, p. 645 

e tangent, p. 645 
¢ cosecant, p. 645 


e periodic, p. 660 

¢ cycle, p. 660 

e period, p. 660 

e law of sines, p. 668 


¢ secant, p. 645 ¢ quadrantal angle, p. 654 e law of cosines, p. 675 


¢ cotangent, p. 645 


VOCABULARY EXERCISES 


1. Explain what it means for an angle to be in standard position. 


2. What is the relationship between the sine function and the cosecant function? 


3. Copy and complete: An angle in standard position whose terminal side lies 
on an axis is called a(n) _?_. 


4. Explain what it means for two angles to be coterminal. 


HT TRIANGLE TRIGONOMETRY 


| | EXAMPLE | You can evaluate the six trigonometric functions of the angle 6 shown. 
Find the length of the hypotenuse: V8? + 15? = V289 = 17. 


REVIEW HELP opp 8 adj 15 opp _ 8 h 
7 edd =  — J UY 8 ypotenuse 
Exercises Examples | Sin 0 mm cos 0 im tan 6 mp 0 iG 3 
5-7 1, p. 645 + ‘ h ; di re 15 
8-10 3, p.647 a ese Sey, = al 
p csc 0 opp 8 sec 0 Ak 15 cot 0 opp 3 


Find the value of x for the right triangle. Round the result to two 


decimal places. 

8. 9. x 
| 

| | 

3 
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10. 


| EXAMPLE | You can draw an angle with a measure of 500° 


in standard position. Because 500° is 140° more 
than 360°, the terminal side makes one whole 
revolution counterclockwise plus 140° more. 


| EXAMPLE | You can evaluate the sine, cosine, and tangent functions of an angle 6, given a 
point on the terminal side of the angle in standard position. 


Given the point (6, —8), you can use the 
Pythagorean theorem to find the value of r. 


r=\x2+y=Ve + (8) = V100 = 10 


REVIEW HELP Using x = 6, y = —8, and r = 10, you can write 
Exercises Examples 


11-14 1, p. 652 the following. 
15-18 3, p. 654 ee ee ee a e 
sino == 10 5 C= ye é 


Draw an angle with the given measure in standard position. Then 
tell in which quadrant the terminal side lies. 


11. 330° 12. —150° 13. —300° 14. 420° 
Use the given point on the terminal side of an angle 0 in standard 
position to evaluate the sine, cosine, and tangent functions of 0. 

15. (—12, 5) 16. (8, 6) 17. (—8, —15) 18. (—1, 1) 


APHING THE TRIGONOMETRIC FUNCTIONS a 


| EXAMPLE | You can graph the function y = 3 sin x. Notice that a = 3 and b = 1. 


There is one intercept at (0°, 0) and the period is a = 360°. 


Find two other intercepts. 


180" 0| a a 0| = (180°, 0) 


b 
360° 0) = (28% 0) = G60", 0) 
REVIEW HELP Find the maximum and minimum. 
Exercises Examples i ‘ 
19 1, p. 661 a ,a| = [2 3| = (90°, 3) 
20, 21 2, p. 661 
22 «23, p.662 270° -a| 2 ee =5 = (270°, —3) 
b > 1 bd ed 
Graph the function. 
19. y=Ssinx 20. y = 3 cos x 21. y = 2 cos 3x 22. y = 4tanx 


Chapter Summary and Review ia 


| EXAMPLE | You can use the law of sines to find missing angle measures and side lengths 
of triangles in which you know the values of two angles and any side (AAS 


or ASA), or two sides and an angle opposite one of them (SSA). 
The measure of angle A is: 180° — 85° — 40° = 55°. 


peo oe = 
sin40° sin 55° sin 85° sin 55° 
REVIEW HELP _ 20 sin 40° _ 20 sin 85° 
Exercises Example = Sco = Se 
23-25 1, p. 668 
b~ 157 c= 243 


Find all of the angle measures and side lengths of AABC. 
24. c 25. 


a 110° \ b= 32 
40° 


B c A 


| EXAMPLE | You can use the law of cosines to find missing angle measures and side lengths of 
triangles in which you know the values of two sides and an included angle (SAS), 


or three sides (SSS). 
Law of cosines: b? = a? + c? — 2ac cos B 6 
2 — 992 a ° 
b 2D se MS) 2(22)(15) cos 66 b sep 
b* = 484 + 225 — 660 cos 66° 
b* = 441 A c=15 B 
b= V441 ~ 21 
- _sinC _ sin 66° 
Law of sines: i (Od 
REVIEW HELP sin € = loko 0.6525 
Exercises Examples al 
26, 27 1, p. 675 C = sin! (0.6525) ~ 40.7° 


28 2, p. 676 


A = 180° — 66° = 40.7" = 73.3" 


Find all of the angle measures and side lengths of AABC. 


26. B 27. B 28. A 
— =" = 
B a=20 C 


a 
A b= C A b=24 € 
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er 72 Chapter Test 


Evaluate the six trigonometric functions of the angle 90. 


4. Use a calculator to evaluate sin 65°. Round your answer to four decimal places. 


Draw an angle with the given measure in standard position. 

5. 220° 6. —135° 7. 405° 8. —440° 
Use the given point on the terminal side of an angle 6 in standard 
position to evaluate the sine, cosine, and tangent functions of 0. 

9. (5, 12) 10. (—3, —4) 11. (—3, 1) 12. (15, —8) 


Find the maximum(s), minimum, and intercepts of the function on 


the interval 0°< x< aee. 


13. y = 6 cos 9x 14. y = 5 sin 30x 15. y = 5.c0s 360x 
Graph the function. 
16. y = 2 sin 4x 17. y = 3 cos 180x 18. y = tan 3x 


Find two angle measures between 0° and 180° that have the given value. 
19. sin 6 = 0.5299 20. sin 6 = 0.8192 21. sin 6 = 0.2492 


Sketch AABC, then find the indicated angle measure or side length. 
22. a = 18, A = 32°,c = 12,C = _2_ 23. b = 24, B = 128°,C = 42°,a=_2 


Find all of the angle measures and side lengths of AABC. 
25. 95° 26.4 c=15 B 


24. A B 
a=9 
b 4 c=13 _ 
C a=8 
b b=10 
C a=5 B ”A 


27. Escalator An escalator rises at an angle of 30°. The length of the escalator 
is 152 feet. Sketch the situation. What is the height of the escalator? 


28. Navigation A boat travels 40 miles due west before turning 20° and 
traveling an additional 25 miles. 


a. Copy and label the triangle shown 


to represent this situation. ne 


b. How far is the boat from its point 
of departure? 


Chapter Test a 


Chapter Standardized Test 


\ Jest Tip Eliminate unreasonable answer choices. 


DD O wD 


| EXAMPLE | Which is a possible value of the angle 6? y 


@ -—405° —45° 
Ce) 45° @) 405° ; id 
Solution 


The rotation of the angle is counterclockwise, so the angle must 
be positive. Choices A and B are incorrect. 


The terminal side of the angle makes more than 1 complete rotation, 
so the angle must be greater than 360°. Choice C is incorrect. 


Choice D is the correct answer. 


Multiple Choice 


1. Which of the following has a positive value? 5. Which angle is coterminal with 60°? 
) cos 120° tan 255° CA) —60° 90° 
©) sin 315° @) tan 150° ©) 120° @) 420° 
2. What is an approximate value of @ between 0° 6. What is the maximum value of y = 5 cos 2x? 
and 90° that satisfies sin 6 = 0.7862? ® 2 @ 5 
©) 61.2° @® 51.8° 90 D 180 
CH —51.8° @® 128.2° 


7. Which is the horizontal length of a cycle? 
3. What is the approximate value of B? 


C) domain period 
‘ Ze © range @®) maximum 
a= 
B c= 15 
8. What is the approximate value of c? 
@ 30° 45° é 
© 52° @® 78° a=10 
A c B 
4. What is the period of y = 10 sin 4x? 
&) 0.05 @® 125 
©’ @® 10° 
CD 19.38 ® 46.55 
CH 90° @® 180° 
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9. What is the value of x in the triangle shown 10. Which is a possible value of the angle 6? 


below? 
y 
0 
4 
x 
@ 
Xx 
v2 
@® 3) V2 ® —390° @® 30° 
2 2v2 
© ® cD 30° D 390° 
Gridded Response 
For Exercises 11 and 12, find the value For Exercises 14 and 15, find the value 
of x. Approximate your answer to the of b. Approximate your answer to the 
nearest hundredth. nearest hundredth. 
11. 
a 
x 
12. 9 
4] 
Xx 


13. To the nearest tenth, find a value of 0 between 
90° and 180° for which sin 0 = 0.8862. 


Extended Response 


16. Use the graph shown to answer the following questions. 


a. Find the maximum, minimum, and period of the function. 
b. Write an equation of the form y = a sin bx, where a > 0 and b > 0, for the graph. 


c. Compare the graph above to the graph of y = sin x. 


Chapter Standardized Test 687 


Pp 
ee 


ie What does the cross section of a 
parabolic reflector look like? 


ih ai Me) aM 
ai a3 we ay 


— = 


A parabolic reflector collects solar energy. The cross 
sections of a parabolic reflector are parabolas and can x 
be modeled by quadratic equations. The diagram below a Pam. 


shows one cross section of a parabolic reflector. i F \N uy 
boiler { d WAY . 


(m—_ Tamim s 


ae” “SAE 


In Lesson 13.2 you will write an equation of a parabola 
using information given in the graph. 


Think & Discuss 

Use the diagram to answer the following questions. 

1. If the vertex of the parabola is at (0, 0), what is the axis 
of symmetry? 


2. If the equation of the parabola is y = ax” + bx + ¢, 

which statement is true about the values of a, b, and c? 
A. a>0,b=0, and c =0 
B. a<0,b=0,andc=0 
C. a>0,b #0,andc #0 


Learn More About It 
You will write an equation for the cross section of a 

parabolic reflector using the distance from the vertex 
to the boiler in Example 3 on page 699. 
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+ Multi-Language Glossary 
* Vocabulary practice 


| PREVIEW What's the chapter about? 


¢ Finding the distance between two points 

e Finding the midpoint of the line segment joining two points 

¢ Graphing equations of parabolas, circles, ellipses, and hyperbolas 
e Writing equations of parabolas, circles, ellipses, and hyperbolas 


Key Words 

¢ distance formula, p. 697 e vertices, pp. 710, 717 
¢ midpoint formula, p. 692 ¢ major axis, p. 710 

° focus, foci, pp. 697, 710, 717 ¢ co-vertices, p. 710 

¢ directrix, p. 697 ¢ minor axis, p. 710 


¢ circle, p. 703 ¢ hyperbola, p. 717 

¢ center, pp. 703, 710, 717 ¢ transverse axis, p. 717 
¢ radius, p. 703 ¢ conic sections, p. 724 
¢ ellipse, p. 710 ¢ discriminant, p. 726 


| PREPARE | Chapter Readiness Quiz 


Take this quick quiz. If you are unsure of an answer, look back at the 
reference pages for help. 


Vocabulary Check (refer to p. 222) 


1. Complete the statement: The lowest or highest point on the graph of a 
quadratic function is called the _?_. 


@® origin x-intercept () vertex @®) axis 


Skill Check (refer to pp. 228, 255) 
2. Simplify the expression V72. 


© 36V2 @® 2V6 @ 6V12 ®D 6v2 
3. What is the vertex of the graph of y = 2(x + 4)? + 7? 
@ (4,7) (4,7) © (4, -7) ®D (-4, -7) 


TAKE NOTES Summarize in Your Notes 


Write down definitions, equations, 
diagrams, or hints that will help 
you prepare for a test. Even if 
your teacher does not allow you 
to use your study sheet during the 
test, you will benefit from having 
summarized in your notes. 


ia Chapter 13 Conic Sections 


Distance and Midpoint 
Formulas 


Key Words 


e distance formula 
¢ midpoint formula 


| GOAL | Find the distance between and midpoint of two points. 


To find a general formula for the distance y 
- between points A(x,, y,) and B(x,, y,), apply Bix, Yo) 
Find the unknown the Pythagorean theorem to triangle ABC 
side length of a right in. Yo-N 
triangle with legs a and a 5 2 
b, and hypotenuse c. (AB)" = (AC)" + (BC) Alx,,¥,) 2 — % €(x,, y;) 


=@,-—2) +R - 7) 


1.a=8,b=15 
2. b= 12,c = 20 d=\(x,—x,)? +0, -y,7 
3. a= 12,c = 13 The result is called the d rmula. 


.b=10,c = 26 


The Distance Formula 


The distance formula gives the distance d between two points (x,, y,) 
and (x,, y,). 


d= Vlxq — x4)? + (yy — ¥,)? 


Find the Distance Between Two Points 


Find the distance between (—3, 1) and (5, —2). 


Solution 
Let @,, ¥,) = (-3, D and (,, y,) = 3, —2). 


d= Ve, _ x) = vy) Write the distance formula. 


= V5 — (-3))? + (-2 - 1)? Substitute values. 


= 8? + (-3)7 Subtract in parentheses. 


= V64+9 Evaluate powers. 
= V73 Simplify. 
= 8.54 Use a calculator. 


Find the distance between the two points. 
1. (0, 0), (—3, 4) 2. (—1, 2), (5, 3) 3. (—2, —4), Cl, —4) 
4. (4, —1), (—3, 5) B2(=1,9),.0;=2) 6. (—4, 4), G, —4) 


13.1 Distance and Midpoint Formulas (a 


eer vent HELP Classify a Triangle Using the Distance Formula 


GEOMETRY REVIEW 


Classify AABC as scalene, isosceles, or equilateral. 
Remember that AB refers 


to the line segment Solution 

joining points A and . ; : 

B, while AB refers to Find the distances between the vertices. 

the length of that line _ 2 2_ = 
ee AB = \(7 — 4°. + G — 6? = VI8 = 3V2 


BC = \(2 —7)2 + (1 — 3)? = V25 + 4 = V29 
AC = V2 — 4 + — 6)? = V4 +25 = V29 


ANSWER > Because BC = AC, AABC is isosceles. 


Midpoint Formula The midpoint of a line segment is the point on the Seeman 
that is equidistant from the two endpoints. You can use the m IE 
the coordinates of the midpoint of a line segment. 


The Midpoint Formula 


a 
The midpoint formula gives the 
midpoint M of the line segment joining 
A(x,, y,) and B(x,, y,). 
>, Cran, ¢ ate 
Midpoint = M|—1—2, 4% — %2 
2 2 ' 


Find the midpoint of the line segment joining (—5, 1) 
and (—1, 6). 


Solution 
Let &,, 9) = (—5, I and (@,, y,) = (-1, 6). 


X, +X, *1 72) (S49 1+6 


5) Substitute values into the 


midpoint formula. 


_ [-$ 2) = (=3, 7) Simplify. 


2, ° .2 


7. The vertices of a triangle are (1, 4), (6, 5), and (3, 0). Classify the triangle as 
scalene, isosceles, or equilateral. 


Find the midpoint of the line segment joining the two points. 
8. (0, 0), (-—4, 6) 9. (0, 5), (8, —3) 10. (-8, 1), (3; =3) 
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Find a Perpendicular Bisector 


Write an equation for the perpendicular bisector of the line segment joining 
A(-3, 4) and B(5, 6). 


Solution 
Q Find the midpoint of the line segment. 
xX t% VFI, a 4+6 
gD 2 = 2, 
© Calculate the slope of the line segment. 


ptt Na G4 BI 
%,~*, S-(-3) 8 4 
© Find the slope of the perpendicular bisector. 
Its slope is the negative reciprocal of a or —4. 


= (1,5) 


© Write the equation. Use point-slope form. 
y—y, =m — x,) 
y-5=—-4@—- 1) 
y= —4x+9 


Link to. Use Formulas in Real Life 
A 


RCHAEOLOGY 


Archaeology A piece of a circular broken 
dish is placed on a coordinate plane and three 
points on the edge are labeled. You can find 
equations for the perpendicular bisectors of 
AO and OB. The perpendicular bisectors 
will intersect at the center of the dish. 
y= 2x5 Perpendicular bisector of AO 
y= —Sx + 8 Perpendicular bisector of OB 
a. Find the center of the original dish. 


b. Find the radius of the dish (in inches). 


POTTERY Archaeologists 
use pieces of pottery, like 


: . Solution 
the Native American pottery 
shown, found on sites of a. Both perpendicular bisectors pass through the center. So, the center is the 
ancient cities and villages, to solution of the system formed by their equations. 
learn about civilizations. Pe B= —Sx + 3 Substitute for y. 
Da : Solve for x. 


Use z for x in the original equation and solve for y. The center is (2 4) 


ore 
b. The radius is the distance between the center and a point on the circle. 


OC = (2 0} (4 0 = [1820 ~ 5.87 inches 


lar Bisector 


11. Write an equation for the perpendicular bisector of the line segment 


joining (—2, 0) and (6, 4). 
13.1 Distance and Midpoint Formulas Fa 


DEAD Exercises 


Guided Practice 


Vocabulary Check 


Skill Check 


Practice and Applications 


TUDENT HELP 
HOMEWORK HELP 
Example 1: Exs. 18-31, 

47-52 
Example 2: Exs. 32-40 
Example 3: Exs. 18-29 
Example 4: Exs. 41-46 
Example 5: Exs. 53-55 


1. What is the distance formula? 

2. How is an isosceles triangle different from an equilateral triangle? 
Find the distance between the two points. 

3. (0, 0), 3, 4) 4. (—2, 3), (0, 0) 5. (0, 2), (6, 4) 

6. (—3, 0), (—1, 4) 7. (1, 6), (5, 3) 8. (2, —1), (3, 2) 


Classify the triangle as scalene, isosceles, or equilateral. Use the 
distance formula. 


Find the midpoint of the line segment joining the two points. 
12. (0, 0), (6, —2) 13. (—8, —6), (0, 0) 14. (4, 0), (—2, —2) 
15. (3, 1), (1, 7) 16. (—2, —3), (6, —2) 17: (2, —3),(-1, @) 


Using Formulas Find the distance between the two points. Then 
find the midpoint of the line segment joining the two points. 


18. (0, 0), (—6, 8) 19. (4, —2), (0, 0) 20. (0, —2), (6, 0) 
21. (0, —2), (—1, 3) 22. (3, 0), (-1, —6) 23. (—2, 1), (—6, 4) 
24. (8, 3), (2, —1) 25. (1, 3), G, 11) 26. (—1, 7), (7, —1) 
27. (—3, —1), (7, 4) 28. (10, —2), (3, 2) 29. (—1, 5), (—8, —6) 


Error Analysis Describe and correct the error in finding the distance 
between the two points. 


30. (5, —1), (2, 6) 31. (—4, 3), (2, 8) 
d=\(2-5)? + (6-1)? d = \(2 - (-4))? - (8 - 3)? 
d = \\(-3)? + (5)? d = \\(36 — 25) 
d=V9+25 d=Vil pe 
d= V34 
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Classify Triangles Classify the triangle as scalene, isosceles, or 
equilateral. Use the distance formula. 
rf (TTP 


1 
af 


1 


+ | 
+—+——_++ = 
4 — | 
| 
4 +—+—+ i 
| 
1 
++ 


H 


| 
" 
t—4 
. 
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Classify Triangles The vertices of a triangle are given. Classify the 
triangle as scalene, isosceles, or equilateral. 


35. (0, 0), (4, —5), (8, 0) 36. (—3, 0), (0, 2), (5, —1D) 
37. (5, —1), (—4, 0), G, 5) 38. (0, —3), (3, 5), (—5, 2) 
39. (2, 4), 3, —2), (-1, D 40. (—1, —6), (—4, 2), (4, 2) 


Writing Equations Write an equation for the perpendicular bisector 
of the line segment joining the two points. 


41. (0, 0), (2, —6) 42. (0, —3), (2, 5) 43. (—4, 2), (2, —4) 
44. (3, —7), (—3, 1) 45. (—3, 0), , —6) 46. (—2, —3), (5, 1) 


47. Soccer Field Half of a soccer 60 yd 
field is shown at the right. Use the eS 
information in the diagram to draw 
the field on a coordinate plane. 

Give coordinates for the corner of the 
penalty area P and the corner of the 
goal area G. Then find the distance 
from P to G. 


50 yd 


penalty goal 
area area 


48. Robots A robot can be instructed to move by entering coordinates on a control 
panel. If the robot is instructed to move from (6, 11) straight to (—2, 26), how far 
does the robot move? Assume the coordinates are in meters. 


49. Commuting To get from her home to her office, Lori must drive around 
a lake. If she drives 2 miles north, then 5 miles east, and then 4 miles south, 
what is the straight-line distance between Lori’s home and her office? 


Hiking In Exercises 50-52, use the following information. 


The diagram shows part of a trail system at a 


Dock gi). 
nature preserve. Each unit represents 0.1 mile. e-¢é 
Suppose that you walk from the visitor center Or’ 


V to the observation stand S, and then take a Observation 
break at M, halfway between S and P. Wy 


50. What are the coordinates of M? 


51. What is the total distance that you walk 
from V to M? 


52. What is the distance from M back to V through P? 
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Asteroid Crater In Exercises 53-55, use the following information. 


An asteroid or comet hit the Earth about 65 million years ago on what is now 
Mexico’s Yucatan peninsula, creating an enormous crater that is now deeply 
buried by sediment. 


53. Write equations of the perpendicular 
bisectors of AO and OB. 
54. Find the radius of the circular crater. 


Each unit in the coordinate plane 
represents | mile. 


55. Estimate the diameter of the circular 
crater. 


Standardized Test 56. Multiple Choice What is the distance between the points (1, 2) and (—2, 4)? 
Practice B® v5 Vi3 
© 4 ® 13 


57. Multiple Choice What is the midpoint of the line segment joining the points 
(—4, 1) and (5, —2)? 


@ (1, —1) D @, -2) 


58. Multiple Choice What is an equation for the perpendicular bisector of the 
line segment joining (3, —1) and (—1, 5)? 


3 7 4 2 

eee + — —e ae = 
Dy=-3r+1 B y= -4x+2 
©y=2+4 ®y=-r+4 


Mixed Review — Graphing Parabolas Graph the quadratic function. Label the vertex 
and the axis of symmetry. (Lesson 5.1) 


59. y = x7 60. y = 3x7 61. y = —2x° 
a: — 2,2 Sag 
62. y a 63. y 3¥ 64. y a 


Finding Coterminal Angles Find one positive angle and one 
negative angle that are coterminal with the given angle. 
(Lesson 12.2) 


65. 25° 66. 165° 67. -15° 
68. 225° 69. —150° 70. 405° 


Geometry Skills | Congruent Triangles Determine if the triangles are congruent. If so, 
write a congruence statement. 


71. VJ L 5 72. Pp Q 
K T R 7 r | | 
s R 
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Key Words 


e focus 
e directrix 


Tell whether the graph 
of the equation is a 
parabola. 


1.y=2x?-x4+1 
2. y=5+4+ 2x 
3.7 =4¢° 
4.°+y=3 


Parabolas 


| GOAL | Graph and write equations of parabolas. 


In Chapter 5, you saw that the graph of y = ax? is a parabola opening up or 
down with vertex (0, 0) and vertical axis of symmetry x = 0. Each point on 
a parabola is equidistant from a point called the focus and a line called the 


OY 


The focus lies on the 
axis of symmetry. 


The directrix is 
perpendicular to the 


ra axis of symmetry. 


The equation of a parabola opening up or down with vertex (0, 0) can also be 
written in the form x* = 4py. Parabolas opening to the left or right with vertex 
(0, 0) have equations of the form y? = 4px. In the four cases shown below, the 
focus and the directrix each lie | pi units from the vertex. 


The vertex lies 
halfway between ne 
the focus and the 


directrix. 


parabola opening up parabola opening down 


y y 
focus: directrix: y= —p 
(0, p) vertex: (0, 0) 
vertex: (0,0)} : x focus: 
directrix: y= —p (0, p) 


x? = Apy, p>O 


parabola opening right 


directrix: x = —p 


vertex: (0, 0) 


y? = 4px, p>0 


x? = Apy, p< 0 


parabola opening left 


directrix: x = —p 


vertex: (0, 0) 


y? = 4px, p< 0 


13.2 Parabolas 697 


Standard Equation of a Parabola with Vertex at (0, 0) 


The standard form of the equation of a parabola with vertex 
at (0, 0) is as follows: 


EQUATION FOCUS DIRECTRIX AXIS OF SYMMETRY 
x* = Apy (0, p) y=-p Vertical (x = 0) 
y- = 40x (p, 0) x=-p Horizontal (y = 0) 


Graph Equations of Parabolas 


Graph the equation. Identify the focus, directrix, and axis of 
symmetry. 


a. y = —2x? b. x = -p? 
Solution 


a. @ Write the equation in standard form. Because the variable x is squared, the 
axis of symmetry is the y-axis. 


y = —2x* Write original equation. 
-y = Multiply each side by 3. 


© Identify the focus and directrix. The oo“ 


has the form x” = 4py where 4p = —},s0 


p=-- + The focus is a (0, - 4} The 


cere isy = —p= 7 
© Draw the parabola. Make a table of values by 


choosing values for x. Plot the points. 


b. @ Write the equation in standard form. Because the variable y is squared, the 
axis of symmetry is the x-axis. 


x= -»? Write original equation. 
—8x = y* Multiply each side by —8. 


@ Identify the focus and directrix. The equation 
has the form y” = 4px where 4p = —8 so 
p = —2. The focus is (p, 0) = (—2, 0). The 
directrix isx = —p = 2. 


© Draw the parabola. Make a table of values by 
choosing values for y. Plot the points. 
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Write an Equation of a Parabola 


Write an equation of the parabola. + il ay a ae 


me +++ ] BA —-— . 
Solution ae! me! il 
The directrix is y = —p = -3. Use the equation SS Be: 
for a parabola with a vertical axis of symmetry. directrix 


x = 4py Standard equation 


= 45 \y Substitute : for p. 


x? = 6y Simplify. 


1. Graph x = i. Identify the focus, directrix, and axis of symmetry. 


2. Write the standard form of the equation of the parabola with vertex at 
(0, 0) and directrix at x = 4. 


Model a Parabola 


Solar Energy A parabolic reflector collects solar energy. The sun’s rays are 
reflected from the mirrors toward a boiler at the focus of the parabola. When 
heated, the boilers produce steam that leads to energy production. Write an 
equation for the parabola. How deep is the parabola? 


boiler 


Pa 
ait i'> = 
i 10 ft Pai. 
FAT NS 


{ fpr hy . 
| 8 tt 2 


Solution 
PARABOLIC REFLECTORS The parabola’s vertex is at (0, 0). The focus, or the boiler, is at (0, p) = (0, 10). 
sound oelighethathivs < x* = 4py Equation for a parabola with vertical axis of symmetry 


parabolic reflector parallel 
to the axis of symmetry is x* =4(10)y Substitute 10 for p. 
directed to the focus. Sound 


2 Peery 
or light that comes from the . ay Simpiity. 
focus and hits the parabolic The reflector extends 37 + 2 = 18.5 feet on either side of (0, 0). To find the depth 
reflector is directed parallel of the reflector, substitute 18.5 for x in the equation. 
to the axis of symmatry. x =40y Equation from above 
(18.5)? = 40y Substitute 18.5 for x. 
y ~ 8.6 Solve for y. 


ANSWER > An equation is x* = 40y. The dish is about 8.6 feet deep. 


13.2 Parabolas Fa 


WEP) Exercises 


Guided Practice 


Vocabulary Check 1. Copy and complete the statement: A parabola is the set of points equidistant from 
a point called the _?  andaline calledthe_?_. 


Skill Check — Graph the equation. Identify the focus, directrix, and axis of 
symmetry of the parabola. 


2.5 = oy 2.7 =2¢ 4. -8x=y* 
5.x = —4y? 6. 4y = x? Tweay 
Write the standard form of the equation of the parabola. 
10. 


Practice and Applications 


STUDENT HELP Matching Match the equation with its graph. 

HOMEWORK HELP 11.x2 = 2 12.y2= Ls 13.2= dl. 
Example 1: Exs. 11-35 7 eB ih 
Example 2: Exs. 36-47 A. 


Example 3: Exs. 48-52 


Focus and Directrix Identify the focus and directrix of the parabola. 


14. 3y? =x 15.x° =y 16. —6x = y? 
17. 4x” = -y 18. y* = 20x 19.5%" =y 
20. —y* = 6x 21. x7 = —24y 22. 3x° = 2y 


Graphing Graph the equation. Identify the focus, directrix, and axis 
of symmetry of the parabola. 


23. x? = —12y 24. y* = 8x 25. x? = —4y 
26. y* = —l6x 27.9 = Ay 28. x? = —l4y 
29. x? = 6y 30. y* = —20x 31. x? = 10y 
32. x? = —3y 33.7" =x 34. x? = Sy 
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35. Error Analysis Describe 
and correct the error in 
graphing the parabola. 


Writing Equations Write the standard form of the equation of the 
parabola with vertex at (0, 0) and the given focus or directrix. 
1 


36. Directrix: x = 3 37. Directrix: y = —1 38. Directrix: y = 2 
39. Directrix: x = —2 40. Directrix: x = 2 41. Directrix: y = —3 
42. Focus: (0, 3) 43. Focus: (3, 0| 44. Focus: (5, 0) 

45. Focus: (0, 4) 46. Focus: (—3, 0) 47. Focus: (0, -3) 


Solar Energy In Exercises 48 and 49, use the following information. 


A solar dish provides electricity — 85 m———_ 
,* 


in remote areas using a parabolic 
reflector to concentrate sunlight onto 
a high-efficiency engine, where it 
heats helium to 650°C to power the 
engine. The engine is located at the 
focus of the reflector. 


48. Write an equation for the cross 
section of the dish with its vertex 
at the origin. 


49. How deep is the dish? 


Automotive Engineering In Exercises 50 and 51, use the following 
information. 


The filament of a light bulb is a thin wire that glows 
when electricity passes through it. The filament of a 
car headlight is at the focus of a parabolic reflector, 
which sends light out in a straight beam. The filament 
is 1.5 inches from the vertex. 


50. Write an equation for the cross section. 


51. How deep is the reflector? 


52. Solar Cooking You can make a solar hot dog 
cooker by shaping foil-lined cardboard into a 
parabolic trough and passing a wire through the 
focus of each end piece. For the trough shown, 
how far from the bottom should the wire be 
placed? 
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53. Reasoning Suppose that x? = 4py and y = ax? represent the same parabola. 
Explain how a and p are related. 


54. Challenge For an equation of the form y = ax’, describe what effect increasing 
| a| has on the focus and directrix of the parabola. 


Standardized Test 55. Multiple Choice In which direction does the parabola x7 = —4y open? 


Practice @® up dean 

© left @®) right 

56. Multiple Choice What is the focus of the parabola y” = 10x? 
&) (0, 10) @® (10, 0) 
® (7,0) B (05) 

57. Multiple Choice What is the directrix of the parabola x? = —12y? 
@ x=3 x=-3 
© y=3 @Oy=-3 

58. Multiple Choice What is the directrix of the parabola 15y + 3x = 0? 
®x=-5 @ x = -1.25 
CD y = 1.25 ®D y= -1.25 


Mixed Review _ Solving Equations Solve the equation by completing the square. 
(Lesson 5.8) 


59. x27 — 4x =7 60. x2 + 8x = -2 61. x2 + 12x = -18 
62. 2x” — 16x =2 63. x7 + 5x =7 64. x2 — 9x = —24 


Combinations Find the number of combinations given by the 
expression. (Lesson 10.5) 


65. .C, 66. .C, 67. ,C, 
68. .C, 69. .C, TGC 
Ting. gee. Tae 


Evaluating Functions Evaluate the six trigonometric functions of 
the angle @. (Lesson 12.1) 


74. 75. 76. = 
Pa : 
3 5 
iat J ‘a 


a 15 


Geometry Skills | Spheres Find the volume of the sphere. Round your answer to two 
decimal places. 


77. 78. 
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Circles 


Key Words | GOAL | Graph and write equations of circles. 
¢ circle 

# Comte Can you see the beam from a lighthouse? 
¢ radius 


You will use a model for a circle in Example 4 to 
describe the beam from a lighthouse. 


A circle is the set of all points P in a plane that are 


Simplify. equidistant from a fixed point, called the center of 


1. V28 the circle. The distance between the center and any 
2. Vi50 point on the circle is the radius. 
Evaluate. 


3. (V5) Standard Equation of a Circle with Center at (0, 0) 
a. (Vi7)" 


The standard form of the equation of a circle with center at (0, 0) 
and radius ris as follows: 


xe+ y= /? 
EXAMPLE A circle with center at (0, 0) and radius 2 has this equation: 


x2+y2= 


Graph an Equation of a Circle 


Graph x? = —y? + 36. 


Solution 
@ Write the equation in standard form. 
x? = —y? + 36 Write original equation. 
x+y = 36 Add y? to each side. 


@ Identify the center and the radius. In this form 
you can see that the graph is a circle with center 
at the origin and with radius r = V36 = 6. 


© Plot several points that are 6 units from the 
origin. The points (0, 6), (6, 0), (0, —6), and 
(—6, 0) are most convenient. 

@ Draw a circle that passes through the four 
points. 


Graph the equation. Identify the radius of the circle. 
1.2.7 + y? = 64 2.°=1-y 3.x? — 18 = -y’ 
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Serpent HELP 

VOCABULARY 
Remember that a tangent 
line intersects a circle in 


exactly one point, called 
the point of tangency. 


Write an Equation of a Circle 


The point (3, 1) lies on a circle with center at the origin. Write the standard form of 


the equation of the circle. 


Solution 


Because the point (3, 1) is on the circle, the radius of the circle must be the 


distance between the center (0, 0) and the point (3, 1). 


r= Vx, = )? saa y,)” Use the distance formula. 


= VB — 0)? + (1-0)? Substitute values. 


= V10 Simplify. The radius is V10. 
Use the standard form with r = \10 to write an equation of the circle. 
e+y=r Standard form 


rt+y= (v10)" Substitute \10 for r. 


x’ +y? = 10 Simplify. 


Tangent Lines to Circles A theorem in geometry states 
that a line is perpendicular to a circle’s radius if and only if it 
is tangent to the circle at its endpoint on the circle. 


As shown in the diagram, AB is perpendicular to BC, so AB 
is tangent to the circle at B. 


Write an Equation of a Tangent Line 


Write an equation of the line that is tangent to the circle x7 + y? = 13 at (—3, 2). 


Solution 


A line is tangent to the circle at (—3, 2) if it is 
perpendicular to the radius of the circle at (—3, 2). 


O Calculate the slope of the radius through 
(—3, 2) and center (0, 0). 


a Pes 
=3-—0 3 
© Find the slope of the tangent line at (—3, 2). 
Because the tangent line at (—3, 2) is 
perpendicular to this radius, its slope is the 
é] 


negative reciprocal of -4, or 5. 


© Write an equation. Use point-slope form. 


y-y, =m(x—x,) Point-slope form 
y-2= Sx —({—3)| Substitute (—3, 2) for (x, y,) and 3 for m. 


VS ee Solve for y. 
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Tangent Lines 


Write the standard form of the equation of the circle that passes through 
the given point with center at the origin. 


4. (4, 3) 5. (—2, 1) 
Write an equation of the line that is tangent to the given circle at the 
given point. 

6. x? + y* = 10; (1, 3) 7.x° + y* = 17; (4, -1) 


Use a Circle as a Model 


Lighthouse The beam of a light from a lighthouse can be seen for up to 
20 miles from the lighthouse. 


a. Write an inequality to describe the 
region in which the lighthouse beam 
is visible. Assume that the lighthouse 
is at the origin. 


b. You are on a ship that is 10 miles east 
and 16 miles north of the lighthouse. 
Can you see the lighthouse beam 
from your ship? 


Solution 


a. The region in which the lighthouse beam is visible is a circle, with a 
radius of 20 miles. Because you can see the lighthouse beam from any 
point within the boundary of the circle with a radius of 20 miles, the 
region where the beam is visible is best described with an inequality. 


vt+ye<r Standard form of a circle inequality 


x? + y*? < 20? Substitute 20 for r. 


x? + y* < 400 Simplify. 


b. To determine whether or not you can see the lighthouse beam, substitute 
the coordinates of your ship into the inequality from part (a). 


x? + y?< 400 Inequality from part (a) 
(10)? + (16)? ~ 400 Substitute 10 for x and 16 for y. 
100 + 256< 400 _ Simplify. 
356 < 400 The inequality is true. 


ANSWER > Because the inequality is true for the coordinates of your ship, 
you can see the lighthouse beam. 


8. In Example 4, suppose your ship is located 16 miles north and 16 miles west 
of the lighthouse. Can you see the lighthouse beam from your ship? 


13.3 Circles 705 


DEED Exercises 


Guided Practice 


Vocabulary Check 1. Copy and complete the statement: The set of all points in a plane that are 
equidistant from a fixed point is a(n) __?_. 


2. Copy and complete the statement: The distance between the center of a circle and 
any point on the circle is the __? 


3. How are the slope of a line tangent to a circle and the slope of the radius at the 
point of tangency related? 


Skill Check — Write the standard form of the equation of the circle with the given 
radius and center at (0, 0). 


4.3 5.5 6. 6 

7. V2 8. V3 9.5V2 
Graph the equation. Identify the radius of the circle. 
10. x7 + y* = 49 11.97 + y? = 121 12.x° + y? = 81 
13. y* = 169 — x? 14. 5x” + 5y* = 500 15. 2x° + 2y? = 32 


16. Swimming Pool A community swimming pool for very young children is 
circular with a diameter of 38 feet. Write the standard form of the equation of 
the boundary of the swimming pool if the center is at the origin. 


Practice and Applications 


TUDENT HELP Matching Graphs Match the equation with its graph. 


HomMEwoRK HELP 17.x° + y? =9 18. x7 + y? = 36 19. x2 + yr =4 
Example 1: Exs. 17-31, 


49-54 20. x + y* =6 21.x° + y* = 16 22..°+y* =3 
Example 2: Exs. 32-48 
Example 3: Exs. 55-60 
Example 4: Exs. 61-67 
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Link to) 


COMMUTING 


= X 
—— 


COMMUTING STATISTICS 
In 2004, 4.6% of all U.S. 
workers used public 
transportation to commute 
to work. 


Graphing Graph the equation. Identify the radius of the circle. 

24. x7 + y? = 100 25. x7 + y? = 225 

27. x* = 400 — y* 28. 10x + 10y* = 250 
30. 8y? = 72 — 8x? 31. 16x* + l6y? = 32 


23.7 +y?=1 
26. y* = 196 — x? 
29. 4x? + 4y? = 64 


Writing Equations Write the standard form of the equation of the 
circle with the given radius and center at (0, 0). 


32. 12 33. 15 34. V7 35. V19 
36. V30 37. 4V3 38. 5V6 39. 2V/10 


40. Error Analysis Describe and correct the 
error in writing an equation of the circle 
with radius 9 and center (0, 0). 


x2+y2=9 p< 


Writing Equations Write the standard form of the equation of the 
circle that passes through the given point with center at (0, 0). 


41. (3, 0) 42. (0, —8) 43. (6, —8) 44. (3, —1) 
45. (—4, —5) 46. (—3, 3) 47. (4, 6) 4s. (—5, 10) 
Graphing Tell whether the graph of the equation is a circle or a 
parabola. Then graph the equation. 

49. 5x? + Sy? =5 50.17 + y=0 
53. 9x7 + 9y? = 81 


51. x7 + y? = 225 


52. 4x7 + y =0 54. 2x — y> =0 


Tangent Lines Write an equation of the line that is tangent to the 
given circle at the given point. 
55. x" + y? = 32; (4, —4) 
57. x7 + y? = 40; (2, —6) 
59. x? + y? = 26; (-1, 5) 


56. x7 + y? = 5; (2, -1) 
58. x7 + y? = 13; (-3, 2) 
60. x2 + y = 89; (—5, 8) 


Park Security In Exercises 61 and 62, use the following information. 


Security lights are placed along the circular boundary of a recreation park. The 
center of the park is located at the origin. One security light is located at (—5, 3). 


61. What is the radius of the circular recreation park? 


62. Write an equation that represents the boundary of the recreation park. 


Commuter Trains In Exercises 63 and 64, use the following information. 


A city’s commuter train system has several stations 
that are within the downtown zone. The downtown 
zone has a radius of 3 miles. Suppose the center of 
the downtown zone is located at the origin. 


63. Write an inequality that describes the 
downtown zone of the commuter train system. 


64. The North Station is 2 miles north and 2 miles 
west of the center of the downtown zone. Is the 
North Station in the downtown zone? 
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Survey In Exercises 65-67, use the following information. 


A market research company would like to survey 
people who live and work within 15 miles of a 
stadium. In order to better define the survey region, 
the research company uses a coordinate plane with 
the location of the stadium at the origin. 


65. Write an inequality that describes the region 
in which the survey was conducted. 


66. Your house is located 8 miles east and 11 miles 
north of the stadium. Do you live in the 
company’s survey region? 


67. Your friend’s house is located 10 miles east and 11 miles south of the stadium. 
Does your friend live in the company’s survey region? 


Standardized Test 68. Multiple Choice What is the standard form of the equation of a circle with 


Practice a radius of 3V6 and center at the origin? 
@®xrt+y=9 B® 2x? + 2y* = 54 
© x+y? =54 Oxr+y=6 


69. Multiple Choice What is the standard form of the equation of a circle that 
passes through (—5, 1) with center at the origin? 


© 3x? + 3y? = 75 @® x+y" = 26 
@®Mxr+y=1 D x + y = -26 

70. Multiple Choice What is the radius of the circle 3x7 + 3y? = 54? 
@ 3V2 3V6 
© 18 @D 54 


Mixed Review _ Types of Samples Classify the sample as random, convenience, 
self-selected, or systematic. Explain your reasoning. (Lesson 10.2) 


71. The owners of a fast food chain want to measure employee job satisfaction. 
Every employee from one location is given a survey. 


72. A newspaper publisher has an alphabetical listing of newspaper subscribers. 
The publisher asks every fifth person on the list whether he or she is satisfied 
with the delivery service. 


Graphing Graph one cycle of the function. (Lesson 12.3) 
73. y = sinx 74. y =3cosx 75. y =5sinx 
76. y = sin 180x 77. y = cos 90x 78. y = 2 cos 270x 


Geometry Skills | Congruent Arcs Tell whether the red arcs are congruent. Explain 
why or why not. 
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USING A GRAPHING CALCULATOR (For use with Lesson 13.3) 


1333 


TUDENT HELP 


KEYSTROKE HELP 
See keystrokes for 
several models of 
calculators at 
www.classzone.com. 


EXAMPLE 
Use a graphing calculator to graph x” + y* = 25. 


SOLUTION 
Solve th tion for y. 
1) olve the equation for y. eye = 265 
y? = 25 — x? 
y = +V25 — x? 


Together the functions y = V25 — x* and y = —\25 — x represent the circle. 


© Enter the two functions into the graphing 
calculator as y, and y,. You can enter the | yiBv(25-x2) 
second equation as as —y,. Y2E-Y1 


© The graphs are shown in the standard viewing 
window. Because the calculator screen is not | ’ 
square, a horizontal distance of 1 unit is longer 
than a vertical distance of 1 unit, and the circle 
is stretched into an oval. | 


© Set the viewing window so that the axes have 
the same scale. Press Ezefe}¥J and select | 
ZSquare from the menu. Some calculators 
may not connect the ends of the two graphs. 


EXERCISES 


Use a graphing calculator to graph the equation. Use a viewing 
window with axes that have the same scale. 


1.17 + y? = 25 2.x7 + y* = 49 3.17 + y? = 36 
4. 4x? + 4y? = 144 5. 3x* + 3y* = 30 6. 6x" + 6y? = 
7. y? = 64-x? 8.72 =4-y? 9. 5y* = 25 — 5x? 
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Ellipses 


Key Words | GOAL | Graph and write equations of ellipses. 

¢ ellipse 

° foci ; pse is the set of all points P in a plane such that the sum of the distances 
oMETHEES between P and two fixed points, called the foci, is a constant. 

¢ major axis 

¢ center 


co-vertices 
¢ minor axis 


focus focus 


d, + d, = constant 


Find the value of cif The line through the foci intersects the ellipse at the two ve 
a= 4and b=2. 1 is joins the vertices. Its midpoint is the center of the ellipse: The line 
1.¢2@=@+h? perpendicular to ihe saa Ls axis at the center intersects the ellipse at the two 
°0 e is joins the co-vertices. In this lesson, you will study 
ellipses that have a horizontal or vertical major axis. 


2. =a? — 


Find the value of aif Ellipse with horizontal major axis Ellipse with vertical major axis 
c=5 and b=3. 


The Standard Equation of an Ellipse with Center at (0, 0) _ 


The standard form of the equation of an ellipse with center at (0, 0) is 


as follows: 
EQUATION MAJOR AXIS VERTICES CO-VERTICES 
— a Nae = Horizontal (+a, 0) (0, =b) 
a* be 
See : 
4-4 7_=1 Vertical (0, =a) (+b, 0) 
b2 a 


The major and minor axes are of lengths 2a and 2b, respectively, 
where a>b>0. 


The foci of the ellipse lie on the major axis, c units from the center 
where c? = a* — b?. 
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Graph an Equation of an Ellipse 
Graph 4x? + 25y? = 100. Identify the vertices, co-vertices, and foci of the ellipse. 


Solution 


O Write the equation in standard form. 


Ax? + 25y? = 100 Write the original equation. 
4x2, 25y? _ 100 Divide each side by 100 to make the right-hand side 
100 100 ~~ 100 equal to 1. 

x y? _ ‘ ‘ 

ae gt 1 Simplify. 


@ Identify the vertices, co-vertices, and foci. 
Note that a2 = 25, soa = 5. Also b? = 4, 
so b = 2. Because the denominator of the 
x?-term is greater than the denominator of 
the y?-term, the major axis is horizontal. 


So, the vertices are at (ta, 0) = (+5, 0) 
and the co-vertices are at (0, +b) = (0, +2). 
Next, find the foci. 


C= —-p=5?—22=25 —4=21,s0c = +V21 


© Draw the ellipse that passes through each vertex and co-vertex. 


f an Ellipse 


1. Graph 4x? + y = 4. Identify the vertices, co-vertices, and foci of the ellipse. 


Write an Equation of an Ellipse 


Write an equation of the ellipse that has a vertex at (0, 4), a co-vertex at (—3, 0), 
and a center at (0, 0). 


Solution 


O Sketch the ellipse. By symmetry you 
know the ellipse has a vertex at (0, —4) 
and a co-vertex at (3, 0). 


@ Identify the values of a and b. Because 
the vertex is on the y-axis, the major axis 
is vertical with a = 4. The minor axis is 


horizontal with b = 3. | vertex} (0, —4) 
© Write an equation. 
x? y = ‘ . P Fi . P 
Zoe 1 _ Equation for an ellipse with a vertical major axis 
2 2 
as | Substitute 4 for a and 3 for b. 
32 42 
x? iL y = : . 
Go 1 Simplify. 
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CIENCE 


MARS ROVER The image 
shown is an artist's version of 
the landing of the Mars rover 
Spirit. 


Write an Equation of an Ellipse 


Write an equation of the ellipse that has a vertex at (—8, 0), a focus 
at (4, 0), and center at (0, 0). 


@O Sketch the ellipse. By symmetry you i] y 
know the ellipse has a vertex at (8, 0) and mee 


aOSOSAR I =a) ‘/focus | focus \ vertex | 
(—4, 0) (4,0) > \(8,0) | 


p— 


© Identify the values of a and b. The major 


axis is horizontal with a = 8 andc = 4. 
Pa eae 2 


i NH HA | | 
j | 


42 = 82 = b 4 
b? = 48 
b = V48 or 4V3 
© Write an equation. 
2 2 
= os Equation for an ellipse with a horizontal major axis 
a b? 
x? y . 
ial =1 Substitute 8 for a and 4\3 for b. 
8 (4v3)? 
x y -_ : . 
ral + 7. 1 Simplify. 


f an Ellipse 


2. Write an equation of an ellipse that has a vertex at (4, 0), a co-vertex at 
(0, 2), and a center at (0, 0). 


Find the Area of an Ellipse 


Mars On January 3, 2004, the Mars rover Spirit bounced on its air bags to land 
within Gusev crater. Scientists estimated that there was a 99% chance the rover 
would land inside an ellipse with a major axis 81 kilometers long and a minor axis 
12 kilometers long. Write an equation of the ellipse. Then find its area using the 
formula for the area of an ellipse, A = tab. 


Solution 
The major axis is horizontal, with a = * = 40.5 and b = a = 6. 
ee y x y 
— + — 
An equation is 02 + 2 1, or 164025 * 36 1 


The area is A = 77(40.5)(6) = 2437 ~ 763.41 square kilometers. 
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EZ) Exercises 


Guided Practice 
Vocabulary Check 


Skill Check 


Practice and Applications 


STUDENT HELP 


HOMEWORK HELP 
Example 1: Exs. 14-39, 
50-58 
Example 2: Exs. 40-49, 
65-67 
Example 3: Exs. 44-49, 
65-67 
Example 4: Exs. 59-64 


1. Copy and complete the statement: The line that joins the co-vertices of an ellipse 
is called the _? 


2. Copy and complete the statement: The midpoint of the major axis of an ellipse is 
called the _? _ of the ellipse. 


Graph the equation. Identify the vertices, co-vertices, and foci of the 
ellipse. 
2 
y 
* 36 


x 
49 
Find the coordinates of the foci of the ellipse with the given 
characteristics and center at (0, 0). 

6. Vertices: (—5, 0), (5, 0) 

Co-vertices: (0, —4), (0, 4) 


x? y 
~-tH= 
3 9 1 


5 


7. Vertices: (0, —10), (0, 10) 
Co-vertices: (—8, 0), (8, 0) 


Write an equation of the ellipse with the given characteristics and 
center at (0, 0). 


8. Vertex: (0, 3) 
Co-vertex: (—2, 0) 
11. Vertex: (0, —8) 


9. Vertex: (—10, 0) 
Co-vertex: (0, 5) 


12. Co-vertex: (5, 0) 


10. Vertex: (5, 0) 
Focus: (V21, 0) 


13. Co-vertex: (0, —3) 


Focus: (0, 7) Focus: (0, -vi1) Focus: (2, 0) 
Matching Match the equation with its graph. 

Mec y = ey = ey _ 
14. 971 18.75 + 67! 16.9 +5571 
x? y? x y’ x? y? 
ee ee (SS 
u 16 1 : ae 64 100 : Ls 16 49 : 
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Identifying Parts Use the equation to identify the vertices, 
co-vertices, and foci of the ellipse. 


x y _ x2 y _ x y _ 
20.75, 53571 a ra aes 22.5 zi 

aaa y = x y _ x ¥ = 
23.5.0 + 7¢=1 24. 799 t a5 — | 25.55+5 
26. x7 + 9y? =9 27. 25x? + 16y* = 400 28. 50x? + 9y* = 450 
Graphing Ellipses Graph the equation. Identify the vertices, 
co-vertices, and foci of the ellipse. 

ey eV ey 
29. 35 a9 30.5579 71 31.54 + a5 = 1 

x » x y x y 

+= 2425 t+ = 

= 49 100 aS 1 9 : oi 64 =«169 
35. 4x° + y? = 36 36. 9x7 + 16y? = 144 37. 25x* + 49y* = 1225 


Error Analysis Describe and correct the error in graphing the ellipse. 
38. 39. 


ieee 
4° 16 


Identifying Foci Find the coordinates of the foci of the ellipse with 
the given characteristics and center at (0, 0). 


40. Vertices: (0, —7), (0, 7) 41. Vertices: (—11, 0), (11, 0) 
Co-vertices: (—5, 0), (5, 0) Co-vertices: (0, —4), (0, 4) 

42. Vertices: (—9, 0), (9, 0) 43. Vertices: (0, —8), (0, 8) 
Co-vertices: (0, —7), (0, 7) Co-vertices: (—6, 0), (6, 0) 


Writing Equations Write an equation of the ellipse with the given 
characteristics and center at (0, 0). 


44. Vertex: (0, 4) 45. Vertex: (—8, 0) 46. Vertex: (0, —6) 
Co-vertex: (—1, 0) Co-vertex: (0, 6) Focus: (0, 3) 

47. Vertex: (0, 9) 48. Co-vertex: (4, 0) 49. Co-vertex: (0, 6) 
Focus: (0, 4V2 ) Focus: (0, —3) Focus: (Vi3, 0) 


Graphing Tell whether the graph of the equation is a parabola, 


circle, or ellipse. Then graph the equation. 
2 


2 
e+ y= 2= x4yve 
50. x + y" = 64 51. 12x + y =0 82.52 + G 
y) 2 
53. 2x°-y = 0 45+ Go! 55. 3x° + 3y? = 48 
56. 81x72 + 100y* = 8100 = 57. 6x" + Gy? = 150 58. 16x + 4y? =0 
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Linki The Ellipse In Exercises 59-61, use Old Executive 


the following information and the ; Office Building 
CULTURE diagram shown. se 

A portion of the White House lawn is IN _ 0 tee 

called the Ellipse. It is 1060 feet long V Fa — 

and 890 feet wide. lf , y 

| “White House 
59. Write an equation of the Ellipse. . The Ellipse 
60. How far from the center of the »* J |e ‘ — 
Ellipse are its foci? Ve TIN | 


61. Find the area of the Ellipse using if Treasury 
the formula for the area of an Department 
ellipse, A = tab. 


Reflecting Pool In Exercises 62-64, use the following information. 


A reflecting pool in a city park is shaped like an ellipse. The pool is 72 feet long and 


WHITE HOUSE The Ellipse 44 feet wide. The pool has two fountains that are located at the foci of the ellipse. 
is the southern part of 
President's Park. Itis used 62. Write an equation of the reflecting pool. 


for large gatherings, including 
concerts in the summer and 
political demonstrations. 64. Find the area of the pool using the formula for the area of an ellipse, A = tab. 


63. How far from the center of the pool are the fountains? 


Mercury In Exercises 65-67, use the following information. 


Mercury has an elliptical orbit. In this orbit, Mercury ranges from 29 million 
miles to 44 million miles from the sun, which is at one focus of the orbit. 


65. Draw a sketch of the situation. 
66. Find the values of a and c. 


67. Write an equation of Mercury’s orbit. 


me 
Standardized Test 68. Multiple Choice Which point is a vertex of the ellipse <= +a 


144 
Practice 
@ (12, 0) (4, 0) © (0, 4) oe (0, 12) 
69. Multiple Choice Which point is a focus of the ellipse 3 => = + Zi =1? 


® (0, 11) @ (11, 0) @ (0, —V11) ®D (V1, 0) 


70. Multiple Choice What is an equation of an ellipse with a vertex at (8, 0) anda 
co-vertex at (0, —5)? 


x? y x ey 

ee = a 
DG 25 : B 551 : 

x2 — x2 vr 
QO ore=1 ors 


71. Multiple Choice What is an equation of an ellipse with a vertex at (0, —7) and 
a focus at (0, 6)? 


x y? x y 
© tne @itH 1 

x2 a x2 yo 

19 +367! Dot! 
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Mixed Review Inverses of Functions Find the inverse of the function. (Lesson 7.5) 
72. f(x) = 4x-7 73. f(x) = 2x +6 74. f(x) = 8x3 
75. f(x) = 9x", x>0 76. f(x) = 2x7 - 9 77. f(x) = 3% +4 


Graphing Functions Graph the function. State the domain and 
range of the function. (Lesson 9.2) 


— a a — =! a 
78. y= 5 79. y 7a7 +3 80. y rar 4 
81.y=—+_- 6 82.y=—+_ 5 83.y=—*_ +6 


Distance and Midpoint Find the distance between the two points. 
Then find the midpoint of the line segment joining the two points. 
(Lesson 13.1) 


84. (4, 2), (6, —4) 85. (—5, 2), (1, 6) 86. (—4, —4), (1, —3) 
87. (3, 4), (8, 10) 88. (—1, 5), (7, 2) 89. (3, —1), (8, —6) 


Geometry Skills Arc Length Use the following information to find the length of AB. 


A proportion that relates arc length and central angle measure in a circle is 
length of AB _ mAB 

2ur 360 
the radius of the circle. 


91. A 92. 
(eo 
A A 
B 
B 


Lesson 13.1 Find the distance between the two points. Then find the midpoint of 
the line segment joining the two points. 


1. (6, 3), (10, 7) 2. (3, —3), (8, D) 3. (—5, 4), 3, —4) 
4. (1, 0), (7, —4) 5. (—2, —6), GB, 4) 6. (1, 6), (9, —3) 


where mAB is the measure of the arc and r is 


given by 


Quiz 1 


Lesson 13.2 Graph the equation. Identify the focus, directrix, and axis of 
symmetry of the parabola. 


7. x? = —24y 8.577 = 1x 9. x? = -10y 


10. Write the standard form of the equation of the parabola with a focus at (—6, 0) 
and vertex at (0, 0). 


Lesson 13.3 Graph the equation. Identify the radius of the circle. 
11.27 + y? = 36 12..°°+y=81 13. x7 = 100 — y* 


Lesson 13.4 Graph the equation. Identify the vertices, co-vertices, and foci of the 


ellipse. 
x? y x? y? x y’ 
-+i2= += += 
14 161 25 1 15 31! 64 16. 3 9 1 
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Key Words 


¢ hyperbola 

° foci 

e vertices 

e transverse axis 
e center 


Tell whether the major 
axis of the ellipse is 
vertical or horizontal. 


pp TUDENT HELP 

AVOID ERRORS 
The equations of 
hyperbolas and ellipses 
are very similar. Notice 
that the equation of a 
hyperbola includes a 
difference while the 
equation of an ellipse 
includes a sum. 


Hyperbolas 


| GOAL | Graph and write equations of hyperbolas. 


d, — d, = constant 


a line through the foci intersects the hyperbola at the two 
s joins the vertices. Its midpoint is the ce 


A hyperbola has two branches and two asymptotes. The asymptotes contain the 


The 


diagonals of a rectangle centered at the hyperbola’s center, as shown. 


Hyperbola with horizontal 
transverse axis 


Hyperbola with vertical 
transverse axis 


of the hyperbola. 


The standard form of the equation of a hyperbola with center at (0, 0) 


is as follows: 
EQUATION 


ae 


b2 
x2 


b2 


TRANSVERSE AXIS 


horizontal y= 


vertical y= 


The foci of the hyperbola lie on the transverse axis, c units from the 


| center where c? = a? + b?. 


ASYMPTOTES 


(+a, 0) 


(0, +a) 
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VERTICES 


717 


Graph an Equation of a Hyperbola 
Graph 25y? — 4x? = 100. Identify the vertices, foci, and asymptotes. 


Solution 


@ Write the equation in standard form. 


25y? — 4x? = 100 Write original equation. 
2 2 
= = Be =1 Divide each side by 100 and simplify. 


Q Identify the vertices, foci, and asymptotes. Note that re 4,so a = 2. Also 
b? = 25,sob = 5. The y?-term is positive, so the transverse axis is vertical 
and the vertices are at (0, #2). 


C=a+h? 
= 2 +5? 
= 29, soc = +29 
The foci are (0, +V29), and the 
a 


2 
Xx, Ory = ZX. 


asymptotes are y= + 5 


b 
© Draw the hyperbola. Draw a 
rectangle centered at the origin that 
is 2a = 2(2) = 4 units high and 
2b = 2(5) = 10 units wide. The 
asymptotes are the diagonals of the 
rectangle. 


Draw the branches of the hyperbola 
passing through the vertices and 
approaching the asymptotes. 


Write an Equation of a Hyperbola 


Write an equation of the hyperbola with foci at (—4, 0) and (4, 0) and vertices at 
(—3, 0) and (3, 0). 


Solution 


The foci and vertices lie on the x-axis, so the transverse axis is horizontal. The foci 
are each 4 units from the center, so c = 4. The vertices are each 3 units from the 
center, so a = 3. Find the value of b?. 


ce =a’ +b 
P=7+h 
be =7 
Write an equation of the hyperbola. 

2 2 

= = =1 Standard equation for hyperbola with horizontal axis 
2 y? 

ar ie. Substitute 3 = 9 for a? and 7 for b?. 
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Write a Hyperbolic Model 


Photography A hyperbolic mirror is used to 
take panoramic photographs. Light rays aimed 
at the focus behind the mirror are reflected to a 
camera positioned at the other focus. Computers 
can fix the distorted image to create a 360° view. 


a. Write an equation for the cross section of the 
mirror shown. 


b. The mirror is 6 centimeters wide. How tall is 
the mirror? 


Solution 
a. The diagram shows that a = 2.81 andc = 3.66. 
Find the value of b. 
e=a +b? 
(3.66)? = (2.81)? + b? 
b = V5.50 


Because the transverse axis is vertical, use the standard equation of a 
hyperbola with a vertical transverse axis. 


a Standard equation for hyperbola with 
a ~ Pp =1 vertical transverse axis 
2 2 
cs ; z .= 1 Substitute 2.81 for a and V5.50 for b. 
(2.81) (15.50) 
2 2 
aera impli 
700. 35 1 Simplify. 


b. To find how tall the mirror is, find the y-coordinate at the mirror’s bottom 
edge. Because the mirror is 6 centimeters wide, substitute 3 for x in the 
equation and solve for y. 


aa 7 — = Write equation from part (a). 
a = _ =1 Substitute 3 for x. 

y* = 20.83 Solve for y?. 

y= 24.56 Solve for y. 


ANSWER} The mirror is —2.81 — (—4.56) = 1.75 centimeters tall. 


of Hyperbolas 
1. Graph 4x? — y? = 4. Identify the vertices, foci, and asymptotes. 


Write an equation of the hyperbola with the given foci and vertices. 


2. Foci: (—3, 0) and (3, 0) 3. Foci: (—6, 0) and (6, 0) 
Vertices: (—2, 0) and (2, 0) Vertices: (—3, 0) and (3, 0) 
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PED Exercises 


Guided Practice 


Vocabulary Check Copy and complete the statement. 
1. The line segment joining the vertices of a hyperbola is the _?_. 


2. A hyperbola is the set of all points P such that the _? _ of the distances between 
P and the foci is a constant. 


Skill Check Graph the equation. Identify the vertices, foci, and asymptotes of the 


hyperbola. 
ey _ Ye 
3 ar 1 4 1 367 1 
a a se 
"100 64 "6 16 
Write an equation of the hyperbola with the given foci and vertices. 
7. Foci: (—5, 0), (5, 0) 8. Foci: (0, —9), (0, 9) 
Vertices: (—3, 0), (3, 0) Vertices: (0, —6), (0, 6) 
9. Foci: (—V41, 0), (V41, 0) 10. Foci: (0, —8), (0, 8) 
Vertices: (—4, 0), (4, 0) Vertices: (0, —V55), (0, V55) 
e@ e e@ 
Practice and Applications 
TUDENT HELP Matching Match the equation with its graph. 


HOMEWORK HELP 
Example 1: Exs. 11-36 
43-48 
Example 2: Exs. 37-42 
Example 3: Exs. 49-51 


Identifying Foci Identify the foci of the hyperbola. 


Pe eee 18,2--2 =] 19.—-+= 
4 36.13 16 20 
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Hyperbolas Identify the vertices, foci, and asymptotes of the graph. 


py) y) 2 

a; ee Boe? i 
20a os at 6 45 22.75 36 

2 2, 
| 24. 49y? — 9x2 = 441 25. 4x2 — 81y? = 324 


Graphing Graph the equation. Identify the vertices, foci, and 
asymptotes of the hyperbola. 


PY ee ee a eee ee ee ee ee 
"4 9 "36 (16 49 81 
ey yo eo oy 

23.7 oe = 30:52 a=" 31.5 Ge | 

32. 25x" — 16y? = 400 33. y? — 16x? = 16 34. 4x2 — 9y? = 36 


Error Analysis Describe and correct the error in graphing the equation. 


35. 36. 


36 «4 
—hw 


Writing Equations Write an equation of the hyperbola with the 
given foci and vertices. 


37. Foci: (0, —4), (0, 4) 38. Foci: (0, —10), (0, 10) 
Vertices: (0, —2), (0, 2) Vertices: (0, —6), (0, 6) 

39. Foci: (—6, 0), (6, 0) AO. Foci: (0, —12), (0, 12) 
Vertices: (—3, 0), (3, 0) Vertices: (0, —7), (0, 7) 

41. Foci: (0, —3), (0, 3) 42. Foci: (0, —2V13), (0, 2V13) 
Vertices: (0, —1), (0, 1) Vertices: (0, —6), (0, 6) 


Graphing Tell whether the graph of the equation is a parabola, 
circle, ellipse, or hyperbola. Then graph the equation. 


24 y2 = 49 wy ce 

43.x + y = AA 6 a 45.55 aa 
2 2 

46. x2 + l6y =0 47. 15x2 + 15y? = 60 ag. +1 


49. Spinning Cube The outline of a cube 
spinning around an axis through a pair 
of opposite corners contains part of a 
hyperbola, as shown. The coordinates 
given represent a vertex and a focus of the 
hyperbola for a cube that measures | unit 
on each edge. Write an equation that models 
this hyperbola. 
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Science Link’, In Exercises 50 and 51, use the following information. 


Each day, except at the fall and spring equinoxes, the tip of the shadow of a 
vertical pole traces a branch of a hyperbola across the ground. The diagram 
shows shadow paths for a 20 meter tall flagpole in a particular location. 


Dec 21 


Standardized Test 
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Practice 


Mixed Review 


Geometry Skills 


50. Write an equation of the hyperbola with center at the origin that models the 
June 21 path, given that a = 13.3 meters and c = 28.2 meters. 


51. Write an equation of the hyperbola with center at the origin that models the 
September 1 path, given that a = 4.1 meters and c = 25.0 meters. 


2 
52. Multiple Choice What are the asymptotes of the hyperbola a -S=1? 
Dy=2 ®y-te Oyastfr Ory-te 

2 
53. Multiple Choice Which point is a focus of the hyperbola ae ~~ =17 


® (5, 0) ® (25, 0) @® (8, 0) D (v89, 0) 


54. Multiple Choice What is an equation of the hyperbola with foci at (0, —6V3) 
and (0, 6V3) and with vertices at (0, —8) and (0, 8)? 


a y i ey 1 
® oi 108 Ou a 

2 2 2 2 
== (D2 se 

64 «44 f 108 64 : 


Finding Matrix Products Find the product. If it is not defined, state 
the reason. (Lesson 11.2) 


5s. | -1 3]! zs 56. | 2 3]|_¢ | 


9 -—3//0 1 5 O||-3 2 
s7.|¢ all: 3 se.| 3 || 6 3 | 
Solving Triangles Sketch AABC, then find all of the angle measures 
and side lengths. (Lesson 12.5) 
59. B = 68°, a = 17,c = 24 60. C = 104°,a = 21,b = 18 
61.a=11,b= 14,c =9 62. a = 28, b = 20, c = 25 


Surface Area Find the surface area of the cone. Round your answer 
to the nearest whole number. 


63. 64. 
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DEVELOPING CONCEPTS (For use with Lesson 13.6) 


1316 


Goal 


Explore the intersection of a 
plane and a double cone. 


Materials 
¢ graph paper 
¢ flashlight 

¢ tape 


QUESTION 


How do a plane and a double cone intersect to form 
different conic sections? 


The reason that parabolas, circles, ellipses, and hyperbolas are called conics or 
conic sections is that each can be formed by the intersection of a plane and a 
double cone, as shown below. 


Ellipse Parabola Hyperbola 


The beam of light from a flashlight is a cone. When the light hits a flat surface 
such as a wall, the edge of the beam of light forms a conic section. 


EXPLORE 


@ Work in a group. On a piece of graph 
paper, draw x- and y-axes to make a 
coordinate plane. Tape the paper to a wall. 


2) Aim a flashlight so that the beam of light 
is perpendicular to the paper and forms a 
circle centered at the origin. 


© Trace the circle on the graph paper. Find 
the radius of the circle and use it to write 
the standard form of the equation of the 
circle. 


@ Tilt the flashlight and aim it at the graph 
paper to form an ellipse with a vertical 
major axis and center at the origin. Trace 
the ellipse. Write the standard form of the 
equation of the ellipse. 


THINK ABOUT IT 


1. Compare the equations of your circle and of your ellipse with the equations 
written by other groups. Are your equations the same? Why or why not? 


2. Tilt the flashlight and aim it at the graph paper to form an ellipse with a 
horizontal major axis and center at the origin. Trace the ellipse. Write the 
standard form of the equation of the ellipse. 
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Graphing and Classifying Conics 


Key Words Ce Translate and graph conic sections. 

e conic sections (conics) 

* general second-degree What is an equation of a hyperbolic mirror? - 
equation 


¢ discriminant In Exercise 45, you will write an 
equation of a hyperbolic mirror. 


Parabolas, circles, ellipses, and 
hyperbolas are all curves that are 
formed by the intersection of a 
plane and a double cone. Thes 


ns 


Tell whether the graph 
of the equation is a 
circle, parabola, ellipse, 
or hyperbola. 


Standard Equations of Translated Conics 


In the following equations the point (h, k) is the vertex of the parabola 
and the center of the other conics. 


Circle (x — h)? + (y— k)? = r? 
HORIZONTAL AXIS VERTICAL AXIS 
Parabola (y — k)2 = 4p(x — h) (x — h)? = 4ply — k) 
(— h)2 ye — 2 be= iP . w= KF 
th =1 a = 
a b? b? a 
Se aie (y—k? (x= h)? _ 
a? b? a pb 


1 


Ellipse 


1 


Hyperbola 


Graph a Translated Circle 


Graph (x — 2)? + (y + 3)? =9. 
@ Compare the given equation to the standard form of the equation of a circle, 
(x — h)* + (y — k)? = r?. The graph is a circle with center at (h, k) = (2, —3) 
and radius r = V9 = 3. Plot the center. 


© Plot several points that are each 3 units 
from the center. 


First plot two points 3 units to the left 
and right of the center, (—1, —3) 
and (5, —3). 


Then plot two points 3 units above and 
below the center, (2, 0) and (2, —6). 


© Draw a circle that passes through the four 
points. 
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Graph a Translated Hyperbola 


Graph 1. 


aay aed 
+ 9 


Solution 


@ Compare the equation to the standard equations of translated conics. The 
form of the equation tells you that its graph is a hyperbola. The y-term is 
positive, so the transverse axis is vertical with center at (h, k) = (—1, 3). 
You know a? = 4 so a = 2 and b? = 9 so b = 3. 


@ Plot the vertices a = 2 units above and below 
the center, at (—1, 3 + 2) = (—1, 5) and 
(-1,3 —2)=(-1, D. 


© Identify the foci using c? = a* + b’. 
Substitute values and solve for c. The foci 
are c = V13 ~ 3.6 units above and below the 
center at (—1, 3 + 3.6) = (—1, 6.6) and 
(-1,3 — 3.6) = (-1, —0.6). 


© Drawa rectangle centered at (—1, 3) that is 
2a = 4 units high and 2b = 6 units wide. The 
asymptotes of the hyperbola are the diagonals 
of the rectangle. Draw the hyperbola so that it 
passes through the vertices and approaches the 
asymptotes. 


ated Conics 
Graph the equation. Identify the important characteristics of the 
graph. 


1. (4+ 1) + (y— 2)? =4 2. (x + 3)? eemecs 


Write an Equation of a Translated Parabola 


Write an equation of the parabola with vertex at (—2, 3) and focus at (—4, 3). 


Solution 


@ Plot the given points. Sketch the parabola. The 
parabola opens left, so its equation has the form 
(y — k)? = 4p(x — h) where p < 0. 

© Find the values of h and k. The vertex is at 
(h, k) = (—2, 3), soh = —2 and k = 3. 

© Find the value of p. The vertex (—2, 3) and focus 
(—4, 3) both lie on the line y = 3. The distance 
between them is |p| = | —-4- (-2)| = 2. 
Because p < 0, p = —2, and 4p = —8. 

© Write the equation. 

(y - ky? = 4p(x — h) Standard form 


(ys 3)? = —8(x + 2) Substitute 3 for k, —8 for 4p, and —2 for h. 
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Write an Equation of a Translated Ellipse 


Write an equation of the ellipse with foci at (1, 2) and (7, 2) and 
co-vertices at (4, 0) and (4, 4). 


@ Plot the given points and make a rough sketch 
of the ellipse. Notice the foci lie on the major 
axis. The axis is horizontal, so the equation has 
this form: 

2 _ p22 
x a 4 (y = = 
a b 


© Find the values of h and k. The center (h, k) is halfway between the foci. 


1 


(hk) = (157 242) = 4,2) 


® Find the value of b, the distance between one co-vertex and the center (4, 2). 
Also, find the value of c, the distance between one focus and the center (4, 2). 
Use the co-vertex (4, 4) and the focus (1, 2). 

b= |4-2| =2 and c= |1-4| =3 
@ Find the value of a. Because the equation is for an ellipse, use a? = b* + c?. 
@=b? +2 =22+ 32 = 13,s0a = V13 
@=4). = 2) _. 


13 4 - 


The standard form of the equation is 


ted Conic 


Write an equation of the conic section. 
3. Parabola with vertex at (3, —1) and focus at (3, 2) 


4. Hyperbola with vertices at (—7, 3) and (—1, 3) and foci at (—9, 3) and (1, 3) 


Classifying Conics The equation of any conic can be written in the form 


Ax? + Bxy + Cy? + Dx + Ey + F=0 


which is called a g 2 1in x and y. The expression 
B* — 4AC is called the di at of the equation. You can use the discriminant 
to determine which type of conic an equation represents. 


Classifying Conic Sections 


If the graph of Ax* + Bxy + Cy* + Dx + Ey + F=0is aconic, then the 
type of conic can be determined by the following characteristics. 


DISCRIMINANT TYPE OF CONIC 
B? —- 4AC<0, B=0,andA=C Circle 
B? — 4AC <0 and either B# OorA#C Ellipse 
B* — 4AC=0 Parabola 
B? — 4AC>0 Hyperbola 
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Use the Discriminant 


Classify the conic section given by 4x7 + y? — 8x — 8 = 0. 


Solution 


The equation is written in the form Ax? + Bxy + Cy? + Dx + Ey + F=0 
where A = 4, B = 0, and C = 1. Find the discriminant. 


B? — 4AC = 0* — 4(4)(1) 
=0- 16=—16 
ANSWER > Because B2 — 44C <0 and A # C, the conic is an ellipse. 


Use the Equation of a Translated Conic 


Physical Science Ina lab experiment, you 
record images of a steel ball rolling past a magnet. 
The equation 16x* — 9y* — 96x + 36y — 36 = 0 
models the path of the ball. 


a. What is the shape of the path? \ 


‘ ; : - eM t 
b. Write an equation for the path in standard \ pr 


form. 


Solution 


a. The equation of the path is a general second-degree equation, with the form 
Ax? + Bxy + Cy* + Dx + Ey + F = 0 where A = 16, B = 0, and C = —9. 
Find the discriminant. 


B? — 4AC = 0? — 4(16)(—9) 


= 576 
Because B* — 4AC > 0, the shape of the path is a branch of a hyperbola. 
ne DENT HELP b. To write an equation of the hyperbola in standard form, complete the square 
Look BACK in both x and y at the same time. 
For help with completing iee = oy? 066496) — 36-20 


the square, see page 268. 


(16x? — 96x) — (9y* — 36y) = 36 
16(x? — 6x + ?) — 9(y? — 4y + ?) = 36 + 16(?) — 9(2) 
16(x* — 6x + 9) — 9(y* — 4y + 4) = 36 + 16(9) — 9(4) 
16(x — 3)? — 9(y — 2)? = 144 


(x — 3)? (2)? 1 
9 16 


Use the discriminant to classify the conic section. 
5. y? — 12y+4x+4=0 6.x? — y*> — 8y +2x+3=0 
7.°+y?—2x+4y+1=0 8. 2x7 + y> -— 4x -4=0 
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ETD Exercises 


Guided Practice 


Vocabulary Check 1. Copy and complete the statement: All curves that are formed by the intersection 
of a plane and a double cone are called __? 


2. Copy and complete the statement: The expression B? — 4AC is called the _?_ of 
a general second-degree equation. 


Skills Check — Write an equation of the conic section. 
3. Circle with center (1, 3) and radius 3 
4. Circle with center (—2, 4) and radius 5 
5. Ellipse with foci at (0, 1) and (4, 1) and vertices at (—4, 1) and (8, 1) 
6. Hyperbola with foci at (5, 2) and (5, —6) and vertices at (5, 0) and (5, —4) 


Use the discriminant to classify the conic section. 
7.x° + y? -—6x+2y-—4=0 8. y? + 3x —3y +3 =0 
9. —2x? — 3y? +x-2y+1=0 10. 5x? — 2y? + 3x-—y+2=0 


Practice and Applications 


TUDENT HELP Graphing Graph the equation. Identify the important characteristics 
HOMEWORK HELP of the graph. 
Example 1: Exs. 11-18 , (y — 1)? ; 
Example 2: Exs. 11-18 WW1.(¢— 1)? +y?=9 12. —{— — @ + 2) =1 
Example 3: Exs. 19-28, 2 (y+ 6) 
45-49, 52, 53 13. 7 ae 14. (x — 2)? + (y + 3)? = 25 
Example 4: Exs. 19-28, ; 
45-49, 52,53 (x + 2) (y + 6)" 2 — 
Example 5: Exs. 29-36, 7: 4 = 16 ? a ee es i 
50,51, 54-56 2 _ 3y2 eth? ty 447 
Example 6: Exs. 37-44, 17. -9°V 2 19,27, OF Ny 
57.58 64 9 81 36 


Writing Equations Write an equation for the conic section. 

19. Circle with center at (2, 5) and radius 2 

20. Circle with center at (—3, 1) and radius 3 

21. Circle with center at (—6, —3) and radius 6 

22. Ellipse with vertices at (—9, 3) and (1, 3) and foci at (—7, 3) and (—1, 3) 

23. Ellipse with vertices at (—5, 1) and (2, 1) and co-vertices at (—2, 0) and (—2, 2) 
24. Hyperbola with foci at (—3, —2) and (9, —2) and vertices at (—1, —2) and (7, —2) 
25. Hyperbola with foci at (2, —4) and (2, 8) and vertices at (2, —2) and (2, 6) 

26. Parabola with vertex at (—4, —3) and focus at (1, —3) 


27. Parabola with vertex at (5, 3) and directrix y = 6 
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ISTORY 


FERRIS WHEEL The first 
Ferris wheel was designed 
and built by George W. G. 
Ferris, an engineer from 
Galesburg, Ill., for the World’s 
Columbian Exposition held in 
Chicago in 1893. 


28. Error Analysis Describe 
and correct the error in 
writing an equation of the 
ellipse with vertices at (—7, 3) 
and (3, 3) and co-vertices at 
(—2, 6) and (—2, 0). 


Axis is horizontal; (h, k) = (—2, 3); 
a= |-7-(-2)| =5:;b= |6-3]| =3; 
Ser 


-2)? | yt3y?_ x 
2c =| to ae 


Classifying Conics Use the discriminant to classify the conic section. 
29. x7 + y? — 12x —-6y —-4=0 30. x7 — 3y* + 4x — 2y + 30 =0 
31. y? — 8x —-2y+9=0 32. 3x? + 4y? — 6x + 10y — 10 =0 
33. l6y* — x2 + 2x + 32y + 50=0 34. 9x? + 16y* + 9x — 96y + 32 =0 
35.x7 — 4x + 20y — 15 =0 36. 4x? + 4y? — 24x + loy — 40 =0 


Equation: 


Classifying and Graphing Classify the conic section and write its 
equation in standard form. Then graph the equation. 


37.x7 + y? + 10x +21 =0 38. x* — 4y* — 8x + 12 =0 
39. 36x? + y* + 6y — 27 =0 
41. 4x? — 9y? — 8x — 32 =0 
43. 5x? + S5y* + 10x — 20y — 20 = 0 


40. 4x? + y? + 10y +9 =0 
A2. 9y? — 25x* — 50x — 250 =0 
44. x* + l6y? — 4x + 128y + 256 =0 


45. Hyperbolic Mirror A hyperbolic mirror reflects light directed toward one 
focus to the other focus. The hyperbolic mirror has foci at (13, 2) and (— 11, 2) 
and vertices at (9, 2) and (—7, 2). Write an equation of the mirror. 


46. Ferris Wheels An engineer draws the design of a Ferris wheel on a coordinate 
plane. The wheel is centered at (20, 120) with a diameter of 200 feet. Write an 
equation of the circular Ferris wheel. 


47. Australian Football Australian football is played on an elliptical field. On 
a coordinate plane, a field has vertices (67.5, 165) and (67.5, 0) and co-vertices 
(0, 82.5) and (135, 82.5). Write an equation of the field. 


Water Surface In Exercises 48 and 49, use the following information. 


A cylindrical glass of water has a 1.5 inch radius. If the glass is tilted 60°, the 
water’s surface meets the glass in an ellipse with minor axis 3 inches long and 
major axis 6 inches long. 


48. Write an equation that models the water’s surface with the glass upright. Assume 
that the center of the water’s surface is at the origin. 


49. Write an equation that models the water’s surface with the glass tilted. Assume 
that the center of the water’s surface is at the origin. 


Conic Sections In Exercises 50 and 51, refer to the diagram. Tell 
what conic section is formed in the situation described. 


50. To use a new tube of caulk for the first time, 
you cut the cone-shaped tip diagonally. 


Conic sections 


51. When you sharpen a pencil with flat sides, 
each side intersects the cone-shaped tip. 
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Linktgy Ice Skating In Exercises 52 and 53, use the following information. 


SPORTS A figure skater practices skating figure eights, which are formed by tracing two 
externally tangent circles in the ice. Each circle in the figure eight is 8 feet in 
diameter, and the circles intersect at the origin. The centers of the circles are on 
the y-axis. 


52. Sketch a graph of the situation described. 


53. Write equations for the circles in the figure eight. 


Telescopes In Exercises 54 and 55, use the following diagram of the 
mirrors in a telescope. 


54. The equation of mirror A is 
y* — 72x — 450 = 0. Is the 
mirror shaped like a parabola, 
an ellipse, or a hyperbola? 


55. The equation of mirror B is 
88.4x? — 49.7y* — 4390 = 0. 


FIGURE SKATING Is the mirror shaped like a 

When figure skating became parabola, an ellipse, or a hyperbola? 

an Olympic sport, scores 56. Reasoning What does the discriminant tell you about the graph of an equation 
were largely based on the that has the form Ax* + Bxy + Cy? + Dx + Ey + F = 0? 


tracing of figures into the 
ice. Today, these figures do 


not count toward a skater’s ; : : : 
score. A new swimming pool will have a boundary represented by the equation 


4x? + y* — 40x — 20y + 100 = 0 where x and y are measured in yards. 


Swimming Pool In Exercises 57 and 58, use the following information. 


57. What is the shape of the swimming pool? 


58. Write an equation of the swimming pool in standard form. 


Standardized Test 59. Multiple Choice What is an equation of an ellipse with vertices at 


Practice (—1, 4) and (5, 4) and foci at (0, 4) and (4, 4)? 
G@=47 = 2F — (y-2% @—4?_ 
Qe a ; sal 
@=2? . G4 _ @-22 ) o- 4? _ 
ot -G 1 Oa = 1 


60. Multiple Choice What are the coordinates of the co-vertices of the ellipse 
G4 Y= I 


with equation 73 i 1? 
® (0, 1), (8, D @® (—8, 1), 0, )) 
® &, 3), (4, —D D (-4, 3), (4, D 


61. Multiple Choice Which equation represents a hyperbola? 


@ x —3y + 4x -15=0 ® x+y + 4x - 18y — 15 =0 


© x —y? + 4x — 18y — 15 =0 @ —2x? — y* + 4x — 18y —- 15 =0 


62. Multiple Choice The equation 25x” + y* — 100x — 2y + 76 = 0 represents 
which conic section? 


©) parabola @®) circle ellipse ® hyperbola 
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Mixed Review 


Geometry Skills 


Quiz 2 


Lesson 13.5 


Lesson 13.6 


Lesson 13.6 


63. Multiple Choice The graph of 16x” — 25y* + 5x — 6y + 15 =Oisa_?_. 
@® parabola circle © ellipse @ hyperbola 


Solving Systems Use an inverse matrix to solve the linear system. 
(Lesson 11.3) 


64.x+y=-3 65. 2x + y=9 66. x + 2y= 1 
3x — 2y = 13 —3x+y=-1 5x — 4y = —23 
67. 2x + Sy = —4 68. 4x — 5y = 0 69. 4x + 7y = -1 
3x —y=11 2x — 5y = —10 —3x — 10y = —4 


Finding Angles or Sides Sketch AABC, then find the indicated angle 
measure or side length. (Lesson 12.4) 


70. A = 35°,B=65°,a=5,b= 2 71. A = 50°,C =70°,c = 15,a = 2 
72.C = 135°.c = 10,b =4,B = 2 73. B= 115°.b =6,a=15,A = 2 
74. C = 105°, c = 20, b = 13, B= 2 75.A = 30°, a=8,b=12,B=2 


Using Angle Bisectors Find the value of x. 
76. 77. 
x+11 ay, 


3x +1 
(3x + 16)° [4 


Write an equation of the hyperbola with the given foci and vertices. 


1. Foci: (—5, 0), (5, 0) 2. Foci: (0, —3), (0, 3) 
Vertices: (—4, 0), (4, 0) Vertices: (0, —1), (0, 1) 

3. Foci: (—4, 0), (4, 0) 4. Foci: (—7, 0), (7, 0) 
Vertices: (—3, 0), (3, 0) Vertices: (—2, 0), (2, 0) 


Graph the equation. Identify the important characteristics of the 

graph. 

(yy - 1? = 
4 
G2) G=4P _ G3). ORs? 

asa 9 : BG OS 


5. (x — 2)? + (y + 3)? = 16 6.x7 + i 


1 


Classify the conic section and write its equation in standard form. 
Then graph the equation. 


9. 9x7 + 4y? + 18x + 8y — 23 =0 10. x7 —-y* -6x+5=0 
11. x7 — 4x — l6y + 20 =0 12. 3x? + 3y* — 6x + 30v + 3 =0 
13..° + y — 14x + 4y—- 11 =0 14. y? + 14y + 16x + 33 =0 
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USING A GRAPHING CALCULATOR (For use with Lesson 13.6) 


136 


TUDENT HELP atic at Ae 
KEYSTROKE HELP Use a graphing calculator to find the points of intersection of the graphs of 
See keystrokes for x? + (y — 1)? = 10 and y = x* +3. 


several models of 
calculators at 


www.classzone.com. SOLUTION 


@ Begin by solving the first 


2 — he 
equation for y. sae) —10 


(y — 1)? = 10 — x? 


y-1=+VI10 —-¥? 
y =1+ V10 — x? 
© Enter the three equations 
into the graphing calculator. | y1Bi1+ y(10-x42) 
Use parentheses to identify Y2=1—VC10-x*2) 
: VBC?) 
the radicands. Vie 
ee 
Y6= 
Y7= 


© Graph the equations. Use 
the Intersect feature to find | \ 
the points of intersection. 
The points of intersection 
are (1, 4) and (—1, 4). 


Intersection 
X=1 Y=4 


L J 


EXERCISES 


Use a graphing calculator to find the points of intersection, if any, of 
the graphs in the system. 


1.y=x7+2andy=2 2.y =(x— 3)? + Landy = —x 

3.x? + y? = 20 and y = 2x 4. (x — 3)? + y* = Dand y = 3x — 6 

5.y=(«—- 1)? +3anda—-—1?+y=9 6.2x74+ y? = l6andy —-2x=1 
Sketch examples to illustrate the different numbers of points of 
intersection that the graphs can have. 

7. Circle and parabola 8. Ellipse and hyperbola 

9. Circle and ellipse 10. Hyperbola and line 
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er P3 Chapter Summary 
and Review 


VOCABULARY 


¢ distance formula, p. 697 ¢ ellipse, p. 710 ¢ transverse axis, p. 717 
¢ midpoint formula, p. 692 ¢ vertices, pp. 710, 717 ¢ conic sections, p. 724 

¢ focus, foci, pp. 697, 710, 717 ¢ major axis, p. 710 ¢ conics, p. 724 

° directrix, p. 697 ¢ co-vertices, p. 710 ¢ general second-degree 
* circle, p. 703 ¢ minor axis, p. 710 equation, p. 726 

¢ center, pp. 703, 710, 717 e hyperbola, p. 7177 ¢ discriminant, p. 726 

e radius, p. 703 


VOCABULARY EXERCISES 


1. Copy and complete the statement: The vertices of an ellipse are joined by a 
line called the _?_. 


2. What is the midpoint formula? 


3. Compare the definitions of an ellipse and a hyperbola. 


| EXAMPLES | You can use formulas to find the distance between points (—4, 2) and 


(3, —4) and the midpoint of the line segment joining the two points. 


d= Ve, = x)? a 5S vy) Use the distance formula. 


= Ve — (—4))? + (-—4— 2)? Substitute values. 


= V49 + 36 Simplify. 
= V85 Simplify. 
= 922 Use a calculator. 


x, 1X, — 7 


Midpoint = M| Use the midpoint formula. 


SS! 
REVIEW HELP 
—-44+3 2+(-4 
Exercises Examples = = ae Substitute values. 
4-9 1, p. 691 
4-9 3, p.692 = (-+ =1 Simplify. 


Find the distance between the two points. Then find the midpoint of 
the line segment joining the two points. 


4. (—3, 4), (0, 6) 5. (—4, —2), (5, 8) 6. (2, —1), (4, -7) 
7. (5, 9), (8, 3) 8. (—6, 5), (—1, 0) 9. (1, 4), (5, —6) 
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| EXAMPLE | You can graph a parabola by using its equation to 
identify the important characteristics of the graph. 
Grapliy> = 125. 


The equation has the form y* = 4px where 4p = 12, 
so p = 3. The focus is (p, 0) = (3, 0). The directrix 
isx = —p = —3. 


Make a table of values by choosing values for y. 


REVIEW HELP 
Exercises Examples 


10-12 1, p. 698 
13-15 2, p. 699 


Plot the points and draw the parabola through them. 


Graph the equation. Identify the focus, directrix, and axis of 
symmetry of the parabola. 


10. x7 = 4y 11. 2y? = x 12. —y* = 12x 


Write the standard form of the equation for the parabola with vertex 
at (0, 0) and the given focus or directrix. 


13. Focus: (—5, 0) 14. Focus: (0, 3) 15. Directrix: x = —6 


| EXAMPLE | You can graph a circle by using its equation to 


identify the important characteristics of the graph. 


Graph x? + y? = 64. 
The graph is a circle with center at the origin and 


radius r = V64 = 8. 


Plot four points that are 8 units from (0, 0). The 


REVIEW HELP points (8, 0), (—8, 0), (0, 8), and (0, —8) are most 
Exercises Examples convenient. 


16-18 1, p. 703 
19-21 2, p. 704 Draw a circle through the points. 


Graph the equation. Identify the radius of the circle. 
16.x.° + y*=4 17. x + y? = 36 18. x + y? = 49 


Write the standard form of the equation of the circle with the given 
radius and center at the origin. 


19. 11 20. 9 21. V20 
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REVIEW HELP 
Dee Pe) ey) = = 
Exercises Examples a0 = Vey = SP ee 


22-24 
25-27 


REVIEW HELP 
Exercises Example 


28-30 


| EXAMPLE | You can graph an ellipse by using its equation to identify the 


important characteristics of the graph. 


ev = 
Graph x ar Ta il. 


2 2 
The equation has the form =" at x = | where b = 2 anda = 4. 
a 


Because the denominator of the x?-term is less than the denominator 
of the y?-term, the major axis is vertical. The co-vertices and vertices 
are at (+b, 0) = (+2, 0) and (0, +a) = (0, +4). 


Find the foci using the equation c* = a? — b?. 


Ap7T The foci are at (0, 2v3) and (0, —2v3). 
2,3p.712 


Draw the ellipse that passes through the vertices and co-vertices. 


Graph the equation. Identify the vertices, co-vertices, and foci of the ellipse. 
2, 


2 Vy rr a 2 2 
2 eel 2 al 24. 25x? + 36y" = 900 


Write an equation of the ellipse with the given characteristics and 

center at (0, 0). 

25. Vertex: (6, 0) 26. Vertex: (—5, 0) 27. Vertex: (0, 7) 
Co-vertex: (0, —4) Co-vertex: (0, 2) Focus: (0, —5) 


| EXAMPLE | You can graph a hyperbola by using its equation to identify the important 

characteristics of the graph. 

4 5 y 
The equation has the form 5 = z = | where a = 3 and b = 2. 
a 
Because the x?-term is positive, the transverse axis is horizontal and the vertices 
are (+a, 0) = (+3, 0). 
Find the foci using the equation c* = a? + b?. 
C=F +2 =13,s0¢c = =V 13. 

The foci are at (V13, 0) and ( -V13, 0). 
Draw a rectangle centered at the origin that is 2a = 2(3) = 6 


1, p.718 units wide and 2b = 2(2) = 4 units high. The asymptotes are 
the diagonals of the rectangle. Draw the hyperbola. 


Graph the equation. Identify the vertices, foci, and asymptotes. 


2 
=a 29.---+~= 30. 36x? — 25y? = 900 
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GRAPHING AND CLASSIFYING CONICS examples on 


| EXAMPLE | You can graph a translated conic by using its equation to 


identify the important characteristics of the graph. 


O60) 
4 


Graph —(x-4)7=1. 

Ose Oe ee 
b2 

that its graph is a hyperbola with vertical transverse axis and center at (h, k) 

= (4, 6). Because G =46— 2, Also. because = 1p = 1. 


The form of the equation is = 1. This tells you 


Use the equation c* = a? + b? to find the foci. 
The foci are c = V5 ~ 2.2 units above and below the center. So, the foci 
are at (4,6 + 2.2) = (4, 8.2) and (4, 6 — 2.2) = (4, 3.8). 


Draw a rectangle centered at (4, 6) that is 2a = 4 units high and 
2b = 2 units wide. The asymptotes of the hyperbola are the 
diagonals of the rectangle. 


REVIEW HELP 
Exercises Examples 


Draw the diagonals of the rectangle. Then draw the branches of 
31-36 1, p. 724 


31-36 2, p.725 the hyperbola passing through the vertices and approaching the 


asymptotes. 


Graph the equation. Identify the important characteristics of the graph. 
(x— 4)? | 


31. (x +2)? + (y- 3)? = 16 32. = = 32 =1 
2 +2 2, 
33. e = i 2 9 =1 34. 4(y — 2) — 16a + 1)? = 64 
_ 62 


| EXAMPLE | You can classify a conic section whose equation is written in the form 
Ax? + Bxy + Cy* + Dx + Ey + F = 0 by using the discriminant. 


Classify the conic section given by the equation 
4x? + Oy? + 40x + 72y + 208 = 0. 
In the equation, A = 4, B = 0, and C = 9. Find the discriminant. 


B? — 4AC = 07 — 4(4)(9) Substitute values into the formula for 


the discriminant. 
REVIEW HELP 


Exercises Examples = —144 Evaluate. 


37-40 «45, p. 727 


Because B2 — 44C <0 and A # C, the conic section is an ellipse. 


Use the discriminant to classify the conic section. 
37.x° — 2y? + 6x +4y+5=0 38. 3x + 2y? — 12x + 8 =0 


39. 4x7 + 4y? — 2x + 10yv +4 =0 40. 5x? — 3x + 4y —-7=0 


736 Chapter 13 Conic Sections 
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Find the distance between the two points. Then find the midpoint of 
the line segment joining the two points. 


Graph the equation. Identify the important characteristics of the graph. 


4.x? = —12y 5.x° + y* = 25 6. 4x7 — y* = 36 
2 — 3/2 
7. 9x2 + 25y? = 225 8. = —10x 9.4079 = 
G-4y 4. Gat Gan 5 2 
10. 7 P= 1 19,2 + PS 12. 7 + 5)? + Ty? = 343 


Write the equation for the conic section with the given characteristics. 
13. Parabola with vertex at (0, 0) and directrix y = —2 

14. Parabola with vertex at (0, 0) and directrix x = —6 

15. Circle with center at (0, 0) and passing through (—2, 6) 

16. Circle with center at (—4, 7) and radius 7 

17. Ellipse with vertices at (0, 6) and (0, —6) and co-vertices at (—2, 0) and (2, 0) 
18. Ellipse with vertices at (—5, —2) and (1, —2) and foci at (—3, —2) and (—1, —2) 
19. Hyperbola with foci at (—4, 0) and (4, 0) and vertices at (—2, 0) and (2, 0) 

20. Hyperbola with foci at (3, 4) and (3, —2) and vertices at (3, 2) and (3, 0) 


Classify the conic section and write its equation in standard form. 
Then graph the equation. 


21. x7 + 4y* —-2x-3=0 22..° + y?— 12y+ 16=0 
23. 4x? — y? — lox — 24 =0 24. 3x? + 5y? + 18x — 30y — 3 =0 
25. y? — 4x? — 24x — 2y —-51 =0 26. 6x? + 6y* — 36x — 48y — 66 =0 


Exercise In Exercises 27 and 28, use the following information. 


Each day you run through the city park along the path given by the equation 
x° + 4y? — 4x — 32y — 9932 = 0, where x and y are measured in meters. 


27. What is the shape of the path? 
28. Write the equation of the path in standard form. 
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Chapter Standardized Test 


\ Test Tip Read the question carefully. 


DD © wD 


| EXAMPLE | Find the length of the major axis of the ellipse whose equation 
pea (Ones 1 


49 25) 
@® 49 14 
©7 @®M 5 


Solution 


From the equation, you can see that a” = 49, so a = 7. 
Do not choose answer C. The question asks for the length 
of the major axis. The length of the major axis is 

2a = 2(7) = 14. So, B is the correct answer. 


Multiple Choice 


1. What is the distance between (—4, 3) and 4. What is the focus of the parabola P= 18y? 
(2, —1)? 
9 o 9 
® (-3.0] ®@ (-3,-3| 
@® 52 2V13 : 22 
9 
© 4v2 @® 25 ® (0, ~18) ®D (0, -3) 
2. What is the midpoint of the segment joining 5. What is an equation of a circle that passes 
(—3, 4) and (—5, 2)? through (—4, —2) and whose center is the 
origin? 
® (3, —4) @® (-4, 3) 


@ x+y? =V20 B® rtiy=5 


—8,6 4,-3 
® (-8,6) D 4, -3) late Geet tea 


3. What is an equation for the perpendicular 


bisector of the line segment joining (—2, 5) 6. What are the foci of the ellipse given by 
and (4, —1)? etal 
36 11 
@ y= 3 a 3 ® (—5, 0) and ©, 0) 
B® y=xt1 @) (0, —5) and (0, 5) 
© y=2x+4 @® (0, —V11) and (0, VI) 
@® y=-x43 QD ©, 0) and (—6, 0) 
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7. What are the asymptotes of the hyperbola 
2 


ri : x? _ aa 9 
given by the equation 36 16 1? 


@ y= —2xand y = ox 
y = —6x and y = 6x 
@ y= —4xand y = 4x 


=._ 3 3 
@® y 5* and y 5% 


8. What is the center of the circle with equation 
( — 9)? + (y + 6)? = 25? 


® (0,0) @® (9, -6) 


Gridded Response 


11. Find the distance between (—5, —1) and 
(1, —4). 


12. What is the y-coordinate of the midpoint of the 
segment joining (6, —2) and (—3, 7)? 


13. For the parabola 3y* = x, the focus is (p, 0). 
Find the value of p. 


14. What is the radius of the circle x7 = 900 — y?? 


2, 
15. For the ellipse e+ % = |, the vertices are 


(0, —/) and (0, 7). Find the value of /. 


Extended Response 


9. 


10. 


16. 


17. 


18. 


19. 


What is an equation of the ellipse with vertices 
(—4, —5) and (6, —5) and foci (—1, —5) and 
(3, —5)? 


@ 55 7 i . 
— 1/2 2 
(x = (y ” i 
= 1\2 2 
© & C ve - 
® a de o> =i 


The graph of the equation 
l6y? — x? + 16x — 128 = Oisa(n)_? 


©) parabola @) circle 
CD ellipse ® hyperbola 


: x2 y? _ : 
For the ellipse 100 + 4 1, the foci are 


(—k, 0) and (k, 0). Find the value of k. 
yx = 
4 16 
are y = —mx and y = mx. Find the value of m. 


For the hyperbola 1, the asymptotes 


What is the value of the discriminant of 
8x? — 16y* — 10x — 18y + 4 = 0? 


What is the x-coordinate of the center of the 
circle x? + y* — 6x + 4y — 36 = 0? 


20. The beam from a lighthouse is visible along a path given by the equation 
x? + y* + 6x — 10y — 366 = 0 where x and y are measured in miles. 


a. What is the shape of the path of the lighthouse beam? 


b. Write the equation of the path of the lighthouse beam in standard form. 


c. What are the coordinates of the lighthouse? 


d. How far from the lighthouse is the beam visible? 
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Solve the equation. (Lessons 1.4, 5.3, and 5.4) 
tix t4=4r-1 2. 10(x + 2) = 4(1 — 2x) 3. x2 — 18x +72 =0 
4. x? — 2x = 63 5. 3x2 — 7x — 10 = 0 6. 12x? — 2x = —24 


Evaluate the expression without using a calculator. (Lessons 7.2, 8.4) 
7. 256°4 8. 125723 9. log 0.01 


Find the number of permutations or combinations. (Lessons 10.4, 10.5) 
10. 6Po 11. 10h 4 12. 3©3 


Tell whether events A and Bare disjoint or overlapping. Find P(A or B). 
(Lesson 10.7) 


13. P(A) = 0.5 14. P(A) = 0.7 15. P(A) = 0.8 
P(B) = 0.3 P(B) = 0.4 P(B) = 0.5 
P(A and B) = 0 P(A and B) = 0.2 P(A and B) = 0.5 


You are playing a game that involves spinning the spinner shown. Find the 
probability of spinning the given colors. (Lesson 10.8) 


16. green, then blue 
17. blue, then red 


18. yellow, then green 


19. blue, then green, then red 


Perform the indicated operation, if possible. If not possible, state the reason. 
(Lessons 11.1, 11.2) 


20.) > ~3}4+]} 4+ ~2 vi|* ~-\ao)-> 8 
10 —1 =3 8 3. -5 —6 4 
=! 2 
22.| 7 y| 9 ! 23.| 4 o||) 3 
—-1 4]|{-3 2 0 —2 
1 3 
Use an inverse matrix to solve the linear system. (Lesson 17.3) 
24. 2x —y = —10 25. 3x + 4y = —2 26. 3x + 6y = 5 
3x + 2y = —-1 5x + 3y =4 6x + 14y = 11 


Write a rule for the nth term of the sequence. Then find a,,. (Lessons 11.4—-11.6) 
27. 4, 7, 10, 13, 16,... 28. 5, 20, 80, 320,... 29. a; = 25,d = —5 
30. Salary You accept a job as a chemist that pays an annual salary of $39,000 the first 


year. During the next 39 years, you will receive a 5% raise each year. What will be 
your total amount of money earned over the 40-year period? (Lesson 8.1) 


740 Chapter 13 Conic Sections 


Find the sum of the infinite geometric series. If it does not have a sum, write 


no sum. (Lesson 11.7) 


Fe Do 6,18 54 , 
SE eae a ee 32.2 — +5. - i957 
a 4 16 oF tt t 
33.1-3 +9 -at.-. S434 G4 a5 tay t 


Find the value of x for the given right triangle. Round the result to two decimal 
places. (Lesson 12.1) 


35. 36. 


a | 
8 

x 
= v2 


Determine whether the trigonometric function of the angle is positive or 
negative. (Lesson 12.2) 


38. sin 70° 39. cos 315° 40. tan 228° 


Graph the function. (Lesson 12.3) 
41. y = sin 90x 42. y = cos 3x 43. y = tan 45x 


Sketch AABC. Then find the missing angle measures and side lengths. 
(Lessons 12.4, 12.5) 


44. A = 110°, B = 34°,b= 14 45. B = 65°,a = 45, c = 28 


Find the distance between the two points. Then find the midpoint of the 
segment joining the two points. (Lesson 13.1) 


46. (0, 0), (—2, —6) 47. (—1, 3), (-5, —2) 48. (6, —3), (2, 4) 


Graph the conic section. (Lessons 13.2-13.5) 


A9. 4x? + 4y? = 100 50. ah = 61.2 = Si 


Write the equation of the conic section. (Lessons 13.2-13.5) 

52. Parabola with vertex at (0, 0) and directrix x = 2 

53. Circle with center at (0, 0) and passing through (7, —2) 

54. Ellipse with vertices at (—4, 0) and (4, 0) and co-vertices at (0, 3) and (0, —3) 
55. Hyperbola with foci at (0, 4) and (0, —4) and vertices at (0, 2) and (0, —2) 
Classify the conic section. Then write its equation in standard form. 
(Lesson 13.6) 

56. 25x7 + 4y? — 24y — 64 = 0 57. y* — 9x7 — 72x — 153 =0 

58. 3x° + 3y? + 12x — 63 =0 59. x? — 4y? + 8x — 24y — 24 =0 
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pages 868-869 
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Skills Review Handbook 


Fractions, Decimals, and Percents 


A percent is a ratio with a denominator of 100. The symbol for percent is %. 


For example, 67% is a or 67 divided by 100. 


To write a percent as a decimal, move the decimal point two places to the /eft and 
remove the percent symbol. 


Write the percent as a decimal. 


a. 75% = 15% = 0.75 b. 8% = 08% = 0.08 c. 336% = 336% = 3.36 
Ww Wy Ww 


WOOFGNVH M3IAI STIDIS 


To write a percent as a fraction in simplest form, first write the percent as a fraction 
with a denominator of 100. Then simplify if possible. 


Write the percent as a fraction. 


220 of oT 748 
b. 20% = 100 5 c. 175% ion A ly 
To write a fraction as a percent, rewrite the fraction as a decimal. Once in decimal form, 
move the decimal point two places to the right and insert the percent symbol. 
Write the fraction as a percent. 
18 _ 999 = 2M ga i aT ee 
a. 55 = 0.72 = 72% “70 = 100 10% c. 9 O.1111... 0.111 = 11.1% 
e 
Practice 
Write the percent as a decimal. 
1. 22% 2. 89% 3. 6% 4. 9% 
5. 258% 6. 105% 7. 35.5% 8. 40.8% 
Write the fraction as a decimal and as a percent. Round the percent to the 
nearest whole number. 
1 5 12 13 
9.7 10. 2 11. 55 12. 
56 17 5 54 
13. 125 14. 20 15. 9 16. 96 
Write the decimal as a percent and as a fraction or mixed number in 
simplest form. 
17. 0.45 18. 0.62 19. 0.8 20. 0.07 
21. 1.36 22. 3.64 23. 0.375 24. 0.9375 


Skills Review Handbook 743 


= 
fe) 
fe) 
rs 
a 
Zz 
< 
S 
= 
5 
Ld 
te 
A 
wl 
— 
= 
2) 


744 


Calculating Percents 


You can use equations to calculate with 
percents. Replace the words with symbols as 
shown in the table to the right. 


Answer the question. 


a. What is 25% of 280? b. What percent of 15 is 3? c. 60% of what number is 3? 


n= 0.25 X 280 nx15=3 0.60 Xn = 3 
= 2 9o = Ses 
n=70 n=75 0.2 = 20% "= 060 5 
70 is 25% of 280. 20% of 15 is 3. 60% of 5 is 3. 


Amount of increase or decrease 
Original amount 


Percent of change = 


Find the percent of change. 


A pair of jeans is marked down from $20 to $12. Find the percent of change. 


Solution 


New price — Original price 12—20  —8 04 40% 
= = = i (a) 


Percent change in price = 


Original price 20 20 


The negative sign indicates that the percent of change is a decrease. So, the price of 
the pair of jeans decreased 40%. 


Practice 
Answer the question. 

1. What is 15% of 60? 2. What is 10% of 2? 3. What is 40% of 80? 

4. What is 1% of 29? 5. What is 24% of 75? 6. What is 100% of 93? 

7. What is 50% of 5? 8. What is 65% of 5? 9. What is 125% of 84? 
10. What percent of 18 is 9? 11. What percent of 8 is 2? 12. What percent of 7 is 7? 
13. What percent of 10 is 1? 14. What percent of 100 is 150? 15. What percent of 40 is 18? 
16. What percent of 12 is 4? 17. What percent of 90 is 117? 18. What percent of 50 is 70? 
19. 25% of what number is 3? 20. 45% of what number is 9? 21. 65% of what number is 26? 
22. 30% of what number is 6? 23. 68% of what number is 17? 24. 74% of what number is 37? 
25. 95% of what number is 38? 26. 160% of what number is 24? 27. 200% of what number is 13? 


Find the percent of change. Round to the nearest percent if necessary. 


28. 80 votes increased to 140 votes 29. $192 decreased to $160 
30. 5 dogs increased to 10 dogs 31. $240 increased to $348 
32. 36 students decreased to 28 students 33. 20 ounces increased to 32 ounces 


Student Resources 


sha and Multiples 
are > numbers or variable cal US that Prime numbers less than 100 


2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 


number greater than 1 that has exactly two factors. 
37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 


79, 83, 89, 97 


To write the pri m. of a number, write 


Solution Use a tree diagram to factor the number until all factors are prime numbers. 


e 
2 eR 
2 71 
a 
3 7 


) of two whole numbers is the greatest 


whole number that is a ECICE Ai each number. 


What is the greatest common factor of 36 and 40? 


Solution — First write the prime factorization of each number. Multiply the common 
prime factors to find the greatest common factor. 


36 =2+2°3+3 
40 =2+2+2¢5 


ANSWER > The greatest common factor is 2 + 2 = 4. 


wltiple of a whole number is the product of the number and any nonzero whole 
aie The least common multiple (LCM) of two whole numbers is the smallest 
whole number (other than zero) that is a multiple of each number. 


What is the least common multiple of 16 and 24? 


Solution 


First write the prime factorization of each number using exponents. 
The LCM of the two numbers is the product of the highest power of 
each prime number that appears in the factorization of either number. 


16 = 24 
24 = 23-3 


ANSWER > The least common multiple is 24 + 3 = 48. 
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mmo nato (CD) of two fractions is the least common multiple 
of the RenOHnRICTS. To add or subtract two fractions with unlike denominators, first 
write equivalent fractions using the LCD, then add or subtract the numerators. 


Solution = The least common multiple of 16 and 24 is 48. So, the least common 


denominator (LCD) of the fractions is 48. 


Rewrite the fractions using the LCD. 


7 _ 7°3 _ 21 11. Tie2 2) 

16 16°3 48 24 24°2 48 
Add the rewritten fractions. 

1 , 2s 

48 48 48 


Practice 


Write the prime factorization of the number. If the number is prime, 
write prime. 


1. 12 2.27 3.17 4. 30 5. 63 
6. 16 7. 28 8. 73 9. 15 10. 42 
11. 57 12. 86 13. 56 14, 34 15. 100 
Give the greatest common factor (GCF) and least common multiple (LCM) 
of the pair of numbers. 
16. 4,6 17. 21,9 18. 15, 30 19..1,.17 20. 24, 36 
21. 30, 42 22. 45, 63 23. 10, 18 24. 9, 24 25. 16, 28 
26. 13,7 27. 33, 21 28. 39, 54 29. 100, 40 30. 26, 49 
Find the least common denominator. 
4 1 33 15 16 2 13 7 
31. 76 32 54 33. 12’ 8 34. 1 3 35. 15° 10 
ll 1 1 4 4 6 15 10 5 13 
ae 6 tA aT i bk 39. 56°13 40. § 20 
157 13 11 75 1 3° 2. 177 9 
a 2’ 68 oe 75 1 fa 9’ 12’ 6 me 5°93 oa 20’ 8’ 10 
Perform the indicated operation(s). Simplify the result. 
7_1 3 ge J 341 es 
46.2 —5 a7.5+5 48. +2 AOS a5 
me ence a 17 _ 16 $i 
Oe aS +6 10 25 aT B 
Leaf 28 25.17 _ 9 ft a2 13 3D 
oa | 35 Ga Tg 16 ae ae ae ar a ae 


Student Resources 


Writing Ratios and Proportions 


A ratio compares two quantities using division. If a and b are two quantities 
measured in the same units and b # 0, then the ratio of a to b can be written as 


ato b, = or a: b. Ratios should be written in simplest form. 


Write the ratio 10 to 35 in three ways. 


Solution — First write the ratio as a fraction in simplest form: 


10_ 10=5_ 2 
35° 3575 OF 


The three ways to write the ratio 10 to 35 are 2 to 7, 5. and 2: 7. 


Nn is an equation stating that two ratios are equivalent. You can use 
cross multiplication to solve a proportion. 


Using Cross Multiplication to Solve Proportions 


i= a where b # 0 and d # 0, then ad = be. 


4_8 

Solve the proportion — 1x 

° 4 _8 ; F 
Solution Fie Rewrite the proportion. 
4*x=11°8 Cross multiply. 
4x = 88 Simplify. 
x = 22 Solve for x. 
e 
Practice 


Write the ratio in simplest form. Express the answer in three ways. 


1.5 to 15 2.3:9 3.55 
5. 3 to 6 6.2 7.8 to 28 
: 38 
9. 13: 26 10. 15 to 6 11. 35 
Solve the proportion. 
4 _ 12 c_8 4_72 
13. 6. x 14. 5 7 15. 5 i 
—_} 6 _ 42 3_P 
17. q %6 18. 7 k 19. 8 30 
2_w 39 _ 6 S28 
21.75 = 1 22. ; 7 23. ig m 


12. 7:49 
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Operations with Positive and Negative Numbers 


To add positive and negative numbers, you can use a number line. 


To subtract any number, add its opposite. 
To add a positive number, move to the right. 


To add a negative number, move to the left. 


Add or subtract. 


a. 1 + (—S) b. —2—(-5)=-2+5 


End hy Move 5 units to the left. Fla 


ee 
S oh..=3 22 = 8 1 2 


Start te. Move 5 units to the right. Pa End 


a ee ce ee ee ee ee 
2-2 =1 2 1 22.4 


—2 —(-5) =3 


To multiply or divide positive and negative numbers, use the following rules. 
¢ The product or quotient of two numbers with the same sign is positive. 


¢ The product or quotient of two numbers with different signs is negative. 


Multiply or divide. 


b. —3(-7) = 21 
d. —18 + (—2)=9 
. -3(7) = -21 f. 3(-7) = 21 
. -18+2=-9 h. 18 + (—2) = —9 
Practice 
Perform the indicated operation. 
1.2 + (-8) 2.5 — 12 3. —6(10) 4. —30 + (—2) 5.-4+6 
6. 7(—5) 7.18 — 10 8. -7 + (-12) 9. 11(4) 10. 81 + (—9) 
11. —12 +3 12. —9(—8) 13. —1 + 13 14. 45 + (—9) 15. —6(12) 
16. 14 — (—9) 17. —32 + 16 18. —23 + (—5) 19. 28 — (—5) 20. 17 — (—18) 
21. —9(-1) 22. —3 — (-11) 23. —18 + (-3) 24. 14 + (-7) 25. 5(—3) 
26. 21 + (—8) 27. —2— 10 28. —9 + 26 29. —20 + (—4) 30. 22 + (-2) 
31. —7(—6) 32. 1 — 24 33. —15 —2 34.0 + (—4) 35. 16+ 8 
36. 5(—6) 37.-17 +1 38. —10 — 18 39. —10 + (-2) 40. 13(-3) 


Student Resources 


Significant Digits 


Scientists record measurements using sig 
represent the measurement indicated by the measuring tool plus one estimated digit. 
The rules below describe how to identify significant digits and use them. 


its, which are the digits that 


¢ All nonzero digits are significant. 

¢ All zeros that appear between two nonzero digits are significant. 

¢ For a number with a decimal point, all zeros after the last nonzero digit are 
significant. 


¢ For a number without a decimal point, assume that zeros after the last nonzero 
digit are not significant unless you know otherwise. 


With addition and subtraction calculations, the result cannot be more precise than 

the least precise number in the calculation. Round your answer to the place value of 
the last significant digit in the least precise number. With multiplication and division 
calculations, round the result so that it has the same number of significant digits as the 
measurement with the fewest significant digits. 


Perform the indicated operation. Round appropriately. 


a. 63.498 — Thousandths are estimated. b. 5606 4significant digits 
+ 72.2 Tenths are estimated. x 0.034 2 significant digits 
135.698 Sum before rounding 190.604 — Product before rounding 
135.7 Round to tenths. 190 Round to 2 significant digits. 


Multiply: 0.9000 - 20 - 13.526 
Solution Of the three numbers, 20 has the fewest significant digits. Multiply 
all three numbers, then round the product to one significant digit. 
0.9000 + 20 * 13.526 = 243.468 
=~ 200 


Note that some units, such as number of people, cannot be divided into fractional parts. 
In that case, use the significant digits of the other numbers to round the answer. 


A bill of $46.92 is divided among 3 people. How much does each 
person pay? 


Solution The number of people is exact, so the fact that it is a one-digit 
number is irrelevant. Use the 4 significant digits of the bill, 46.92. 


$46.92 + 3 = $15.64 
Each person should pay $15.64. 
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Practice 


Tell how many significant digits the number has. 


1. 574 2. 63,133 3. 19.34 4. 1.2988 

5. 4.006 6. 3002.4 7. 5.0326 8. 17.03 

9. 0.125 10. 0.1005 11. 0.045 12. 0.0172 
13. 1500 14. 200 15. 1500.00 16. 200.0 


Perform the indicated operation(s). Round to the place value of the last 
significant digit in the least precise number. 


17. 1569 + 98 18. 987 + 1275 19. 125.3 + 187.26 

20. 150.24 + 35.7 21. 12.7 + 4.178 22. 9.008 + 3.25 

23. 65 — 2.30 24. 25.4 — 12 25. 102.5 — 9.07 

26. 523.49 — 107.3 27. 12.735 — 0.04 28. 48.032 — 0.0009 

29. 42.365 + 0.1 + 3005 30. 4 + 1.32 + 1.0003 31. 2100 + 525 + 635 

32. 586 — 95 — 5 33. 2012 — 13 — 0.395 34. 2.022 — 0.202 — 0.220 
35. 19.36 + 0.006 — 12 36. 40.6 + 0.36 — 0.6512 37. 4158.36 — 0.36 + 865 


Perform the indicated operation(s). Round to the number of significant 
digits of the number with the fewest significant digits. 


38. 125 + 4.5 39. 8921 + 12.6 40. 1.0035 + 9.5 

41. 75.23 + 10.4 42. 0.862 + 0.1 43. 6000 + 0.3000 
44. 25 + 29.6 45. 333 + 3.0 46. 64 + 3.01 

47. 3.59 + 1.0 48. 0.5 + 0.0023 49. 6.50 + 12.50 
50. 4+ 16 « 1.023 51. 988 + 2.00 * 32.12 52.5.5 + 1005 « 2.02 
53. 8888 + 11 +4 54. 0.01 + 100 + 0.2 55. 420 + 0.25 + 10 
56. 12.5 ° 12.5 + 2.5 57. 52.4 + 3.7 + 1005 58. 150 ¢ 777 = 150 


Perform the calculation. Write your answer with the appropriate number 
of significant digits and appropriate units. 


59. $22.50 per plant + 3 plants 60. 365 miles + 8.2 gallons 61. $15.88 per shirt ° 5 shirts 
62. $56.80 + 4 customers 63. 276 liters * 4.1 moles per liter 64. 65 pounds + 10 bags 


65. Use the rules for significant digits to calculate the quotients below. 
Explain why the answers are different. 


4.68 + 1.00 = 2 
4.68 + 10= 2 
468 +1= 2 


Student Resources 


Scientific Notation 


— notation is a way to write numbers using powers of 10. Numbers written in 


ane 10° = 


Write each number in scientific notation. 


a. 93,000,000 Standard form b. 0.000031 
93.000.000 Move the decimal point 0.000031 
~~ of 7 places to the left. \ A 

9.3 x 107 Use 7 as an exponent of 10. a <i 


Write each number in standard form. 


ic en have the form c X 10” where 1 < c < 10 and nis an integer. Recall 


Standard form 


Move the decimal point 
5 places to the right. 


Use —5 as an exponent of 10. 


MOOFGNVH M3IAI STIDIS 


a. 4.26 X 10-5 _ The exponent of 10 is —5. b. 8.309 x 104 The exponent of 10 is 4. 
000004.26 Move the decimal point 8.3090 Move the Genital point 
ky 5 places to the left. LA 4 places to the right. 
0.0000426 Standard form 83,090 Standard form 

Practice 
Write the number in scientific notation. 

1. 3200 2. 4.1 3. 86,905 4. 0.000030351 

5. 8.62 6. 791,000 7. 4.903 8.6 

9. 0.0042 10. 7651 11. 625,000,000 12. 12.4513802 
13. 0.0090090 14. 49.52 15. 217 16. 0.10 
17. 324 18. 134,028,501,000 19. 0.51000 20. 0.0000003 
21. 16,020 22. 0.042603 23. 805.3090 24. 3.057000 
25. 987,654,321 26. 0.0001897 27. 0.30258 28. 476.154283 
Write the number in standard form. 
29.5 x 10° 30. 3.01 x 10-8 31. 1.25 x 10° 32. 7.021 x 10°? 
33. 8.51 X 10° 34.9 x 10-4 35. 7.35 X 10° 36. 4.2 x 10° 
37. 1.89 x 107? 38. 2.004 x 10° 39. 9.514 x 107! 40. 3.21005 x 10° 
41. 2.459 x 1077 42. 1.16 X 10° 43. 2.17 x 107 44. 5.5661 x 107! 
45. 4.57 x 104 46. 1.0010010 x 10> 47. 9.3502 X 10!° 48. 3.6054000 x 10° 
49. 6.42 x 10-7 50. 5.6102 x 10°! 51. 8.059030 x 10? 52. 1.60003 Xx 10!! 
53. 3.7 x 104 54. 8.6092 x 10°? 55. 2.809075 x 10° 56. 9.7014561 X 10° 
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Points.) in the _oordinate Plane 


t > axis: ; 
horizontal pine line called the x- Onsdraneil 41 Gusdenit lll 
number line called the is. L(—, +)—l-13J-1-1(4, +). 
Galles the origin and divide the coordinate plane into four poppe 2 origin’ 
1 


_ numbered I, Il, II, and IV. 


Each point in a coordinate plane corresponds to an ordered 
pair, (x, y), of real numbers. The first number in an ordered | ia |_| 
ite, and the second number is the bicatart n-—44— Ala taea IV. 


You can tell which quadrant a point is in by looking at the signs of its coordinates. 


Tell which quadrant the point is in. Then plot the point. 


The coordinates are positive, so the point is in Quadrant I. 
Start at the origin. The x-coordinate is 3, so move right 3 
units. The y-coordinate is 2, so move up 2 units. Draw a point 
at (3, 2) and label it A. 


B(O, —4) The x-coordinate is zero, so the point is on the y-axis. Start at 
the origin. The x-coordinate is 0, so do not move left or right. 
The y-coordinate is —4, so move down 4 units. Draw a point 

at (0, —4) and label it B. 


Practice 


Write the ordered pairs that correspond to the points labeled A, B, C, and 
Din the coordinate plane. 


Plot and label the ordered pairs in a coordinate plane. 
4. A(1, 3), B(4, —2), C(—3, 0) 5. A(0, 1), B(-1, —2), CG, 4) 6. A(—4, 0), B(3, 5), C(O, 2) 
7. A(2, —2), BG, —5), C(-4,. 4) 8. A(1, —1), B(0, 0), C(-1, —D 9. A(5, 2), BG, —2), COS, 0) 


Without plotting the point, tell whether it is in Quadrant I, Quadrant Il, 
Quadrant Ill, or Quadrant IV. 


10. (—1, —10) 11. (—0.25, 0.125) 12. (8, —9) 13. (9, —8) 
14. (7, —17) 15. (61, 34) 16. (3, —0.3) 17. (—4, —2) 


Student Resources 


Perimeter and Circumference 


The p r P of a figure is the distance around the figure, or the sum of the lengths 
of the edges. 
Find the perimeter of the figure. 
a. Lin. b. 
5 y N in. ye 2m 
8 in. 3m 
Solution a.P=4+8+1+4+5 = 18 in. b.P=3+2+4=9m 


circle consists of all points in a plane that are the same distance from circle 
a fixed point called the c The distance between the center and any padius 
point on the circle is the is. The distance across the circle through the 
r. The diameter is twice the radius. 
ce of a circle is the distance around the circle, or the diameter 
pecineer of the circle. To find the circumference C of a circle, use the alo 
formula C = 2mr where r is the radius. 
Find the circumference of a circle with a radius of 10 feet. 
Solution C = 2tr = 27(10) = 207 ~ 20(3.14) = 62.8 
The circumference is 207 feet or about 62.8 feet. 
e 

Practice 
Find the perimeter or circumference of the figure. 

1. 2tt 2. 3. § mm 6 mm 

4ft 4ft 9mm 
2ft 
5 6. 8 yd 
6 yd 
1.21 cm 
5 yd 

7. a rectangle with length 5 ft and width | ft 8. a triangle with sides 3 m, 7 m, and 5 m 

9. a circle with radius 8 mi 10. a semicircle with a diameter of 3 in. 
11. a square with sides of 2.3 in. 12. a triangle with sides of 9 cm, 4 cm, 6 cm 
13. a trapezoid with sides 4 m, 1 m, 7 m, and 1 m 14. a circle with a diameter of 3.71 ft 
15. a triangle with sides 15 cm, 4 cm, and 15 cm 16. a rectangle with length 30.42 m and width 2 m 
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Area 


The area of a two-dimensional figure is the number of square units enclosed by the figure. 


| . 


b £ 
Area of a triangle: A = sbh Area of a square: A = s* Area of arectangle: A = lw 
by 
Le / 
fa 
b by 
Area ofa parallelogram: A = bh _— Area of atrapezoid: A = 5(b, + b,)h Area of acircle: A = mr? 


Find the area of the figure. 


a. b. 10m c 
7m 
Solution =a. A = Sh b. A = 5(b, + b,)h e. A= ar? 
= 04) = 3(10 + 765) = 13.2) 
= 12 square inches = 42.5 square meters ~ 32 square feet 


Practice 


Find the area of the figure. 


1. 2. 3. 4. 
13 ft 
2.4cm <> so 
yy, Ta 
lim 


5. a parallelogram with height 4 m and base 9 m 6. a 3 mi by 8.4 mi rectangle 

7. a trapezoid with bases | ft and 2.3 ft and height 9 ft 8. a circle with radius 5.98 in. 

9. a triangle with base 7 cm and height 1 cm 10. a square with sides of length 13 mm 
11. a6 yd by 3.28 yd rectangle 12. a circle with a diameter of 1.5 ft 
13. a triangle with base 34 m and height 9 m 14. a square with sides of length 46.5 yd 
15. a parallelogram with height 6 cm and base 8 cm 16. a circle with radius 4.7 in. 


Student Resources 


Volume 


The 


V of a solid is the amount of three-dimensional space in its interior. 


Volume is measured in cubic units, such as cubic meters (m3). The volume of a cube, 
box, or cylinder can be found by multiplying the area of its base by its height. 


° h 
s w 
s L 
Volume of a cube: V = s° Volume of a box: V = Lwh Volume of a cylinder: V = wr7h 


Practice 


Solution 


V= 


Solution 


v= 


= 7(8)*(16) Substitute known values. 


~ 3215 cubic meters (m?) 


Find the volume of the solid. 


ar-h Volume of a cylinder 


10247 Multiply. 


Find the volume of a box with length 12 inches, width 7 inches, 
and height 2 inches. 


twh = (12)(7)(2) = 168 


The volume is 168 cubic inches. 


Find the volume of the solid. 


1. 


6. a cubic shipping box with sides of length 3 ft 


10. 
12. 


2. 
3 in. 


5 in. 


6.1m 


. acylinder with diameter 4.2 m and height 1 m 5. a cube with sides of length 1.01 cm 


7. a cube with sides of length 0.2 ft 


. a box with length 6 m, width 6 m, and height 8 m 9. a cube with sides of length 5 m 
a cylinder with radius 0.05 ft and height 110 ft 11. a cube with sides of length 60 mm 
a car battery with length 18 in., width 6 in., 13. a cylindrical metal rod with diameter 0.3 m 
and height 8 in. and length 15 m 
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Triangle Relationships 


The sum of the measures of the angles of a triangle is 180°. 


Find the value of x. 


Solution 
180° = 101° + 46° + x° 1019 
x = 33 


‘j equality t m states that the sum of the lengths of any two sides of a 
ianelet is Crear ‘than the length of the third side. 


AB + BC>AC A 
B c 


AB + AC> BC 


Can the side lengths form a triangle? Explain. 


a. 3,5, 8 b. 4, 7, 10 c. 2,6,9 
Solution 
a. No, because b. Yes, because c. No, because 
3+5=8. 4+ 7>10 2+6<9. 
4+ 10>/7, and 
7+ 10>4. 


Practice 


Find the value of x. 


1. 2. 3 4. 

68° 
72° x° a 

5. a triangle with angles x°, 32°, and 28° 6. a triangle with angles x°, 110°, and 67° 
Can a triangle have the given angle measures? Explain. 

7. 150°, 25°, 75° 8. 12°, 133°, 5° 9. 59°, 60°, 61° 10. 17°, 4°, 159° 
11. 78°, 22°, 100° 12. 54°, 66°, 71° 13. 1°, 10°, 169° 14. 20°, 40°, 80° 
Can the given side lengths form a triangle? Explain. 

15. 8, 10, 12 16. 13,5, 19 17. 23, 64, 41 18. 45, 46, 47 
19. 1, 2,3 20. 5, 10, 20 21. 3,8, 10 22. 0.5, 0.75, 0.77 


Student Resources 


Right Triangle Relationships 


states that the sum of the 


squares of the reve of the legs equals the square of a + b? = ¢ i 
the length of the hypotenuse. 


Find the value of x. 


b. x 
c 
att] Aur 
Solution 

a. 6+ 82 =? b. x2 +47 = 52 
36 + 64= 2 x2+ 16 =25 
100 = c? cr =9 

10=c x=3 


A Batol Shien a with angle measures of 45°, 45°, and 90° is called 
5 In a 45°-45°-90° triangle, the length of 
the hypotenuse is the length of a leg times V2. Notice that a 
45°-45°-90° is an isosceles triangle. 


J 0°-90° sle, the hypotenuse is twice as long as the 
dione IEE. ad ne longer leg is the length of the shorter leg 


times V3. 


Practice 


Find the value of x. Give your answer in simplest radical form. 


1. 5m 2. 3: 
ps 2in. 
6m - a 
. ¢ 


b 
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Symmetry 


A figure has line 


y if it can be divided by a line into two equal parts, each of 
which is the mirror image of the other. The line that divides the figure into two parts is 
called the li 


Identify the line(s) of symmetry in the figure. 
oS © 
Solution 


a. This figure has a horizontal b. This figure has six lines c. This figure is not 
line of symmetry and a of symmetry. symmetric. It has no 
vertical line of symmetry. line of symmetry. 


A figure has 1 if it coincides with itself after rotating 180° or less, 
either clockwise or counterclockwise, about a point. The point of rotation is usually the 
center of the figure. 


a7 


Solution 


Identify any rotational symmetry in the figure. 
; \ / : / \ 


a. This figure has rotational symmetry. It will coincide with itself after being rotated 
90° or 180° in either direction. Note that the point of rotation is located at the 
center of the figure. 


SO 


b. This figure has no rotational symmetry. 


c. This figure has rotational symmetry. It will coincide with itself after being 
rotated 120° in either direction. 


mS Is 


Student Resources 


Practice 


Identify any lines of symmetry. 
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Identify any rotational symmetry. 
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Transformations 


i ation is a change made to the size or position of a figure. The new 
figure after a transformation is called the image 


tr mn is a transformation that slides every point of a figure the same distance 
in the same direction. A figure and its translated image are congruent. 


Translate AB right 4 units and down 1 unit. 


Solution 


To shift AB right 4 units, add 4 to each x-coordinate. To shift AB 
down | unit, subtract 1 from each y-coordinate. You can describe 


this transformation as AB is mapped onto A'B’ . This is written 
symbolically as AB > A'B’. 

A(-1, 4) 3 A(-1 + 4,4 + (-D) = A’, 3) 

B(O, 0) B'(0 + 4,0 + (-1)) = B'(4, -D 


and its reflected image are congruent. 


Reflect the figure as described. 
a. Reflect the blue figure in the y-axis. b. Reflect the blue trapezoid in the x-axis. 


Solution 


a. Use (x, y) > (—x, y) with each vertex. b. Use (x, y) > (x, —y) with each vertex. 


Change the sign of each Change the sign of each 
x-coordinate. y-coordinate. 


1 is a transformation in which a figure is turned about a fixed point, called 
‘ n. The direction can be clockwise or counterclockwise. 


Rotation About the Origin 


180° either direction (x, y) > (—x, —y) 


90° clockwise (x, y) > Gy, x) 
90° counterclockwise (x, y) > (-y, x) 


Student Resources 


Rotate RSTV 180° about the origin. 


Solution 

Use (x, y) > (—x, —y) with each vertex. 

a aad is 3) Change every 
On er coordinate to 


TA, lyeT"(=4, 0 its opposite. 
vd, 1) > V"(-1, -1) 


Graph the new vertices. Then draw the image. 


r, k, to create a similar image (see page 762). A figure stretches if 


k > 1 and shrinks if 0< k< 1. A figure and its dilated image are similar. 


Dilate AB by a scale factor of 3. 


Solution 
Multiply the coordinates of A and B by the scale factor 3. 
Use (x, y) > (3x, 3y) with each vertex. 

A(2,0) > A'(3 * 2,3 © 0) = A’(6, 0) 

BOS, 4) > B'3 ° 5,3 + 4) = B’d5, 12) 


Graph the new vertices. Then draw the image. 


Practice 


Give the coordinates of A(—5, 3) after the transformation. For rotations, 


rotate about the origin. 


1. Translate 2 units down. 2. Reflect in the x-axis. 3. Dilate by 2. 
4. Dilate by 20. 5. Translate 4 units right. 6. Rotate 90° clockwise. 
7. Reflect in the y-axis. 8. Rotate 180°. 9. Dilate by 4. 


10. Translate 8 units left and 4 units up. 


12. Translate 5 units right and 9 units up. 


Transform EFGH. Graph the result. For rotations, 
rotate about the origin. 


14. Reflect in the y-axis. 15. Rotate 90° clockwise. 
16. Translate 1 unit down. 17. Dilate by x 
18. Translate 7 units left. 19. Reflect in the x-axis. 


20. Rotate 180°. 21. Dilate by ‘ 


11. Translate 2 units left and 3 units down. 


13. Reflect in the x-axis and the y-axis. 


Skills Review Handbook 


“ 
a 
= 
1 
w 
ad 
m 
= 
m 
= 
= 
> 
4 
=] 
iss] 
3° 
i°) 
Az 


761 


~ 
fe) 
fe) 
FA 
a 
Zz 
4 
= 
Ss 
— 
5 
Lid 
te 
A 
wl 
= 
= 
2) 


762 


Similar Figures 


Two figures are congruent if they have the same shape and the same size. If two figures 
are congruent, then corresponding angles are congruent and corresponding sides are 
congruent. Congruent angles are represented by matching arcs, and congruent sides 

are represented by matching tick marks. 


F D 
Two figures are similar if they have the same shape but B 


not necessarily the same size. If two figures are similar, 

then corresponding angles are congruent and the ratios 

of the lengths of corresponding sides are equal. The A C 
triangles shown are similar. 


mZA = mZD mZB=mZE mZC = mZF DE DF EF 


The two polygons are similar. Find the values of x and y. 


Solution 


Write and solve a proportion to find each unknown length. 


AB _ BC AD _ CD 

EF FG EH GH F 395E 

A3 8B 
— C= Ze \ 
y 6 x 
3x = 22.5 13.75y = 137.5 
D 11 C G 13.75 H 
x=75 y= 10 
e 

Practice 


The two polygons are similar. Find the values of x and y. 


15 2. 3. 
10 s y 20 | “3 
Pp 18 8 12 18 
x 
4. x? 5. 12 6. 
y 
4 10 6 
aN a) an’ 
6 
7. 3 - . | 
30 4 
YF 111 20 9 y 
' a 
6 


x y x 
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Student Resources 


Logical Argument 


A logical argument has two given statements, called premis 
follows them, called a ¢ 


1s, and a statement that 


If a figure is a square, then it is a quadrilateral. Premise 1 
ABCD is a square. Premise 2 
Therefore, ABCD is a quadrilateral. Conclusion 


There are five types of logical arguments that can be made using these statements. 
Arguments that use these patterns correctly will have a m. Arguments 
that use these patterns incorrectly will have an in 


The letters p, gq and r are often used to write an argument symbolically. In the examples 
below, p, g and r are given the following meanings. 


p: a figure is a square 


q: a figure is a quadrilateral 


r: a figure is a polygon 


Type of Argument 


Direct 
Argument 


Indirect 
Argument 


OrRule 


And Rule 


Pattern 


If p is true, then q is true. 


p is true. 
Therefore, g is true. 


If p is true, then q is true. 


q is not true. 
Therefore, p is not true. 


If p is true, then q is true. 
If q is true, then r is true. 


Therefore, if p, then r. 


p is true or gq is true. 
p is not true. 
Therefore, g is true. 


p and q are not both true. 


But gq is true. 
Therefore, p is not true. 


Example 


If ABCD is a square, then it is a quadrilateral. 
ABCD is a square. 
Therefore, ABCD is a quadrilateral. 


If ABCD is a square, then it is a quadrilateral. 
ABCD is not a quadrilateral. 
Therefore, ABCD is not a square. 


If ABCD is a square, then it is a quadrilateral. 


If ABCD is a quadrilateral, then it is a polygon. 


If ABCD is a square, then it is a polygon. 


ABCD is a square or a quadrilateral. 
ABCD is not a square. 
Therefore, ABCD is a quadrilateral. 


ABCD is not both a square and a quadrilateral. 
ABCD is a quadrilateral. 
Therefore, ABCD is not a square. 


State whether the conclusion is valid or invalid. lf the conclusion 
is valid, name the type of logical argument used. 


a. If you play drums, then you are a musician. You are a musician. Therefore, 
you play drums. 


b. If 3x + 2 =5, then x = 1. x # 1. Therefore, 3x + 2 #5. 


Solution 
a. The conclusion is invalid. 


b. The conclusion is valid. This is an example of an indirect argument. 
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A compound statement has two or more parts joined by or or and. For an and statement 
to be true, each part must be true. For an or statement to be true, at least one part must 
be true. 


Tell whether the compound statement is true or false. Explain. 


a.2+3=S5and2*3=6 

b.2+3 =6and2+3=6 

c.2+3=6 or 2°*3=6 

d.2+3=6 or 2°3=5 
Solution 

a. True; both parts are true. 

b. False; only one part is true, but both must be true for an and statement. 
c. True; at least one part is true, as required for an or statement. 


d. False; no part is true. 


Practice 


Use logical reasoning to decide whether the conclusion is valid or invalid. 
If the conclusion is valid, name the type of argument used. 


1. Bill is at the game or Bill is at work. 2. If x = 3, then y = 9. 
Bill is not at the game. If y = 9, then z = 81. 
Therefore, Bill is at work. Therefore, if z = 81, then x = 3. 
3. If Jack writes books, Jack is an author. 4. A whale is not both a fish and a mammal. 
Jack is not an author. A whale is not a fish. 
Therefore, Jack writes books. Therefore, a whale is not a mammal. 
5. If x = 4, then 2x — 8 = 0. 6. Mike wins the race or Sam wins the race. 
x=4, Sam loses the race. 
Therefore, 2x — 8 = 0. Therefore, Mike wins the race. 
7. If Alis from Paris, he is from France. 8. ZABC is not both acute and obtuse. 
If Al is from France, he is from Europe. ZABC is obtuse. 
Therefore, if Al is from Paris, he is from Europe. Therefore, ZABC is acute. 
9. The car is blue or the car is purple. 10. If that tree is tall, Paul is short. 
The car is not blue. Paul is short. 
Therefore, the car is purple. Therefore, that tree is tall. 


State whether each compound statement is true or false. 


11.3<S5o0r8>9 12.4>-—4and1>1 
13.3°03<1lor3*03>1 14.14+1=2o0rl-—1=-2 
15.6>7o0r7<6 16. 1 +> 1 =1and—1 -(—1l) = —1 
17.1°1=Jand—1+(-l)=1 18.4>4and4=4and4<4 

19. 164 < 165 and 164 < 165 and 164> 165 20. 101 = 102 or 101 < 201 or 101 > 101 


Student Resources 


If-Then Statements and Counterexamples 
The if-t 


t “if p, then qg” has two parts. The “if” part contains the 
s and the “then” part contains the conclusion. An if-then statement may also 


Identify the hypothesis and conclusion. 
a. Things get wet when it rains. b. Great Danes are big dogs. 


Solution 
Rewrite the statement as an if-then statement. 


a. If it rains, then things get wet. b. If a dog is a Great Dane, then the dog is big. 
Hypothesis: it rains Hypothesis: a dog is a Great Dane 
Conclusion: things get wet Conclusion: the dog is big 


onverse of a conditional statement is formed by switching the hypothesis and the 
conclusion. The converse of a true statement is not necessarily true. 


Write the converse of the conditional statement. Then tell 
whether the converse is true or false. 


a. If x <5, then x <7. b. Ifx + 5 = 12, then x = 7. 


Solution 
a. Converse: If x < 7, then x < 5. False 


b. Converse: If x = 7, then x + 5 = 12. True 


ent is a statement that has the words “if and only if.’ You can 


write a conditional statement and its converse together as a biconditional statement. A 
biconditional statement is true only when the conditional statement and its converse are 
both true. 


Tell whether the biconditional statement is true or false. Explain. 


a. A triangle is isosceles if and only if it has two equal sides. 


b. An angle measures 45° if and only if it is an acute angle. 
Solution 


a. Conditional: If a triangle is isosceles, then it has two equal sides. True 


Converse: If a triangle has two equal sides, then it is isosceles. True 


b. Conditional: If the measure of an angle is 45°, then it is an acute angle. True 
Converse: If an angle is acute, then its measure is 45°. False 


The biconditional is false because the converse is not true. 
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2 en pruners 


mple is an example that shows that a statement is false. 


eee 


Tell whether the statement is true or false. If it is false, give a 
counterexample. 


a. If a and b are real numbers, then la + | = |a| els |b|. 
False. A counterexample is a = 1 and b = —2, because |1 + (—2)| =1 
and |1| + |—2| = 3. 

b. If x” = 9, then x = 3. 

False. A counterexample is x = —3, because (3)? = 9. 


Practice 


Rewrite the statement as an if-then statement. 


1. You can go to the movies if you take your brother. 2. 5x = 10 when x = 2. 

3. A hexagon has 6 sides. 4. The area of a circle is A = Tr’. 

5. Janet does very well on math tests. 6. Alternate interior angles are congruent. 
7. The equation of the unit circle is x7 + y? = 1. 8. The volume of a cube is V = s°. 


Write the converse of the conditional statement. Then tell whether the 
converse is true or false. 


9. If two lines intersect, their intersection is a point. 
10. If it snows tonight, the roads will be icy tomorrow. 
11. If a triangle has two equal angles, the triangle has two equal sides. 
12. If x = 5, then x? + 5 = 30. 
13. If 5x + 13 < 23, then x <2. 
14. If Marquisa moves out-of-town, then her phone number will change. 
Tell whether the biconditional statement is true or false. Explain. 
15. A polygon is a hexagon if and only if it has 6 sides. 
16. x” = 25 if and only if x = 5. 
17. A quadrilateral is a rectangle if and only if it has four right angles. 
18. x? > 1 if and only if x>1. 


19. A number is divisible by 3 if and only if the sum of the digits of a number is 
divisible by 3. 


20. Two lines are parallel if and only if they never intersect. 


Determine whether the statement is true or false. If it is false, give a 
counterexample. 


21. All birds fly. 22. If Vx = 2, then x = 4. 
23. If x” = 144, then x = 12. 24. All musicians play the piano. 


Student Resources 


Justify Reasoning 


Algebraic reasoning can be justified using the properties of equality. 


Property Statement of Property Example 
Addition Property . Ifa=b, “ 
A 
of Equality Add the same number to each side. cca ae = 
+ | — 
Subtraction Property Subtract the same number from Ifa=b, = 
of Equality each side. thena-—c=b-ce. z 
Multiplication Multiply each side by the same Ifa=bandc #0, S 
Property of Equality nonzero number. thenaec=bec. = 
> 
Division Property Divide each side by the same nonzero Ifa =bandc #0, = 
of Equality number. thena+c=b+ce. 3 
= ° 
Distributive The product of a number and a sum a(b +c) =ab +ac x 
Praneit (or difference) is equal to the sum 
aie (or difference) of the products. a(b = ¢) = ab — ac 
You may also use algebraic definitions, such as the definition of raising to a power, to 
justify algebraic reasoning. 
Solve the equation x? + 4 = 40. Justify each step. 
Solution 
x +4=40 Given 
x* = 36 Subtraction property of equality 
x= +6 Find square roots. 
@ 
Practice 
Name the property that justifies the statement. 
1. If 6(« — 2) = 3, then 6x — 12 = 3. 2. If x — 5 = 6, then x = 11. 
3. If 4x = 12, then x = 3. 4. If S = 8, then 4x = 56. 
5. If 2x + 4 = 8, then 2(x + 2) = 8. 6. If 7x = 5, then 7x + 5 = 10. 
7. If Vx = 5, then x = 25. 8. If x = 8, then 2x — 4 = 12. 
9. If 5x — 3 = 0, then 8(5x —3) = 0. 10. If 3x = 27, then x = 9. 
Solve the equation for x. Justify each step. 
11. -x=5 12.7-x=14 13. 9x = 45 14, 5 = 79 
15.x +8 = 22 16. 4(1 — x) = 10 17. —2x-5=—-4 18.4 + 12x = 24 
19. —2(—6 — 2x) = 15 20. 3x + 6 = 18 21. x? = 36 22. x3 +3 = 30 
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Use an Equation or Formula 


Some situations require you to use a specific formula to solve the problem. 


Practice 


Solution 


20 min » 


How far do you drive? 


The formula for distance is d = rt where d is the distance (in miles), ris the rate 
(in miles per hour), and ¢ is the time (in hours). 


Convert 20 minutes to hours. 


1 hour 
60 min 


= a hour = ; hour 

d=rt Write formula for distance. 
= 45 “3 Substitute r = 45 and t = 1 

= 15 Simplify. 


You drive 15 miles. 


Use an equation or formula to solve the problem. See page 798 for a table 
of geometry formulas. 


1. 


2 


You jog 5 miles in 60 minutes. Find the rate at which you jog. 


. The perimeter of a rectangle is 40 centimeters. The length is 3 times the width. Find 


the length and width of the rectangle. 


. A farmer wants to fence a rectangular pen. The area of the pen is 36 square yards. 


The width of the pen is 3 yards. What is the total length of fencing the farmer will 
need? 


. You bike at an average speed of 12 miles an hour for 45 minutes. How far do you bike? 


5. A rectangular pool has length 15 feet, width 10 feet, and depth 10 feet. How much 


water will the pool hold? 


. How many small cubes with side length 1 centimeter does it take to fill a larger 


cube with side length 5 centimeters? 


7. How long does it take you to drive 200 miles at an average speed of 50 miles per hour? 


. The midpoint of the line segment formed by the points (x,, y,) and (x,, y,) is given 


X, FX, Yt, ‘ ; ogi 
by the formula = In a coordinate plane, what is the midpoint of 


the line segment formed by the points (—2, 3) and (4, 2)? 


. The slope m of a line through points (x,, y,) and (x,, y,) is given by the formula 
m= - - = Use this formula to find the slope of the line through (5, 3) and (8, 12). 
a i 


Student Resources 


You drive at an average speed of 45 miles per hour for 20 minutes. 


Draw a Diagram 


When a problem is not illustrated, you may find it helpful to draw a diagram that 
summarizes the information you are given. 


A transversal intersects two parallel lines. One pair of 


alternate interior angles measures 62°. Find the measures of 
the other two alternate interior angles. 


Solution 


From the diagram, you can see that the unknown angle and the 
62° angle form a straight line. So, the angles are supplementary. 62°/x° 


62 + x = 180 x7 62° 
x = 180 — 62 
x= 118 


Practice 


Use a diagram to solve the problem. 


1. Ken runs halfway around a circle with a circumference of 31.4 meters. He then runs 
in a straight line back to his starting point. What is the length of this line segment? 


2. Consider the square ABCD in the coordinate plane with vertices (0, 0), (3, 0), @G, 3), 
and (0, 3). Reflect ABCD about the x-axis, then translate 2 units down and 
1 unit right. 


3. The area of a rectangular garden is 72 square yards. The length 
of the garden is 9 yards. Copy and label the rectangle shown to A=72yd2 
represent this situation. What is the width of the garden? 


4. You build a pyramid in which each layer is one inch shorter than the 9 yd 
previous layer. The first layer is 13 inches tall. There are 10 layers. 
How tall is the pyramid? 


5. A rectangular stage 12 meters wide is built on a hill. A support is stage width 
needed at the front of the stage to make it level. The distance from 
the back of the stage to the bottom of the support at the front of the support 
stage is 13 meters. Copy and label the diagram shown to represent 
this situation. How tall is the support at the front of the stage? 


ground 


6. Justin wants to frame a picture that measures 5 inches by 3 inches. He plans to use 
a framing mat that is 1 inch wide on all sides. Find the total area of the picture and 
the mat. 


7. Nicole cuts a rectangular pizza into pieces that measure 8 square centimeters. 
The pizza is 4 pieces wide and 12 pieces long. What is the area of the pizza? 


8. Dale cuts a round cake into equally sized wedges that measure 5 inches from tip to 
outside edge. What is the circumference of the cake? 
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Make a Table or List 


When a problem contains many different possibilities, it is often helpful to make a table or 
list of all of the possibilities. 


Practice 


A car dealership offers a new model car in blue, black, or red, 
with 2 doors, 4 doors, or a hatchback. How many different 
ways could you choose a car? 


Solution 


Color Type Possible Combinations 


Blue with 4 doors 


Blue with 2 doors 


Blue with a hatchback 


Black with 4 doors 


Black with 2 doors 


Black with a hatchback 


Red with 4 doors 


Red with 2 doors 


Red with a hatchback 


Use a table or list to solve the problem. 


1. 


Alexandra forgot the code to unlock her bicycle lock. The code is a four-digit 
number composed of zeros and ones. How many different possibilities are there? 


2. An ice cream shop offers sundaes with vanilla, chocolate, or strawberry ice cream 


and fudge, chocolate syrup, strawberry syrup, or butterscotch as toppings. How 
many different ways could you choose a sundae? 


3. Walter is packing for a camping trip and wants to bring 2 pairs of shoes, 3 pairs of 


shorts, and 5 different T-shirts. How many different outfits will he have? 


4. You can choose from red, pink, or white roses. How many different ways can you 


choose 3 roses? 


5. A restaurant offers a dinner special. You can choose from 3 kinds of meat and 


5 side dishes. How many different ways can you choose a meal? 


6. Five runners are competing in a track race. How many different ways can they 


finish in first, second, and third place? 


Student Resources 


Solve a Simpler Problem 

When solving a problem, it is often easier to solve a similar problem with simpler 
numbers. Then you can use what you learned from solving the simpler problem to solve 
the orginal problem. 


Evaluate (1001)? without using a calculator. 


Solution 


Notice that (1001) can be written as (x + 1)* when x = 1000. 
wt)? =x?+2x41 

= (1000)? + 2(1000) + 1 

= 1,000,000 + 2000 + 1 

= 1,002,001 


What is the last digit of (234,720)9? 


Solution 


Notice that (234,720)? can be written as (23,472 + 10)? = (23,472)°(10)°. Recall that 
any number that is a multiple of 10 ends in a zero. So the last digit of (234,720)? is 0. 


Practice 


Solve the problem by first solving simpler problems. 
1. If 253x* — 506x + 253 = 0, what must x equal? 


2. Gloria works 35 hours a week and 52 weeks a year. She earns an income of $24,115 
per year. How much does she make in one hour? 


3. How many diagonals does a convex polygon with 18 sides have? 
4. Evaluate 11,111? without using a calculator. 


5. You deposit $840 in an account that pays 4.5% annual interest compounded yearly. 
What is the account balance after 9 years? 


6. Mike takes a walk where each step is twice as long as the first. If the first step he 
takes is | inch long, how many feet will he have walked after 5 steps? 


7. Find the sum of the integers from 1 to 100 without using a calculator. 
8. Evaluate 2!° without using a calculator. 
9. Evaluate 16” without using a calculator. 


10. How many squares with integer side lengths can you draw on a 10 X 10 grid? 
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Break into Simpler Parts 


You may want to break a difficult problem into more easily managed parts or cases. Be 
sure the parts or cases are mutually exclusive (that is, they do not overlap) and collectively 
exhaustive (that is, they cover all the possibilities). 


Find the area of the figure shown below. 


4m 
8m 
4m 
12m 
Solution 
Break the figure into 3 rectangles as shown at the right. 4m 


Total Area = Area of big rectangle + Area of small rectangles 


8m 
= (12)[4 + 8 + 4] + 2[(8)(4)] ri 
= (12)(16) + 64 “ 
= 192 + 64 
= 256 


The area of the figure is 256 square meters. 


Practice 


Solve the problem by breaking it into simpler parts or cases. 


1. A maintenance worker is putting numbers on school lockers starting with 0001. 
There are 4000 lockers. How many times will the last digit be 3? 


2. In a best-of-seven series, the first team to win four games wins the series. How 
many ways are there for a team to lose a best-of-seven series? 


3. You run west 5 miles, north 5.6 miles, west 2 miles, and north 3 miles. You then 
run straight back to your starting point. How far do you run? 


4. Find the sum of the even integers between 0 and 100. Then find the sum of the odd 
integers between 0 and 100. Subtract the sums. What is the final result? 


Find the area of the shaded region. 


5. 5ft 6. 7. Tin. 8. 
8m Al rp 
8 ft Bin Tin. 5cm 
32m | ae 
12 ft 10 in. 8cm 


Student Resources 


Guess, Check, and Revise 


Some problems can be solved by choosing a reasonable guess for the answer, then 
checking whether the guess is correct. If the guess is not correct, you can revise the 
guess and try again. 


You are saving money for a new bike that costs $275. You 
already have $80. You are able to save $15 a week. How long 
will it take you to save enough money for the bike? 


Solution 
Guess: Try 10 weeks. 


Check: After 10 weeks, you will have saved $80 + 10($15) = $230, 
which is less than the cost of the bike. 


Revise: Try a larger number of weeks. 
Guess: Try 14 weeks. 


Check: After 14 weeks you will have saved $80 + 14($15) = $290, 
which is greater than the cost of the bike. 


Revise: Try a smaller number of weeks. 
Guess: Try 13 weeks. 


Check: After 13 weeks, you will have saved $80 + 13($15) = $275, 
which is equal to the cost of the bike. 


ANSWER > It will take you 13 weeks to save enough money for the bike. 


Practice 


Use the strategy guess, check, and revise to solve the problem. 


1. You borrowed $132 from your grandparents. You have repaid $20 and plan to pay 
your grandparents $7 a week. How long will it take you to repay your grandparents? 


2. The sum of three consecutive integers is 129. What are the integers? 


3. A tree farm sold 17 spruce trees for $940. The tree farm sold white spruce trees for $50 
each and blue spruce trees for $65 each. How many of each type of tree were sold? 


4. A store sells small fans for $12 each and large fans for $35 each. The store sells 
14 fans for $375. How many of each type of fan are sold? 


5. The floor of a classroom is a square with an area of 676 square feet. What is the 
length of the floor? 


6. The volume of a cube is 29,791 cubic centimeters. What is the length of an edge of 
the cube? 


7. You are working on a project in woodshop. You have a wooden rod that is 
72 inches long. You need to cut the rod so that one piece is 6 inches longer 
than the other piece. How long should each piece be? 
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Translating Words into Symbols 


To solve a problem algebraically, you often must translate words into symbols. 


Write the given phrase as an algebraic expression. 


a. 5 less than a number b. twice a number c. the quotient of x and y 


Solution 


a. “Less than” indicates b. “Twice” indicates c. “Quotient of” indicates 
subtraction: multiplication by 2: division: 
x-5 2x x 


Write an algebraic expression to answer the question. 


a. You bike at x miles per hour for 2.5 hours. How far do you travel? 


b. You have x dollars more than your friend. Your friend has 3 dollars. 
How much do you have? 


Solution 


a. The distance you travel is the product of the number of hours you travel 
and your speed: 2.5x 


b. The amount of money you have is the sum of x and the amount your 
friend has: x + 3 


Practice 
Write the phrase as an algebraic expression. 
1. 6 more than a number 2. 5 times a number 3. 10 less than a number 
4. 16 minus a number 5. the quotient of x and 9 6. one eighth of a number 
7. a less than a number 8. 10 more than a number 9. 13% of a number 
10. the square of a number 11. the quotient of a number and 1 12. a number multiplied by 2 
13. twice the sum of a number and 25 14. the cube root of 1 more than a number 
15. the difference of 21 and twice a number 16. 5 times the sum of two equal numbers 


Write an algebraic expression to answer the question. 


17. Aubrey spends $20 to subscribe to a magazine for a year. If she subscribes for 
x years, how much will she spend? 


18. Jamal purchases an item that is on sale for $16 off its original price x. How much 
does Jamal pay for the item? 


19. You want to buy two 3-pound bags of carrots. The carrots cost x dollars per pound. 
How much do you spend? 


Student Resources 


Combining Like Terms 


A mor 


nomial 


number multiplied by the variable is called the coe’ 


is a number, a variable, or the product of a number and a variable. The 


at of the variable. 


—x + 10y? 


—1 is the coefficient of x. 


10 is the coefficient of y?. 


L ‘ms are terms in an expression that have the same variable raised to the same 
power. In the expression below, 4¢ and —9¢ are like terms, but —9f and 7? are not like 


terms. The 


constant terms 12 and 7 are also like terms. 


e2—9+12+4t+7 


The distributive property allows you to combine like terms that have variables by adding 
the coefficients. 


b. 8y? — 3 + 2.3y? = 8y? + 2.3y” — 3 
= 10.3y? —3 


ce. 53 — x) + 1 = (5)(3) + 5)C-x) + 1 


=15-—5x+1 
=154+1-5x 
= 16 — 5x 


Practice 


Simplify by combining like terms. 


a. 25x + 2x = (25 + 2)x Distributive property 
= 27x Combine like terms. 


Group like terms. 
Combine like terms. 


Distributive property 
Simplify. 

Group like terms. 
Combine like terms. 


Simplify the expression by combining like terms. 


V.xt+2-TW+1 
3.x7 +54 2x — Ax? 
5.2.9 + 2.9r+ 18 
7.6+2r—12+r 
9. 32x!? + 16x — 48x!!(2x) 
11. —25x — 15 — 5(x — 3) 
13. 13 — 19n + 36 — 2n 
15. 4.9(1.7 + r?) — 2.301 — 7?) 
17. —0.12(n* + 3.1n) — 4.6n 
19. 21y!5 — y3(2y + 47y!2) 
21. —(38 — v3) + 13.6 


2.5-y+8 
4.9(7-34+P)-P 

6. (1 + y) — 2y?-y 

8. 14 — 5) — 18 

10. y(4y + 3) — 2y 
12.98 + 71v—v+2 
14. 727! + 647° — 19177! 
16. x*(6x — 3x”) + 2x3 — x® 
18. 2y!0 — y4 + 4 1y%(2y) 
20. 1(1977 — 14) — 277 

22. 182 — 2817!3 + 15(32!3) 
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SKILLS REVIEW HANDBOOK 


Multiplying Polynomials and 
Simplifying Rational Expressions 


When you multiply two polynomials, you apply the distributive property to all terms 
in the expression. 


When you multiply two binomials, you can remember the results of the distributive 
property using the FOIL method. Add the products of the First terms, Outer terms, 


pias 


Inner terms, and Last terms. 


Find the product (x — 4)(x + 8). 


Solution 


Product of Product of Product of Product of 
Pn First Terms Outer Terms Inner Terms Last Terms 
(x-4)x+8) = x* 8x —4x —32 
= 724+ 4x — 32 


expressions. A ratic 
are nonzero polynomials. 


axe e 


Simplify —_— 


Solution 


2x+8 _ 2+ 4) P 
4 = 4 Factor a common monomial. 
+ 
=o74 Simplify. 
2 
e 
Practice 
Find the product. 
1. (x + 3)(x — 3) 2. (x — 5)(x + 2) 3. (x + 3)(9 — x) 
4. (4 + x)(x — 5) 5. (y —-7)y- D 6. (1 + s)(s + 3) 
7. (5 — a\(a — 6) 8. (t + 10)(t — 11) 9. (t — 8)(t + 5) 
Simplify the expression. 
3x + 9 5x Tx + 42 8x 
10. —3— 11.5 12. 7 13. 57 
6x — 3 4x + 16 12x + 36 9x — 45 
ey oa 15. >, 16. ——— 17. yi 
20x + 35 14x + 28 3x + 24 4x + 40 
18. 10 19. 35 20. 6 21. 16 


Student Resources 


Solving Linear Equations 


Ere 


tion of an equation 


if the statement is true when the number is substituted for the variable. Two equations 


are equivalent if they have the same solution(s). 


Solution 


9 a — 
2x — 13 = 50 
2x-13 + 13=50+13 
9 
4x = 63 
en 
9 zt = 635] 
7 
x= 63(5] 
x = 49 


Solution 
4x+1=7x-—5 
4x+1—-1l=7%%-5-1 


4x = 7x — 6 
4x — 7x = 7x — 7x — 6 
—3x = —6 
x=2 


Practice 


Solve the equation. 
1.10r+3=2 
4.4 — 74y = 0.3 
7.8x-—7=9 

10. 6.3v+07=14 

13. 5x +9 =6 — 9x 

16. 9.1 — 7v = 2.1 — 14v 


Solve ox — 13 = 50. 


Isolate the variable on one side of the equation by combining like terms. 


Write original equation. 
Add 13 to each side. 
Simplify. 

Multiply each side by Z 
Simplify. 

Simplify. 


Solve 4x + 1 = 7x — 5. 


Write original equation. 
Subtract 1 from each side. 
Simplify. 

Subtract 7x from each side. 
Simplify. 

Divide each side by —3. 


2. 13t- 10 =5 

5. 18m —9 =0 

8. 5a + 12 = —3 
11.7.3 + 24n = 4.3 
14.u—1=2.5u+0.5 

17. -—(*+6)— 15 = 16(3 — x) 


3.4.4 — 5.1.x = —0.7 

6.75 + 16 = —5 

9. 12n — 11 = 25 
12. 0.75 — 15k = —0.25 
15. 2.13 —-w=6+ 2w 
18. 15(4 — 3r) = 60r 


Skills Review Handbook 


“ 
a 
= 
1 
w 
ad 
m 
= 
m 
= 
= 
> 
4 
=] 
is] 
° 
i2) 
A 


777 


Extra Practice 


Chapter 1 


Graph the numbers on a number line. Then write the numbers in order 
from least to greatest. (Lesson 1.1) 


1, 2,6, —4,1,=7 2. V7, 1, -3, -3,3 8.16, 5 2,12, -06 
Identify the property shown. (Lesson 17.1) 
4.3(444+ 2)=3+44+3+2 5. (—2 °5)*6= —-2°(5° 6) 6.(-7) +0 = —-7 
— Evaluate the power. (Lesson 1.2) 
io a> 9. (—6)° 10. —74 
~, Evaluate the expression. (Lesson 1.2) 
= 11..3°6+2 12.9+5+*3-7 13.11 +5+°8+ 10 14.18 +(7—4)°*5 
< Simplify the expression. (Lesson 1.3) 
< 15. 7x — 5y + 3x — 2y 16.3 + 2(x — 1) 17. 3(x — 3) + 5(x — 10) 18.8 — 3(2 + x) 
= 19. —3(2x + 4) (x +5) 20. 5(y — 2) — 3y 21. 3b — 5a + 5b —a 22. 22 — 4(n — 5) 


Solve the equation. Check your solution. (Lesson 1.4) 


23.a— 14 = —4 24. 7x = —21 25.2 =7 26. 7s +3 = 24 
27. —Sc + 6 = 36 28. 3x — 4 = 2x 29.3(22x-l)-4x=-7 30.5y-3=2y+9 
Solve the formula for the indicated variable. (Lesson 1.5) 
31. Investment at simple interest 32. Perimeter of a rectangle 

Solve for r: A = P + Prt Solve for w: P = 2L + 2w 


33. Simple Interest You invest $1000 in an account that collects simple interest. 
After one year, the balance of your account is $1050. Use the formula 
A = P + Prt to find the rate. (Lesson 1.5) 


34. Groceries Granola bars cost $3 per pack. Yogurts cost $3.50 per pack. You 
pay $13 to buy g packs of granola bars and y packs of yogurt. How many packs 
of each do you buy? (Lesson 1.6) 


35. Woodshop You are working on a project in woodshop. You have a wooden rod 
that is 60 inches long. You need to cut the rod so that one piece is 8 inches longer 
than the other piece. Draw a diagram and write an algebraic model to find how 
long each piece should be. (Lesson 1.6) 


36. Find the mean, median, mode, and range of the numbers 2, 5, 6, 7, 8, 8, and 13. 
(Lesson 1.7) 


37. Draw a box-and-whisker plot for the data set 3, 9, 11, 13, 22, 34, 35, 41, 44, 44, 
44, 45, 45, 47, 48, and 50. (Lesson 1.7) 


38. Make a frequency distribution of the data set 1, 2, 2, 3, 3, 3, 4, 5, 6, 7, 7, 9, 10, 12, 
12, 12, and 12. Use four intervals beginning with 1-3. Then draw a histogram. 
(Lesson 1.8) 


778 Student Resources 


Chapter 2 


Identify the domain and range. Then tell whether the relation is a function. (Lesson 2.1) 


1. Input Output 2. 3. 
—2 4 
0 2 
0 0 


Tell whether the function is linear. Then evaluate the function when 
x = —4. (Lesson 2.2) 


4. h(x) = 6x 5. f(x) = —100 6. r(x) = —x + : 
7. v(x) = 3x? — 4x + 1 8. g(x) = 12 — Fx 9. c(x) = 8x3 + 20x 


Find the slope of the line passing through the given points. Then tell 
whether the line rises, falls, is horizontal, or is vertical. (Lesson 2.3) 


10. (3, 8), C, 7) 11. (—5, — 1), (-S, 0) 12. (0, 4), (8, 4) 

Tell which line is steeper. (Lesson 2.3) 

13. Line 1: through (4, 4) and (—2, —3) 14. Line 1: through (— 1, 9) and (5, 2) 
Line 2: through (3, 6) and (—4, 0) Line 2: through (—6, —6) and (7, 7) 

Find the slope and y-intercept of the line. Then graph the equation. (Lesson 2.4) 

15.y=2x+1 16. y= Sx +5 17. y= —x—4 

Graph the equation. Label the intercepts. (Lesson 2.4) 

18. —3x + y=0 19. 4x — 2y = 8 20. 6x + 10y =7 

Write an equation of the line with the given characteristics. (Lesson 2.5) 

21. passes through (0, —1) and has slope m = —2 

22. passes through (—6, 5) and has slope m = = 

23. passes through (7, —4) and is parallel to the line y = —3x — 1 

24. passes through (4, — 16) and is perpendicular to the line y = ox +8 

25. passes through (— 11, 2) and (— 18, — 12) 

The variables x and y vary directly. Write an equation that relates the 

variables. Then find the value of y when x = 6. (Lesson 2.6) 

26.x = 5, y = 20 27.x=—3,y = 10 28.x = —27,y = -3 


Draw a scatter plot of the data. Then approximate the best-fitting line, 
and predict the value of y when x = 5. (Lesson 2.7) 
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Chapter 3 


Solve the system by graphing. Then check your solution. (Lesson 3.1) 

Ly = ie 4] 2. 5x — 6by = —3 3.x + Ty = 15 
y=2x-17 x+y=-—5 —2x+ 5y=—-11 

Graph the linear system and tell how many solutions it has. If it has 

exactly one solution, find and check the solution. (Lesson 3.1) 

4.y=—5x+9 5. —3x + 4y = 12 6.x —3y=7 
y=R-13 6x — 8y = -12 —2x + 6y=—-14 


Solve the system using substitution. Tell which equation you chose to 
solve and use for the substitution. Explain. (Lesson 3.2) 


7. —3x + 2y=7 8. x = 3y 9.-x+y=0 
y=—2x —3x + 5y = 8 4x + 5y = 27 
10. 4x — y = 10 11. —3x + 4y = 50 12. —4x + 5y = 11 
x+2y = —2 4x+y=3 —2x-y=2 


13. Fitness For 30 minutes you do a combination of walking and jogging. At the 
end of your workout your pedometer displays a total of 2.5 miles. You know that 
you walk 0.05 mile per minute and jog 0.1 mile per minute. Use a verbal model 
to write and solve a system of linear equations. For how many minutes did you 
walk? For how many minutes did you jog? (Lesson 3.2) 


Solve the system using the linear combination method. Then check your 

solution. (Lesson 3.3) 

14. 3x —y = 10 15.x + 3y = —3 16.2x + y= —13 17. 3x — 2y=4 
xt+y=6 —x+2y=8 5x — 3y =6 6x — 4y = 8 


18. Fundraising Your soccer team sells frozen yogurt at a fair to raise money for new 
uniforms. The team makes $565 and uses 250 cones. A single-scoop cone costs $2 and 
a double-scoop cone costs $2.50. How many of each type of cone did the team sell? 
(Lesson 3.3) 


Plot the ordered triple in a three-dimensional coordinate system. 

(Lesson 3.4) 

19. (2, 4, 0) 20. (3, 2, 5) 21. (4, —1, 5) 22. (—3, 2, —2) 
Sketch the graph of the equation. Label the points where the graph 

crosses the x-, y-, and z-axes. (Lesson 3.4) 

23.xty+z=5 24. 3x + 4y + 2z = 12 25. 6x + 12y + 8z = 24 


Solve the system using any algebraic method. (Lesson 3.5) 


26. —-2x + y+ 3z=8 27.x — 2y = —3 28. 3x —2y+z=—8 
x+3y-z=-9 2xty+z=7 x+y—-4z=11 
x—4y—-2z=1 2x + 2y — 3z =—3 x+2y+4z=—-2 


29. Geometry In AABC, the measure of angle C is 6° more than twice the measure of 
angle A. The measure of angle B is three times the measure of angle A. Sketch the 
triangle. Find the measures of the three angles. (Lesson 3.5) 


Student Resources 


Chapter 4 


Solve the inequality. Then graph your solution. (Lesson 4.1) 


1.4x —5<3 2.—2x% —62-—9 


4-12-2248 


7. Temperature Mars has a maximum temperature of —7°C at the equator 


5.2x +3<—-9orx -—72 


wo 


.-3<2x-1<5 


6. —5x —4<6o0r-x—-921 


and a minimum temperature of — 133°C at the winter pole. Write and solve a 
compound inequality that describes the possible temperatures on Mars. Graph 
your solution and identify three possible temperatures on Mars. (Lesson 4.1) 


Match the inequality with its graph. (Lesson 4.2) 
9.x—-—ys3 


8.x + y>—-3 


Graph the inequality in a coordinate plane. (Lesson 4.2) 
Wyoxt+4 12. y<—5x-1 


Graph the system of linear inequalities. (Lesson 4.3) 


14.x<5 15. y>0 
y2—-4 xty<4 

17.y<2 18. x<0 
x20 yss5 
y>—4 xty>l 


10. 


13. 


IDILDVUd VULXA 


16. y<—2x+1 


19. 


Solve the absolute value equation and check your solutions. (Lesson 4.4) 


20. |x+4| =1 21. |2x-5| =3 


23. |3x+1| =1 24. |—4x —3| =9 


Solve the inequality. Then graph and check the solution. (Lesson 4.5) 


27. |x—2| >8 
30. |3x — 6| <21 


26. |x| <4 

29. |2x-—5| >11 
Evaluate the function for x = —5 and x = 4. (Lesson 4.6) 
32. f(x) = |x| +3 33. o(x) = 3|x| — 10 
35. h(x) = 3 |x -3| 36. p(x) = |x +4] +1 
Graph the function. (Lesson 4.6) 


38. y = 5|x| 39. y = —2 |x] 


22. 


25. 


[x44] 23 
.(8x+7| <9 


.4@) = |x-5| 
r(x) =2|x-1| =1 


y= | | =2 
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Chapter 5 


Graph the function. Label the vertex and axis of symmetry. (Lesson 5.1) 
Ly=x-5 2.y = -x? B.y= 2x7 +245 Ay=x?+3x-4 


Write the function in standard form. (Lesson 5.1) 
5. y = (x + 5)(x + 7) 6. y = —(x + 2)(x — 1) 7.y = —3(x + 3)? —4 8.y=(x- 6)? +2 
Graph the function. Label the vertex and axis of symmetry. (Lesson 5.2) 
9. y =2(x +42 +3 10.y =F —4P +2 W.y=(¢+3)?—-4 
Graph the function. Label the vertex and x-intercepts. (Lesson 5.2) 
12.y=(«+ la-4) 13. y= Ho + 2)(x — 1) 14. y = 2(x + 4) + 2) 


Solve the equation by factoring. (Lesson 5.3) 
15.x7 + 2x —- 15 =0 16.x° + 5x - 14=0 17. x7 — 2x — 24=0 18. x7 + 56 = 15x 


Solve the equation by factoring. (Lesson 5.4) 
19. 4x2 + 1lx -3 =0 20. 3x7 — 16x +5 =0 21. 4x2 —5x+1=0 22. 6x2 — 11x = 10 


Factor the expression. (Lesson 5.5) 
23. x* — 25 24. 9x? — 144 25. x* — 14x + 49 26. 4x7 + 12x +9 


Solve the equation by taking square roots. (Lesson 5.6) 


27.0° = 49 28. x7 -15=9 29. 2(x + 5)? = 40 30. 4(x — 7)? = 72 
Solve the equation by taking square roots. (Lesson 5.7) 

31. x7 = —81 32. x7 = —24 33.x7-4=-12 34, 2x7 + 5 = —20 
Write the expression as a complex number in standard form. (Lesson 5.7) 

35. (8 + 31) + (7 + 2i) 36. (2 + 4i) -— (5 + i) 37. (9 + 5i)(1 + 8i) 38. at a 

Solve the equation by completing the square. (Lesson 5.8) 

39.x7 + 4x-7=0 40. x? — 12x = —24 41. 2x? + 16x — 48 =0 42. 3x? — 18x = 33 


Write the quadratic function in vertex form. Then identify the vertex. (Lesson 5.8) 
43. y = x? — 14x + 28 44. y =x? + 10x + 26 45.y =x? + 8x- 1 46. y = x7 — 6x +8 


Use the quadratic formula to solve the equation. (Lesson 5.9) 

47. 3x? — 8x + 10=0 48.x? + 3x-9=0 49. 2x? — 4x = 13 50. 4x7 + 2 =x 
Find the discriminant of the quadratic equation and give the number and 

type of solutions of the equation. (Lesson 5.9) 


51. x* — 12x + 36 =0 52. 2x7 +x+17=0 53. 2x7 + 9x —-5 =0 54, 3x7 — 7x + 10 =0 
55. Stopping Distance Ona road covered with dry, packed snow, the 
distance d (in feet) needed for a car to stop is given by d = 0.08s? + 1.1s, where 


sis the car’s speed (in miles per hour). What speed is a car traveling if it needs 
125 feet to come to a stop? (Lesson 5.9) 


Student Resources 


Chapter 6 


Evaluate the expression. Tell which properties of exponents you used. 


(Lesson 6.1) 


3 
1.24622 2. (24)? 3. (2+°5)3 4. (3) 5. 79 «7-6 
Simplify the expression. Tell which properties of exponents you used. 
(Lesson 6.1) — 
2 a 
6.x* + = 7. Gee)? 8. _ 9. er 10. =2 
x x x "y 


Write the polynomial function in standard form. Then state its degree, type, 


and leading coefficient. (Lesson 6.2) 
11.f@=7-x 12. fix) = —5x* + 5x* — 5 


Graph the function using the domain x = —3, —2, —1, 0, 1, 2, 3. Then 


13. f(x) = 13x27 — 2° +2 


describe the end behavior of the graph. (Lesson 6.2) oe 

= 
14. f(x) = —2x3 15. f(x) = x +6 16. f(x) = —x4 + 5x -5 17. f(x) = ePt+x-4 ia 
Simplify the expression. (Lesson 6.3) 2 
18. (3x° + 2) — (4 — x) 19. (3x4 — 2x? + 1) — (2x3 — 2x? + 5) a) 
20. (x° + 2x3) + (2x° + x4 — 3x3 — 9) 21. 3(4x3 — 2x2 + x) + x(5x? + Tx — 2) a 


Simplify the expression. (Lesson 6.4) 


22. (x + 9)(x — 9) 23. (x + 6)? 
25. (x — 7)(2x* — 3x — 11) 26. (3x7 + 8x — 1)(2x + 1) 
28. (3x7 + 8x — 6) + (x + 3) 29. (x* + 2x — 35) +(x —5) 


31. Volleyball The volleyball court in the diagram has a width of (Sx — 1) 
meters and a length of (4x + 10) meters. Write the area of the volleyball 
court as a polynomial expression in standard form. (Lesson 6.4) 


Factor the polynomial. (Lesson 6.5) 


32. 8x° — 8 33. 27x> + 64 
35. 27x? — 1 36. x(x — 1) + 3(x — 1) 
38. x? — 2x? + 10x — 20 39. x° + 7x? — 4x — 28 


Factor the polynomial. (Lesson 6.6) 


41. x* — 121 42. 25x* — 16 
44. x* — 216x 45. 72x — 2x 
47. x* + 11x? + 18 48. 3x* + 4x2 — 7 


24. (2x — y)* 
27. (x — 2)(x — 5)(x — 2) 
30. (4x7 + x + 9) + (2x + 3) 


(5x—1)m 


(4x + 10) m 


34. 125x? + 216 
37. x(x — 7) + 6(x — 7) 
40. 2x3 — 4x2 +x-2 


43. x4 + 4x2 — 5 
46. 3° — 81x? 
49. 3° + 24x73 + 45x 


Graph the function. Identify the x-intercepts and the coordinates where 


the local maximums and local minimums occur. (Lesson 6.7) 


50. f(x) = x° — 6x + 5 51. f(x) = 2x4 — 4x? 52. f(x) =x — x3 — 2x 53. f(x) = x4 — 8x7 + 15 
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Chapter 7 


Solve the equation. (Lesson 7.1) 


1.x° = —64 2 S625 3. 4x7 = —108 4. (x + 13 = -8 5. 3x4 = 48 
Rewrite the expression using either rational exponents or radicals. 
(Lesson 7.1) 
6. (1/3) 7. (W7) 8, — 9, 53/5 10. 1611/4 
(W12)3 
Write the expression in simplest form. (Lesson 7.2) 
3 
11.V24-V4 12. W15 + V18 13. 1 14. is 15. \/— 
V24 a 
Simplify the variable expression. Write your answer using positive 
exponents only. Assume all variables are positive. (Lesson 7.2) 
12,95 4,5 
16. (36x°)!2 17. 32m!n3/5 qo ee 
wae Veet) 50°d* 5a°b? 
Simplify the expression. Assume all variables are positive. (Lesson 7.2) 
20. Ax?y + 5x2y 21. 8p3qr? _ 5peg 22. 16m*3n!/2 — Om43nl2 23. 155413/2 — (35217/4)2 
Solve the equation. Check for extraneous solutions. (Lesson 7.3) 
24. V5x —7 =3 25. W/2x + 8 = 10 26. 9x +6=9 
27. V3x — 13 =8 28. V4x —-6 = Vx —3 29. Wax +1=Vix+8 
30. x77 = 25 s1.2' +10=8 32. (5x — 2)°3 =4 


Perform the indicated operation using the given functions. Then state the 
domain of the resulting function. (Lesson 7.4) 


33. Find f+ g given f(x) = x + 3 and g(x) = 7x. 

34. Find f — g given f(x) = x? — 5x and g(x) =x — 4. 
35. Find f+ g given f(x) = a and g(x) = 2x3 + Tx. 

36. Find ! given f(x) = x° — 3x? and g(x) = x°. 

37. Find f(g(x)) given f(x) = 3x + 10 and g(x) = x? — 2 
38. Find g(f(x)) given f(x) = 2x? — 12 and g(x) = 3x. 


Determine whether the inverse of fis a function. Then find the inverse. 
(Lesson 7.5) 


39. f(x) = 5x -1 40. f(x) = -—x + 4 Af) =2".420 
43. f(x) = 4x + 3 44. fix) =x 45. f(x) = 17 + 8,x 20 


Graph the function. Then state its domain and range. (Lesson 7.6) 


42. f(x) = —8x? 
46. f(x) = 2x7 + 1 


47.y=vx-1 48.y=Vx—-1+2 49. y=Vx—1 50.y=Vxt+3—5 
Find the standard deviation of the data set. Round your answer to the 

nearest tenth. (Lesson 7.7) 

51. 16, 19, 20, 23, 24, 24, 27 52. 24, 26, 28, 29, 33, 33, 34 53. 65, 66, 58, 63, 71, 69, 64 


Student Resources 


Chapter 8 


Graph the exponential function. State the domain and range. (Lesson 8.1) 
ly=5 2.y=8-2* 3.y=2*-7 4y=" 
5. The graph of which function is shown? 
@ fix) = 2015 - 1 
fo) = 2a} +1 
© f(x) = 31.54) - 1 
®D f(x) = 301.5) +1 
Graph the exponential function. State the domain and range. (Lesson 8.2) 
_{ 1\ _ 1\ — (2 _{iy-! 
6.» =(4] 7.9 =3{55] mie (3) -e 4 (3) 


10. Depreciation You buy acar for $20,000. The value y (in thousands of dollars) 
of the car can be approximated by the model y = 20(0.75)*. The variable x 
represents the number of years since you bought the car. (Lesson 8.2) 


a. Make a table of values for the function. 
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b. Use the table of values to graph the model. 
c. Use the graph to estimate when the value of the car will be $2000. 


Write an exponential function of the form y = ab‘ whose graph passes 
through the given points. (Lesson 8.3) 


11. (1, 7), (2, 49) 12. (1, 30), (2, 150) 13. (2, 12), (3, 144) 14. (3, 12), (4, 6) 
Evaluate the expression. (Lesson 8.4) 

15. log,, 169 16. log, ,, 64 17. log 100,000 18. log, 64 
Simplify the expression. (Lesson 8.4) 

19. log, 5** 20, 4!084* 21. log, 36" 22. log, 16* 


Graph the function. Describe the vertical asymptote. State the domain 
and range. (Lesson 8.4) 


23. y = log, x 24. y = log, x + 1) 25. y = log, x — 10 26. y = log (x — 4) 
Expand the expression. Assume all variables are positive. (Lesson 8.5) 

27. log, _ 28. log. 3y3 29. log, a 30. log, a 
Condense the expression. Assume all variables are positive. (Lesson 8.5) 

31. log, 14 + log, 2 32. 3 log 4 — log 5 33. 6 log, x — log, 3 

Solve the equation. Check for extraneous solutions. (Lesson 8.6) 

1.89"! $5. 2? = 4-2 

36. 4° = 60 37. 7 = 150 

38. log, (9x — 11) = log, (4x + 9) 39. log, (2x — 7) = log, (4x + 3) 

40. log, (6x + 4) = 2 41. log (30x — 500) = 3 


Extra Practice 785 


= 


ud 
— 
= 
UW 
< 
= 
-¥ 
< 
= 
= 
x< 
kal 


786 


Chapter 9 


The variables x and y vary inversely. Use the given values to write an equation 
relating x and y. Then find y when x = 4. (Lesson 9.1) 


k= -2,y=8 2%=6y=-3 3.235, = 7 ax=Zy=4 
5. Carpentry The cost of constructing a wooden box with a square base varies 
jointly with the height / (in inches) of the box and the square of the width w (in 
inches) of the box. A box of height 16 inches and of width 6 inches costs $28.80. 
Find the cost of a box with h = 14 inches and w = 8 inches. (Lesson 9.1) 
Graph the function. State the domain and range. (Lesson 9.2) 
6y=;74 7.y =e 8. y Ss, 5 ay <—s 
Simplify the expression. If not possible, write already in simplest form. 
(Lesson 9.3) 
3 4 2, = 
10. 50x 1. —~ 12. 3x + 6 13, 2+ 3x — 28 
10x x 8 x + 6x + 8 x? — 14x + 40 
Multiply the rational expressions. Simplify the result. (Lesson 9.3) 
5x 8x x x+4 
14, — + —— 15. ° 
2 10x? x- 16 3x3 
10x an) xt1 
16. —— + (9x + 36 17. ° 
x2 + Ax ( ) x+2x +1 x-3 
18 x —4 at be = 24 49, 2 — Mx + 28 | x? + 4x - 21 
“x2 4+ 12x +36 x2+2x-8 “32-—9x+18 x2-—6x—7 


Write the quotient in simplest form. (Lesson 9.4) 


2x. 4x? 3x -6 .x*-2 Tx? — 14x . Sx — 10 
20. ea Se 21. ae er 22. x) : 3 
4x —-2 . 2x2 -x 4x + 10 x2 + 2x — 35 x=5 
' > oo + ‘ > 
sa x+7 3x + 21 = x— 10 eae) - x 3x? — 12x 


Simplify the complex fraction. (Lesson 9.4) 


a2 2x 3 x+A4 : me) 
3x x= 1 x+4 x-4 x+6 
26. 1 27. a 28. 6 29. x22 30. ~~ 3 
x+4 x+1 x+4 x—-4 x+1 


Perform the indicated operation and simplify. (Lesson 9.5) 


2 5 x — 7 2 x 3 x+1 
ee 2 gS oi gee 5.7 caer 
= = 2 _ 
35 x+10,x+4 36. 4 9x ss 37. 9 4 _* 38 8x — 1 


Solve the equation. Check your solutions. (Lesson 9.6) 


2 1 3 4_ 3x+5 
ale a are x+3 ales x+1 

1 1 _2 _ 4 _2 Ay ap, 6x". 3x 
42.4+—5=2 43.2 -— = We es 


Student Resources 


“3x+t1  x4+1 x+5 2x-1 2-25 xt+5 2 4x-6 *-2 


Chapter 10 


1. Cell Phones Ina random survey of 300 students in your school, 195 said they 
have a cell phone. The total population of your school is about 2000. Assume the 
sample is representative of the entire school. Predict how many students in your 
school have a cell phone. (Lesson 10.1) 


In Exercises 2 and 3, classify the sample as convenience, self-selected, 
systematic, or random. Explain your reasoning. (Lesson 10.2) 


2. A small company wants to measure how employees feel about their computers. Five 
employees are randomly selected to complete a survey. 


3. You want to determine an average for how much new brakes would cost. You go to the 
5 closest repair shops and ask for an estimate of the total cost. 


Smokejumpers The data set below gives the weights (in pounds) of eight 
smokejumpers with their equipment. (Lesson 10.3) 
287, 265, 273, 275, 295, 280, 290, 280 


4. The equipment each smokejumper carries weighs about 115 pounds. Transform the 
original set of data to show the weights without the equipment. 


5. Compare the mean, median, mode, ranges, and differences between upper and lower 
quartiles for the original data set and the new data set. What can you conclude about 
each of these measures? 
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In Exercises 6-9, tell whether the number of possibilities can be found using 
a permutation or a combination. Then find the answer. (Lessons 10.4 and 10.5) 


6. An employee at a pet store needs to catch 5 tetras in an aquarium containing 27 tetras. 
In how many groupings can the employee capture 5 tetras? 


7. Fifty-two athletes are competing in a bicycle race. In how many orders can three of 
the bicyclists finish in first, second, and third? 


8. Sixteen people are competing in a pie baking contest. In how many orders can two of 
the people place first and second? 


9. You plan to visit four stores to shop. In how many orders can you visit these stores? 


You have an equally likely chance of choosing any integer from 1 through 20. 
Find the probability of the given event. (Lesson 10.6) 


10. An odd number is chosen. 11. A multiple of 3 is chosen. 


12. A factor of 24 is chosen. 13. A number less than 7 is chosen. 


A student is chosen randomly from the 10*, 11%, or 12t grades. Given the 
probabilities for events A and B, find P(A and B). (Lesson 10.7) 


14. P(person is a male student) = 0.48 15. P(person is a female student) = 0.56 
P(person is a 11" grader) = 0.35 P(person is a 12" grader) = 0.22 
P(male or 11" grader) = 0.52 P(female or 12" grader) = 0.65 


Find the probability of drawing the given cards from a standard 52-card deck 
(a) with replacement and (b) without replacement. (Lesson 10.8) 


16. a heart, then a club 17. a face card (K, Q, or J), then a 7 18. an ace, then a 2, then a 3 
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Chapter 11 


Add or subtract, if possible. If not possible, state the reason. (Lesson 11.1) 


[ 3 4 =2 
1.] gl|t+] 2 le ae | 2. |¢ a 4. 45 
aA 3 19 
Find the product. If it is not defined, state the reason. (Lesson 11.2) 
4. 413 1 5 -2/}/-1 #4O 6 0 1]) 1 4 
Bl ce ll 3 5./0 2 1 3. 5 6.| -1 0 3 2 1 
. 3 0 1 1 -2 2 4 Of]{[-1 0 
Use a graphing calculator to find the inverse of matrix A. Then use the 
calculator to verify that AA“! = Jand A“'A = I. (Lesson 11.3) 
a ae 2A= se 9A=| 2 
7 6 —13 5 8 —-ll 
Use an inverse matrix to solve the linear system. (Lesson 117.3) 
10.x-y=-8 11. 3x —4y=7 12. 7x + 6y = —20 
—x-y=3 —2x+y=9 5x - Hy =1 
Write the next term in the sequence. Then write a rule for the nth term. 
(Lesson 11.4) 
13. 4, 9, 14, 19, 24, ... 14. 7, 8,9, 10, 11, ... 15. 9, 16, 25, 36, 49, 64, ... 
Use the formulas for special series to find the sum of the series. 
(Lesson 11.4) 
61+1+17+14+14+141 17.1+2+34+4+4+5+4+6 18.14+4+9+ 16 
Write a rule for the nth term of the arithmetic sequence. (Lesson 11.5) 
19, d= 6,4, = 19 20.0 = 10,0,— =3 11.2=3,4,— —7 
Find the sum of the first 10 terms of the arithmetic series. (Lesson 11.5) 
22.22+ 19+ 16+ 13+10+.--- 23.174+214254+294+3.34+-:- 
Tell whether the sequence is arithmetic, geometric, or neither. Explain 
your answer. (Lesson 11.6) 
24. 15, 20, 25, 30,... 25. —1, 1,3,5,... 26. 12, 24, 48, 96,... 
27. 5 1, 5,95, 02: 28. 0, 1, 3,6,... 8, 9.3.5.9... , 
Write a rule for the nth term of the geometric sequence. (Lesson 11.6) 
30.7 = 2,4, = 9 31.7 = 3,4, = 81 32. r= —2,a, = 10 
Find the sum of the infinite geometric series, if it exists. (Lesson 11.7) 
pW ae ole Ge — 8 , 32_ 1285... ie a ee 
33.142 +557 Sig * M2] ae at 35.3+2+ 3+ 5+ 


Write the repeating decimal as a fraction or mixed number. (Lesson 11.7) 
36. 0.444... 37. 0.6262... 38. 50.5050. . . 


Student Resources 


Chapter 12 


1. Evaluate the six trigonometric functions of the angle 6 shown in 
the triangle. (Lesson 12.1) 9 
a 
12 


Find the value of x for the right triangle. Round your answer to two 
decimal places. (Lesson 12.1) 


Th Sg 2A we 


Draw an angle with the given measure in standard position. Tell in which 
quadrant the terminal side lies. (Lesson 12.2) 


6. 225° 7. —240° 8. 510° 9. —440° 
Use the given point on the terminal side of an angle @ in standard 


position. Evaluate the sine, cosine, and tangent functions of 0. 
(Lesson 12.2) 


10. (1, 2) 11. 3,5) 12. (—6, —4) 13. (4, —7) 
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Find the maximum(s), the minimum, and the intercepts of the function 


on the interval 0° < x < 360°, Graph one cycle of the function. 
b 
(Lesson 12.3) 


14. y = 3 sinx 15. y = 2 cos 6x 16. y = sin 225x 17. y = 5 cos 270x 


Find the intercept, the vertical asymptotes, and the halfway points of 


the function on the interval an eyeee. Graph one cycle of the function. 
b b 
(Lesson 12.3) 


18. y = tan 90x 19. y =2tanx 20. y = 4 tan 135x 21. y = 5 tan 5x 
Sketch AABC, then find all of the angle measures and side lengths. If the 

triangle is impossible, explain why. (Lesson 12.4) 

22. A = 20°, B = 85°,a=7 23. A = 25°,a = 6,c = 20 24. C = 18°,c = 16,b = 10 


Find the unknown side length in the triangle. Round your answer to the 
nearest tenth. (Lesson 12.5) 


25. B 26. L 27. y 
s-=8 r=10 
= R t s 
A b=a8 C X yas Z 


Sketch AABC, then find all of the angle measures and side lengths. 
(Lesson 12.5) 


28.a = 10,b=16,c=15 29.a=17,b=15,c=20 30.A=44°,b=10,c =6 
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Chapter 13 


Find the distance between the two points. Then find the midpoint of the line 
segment joining the two points. (Lesson 13.1) 


1..(0,0), (4,3) 2. (0,0), — 1) 3. (—2, —6), (6, —3) 4. (0, 3), (—2, 0) 
Write an equation for the perpendicular bisector of the line segment joining 
the two points. (Lesson 13.1) 

5. (0, 0), (—2, —4) 6. (1, —1), (-3, 6) 7. (—4, —6), (3, —5) 8. (—5, —1, (1, 5) 
Graph the equation. Identify the focus, directrix, and axis of symmetry of the 
parabola. (Lesson 13.2) 

9. 4x7 =y 10. —8x = y* 11. 2y = —x? 12. l6y = x? 


Graph the equation. Identify the radius of the circle. (Lesson 13.3) 

13. 6x* + 6y? = 24 14. 8x? + 8y? = 72 15. 12x? = 432 — 12y* 16. 5x? + 5y* = 500 

Write the standard form of the equation of the circle that passes through the 

given point and whose center is (0, 0). (Lesson 13.3) 

17. (—5, 0) 18. (—3, 2) 19. (—4, 4) 20. (7, —2) 

Write an equation of the line that is tangent to the given circle at the given 

point. (Lesson 13.3) 

21. x* + y* = 8; (2, —2) 22. x* + y* = 90; (-3, 9) 23. x* + y* = 25; (4, —3) 

Graph the equation. Identify the vertices, co-vertices, and foci of the ellipse. 

(Lesson 13.4) 
2 


x? aa x _ 
24.7 +5571 2.64 +5571 26.76 + 


Write an equation of the ellipse with the given characteristics and center at 
(0, 0). (Lesson 13.4) 


28. Vertex: (0, 6) 29. Vertex: (—7, 0) 30. Vertex: (6, 0) 31. Vertex: (0, —10) 
Co-vertex: (—4, 0) Co-vertex: (0, 5) Focus: (—1, 0) Focus: (0, V19 ) 


Graph the equation. Identify the vertices, foci, and asymptotes of the 
hyperbola. (Lesson 13.5) 


yo ey ro YP _ 
Write an equation of the hyperbola with the given foci and vertices. (Lesson 13.5) 
36. Foci: (—7, 0), (7, 0) 37. Foci: (—V61, 0), (V61, 0) 38. Foci: (0, —10), (0, 10) 
Vertices: (—2, 0), (2, 0) Vertices: (—5, 0), (5, 0) Vertices: (0, —8), (0, 8) 


Classify the conic section and write its equation in standard form. Then graph 
the equation. (Lesson 13.6) 


39. 6x? + 6y* — 72x — 72y — 24 =0 40. y? — 8x — 2yv +9 =0 
41. 10x? — 9y? + 40x — 18y — 59 =0 42. 5x? + 8y? — 10x — 48y —-3 =0 
43. x7 — 4x + 12y + 28 =0 44, 12x* + 5y? + 24x — 60y — 48 = 0 


Student Resources 


End-of-Course Test 


Simplify the expression. 
1. 5x — 3y + 2x — 8y 2. —2(3x — 5) - 6 3.3 — 1) —2(@+7) 


Solve the equation. 
4.4y-—7=9 5.5n—-2(n+ 1) =6 6. 8a + 3 = 2a — 15 


Write an equation of the line with the given characteristics. 


7. slope: —5; y-intercept: 9 8. slope: -2; point: (—6, —4) 9. slope: S point: (—3, 3) 


Solve the system. 


10.y=x-—5 W.xt+y=4 12. 3x — 4y = 12 
2x — 3y = —-9 2x + 4y =4 5x — 2y =6 
13. 5x + 8y = 6 14.2x—y=4 SBx+y-z=3 
2x + 5y = 15 xty—3z=2 x-yt+2z=2 

3x —2y+4z=1 3x +y—-z=5 


Solve the inequality. Then graph your solution. 
16. —3x + 1>16 17.0<x+5<7 18.2x-—7<5 


1LSi1 ISHYNOD-410-GNA 


Graph the inequality or function in a coordinate plane. 
19.4x —52y 20. 2x + Sy <6 21. f(x) = -—x+ 7-1 


ND COMPLEX NUI 


Factor the expression. 
22. x7 + 4x — 21 23. x7 + 8x + 16 24. 12x? — 26x + 10 


Solve the equation. 


25. x? — 6 = 250 26. 12x7 + 16x +5 =0 27.0 = 4x? — 8x -—5 
28. x7 -5=—-41 29. x7 — 4x —- 50 =0 30. x7 + 9 = 6x 
Write the expression as a complex number in standard form. 

31. (4 + 31) — (6 — 7i) 32. (5 + 81)(3 — 21) 33. are 


34. The height h in feet of a golf ball t seconds after being struck is h = — 162? + 961. 
How long is the golf ball in the air? 
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37. (3x — 4)3 


Simplify the expression. 


35. 3(2x* + 5) — (x4 — 7) 36. (2x? + 7x? + x — 25) + (x + 4) 


Estimate the coordinates of each local maximum and local minimum. 
Then list all the real zeros and find the least degree the function have. 


Simplify the expression. Write your answer using positive 
exponents only. Assume all variables are positive. 


33/5 p43 


9q2/5 p23 


i 
Ps 


at. (49x4)!/2 42. (8x!2y3)2/3 43. 6n!!2m3/4 — Onm!2)?2 


Solve the equation. Check for extraneous solutions. 


45. V8x —5 =3 46. Vx —2=x-4 47.x°°7245=9 4s. (2x — 112 =5 
Graph the function. Then state its domain and range. 
49.y=Vx+2 50.y=Wx+4 51. y=3*-1 52. y = log, a — I 


Solve the equation. Check for extraneous solutions. 


54. 10°? = 23 56. log, (x — 4) =4 


53. 5°" !1=25 


55. log, x = log, (2x — 1) 


S AND FUNCTIONS 


Simplify the expression. 


6x7 — Tx — 3 3) KES Pca, x+7 K= 2 

57. ea. | 58. | aa 59. Bae Soe 60. ie 
x—2 
Identify the vertical and horizontal asymptotes of the graph of 
the function. Then state the domain and range. 
=9 =55 = 3x —2 = #£ 

a1.y >] 62.y=5+2 al Ame ER 64. y= 4 
Solve the equation. Check your solutions. 

8 _ 12 6 _ x 2 3 _ 1 3 2 _4 
oe oo: A x+4 Sea oa x—3 Oe Es x 


69. The time a car trip takes varies inversely with the speed of the car. It takes 2 hours to 
reach a destination at 55 miles per hour. How long would it take at 60 miles per hour? 


Student Resources 


Find the number of permutations or combinations. 


70. oP 4 71. qP3 72. 7, 73. 94 

Find the probability of drawing the given cards at random from a standard 

52-card deck (a) with replacement and (b) without replacement. 

74. an ace, then another ace 75. a5, then a king 76. a diamond, then a heart 


i} 2, 
77.\> ~2/4] 1 4 78. |* OF el 4 —4 79. 3 2)/0 
0 3 —2 5 2 -8 0 g 2 5114 


Tell whether the sequence is arithmetic, geometric, or neither. Write a rule 
for the nth term of the sequence, then find the sum of the first 12 terms. 


80. 1, 4, 16, 64, 256, ... 81. 4, 7, 10, 13, 16,... 82. 1, —2, 4, —8, 16,... 


Find the value of x for the right triangle. Round your answer to two 
decimal places. 


83. 84. 85. wg 
NI 
x 


7 4 
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Evaluate the sine, cosine, and tangent functions of 90. 
86. 0 = 0° 87. 6 = 180° 88. 0 = 450° 89. 8 = 990° 


Sketch AABC, then find all of the angle measures and side lengths. If the 
triangle is impossible, explain why. 


90. A = 110°.b=9,c =6 91.a=5,b=3,c=7 92. A = 60°, B = 40°,c = 12 


Write the equation of the conic section with the given characteristics. 


93. Parabola with vertex at (0, 0) and directrix x = —2 

94. Circle with center at (—3, 2) with radius 6 

95. Ellipse with center at (0, 0), a vertex at (0, 5), and a co-vertex at (—3, 0) 
96. Hyperbola with center at (0, 0), foci at (+2V5, 0), and vertices at (+2, 0) 
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absolute value of x | 
the nonnegative square root 
eel a 


i | imaginary unit imaginary unit equal to V=1 to V— 


eee 
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Pe fees 
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fer 


| | x-bar; the mean of a data set the mean of a data set 


sigma; the standard deviation 
of a data set 
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(x, y) 


TABLES 


Symbol Meaning Page 


fe [iniondnmieen 278 | ae 
Tony [leticvoty | 
[ees fistse ats 


n factorial; number of 
permutations of n objects 


number of permutations of 
n distinct objects taken r at 
a time 


number of combinations of 
n distinct objects taken r at 
a time 


P(A) probability of event A 
P(B|A) | conditional probability 


1 0 ; 
matrix 
0 1 


Tc ineneoimaca if a 
determinant of matrix A 606 | 


s sum of the first n terms of an 6i7 
a arithmetic or geometric series 


theta, name of an angle, or 


measure of an angle 
eo 
es fowe id | 
To fee | 
To fom | 
P= [om Ci we 
05 ee ee oe 
[ar [mows iw 


Measures 


60 seconds (sec) = | minute (min) 
60 minutes = | hour (h) 
24 hours = | day 
7 days = 1 week 
4 weeks (approx.) = | month 


Metric 


Length 
10 millimeters (mm) = | centimeter (cm) 


100 cm 
1000 mm 


1000 m = | kilometer (km) 


= | meter (m) 


Area 
100 square millimeters = 1 square centimeter 
(mm?) (cm?) 
10,000 cm? = 1 square meter (m7) 
10,000 m? = 1 hectare (ha) 


Volume 


1000 cubic millimeters = | cubic centimeter 
(mm?) (cm?) 
1,000,000 cm? = 1 cubic meter (m+) 


Liquid Capacity 
1000 milliliters (mL) 


1000 cubic centimeters (cm?) 
1000 L = 1 kiloliter (kL) 


= | liter (L) 


Mass 
1000 milligrams (mg) = 1 gram (g) 
1000 g = 1 kilogram (kg) 
1000 kg = 1 metric ton (t) 


Temperature Degrees Celsius (°C) 


O°C = freezing point of water 
37°C = normal body temperature 
100°C = boiling point of water 


365 days 


52 weeks (approx.) | = 1 year 


12 months 


10 years = 1 decade 
100 years = 1 century 


United States Customary 


Length 
12 inches (in.) = 1 foot (ft) 
36 in. 
3 all ull yard (yd) 


5280 ft | _ : : 
1760 ul = | mile (mi) 


Area 
144 square inches Gn.7)= 1 square foot (ft?) 

9 ft? = 1 square yard (yd) 

43,560 ft? 


480 a = | acre (A) 


Volume 


1728 cubic inches (in.*) = 1 cubic foot (ft?) 
27 ft? = 1 cubic yard (yd) 


Liquid Capacity 


Sa1gdVL 


8 fluid ounces (fl 0z) = 1 cup (c) 
2c = | pint (pt) 
2 pt = 1 quart (qt) 
4 qt = 1 gallon (gal) 


Weight 


16 ounces (oz) = 1 pound (Ib) 
2000 Ib = 1 ton 


Temperature Degrees Fahrenheit (°F) 


32°F = freezing point of water 
98.6°F = normal body temperature 
212°F = boiling point of water 
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Formulas and Properties 


Formulas from Coordinate Geometry 


rn eine — is the slope m of the nonvertical line through points (x,, y,) and (x,, y,). 
p. 2 1 


Distance formula d= Voy, a x) + Yy — yy is the distance d between points (x,, y,) and (x,, y,). 
(p. 691) 


i i x, +x + 
Midpoint FY paca 2 


formula (eee) = so | is the midpoint of the line segment joining points (x,, y,) and (x,, y,). 
p. 


Formulas and Theorems from Algebra 


Quadratic formula (p. 274) The solutions of ax? + bx + c = Oare 
a —b + Vb? — 4ac 
2a 


where a, b, and c are real numbers such that a # 0. 


Discriminant of a quadratic The expression b* — 4ac is called the discriminant of the associated equation 

equation (p. 276) ax? + bx + c = 0. The value of the discriminant can be positive, zero, or 
negative, which corresponds to an equation having two real solutions, one 
real solution, or two imaginary solutions, respectively. 


Special product patterns Sum and difference: (a + b)(a — b) =a — b* 
(p. 316) Square of a binomial: (a + b)* = a* + 2ab + b* 
(a — bP =a —2ab+h* 

Cube ofabinomial: = (a + b)> = a? + 3a’b + 3ab* + b? 

(a — bP = a — 3a’b + 3ab? — b? 


Special factoring patterns Sum of two cubes: a+ b> =(a+ b)(a@ — ab + b?) 
(p. 323) Difference of two cubes: a? — b* = (a — b)(a® + ab + b’) 


Fundamental theorem of If f(x) is a polynomial of degree n where n > 0, then the equation f(x) = 0 
algebra (p. 331) has at least one root in the set of complex numbers. 


Corollary to the fundamental | If f(x) is a polynomial of degree n where n > 0, then the equation f(x) = 0 
theorem of algebra (p. 331) has exactly n solutions provided each repeated solution is counted 
individually. 


Discriminant of a general If the graph of Ax? + Bxy + Cy? + Dx + Ey + F = Ois aconic, then the 
second-degree equation (p.726) | type of conic can be determined by the following characteristics. 
Discriminant Type of Conic 
B? — 4AC <0,B =0,andA=C Circle 
B* — 4AC <0, and either B # 0or A # C Ellipse 
B? — 4AC = 0 Parabola 
B? — 4AC>0 Hyperbola 
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Formulas from Discrete Mathematics 


Fundamental counting 
principle (p. 539) 


Permutations of 1 objects 
taken r at a time (p. 541) 


Combinations of 1 objects 
taken r at a time (p. 545) 


If one event can occur in m ways and another event can occur in n ways, 
then the number of ways that both events can occur is m ¢ n. 


The number of permutations of n distinct objects taken r at a time is 
denoted by ,P_ and is given by: 
_ ant 
r (=n! 


The number of combinations of n distinct objects taken r at a time is 
denoted by ,,C, and is given by: 


= n! 
ny = (n—r)!er! 


Formulas from Probability 


Theoretical probability of 
an event (p. 556) 


Experimental probability 
of an event (p. 557) 


Probability of compound 
events (p. 562) 


| Probability of the complement 
of an event (p. 564) 


Probability of independent 
events (p. 570) 


Probability of dependent 
events (p. 570) 


When all outcomes are equally likely, the theoretical probability that an 
event A will occur is: 


P(A) = Number of outcomes in event A 
Total number of outcomes 


For a given number of trials of an experiment, the experimental probability 
that an event A will occur is: 


P(A) = Number of trials where event A occurs 
Total number of trials 


If A and B are overlapping events, P(A and B) # 0, the probability of 
A or Bis: 
P(A or B) = P(A) + P(B) — P(A and B) 


If A and B are disjoint events, then P(A and B) = 0, and the probability of 
A or Bis: 
P(A or B) = P(A) + P(B) 


The probability of the complement of A is: 
P(not A) = 1 — P(A) 


If A and B are independent events, then the probability that both A and B 
occur 1s: 


= 
> 
is) 
= 
m 
DA 


P(A and B) = P(A) + P(B) 


If A and B are dependent events, then the probability that both A and B 
occur 1s: 


P(A and B) = P(A) « P(B|A) 


Formulas from Statistics 


| Standard deviation of a data 


ae a ee) cee ee A 
o= {ee eee Cr where o (read “‘sigma’’) is the 


n 


standard deviation of the data Kp toy wag Be 
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Geometric Formulas 


Pythagorean Theorem (p. 757) Square (pp. 753, 754) Rectangle (pp. 753, 754) 


I 


b 


In a right triangle, a? + b* = c? Perimeter Perimeter 
where a and b are the lengths of P=4s P=2L+2w 
the legs and c is the length of the 

hypotenuse. 


Parallelogram (p. 754) Triangle (p. 754) 


bo 


Area 


A=3(b, + bh 


Circle (pp. 753, 754) Cylinder (p. 755) 


P 


Circumference Surface Area Volume Surface Area Volume 
C = 7d or S=2B+ Ph V=Bh S=2B+Ch V=Bh 
= 2ur? + 2arh = orh 


TABLES 


B 


Surface Area Volume Surface Area Surface Area 


S=B+ SPE V =<Bh S=B+arl f= Gee 


=or2 + orl 
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Formulas and Identities from Trigonometry 
Definition of trigonometric Let 6 be an angle in standard position and (x, y) be any point 
functions (pp. 645, 653) (except the origin) on the terminal side of 6. Let r = \x? + y?. 
: ea _x ay 
sin 0 = = cos 8 = = fang => 270 


csc O=5,y #0 sec 0=5,x #0 cot d= Fy #0 


Reciprocal identities (p. 645) 


Law of sines (p. 668) If AABC has sides of length a, b, and c, then: 


sinA _ sinB _ sinC 
a b Cc 


Law of cosines (p. 675) If AABC has sides of length a, b, and c, then: 
a =b? +c? —2becosA 
b* =a? +c? —2accosB 
C2 = a* + b? — 2ab cos C 


Properties of Real Numbers 


Let a, b, and c be real numbers. 
Addition Multiplication 
Closure Property a+ bis areal number. ab is areal number. 


Commutative Property (p. 5) at+b=bt+a ab = ba 

Associative Property (p. 5) (a+ b)+c=at+(bt+c) (ab)c = a(bc) 

Identity Property (p.5) a+0=a,0+a=a a*l=alea=a 
| Inverse Property (p. 5) a+(-—a)=0 ae : =1,a#0 


Distributive Property (p. 5) The distributive property involves both addition and multiplication: 
a(b + c) = ab + ac 


Zero Product Property (p. 235) Let A and B be real numbers or algebraic expressions. 
If AB = 0, then A = Oor B= 0. 


Properties of Exponents 


Let a and b be real numbers, and let m and n be integers. 
Product of Powers Property (p. 296) ad™eqi=qrtn 


Power of a Power Property (p. 296) (a”y" = a™ 
Power of a Product Property (p. 296) (ab) = a™b”™ 
Negative Exponent Property (p. 296) 


Zero Exponent Property (p. 296) 


Quotient of Powers Property (p. 296) 


Power of a Quotient Property (p. 296) 


K 
i> 

a 
= 
im 
a) 
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Properties of Radicals and Rational Exponents 


| Number of Real nth Roots 
(p. 353) 


Radicals and Rational 
Exponents (p. 355) 


Product and Quotient 
Properties of Radicals (p. 359) 


Properties of Rational 
Exponents (p. 360) 


Let n be an integer greater than 1, and let a be a real number. 
° If nis odd, then a has one real nth root: /a = al” 
¢ If is even and a > 0, then a has two real nth roots: Wa = +a!” 
¢ If nis even and a = 0, then a has one nth root: Vo =o" =0 
¢ If nis even and a <0, then a has no real nth roots. 


Let a!” be an nth root of a, and let m be a positive integer. 

© al = (qlinm = (Yay 

—mn — 1 _ 1 = 1 
ea ,a#t0 
ant (qinyn (ay 
Let n be an integer greater than 1, and let a and b be positive real 
numbers. Then Va» b = Wa» Wb and \/£ = a 
b Wb 

All of the properties of exponents listed on the previous page apply to rational 
exponents as well as integer exponents. 


Properties of Logarithms 


Let a, b, c, m,n, x, and y be positive real numbers such that 
b#1iandc #1. 


Logarithms and Exponents (p. 433) log, y = x if and only if b* = y 


Common Logarithm (p. 433) 


log), x = log x 


Special Logarithm Values (p. 434) log, | = 0 because b°=1 and log, b = 1 because b =p 
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Product Property of Logarithms (p. 442) log, mn = log, m + log, n 


Quotient Property of Logarithms (p.442) log, 7 = log, m — log, n 


Power Property of Logarithms (p. 442) log, m” = nlog, m 


Properties of Functions 


Operations on Let f(x) and g(x) be any two functions. A new function A(x) can be defined using any of 
Functions (pp. 373,374) _ the following operations. 


_ f@) 


Addition: h(x) = f(x) + g@) Division: A(x) = —— 
Subtraction: h(x) = f(x) — g@) 
Multiplication: h(x) = f(x) « g(x) 


g(x) 
Composition: h(x) = f(g(x)) 


For addition, subtraction, multiplication, and division, the domain of h consists of 
the x-values that are in the domains of both fand g. Additionally, the domain of the 
quotient does not include x-values for which g(x) = 0. 


For composition, the domain of / is the set of all x-values where x is in the domain of g 
and g(x) is in the domain of f- 


Inverse Functions Functions fand g are inverse functions if: 
(p. 380) f(g(x)) =x and g(f(x)) =x 
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Squares and Square Roots 


No. 


eon ortwh = 


Square 


Sq. Root 


2601 
2704 
2809 
2916 
3025 


3136 
3249 
3364 
3481 
3600 


3721 
3844 
3969 
4096 
4225 


4356 
4489 
4624 
4761 
4900 


5041 
5184 
5329 
5476 
5625 


5776 
5929 
6084 
6241 
6400 


6561 
6724 
6889 
7056 
7225 


7396 
7569 
7744 
7921 
8100 


8281 
8464 
8649 
8836 
9025 


9216 
9409 
9604 
9801 
10,000 


10,201 
10,404 
10,609 
10,816 
11,025 


11,236 
11,449 
11,664 
11,881 
12,100 


12,321 
12,544 
12,769 
12,996 
13,225 


13,456 
13,689 
13,924 
14,161 
14,400 


14,641 
14,884 


15,129 
15,376 
15,625 


15,876 
16,129 
16,384 
16,641 
16,900 


17,161 
17,424 
17,689 
17,956 
18,225 


18,496 
18,769 
19,044 
19,321 
19,600 


19,881 
20,164 
20,449 
20,736 
21,025 


21,316 
21,609 
21,904 
22,201 
22,500 
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Trigonometric Ratios 


Sine Cosine Tangent | Sine Cosine Tangent 


1.0355 
1.0724 
1.1106 
1.1504 
1.1918 


1.2349 
1.2799 
1.3270 
1.3764 
1.4281 


1.4826 
1.5399 
1.6003 
1.6643 
1.7321 


1.8040 
1.8807 
1.9626 
2.0503 
2.1445 


2.2460 
2.3559 
2.4751 
2.6051 
2.7475 


2.9042 
0.0777 
3.2709 
3.4874 
3.7321 


4.0108 
4.3315 
4.7046 
5.1446 
5.6713 


6.3138 
7.1154 
8.1443 
9.5144 
11.4301 


14.3007 
19.0811 
28.6363 
52.2900 


“ 
ud 
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Selected Answers 


Pre-Course Practice 
Fractions, Decimals, and Percents (p. xxiv) 
1.0.55 3. 1.2 5.0.225, 23% 7.0.93, 93% 9. 60%, 2 


7 13 11 
11. 87.5%, & 13. 16.1 15. 26.5% 17. 58 19.55 


Writing Ratios and Proportions (p. xxiv) 1.3 to 2, 
3:2, 3 3.7 to 12, 7:12, 5.68 7.30.8 


Integers, Significant Digits, and Scientific 
Notation (p. xxiv) 1.13 3. —13 5. —42 7. —9 9. 160 
11.5 13.6.31 X 10? 15.5.2 X 107 


The Coordinate Plane (p. xxv) 1. (—2, 0) 3. (6, 0) 

5. (5, —5) 7. (0, 4) 

Perimeter, Circumference, Area, and Volume (p. 
xxv) 1.25 m 3.3.87 ~ 11.9 cm 5. 1217 ~ 380 in” 

7. 18 ft? 9. 680 in. 


Triangle Relationships (p. xxv) 1. yes 3. yes 5. yes 
7. yes 9. 2V13. 11. 3V3 


Symmetry, Transformations, and Similar 
Figures (p. xxvi) 1. 


3. none 5. A’(—3, —8), B’(0, 1) 7.2.5 9.9 
Logical Argument (p. xxvi) 1. invalid 


If-Then Statements, Counterexamples, and 
Justify Reasoning (p.xxvi) 1. false; 0 3. False; 

A, B, and C could form a triangle. 5. division property 
of equality 7. subtraction property of equality 

9. multiplication property of equality 11.8 13. —4 

15. —14 17. -1 


Problem Solving Strategies (p. xxvii) 1. AB, AC, 
AD, AE, BC, BD, BE, CD, CE, DE so 10 possibilities 


3. 4.52 + @ =x2,x = 7.5 mi 5. 2000° = 2° x 105 = 


3.2 X 10! = 32,000,000,000,000,000. 7. Sample answer: 


Guess: 10 T-shirts 

Check: 25 + 10(8) = 25 + 80 = 105 
Revise: Try smaller number. 

Guess: 9 T-shirts 

Check: 25 + 9(8) = 25 + 72 = 97 
You can buy 9 T-shirts. 


Translating Words into Symbols (p. xxvii) 1.x — 15 


3.2x 5.1 + ax 
Combining Like Terms and Multiplying 
Polynomials (p. xxvii) 1. 7a — 9 3. 4x? — 4x 


5.x2 —4 7.x2—2x—24 


Solving Linear Equations (p. xxvii) 1. Pa 3.12 5.6 


= 3 
7.39.2 11.5 


Chapter 1 


1.1 Guided Practice (p.6) 1. A rational number can 
be written as the quotient of two integers, but irrational 
numbers cannot be written this way. The decimal form 
of a rational number terminates or repeats, but the 
decimal form of an irrational number neither terminates 
nor repeats. 3. Write 298 as 300 — 2. Then 4 * 298 = 
4(300 — 2) = 4(300) — 4(2) = 1200 — 8 = 1192. 

5. always 7. sometimes 


9. 8 13 13 


-10-8 -6 -4 -2 0 2 4 6 8 10 12 14 


11. inverse property of addition 13. commutative property 
of multiplication 


1.1 Practice and Applications (pp. 6-8) 
15. —2 3 


a4: 0.6 > 
ae ae a ee 
—1 5 2 1 1 1 0 41 4 1 2 5 4 
6 3 2 3 6 6 3 2 3 6 


25. —2.36 < —1.04 
—2.36 —1.04 


—2 2 ft =] <2 22 0 ai & 1 4 Bo 2 
3 3 3 3 3 3 3 3 
3. 36, —9, 2 3.2, 8 
3 
—3.6-—2 2 3.2 8 


12-10 -8 -6 -4 -2 0 2 4 6 8 10 12 


37. Karrie Webb, Michelle Wie, Se Ri Pak, Annika 
Sorenstam, Angela Standford, Meg Mallon 


39. G. Lake Alamorio Moss  Orita 
190 170 150 130 110 ; 90 70 


Curlew 
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41. Alamorio and Gieselmann Lake 43. associative 
property of addition 45. distributive property 47.2090 
49. 9 should have been distributed to 600 and to 3; 
9(600 + 3) = 9(600) + 9(3) = 5400 + 27 = 5427. 


51.8 + 25 = 17 53. -15+(-3)=9 55. -6-0=0 
57. —10 — (-1) = —-9 

1.2 Guided Practice (p.12) 1. base > 7° “ponent, 
the base, 7, is the factor to be multiplied by itself and 
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“ 
-4 
E 
” 
Zz 
< 
=) 
bal 
= 
~] 
uw 
| 
uw 
7) 


the exponent, 5, is the number of times that the base, 7, 
is to be used as a factor. 3.3; 7 5.8 7.36 9.3 11. —6 
13. The first step should be simplifying the product in the 
parentheses; 3 + (2 + 5)? =3 + 107 =3 + 100 = 103. 


1.2 Practice and Applications (pp. 12-14) 15. gt 
17. n° 19. 7° 21.32 23.256 25.81 27. —49 29. —64 
31. —1 33.18 35.17 37.20 39.18 41. —54 43.375 
45.10 47.9 49.17 51.32 53.24 55.20 57. 13 59. 12 
61.9 63. 17,354,000 people 65. 1.42t + 67.8 

67. 5.50n — 35 71. 67,150 + 12,500r; 117,150 mi 


1.3 Guided Practice (p.19) 1. No; —3x is a term. 

3. like terms 5. equivalent expressions 7. —5y,3 9. 13p 
11. 652 — 2s 13.2x +4 15. —2r + 10 17. 4185¢ + 
155,000; 171,740 physical therapy jobs 


1.3 Practice and Applications (pp. 19-20) 19. 11f 
—3 21. 8m, —12n 23.9, —3w, 2w?, 12 25. coefficients: 
5, —10; like terms: 5b? and —10b? 27. coefficients: 2, 3; 
like terms: 2m and 3m, | and 3 29. coefficients: 13, —5, 
6, —2; like terms: 13x? and —2x2, —5x and 6x 31. —-y 
33. -—h + 8 35.—10n + 3 37. 3p? + 2p 39.m+4 
41.2z — 2 43. -—3b — 17 45. 2h? + Ih 47.2g — 4 

49. —3w — 11 51. 43.49 + 3.99(m — 3) 53. $63.44 

55. 0.35m — 105 


1.3 Technology Activity (pp. 22-23) 1. (—4)? — 3; 13 


3.146 5.72 7. 2.667 9.— >; -0.5 11.72 
13. 5912.099 15.26 17. —0.875 19. 0.18 
21. (4 + V289) x 3; 63 23. 169.312 25. —658.220 


27. —179.741 29. 16.154 


1.4 Guided Practice (p.29) 1. a statement of the 
equality of two expressions 3. It has the form ax = b 
where a and / are constants and a # 0. 5.13 7.75 9. —2 
11.2 13. In the second step, 2x should be subtracted from 
both sides; x + 5 = 0,x = —5. 15. $8 


1.4 Practice and Applications (pp. 29-30) 

17. subtraction property 19. multiplication property 

21. addition property and multiplication property 23. 31 
25.28 27. —4 29. —63 31.30 33. —3 35. —20 37. —3 
39.3 41.8 43.3 45.5 47.20 yr 49. 18 51. —68 53. 1 
55.3 57. 8 incorrect answers 59. 11h 


1.4 Technology Activity (p.32) 1. False; y, = y, when 
x = —1,not when x = 1. 3.2 5.—1 7.—7 


1.5 Guided Practice (p.36) 1. formula 


3y= =e 31 By=arth2 y= —pt 2:3 

9.w = fat 11.A = ne 

1.5 Practice and Applications (pp. 36-38) 13. m = £ 

15.h =~ a7. sie 19.7 = 21. $35: ° 
, lw "9 t : Pi. : 


$1035 23.4 25. —2 27.1 29.6 31.—7 33. —4 


5.L=2 Some 39. m = 10T + 75 


Student Resources 


1.6 Guided Practice (p.43) 1. an equation written in 
words 3. Number of minutes 5. 400 = 3.8f 


1.6 Practice and Applications (pp. 43-45) 7. A: no; 
B: yes; C: yes 9. 108 = 8f 11. 13.5h 13. 80¢ = 160(4) 
15. Monthly car expenses = Monthly car payment + 
Insurance payment + Number of months per payment 
17. D = 252 + 684 + 6 19. Total Calories = Calories/ 
gram of protein * Number of grams of protein + 
Calories/gram of carbohydrate » Number of grams of 
carbohydrate + Calories/gram of fat » Number of grams 
of fat 21. T = 4p + 4c + 9f 23. Sample answer: dw = 
529, where d = dollars/wk and w = number of wk; 

27 wk 25. Puppy’s weight = w (lb); Weight at 3 weeks = 
5.5 (Ib); Weekly weight gain = 2.5 (Ib); Number of 
additional weeks = m (weeks); w = 5.5 + 2.5m 

27.x + 6;x + (x + 6) = 72; 33 in. and 39 in. 


1.7 Guided Practice (p.49) 1. The mean is the average, 
calculated by dividing the sum of the numbers by n, the 
number of numbers. The median is the middle number 
when the numbers are written in order. If n is even, the 
median is the mean of the two middle numbers. The mode 
is the number or numbers that occur most frequently. The 
range is the difference between the greatest and least 
numbers in the data set. 3.6 5.2 and5 7.2 


9. 
-4-2 0 2 4 6 8 10 12 14 16 


hi - 


12 5 10 15 


18 20 


1.7 Practice and Applications (pp. 49-50) 11. mean: 
8s median: 9; mode: 9 13. mean: 80; median: 80; mode: 


75 15. mean: 28; median: 31.5; mode: 33 17. mean: 550; 
median: 500; no mode 19.57 21. 124 23.5.4 25. mean: 
$9546.67; median: $9760; mode: $10,400 27. Sample 
answer: The mean increases by more than $1500; the 
median increases by just $40. 29. 4; 10 31. 48.5; 52 

33. 211; 335 35. 10.1; 10.8 


12 16 20 24 28 32 36 40 44 48 52 56 60 


18 26 37 46 B2 
43.9 min 45. school B 47. 31 


1.8 Guided Practice (p.54) 1. A bar graph displays 
separate categories while a histogram displays data 
grouped into intervals. Also, the bars of a bar graph have 
spaces between them, while the bars of a histogram do 
not. 3. 150-179, 180-209, 210-239, 240-269, 270-299 


. 19. issi 21. issi 
Lengiie of Songs on cbs 9. 6 missions 6 missions 


| 
6 
4 
2 
1.8 Practice and Applications (p. 54-55) 7. 42—44, 


150-179 180-209 210-239 240-269 270-299 
45-47, 48-50, 51-53, 54-56, 57-59, 60-62 9. 121-125, 


Lengths of Songs (sec.) 
126-130, 131-135, 136-140, 141-145, 146-150, 151-155, 40-44 45-49 50-54 55-59 60-64 65-69 
156-160 Age at Inauguration 


No. of CDs 


Presidents 


‘| Interval Tally Frequency Chapter Review (pp. 57-60) 1. Sample answer: Whole 
number, 7; integer, —3; rational number, 1.4; irrational 
42-44 RAN: ree 
ome number, V52 3. An expression is simplified if it has no 


grouping symbols and if all the like terms have been 
48-50 


| Tally | 
4 
= 
= pl | combined. Sample answer: 3x + y,n? + 4n 
| 51-53 | tl | 
56 [I 
cd 
pu 


5. —7, —4, -1, 1, 3,5 


60-62 


12-10 -8 -6 -4 -2 0 2 4 6 8 10 12 


ag a4be ag} 
7. —5, —1.6, —0.5, 0.8, 3,-7.4 


5 
—5 -16-05 08 3 4 4 
6-5 A Hse —2 = 0 oT 2 8 4A BF OG 


9.2376 11.10 13. —-7 15. —-12 17.8 19.45 21.24 23. 2x 
25. 12x* — 10x 27.6x + 1 29.C = 9.95 + 1.25(t — 2); 
$11.20; $13.70 31.2 33.10 35.4 37. —30 39.a=P— 
b-c 41.y= Sx +3 43. = 2x —3 45.0 47. 10 mi 


. Ages of Players on a Baseball Team 


“ 
m 
= 
m 
(a) 
= 
m 
~] 
> 
v4 
: 
m 
a 
wv 


21-23 24-26 =©27-29 30-32 33-35 =: 36-38 
Ages 


=> 
o 
i= 
o 
s 
iw 
o 
- 
Le 


Chapter 2 
ie) 20a et eS Oa sees 2.1 Guided Practice (p.70) 1. relation 3. The domain 
Minutes consists of inputs: 10, 20, 30, 40, the range consists of 


outputs: 100, 200, 300, 400; function. 5. The domain 


Selected Answers ia 


consists of inputs: —10, —6, —1, 6, the range consists of 
outputs: —4, —3, —2, 0, 2, 3, 4; not a function. 


Pairs of Tickets 


Time (hours) 
2.1 Practice and Applications (pp. 70-72) 
25. {(4, 2), (4, 3), 4, 5), (4, 6)} 


not a function 


SELECTED ANSWERS 


function 


31. sometimes 33. always 


Student Resources 


35. If a vertical line passes through two or more points on 
the graph of a relation, then an input has more than one 
output and the relation is not a function. 


41. 47. 


49. 


Pressure (atmospheres) 


015 45 75 105 135 d 
Depth (feet) 


51. h 


| 


Height (feet) 
as 
3 


0 
0 10 20 30 40 50 60r 
Time (seconds) 


2.2 Guided Practice (p.76) 1. A function of the form 
y = mx + b, where m and b are constants, is a linear 
function. 3. not linear 5. linear 7. 11 


9. 


1: ? 


13. $120 


2.2 Practice and Applications (pp. 76-77) 15. linear 
17. not linear 19. linear 21. —1 23. —1 25.1 27. —5 


39. 2550 mi 
41. 


45. $4800 


Distance (kilometers) 


9 4 8 12 16 20 24 28 32 36401 
Time (hours) 
2.3 Guided Practice (p.82) 1. slope 3. vertical 5. —1; 


falls 7.0; is horizontal 9. i rises 11. line 2 13. 26.25 


2 
pages per h 


2.3 Practice and Applications (pp.82-84) 15. —1 
17. 6 19. AB: positive, BC: negative, AC: positive 


21. —5; falls 23. 1; rises 25. —2; falls 27. a rises 29. -4 


falls 31.5 33.d 35. line 2 37. line 1 39.2 miperh 

41.3 in. per day 43. —2°F perh 45.c 47.a and b 
a eee : 

1573 51. 700 F per ft 53. 11.5 MB per min 

2.4 Guided Practice (p.90) 1. y = mx + b, 

Ax +By = C 3.7; parallel lines have the same slope. 

5. —2, —7 7.9,9 9.6, —9 

2.4 Practice and Applications (pp. 90-92) 11. — 

13. —3 15.B 


17. y 


49. yes; 


tw] 


39. 


neither 


41. perpendicular 43. perpendicular 


47. 


53. 


7) 
m 
= 
mi 
An 
= 
fu 
ae) 
> 
ws 
s 
, rm 
a 
La 


Selected Answers 


“A 
(4 
5 
“a 
z 
< 
=) 
bal 
= 
U 
rt 
ond 
ud 
2] 


=? 
os 
2s 
8 i= 
x2 
es 
0 | 10 15 20 257 
Years (since 1980) 
65. 2.5, 35 


Weight (pounds) 


0 
0123 45678 9 10d 
Days 


2.4 Technology Activity (p.93) 7. Sample answer: 
Xmin = —10, Xmax = 30, Xscl = 2, Ymin = —10, 
Ymax = 20, Yscl = 1 


2.5 Guided Practice (p.97) 3. y = 2x — 3 
By = ox t 17.y=2x+7 9y=2x— 14 11. —$2200 
per yr; V(t) = —2200t + 19,000 
2.5 Practice and Applications (pp. 97-99) 13. 3 —4 
1b.y=x+3 17.y=5 19.y=5x—3 21.y = 3x-—4 
23. y = 31-2 25.y = 3x+2 27.y = —2 

78 


29. y = —5x — 20 a1.y=—ix+8 a.y=Sx+B 


=e = at 
35.y = 5x — 5 37.y 2x+1 39y t+ 6 
at.y=3x-4 43.c = —8h + 76; 76 candy bars 


4 
45.y = —2x-— 1 a7.y = 3x42 49.y = -9 


51.x = 6 53.5 = 307 + 13 55. y = 2x +17 


Student Resources 


2.6 Guided Practice (p.103) 1. direct variation 


Ty =4x gy =3u, 


2.6 Practice and Applications (pp. 103-105) 11. Yes; 
the graph is a line containing the origin. 


19. always 21. never 23. —9 25. -2 27. y = 8x; 72 


29. y = —8x; —72 31.y= ax; 3 33.y = —$x; —l 
35. y = 4x; 36 37. t = 0.06p; $15 39. d = 0.6p; $108, $72 


43.no 45.c = 2.54n, 19.05 cm 47. k = 1.61m, about 
3.11 mi 


2.7 Guided Practice (p.110) 5. Sample answer: y = 
14x + 115 


2.7 Practice and Applications (pp. 110-112) 
7. relatively no correlation 9. negative correlation 


11. positive correlation —y 
13. negative correlation 10 
15. positive correlation 

17. relatively no 
correlation 19. Sample 
answer: y = —x + 3. 5 


23. y 


27. Sample answer: y = 0.2x + 67.7 


Chapter Review (pp. 115-118) 


3. 


undefined 


negative 


positive 


Sample answer: 
y= 2x + 2, 7.4 


Sample answer: 
y= 2x-1,17 


the line 
whose slope is 
undefined 


5. The domain consists of inputs: —3, —1, 0, 1, 3, the 
range consists of outputs: —3, —1, 0, 2; the relation is a 
function. 7. linear; 6 9. not linear; —11 


11. 


13. 


JL; 


h & 
1 
x 
1 
t | |x 
rises 17. —2; falls 19. —=; falls 21. line 2 


27. DP 


31.y = —2x+ 8 33.y= —3x-—1 35. y=3x-9 
37.y = 2x 39.y= as 41. yes; y = —3x 


43. relatively no correlation 
Chapter 3 

3.1 Guided Practice (p. 128) 1. solution 3. yes 

5. 1 


infinitely many 


3.1 Practice and Applications (pp. 128-130) 9. yes 
11.no 13.no 15. (3, —4) 17. (3,7) 19.(—1, 3) 21. (7, 
23. B; infinitely many 25. C; 1 


27. infinitely many 


Selected Answers 


SYaMSNV G413973S 
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4) 
(4 
“a 
z 
< 
=) 
bal 
= 
U 
rt 
ond 
ud 
2] 


1; (6, 3) 


35. x = 2y, 2x + 3y = 21; 6 two-point shots and 3 three- 
point shots 37.x = y + 25;x + 4y = 75; 35 balloons and 
10 lanterns 39. y = x + 30, y = 2.5x; 20 rides 


3.1 Technology Activity (p. 131) 1. (—1, 3) 3. (2, —2) 
5. (—3, —4) 

3.2 Guided Practice (p. 135) 1. Sample answer: Look 
for an equation that has a variable with a coefficient 

of 1 or —1 and solve for that variable. 3. Solve for y in 
Equation 2 since the coefficient of y is —1. This makes it 
easy to solve for y. 5. 4x + 7y = —3; 4x + 73x — 4) = 
—3; 25x — 28 = —3; 25x = 25;x = 1 

3.2 Practice and Applications (pp. 135-136) 

11-15. Sample answers are given. 11. Equation 1; it is 
already solved for y 13. Equation 2; d has a coefficient 
of —1 15. Equation 2, a has a coefficient of 1 and b has a 
coefficient of —1 17. (7,21) 19. (4, —4) 


21. (1, -1) 23. (—2, —2) 25. (0, 5) 27.(3,4) 29. The 


substitution in step 2 was done incorrectly; substituting 
Sy — 1 for x in Equation | yields 2(5y — 1) — y = 7; 
9y —-2=7;9y =9;y = 15x =50) -—1=4;64, 1. 
31. 560 Class-A shares and 240 Class-B shares 

33. Bedroom 1: 185 ft2; Bedroom 2: 135 ft? 


3.3 Guided Practice (p. 142) 1. When you add the 
revised equations, one of the variables is eliminated. Then 
you can solve for the other variable. 3. Adding the revised 
equations yields 7x = 21, not —x = 5. So, x = 3 and 

2(3) — y = 4, and so y = 2. The solution is (3, 2). 

7. 20 quarters; 27 dimes 


Student Resources 


3.3 Practice and Applications (pp. 142-143) 9. (4, —3) 
11. (7, 2) 13. (8,3) 15.(—2, —6) 17. (5, 1) 19. (3, 9) 

21. (21, —18) 23. (3, 7) 25. (9,0) 27. infinitely many 
solutions 29. no solution 31. one solution 33. 35 min of 
inline skating and 25 min of swimming 35. 4 birdhouses 
and 13 bird feeders 37. 4 packs of 24 light bulbs and 

1 pack of 12 light bulbs 


Extension (p.146) 1. Sample answer: Substitution 
method; the coefficient of x is —1. 3. Sample answer: 
Linear combination method; no variable has a coefficient 
of 1 or —1. 5. (1,3) 7. (3, —7) 9. (6, 3) 11. (—4, 5) 

13. 180 baseball cards 


3.4 Guided Practice (p. 150) 1. ordered triple 
3.ax + by+cz=d 


5. 


<++4++4++ 


<++4++ 


“++ t¢t¢4H+ 


<++ eH HHH 


3.4 Practice and Applications (pp. 150-151) 
15. 


(4, 1, 3) 
<++4+4+4+4+ 


<«++4+4+4++ 


19. 


<+tteetes 


ge) 
im 
i= 

mi 
A 
= 
im 
Oo 

> 
re 
FE 

m 
| 
® 


35. J(O, —2, 2), K(0, 0, 2), L(3, 0, 0), M(3, —2, 0) 37. 12 
cubic units 39. Weekly earnings = Number of cashier 
hours * Hourly cashier pay + Number of lifeguard hours 
¢ Hourly lifeguard pay + Weekly allowance; T = 6c + 
8f + 15 41. T = 0.75b + 0.5s + 30 


Selected Answers a 


43. C = 10x + 13y + 30. Sample answer: 17. 


mae (ee (| ee 
| 60 | $1020 


3.5 Guided Practice (p. 156) 


1. Sample answer: x + 3z=5,y-—z=3,xt+y+z=6 = 0.6, 0) 


3.no 5. yes 7.(2, —3,3) 9. (2, 3,5) 11.0 
3.5 Practice and Applications (pp. 156-158) 
13. no 15. yes 17. (2, 1, -1) 19.3, 1, ) a1.(2, 95, 32| 


23. infinitely many solutions 25. (3, 1, 1) 27. (5, 10, —2) 
29. (1, 0, —3) 31. jeans: $20; shorts: $12; shirts: $8 
33. mZA = 60°, mZB = 44°, mZC = 76° 


Chapter Review (pp. 160-162) 


<+t+4¢4++ 


19. (1, —3, 2) 21. (3, 2, —4) 


1. Graph both equations on the same coordinate axes. If Ch apter 4 
the lines are parallel, then they do not intersect and the 
system has no solution. 3. The graphs are three planes 
that intersect in exactly one point. 


4.1 Guided Practice (p.175) 1. Sample answer: The 
solution of the equation is the number |, while the 
solution of the inequality is all real numbers that are less 
than 1. 

7x56 


5. 


11. 3 


—-10 -8 -6 -4 -2 0 2 4 6 8 10 12 14 


13.a.6+5>8,6+8>5,5+8>6b.2<s< 14 

4.1 Practice and Applications (pp. 175-177) 15. not a 
solution 17. solution 19. solution 21. not a solution 23. C 
25.A 27.B 

31.x<5 


4) 
(4 
5 
“a 
z 
< 
Q 
bal 
= 
U 
rt 
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ud 
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9. (—3, 1) 11. (—3, —7) 13. (4, 8) 15. (6, —5) 


39. 0.165 + 0.2 < 4, 5 < 23.75; 23 sheets or fewer 
41.x<—T7orx>4 43. 158<s<206 47.—-40<t<5 


51.0<x<3 
—_Y | oS ++ H+ H+ +> 
—4 -2 0 2 4 6 


53.x< —30rx>1 


Student Resources 


4.1 Technology Activity (p.178) 1.x<4 3.x>3 
5.x -67.x<19.x<6 11.x< —3 


4.2 Guided Practice (p. 182) 1. False; for any point on 
the line, x + y is equal to 4, not greater than 4. 3. True; 
the symbol = means that points on the boundary line 

are solutions of the inequality. 5. solution 7. solution 

9. solution 11. solid line 13.B 15.A 


4.2 Practice and Applications (pp. 182-184) 
17. solution; solution 19. not a solution; solution 
21. solution; solution 23. solution; solution 

25. 


31. The graph consists of all the points below the dashed 
horizontal line y = c. 33. A 


35. 41. 


47. 300m + 275y = 1300 49. Sample answer: 4 cups 
of skim milk and 1 cup of yogurt, 2.5 cups of milk and 
2 cups of yogurt, 3 cups of milk and 1.5 cups of yogurt 


Temperature (8F) 


0.2 06 1 14 18r 
Relative humidity 


53. 1.4x + 6.2y < 100 55. Sample answer: 50 photographs 
and 3 video clips, 40 photographs and 7 video clips, 
25 photographs and 10 video clips 


4.3 Guided Practice (p. 188) 1. system 3. solution 
5. not a solution 


4.3 Practice and Applications (pp. 188-190) 11. not 

a solution 13. solution 15. not a solution 17-21. Sample 
answers are given. 17. (2, 1) 19. (1, 4) 21. (—3, 10) 23.C 
25.D 27.F 

29. 
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51.x 25, y22,6x + 10y< 70 53. yes 
55. ] 


Bags of Sand 


Bags of cement 
57.x20,y20,y< 12, 12x + I5y 2300 59. yes 


Selected Answers 
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4.4 Guided Practice (p.195) 1. The absolute value 

of a number x is the distance of the number from 0 on a 
number line. 3.x —-9=S5Sorx—-—9=-—5 5.2x+2=4 
or 2x +2 = —-47.x-3=5o0rx—-—3=-—5 

9. |x — 3] =2 11. |x-3] =5 

4.4 Practice and Applications (pp. 195-197) 

13. solution 15. not a solution 17. not a solution 19. x + 
3=2o0rx+3=—-2 21.4 -2=lor4r-2=-l1 
23.3 + 2x =lor3 +2x=—1 25.9, —5 27. —-1, —3 
29. —0.5 31.2, —1 33. —1,4 35.2.5, —2 37. 105°F, 
—5°F 39.C 41.A 43. |x— 4] =4 45. |x + 1] =6 

47. |x + 6] =3 4g. |x — 32.5| = 14.5 51. 149.6 million 
km; 111.4 million km 53. true 55. false 


4.5 Guided Practice (p.201) 3. The graph consists of 
two rays, one pointing to the left with an open dot at 

x = —c + band the other pointing to the right with an 
open dot atx = c + b. 5. nota solution 7. solution 
$:=35 7:52 


-4 =2 0 2 4 6 


4.5 Practice and Applications (pp. 201-203) 
11.-—9<x—-—7<9 13.-10<x+8< 10 
15.2x + 7<—-llor2x+7211 17.B 19..A 
21.-3<x<3 


—3 3 
—10 -8 -6 -4 -2 0 2 4 6 8 10 12 14 
27.x < —28 or x = 28 


31. never 33. sometimes 
35.-4<x<2 


—10 -8 -6 -4 -2 0 2 4 6 8 10 12 14 
41.x< —30rx>6 


—15-12 -9 -6 -3 0 3 6 9 12 15 18 21 
47. |x — 580| < 200 49. 97.8°F to 99°F, inclusive 
51. |x — 6.35| < 0.1 
53. 60<w< 64 


52 54 56 58 60 62 64 66 68 70 72 74 76 
55.50 <w<55 


4.6 Guided Practice (p.207) 1. the common endpoint 
of the rays that form the absolute value graph 3.3 5. —4 


Student Resources 


4.6 Practice and Applications (pp. 207-208) 11. —5; 
—15 13.3; 1 15.4;0 17.10; 2 19. 76°F 21. up; narrower 
23. up; narrower 25. down; wider 27.B 29. A 31. (2, 20) 
33. (—3, —9) 35. (—6, 9) 

37. T 


45. Yes. Sample answer: The points (0, 0), (—3, —6), and 
(3, —6) all lie on the graph of the function y = —2|x]. 
47. y = 3|t| 49. y = —2|x| 


4.6 Technology Activity (p. 211) 
(0, —4), (0, 0), and (0, 4) 


(5, 0), (0, 0), and (—5, 0) 


7. (-S, 4) 


Chapter Review (pp. 212-214) 1. The graph of a linear 

inequality in one variable is displayed on a number line, 
while the graph of a linear inequality in two variables is 
displayed on a coordinate plane. 3. | p= q\ or lq = P| 

5.x>5 


19.6,2 21.5, 1 
25.-2<x<7 
7 
e—_—_—_—_—X—X—a—a—a—aa—XaXKX—"+_1— 
—4 -2 0 2 4 6 8 


27.x< —8o0rx>2 


14-12-10 -8 -6 -4 -2 0 2 4 6 8 10 
29.6 31. —2 


Chapter 5 


5.1 Guided Practice (p.225) 1. parabola 


9. In step 2, —4 and —3 should have been multiplied 
instead of added; x2 — 3x — 4x + 12; x2 — 7x + 12. 
11. y = —3x? + 6x + 24 13. y = —x? + 10x — 22 

5.y =x +31 -6 

5.1 Practice and Applications (pp. 225-227) 17. 17, 5, 
1,5, 17 19. 10, 4,2, 4, 10 21.1, 3,0 23. (0,0) 25. (—1, 0) 
27. (—4, 7) 29. In step 2, the formula should use the 


33. 


45.x° + 3x +2 47.n?—6n+5 49.a? — 10a + 24 
51. 2x? — Ilx + 12 53. 10y? — 13y — 3 55. 4x7 + 31x + 
21 S7.y=x*+x—-6 59. y = 2x? — 6x — 20 

61. y = —x? — 4x + 1 63. y = 2x” — 16x + 31 


oy = 2x? — art 12 67. (BP) 1-3 
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5.2 Guided Practice (p.231) 1. false 3. intercept form 


} 11, maximum; —1 


5.2 Practice and Applications (pp. 231-233) 

13. intercept form; x = | 15. vertex form; x = 1 

17. intercept form; x = —3 19. standard form; x = 4 

21. vertex form; x = 4 23. (—2, —5) 25. (2,4) 27. (—4, 0) 
29. —6,4 31.A 33.B 


35. 39. 


53. When you set 
—3. The x-intercepts are 0 and 2. 


—3x equal to 0 and solve for x, x = 0 not 


13 _ 49). 
- ae 90)” 


57. minimum; 2 59. maximum; | 61. minimum; —4 


ae Student Resources 


63. minimum; 7 65. (14, 6) 67. 6 ft 69.6 ft 71. intercept 
form 73. 13.754 ft 


5.3 Guided Practice (p.237) 1. trinomial 3.C 5.B 
7. (y + 9)(~y + 2) 9. — 2) — 7) 11. (t — 12)(f + 2) 
13. —7,4 


5.3 Practice and Applications (pp. 237-238) 15. B 
17.B 19. (x + 12) + 2) 21. (x + 7)(x + 8) 

23. (x — 6)(x — 3) 25.(« + 10) — 1) 27. (x — 8) + 2) 
29. (v + 9)(v — 3) 31. (y + 12)(y — 8) 33. The sum of the 
numbers in the factors should be —2, not 2, so the signs 
are reversed; (x — 4)(x + 2). 35.5, —1 37. —3 39. —11,2 
41. —9,5 43. 11, —3 45. —-12,6 47.4 49. 2000 yd? 

51. (40 + x)(50 + x) = 3000 53. (30 + x)(20 + x) = 
1064 55.x7 + 5x +6 


57. x 11141 


1 
1 
1 


5.4 Guided Practice (p.244) 3.C 5.B 
7. (3w + 1)(w +7) 9. (3x + 4)(2x — 3) 
1 7 3 5 3 1 


3G PDOs) Bo eS 


5.4 Practice and Applications (pp. 244-246) 19. A 
21. (Sy + 3)(y + 1) 23. 3x — 1) — 5) 

25. (7h + 3)(h + 1) 27.3(x + 2)a 4+ 1) 

29. 5(z + 7)(z — 2) 31. (3b + 2)(b — 2) 

33. (4x — 3)(x — 3) 35. (6t — 5)(3t — 5) 

37. 3(2x + 1)(2x — 3) 39.4(3r + 2)(r + 3) 

41. 2(3s — 2)(3s — 7) 43. —6(s — 5)(s — 1) 

45. In the third step, ae — Ix — 3is ee — 


2(2x — 33x + 1). 47.5 3 7 49. , = 51. =, 3.53.3 3-2 


55. The trinomial 16x? — iy — 5 is not ead 
correctly. Step 3 should be 0 = (8x —5)(2x + 1) 


5 al 4 —2 59 4 5 
and the zeros are 3 and 7 57. —4, 59. 373 
me get gh Be 
61. 7 , 1 63. 73 65. 73 67. 5° 7 6 9.18 


71. 6.25 73. 180 75. —50 77. —27 79. —4.5 81.3 
83.2 ft 85.0.5 ft 87. 100, —60 89. $25,600 91. $5.75; 
$1983.75 


5.4 Technology Activity (p.248) 1. —1.53, 1.53 
3. —2.27, 1.77 5. —0.22, 2.22 7. —5 


5.5 Guided Practice (p.252) 1. Difference of two 
squares pattern and perfect square trinomial pattern. 
Sample answer: x? — 9 = (x + 3)(x — 3) and x7 + 

10x + 25 = (x + 5)? 3. (x + 4)(x — 4) 5. (¢ + TZ —- 7) 
7. (x + 11)? 9. (9x — 1)? 11. 3(8 + 5)(s — 5) 13. 11, —11 
15.7 17.3 


5.5 Practice and Applications (pp. 252-254) 
19. (x + 2)(x — 2) 21. (x + 4)? 23. (m + 6)? 
25. (2k + 7)(2k — 7) 27.(w — 15)? 29. (x + 15)(x — 15) 


31. [4x = 84s + 8] 33. (Ax — 1)2 35. (7x — 9)(7x + 9) 


37. In step 2, the sign of 12x should be negative; 

—6(4x? — 12x + 9); —6(2x — 3)*. 39. 2(n + 8)(n — 8) 

41. 5(r + 5)? 43. 2(4x — 3)? 45. 11(3z + 2)(3z — 2) 
Tass 


49. 11(y + 2)(y — 2) 51. 3 53. —6,6 55. —1 57.5 


59.5, —5 61.9, —9 63. -3 65.3 67. 0.95 in. 
69. £ = 16 — w 71.0, 16 73. 64 ft? 75. 12 ft, 9 ft 
77.24m,9m 


5.6 Guided Practice (p.258) 1. radicand 3.6 5. 3V7 


7. ; 9. ab 11. The square root of 9 is 3, not 9; 3V3. 


13.6, —6 15. 2V3, —2V3 17. 3V2, -3V2 
5.6 Practice and Applications (pp. 258-259) 19. Av2 


21. 5V3 23.3V11 25.10 27.12 29.50V3 31. 5 33. : 
V13 V7 7V13 4 4 ¥42 4 = Vol 4 5, 2V42 
35. 37.77 39, 4 1 AS ae 


47. yes 49.no 51.4, —4 53.3V6, -3V6 55. V5, —V5 
57. 2V7, —2V7 59.8, 2 61.7,1 63.7 — 3V2,7 + 3V2 


5.4422 4 = 22g —6 + 2V14, -6 — 2V14 


69. h = “162 + 200 71. h = —161? + 80; V5 ~ 2.24 sec 
73. 3.23 sec 

5.7 Guided Practice (p.264) 1. The real part is 4 and 
the imaginary part is —7i. 3. V14, -iV14 

5. 2iV6, —21V6 7. 2iV3, —2iV3 9.7 + Ti 11.5 — 14i 
13. —2 + Ili 


5.7 Practice and Applications (pp. 264-265) 

15. 61, —6i 17. iV13, —iV13 19. 3iV2, —3i'V2 

21. iV10, —iV10 23.iV14, -iV14 25.iV22, -iV22 
27.7 + 7i 29. -2 — 5i 31.8 — 5i 33. -2 + 3i 35.2 + Ti 
37. -3 + i 39.301 41.20 43.14 + 61 45.27 + 1li 


: i 23 10. 1 11. 

28 - .—4i 53.2 + —.+ 
47 ' 4i 49.85 51. —4i 53 7 7! 55. 5 15! 
57. —3 + Si 59. always 61. sometimes 63. sometimes 


5.8 Guided Practice (p.271) 3.9, 1 5.8, —2 7. —8, —6 


9.16; (¢ +4)? 11.49; — 77 13.2 [x - 7 
15. y = (x — 2)° + 3; (2,3) 1.y =(*+ 6)? — II; 


(-6, -11) 19. y = (x + 5)* + 5; (-5, 5) 
5.8 Practice and en (pp. 271-272) 21.9, —1 
23.22,2 25.9 +V5 27.— 1 + 5N3 29,25; @ +5)? 


31. 100; (e+ 10)? 33.9; (x — 3)? 35.2 (z “ 3) 


37,12; (w + BP 39. -3 + V6 41.-3 + V15 
43. 2+ + V85 gg, —9 + iV19 47. H+ 


V33 
2 


49.4 + V21 51.2 + iV5 53.5 + 


step 5, the negative square root of 13 was left out; 

(x + 3)? = 13 or (x + 3)? = -13;x = 3 + V13 ~ 0.61 
orx = —3 — V13 = —6.61. 59. y = (x + 5)* + 3; (—5, 3) 
61. y = (x — 3)? — 11; G, —11) 63. y = (x + 4)? — 12; 
(4, -12) 68. =[x +3) - 3.(_3 3) 

67. —3 + V57 ~ 4.55 69. Sample answer: width x, length 
40 — 2x; 40x — 2x? = 80 71. 120x — 2x7 = 1512 


5.9 Guided Practice (p.278) 1. discriminant 3.5, 2 
6. 2 + iV5 734M ow 2872 a 0.18 9.0, 
1 real solution 11. —71, 2 imaginary solutions 13. 0, 


1 real solution 15. In step 2, 4bc was used rather than 
4ac; (—8)? — 4(1)(16) = 


5.9 Practice and Applications (pp. 278-280) 
17. 4x2 + x —3 = 0:4, 1, -3 19.3x2 -—4x +1= 


55. —6, | 57. In 


0; 3, —4,1 21. 2x2 — 3x + 7 = 0; 2, -3,7 23. 3x? + 

x=0:3,1,0 25, L21V47 55 a4 NE gg =7 28 
2 2 10 

31. —1 + iV5 33,1242 35 as —5+V14 
2 

ie acetal ai etens rer 


47. —8 +i 49. Inside the square root in step 3, the 
subtraction of a negative should be addition; 


ya3e = =3 ue 51. 9, 2 real solutions 53. 0, 


1 real solution 55. —24, 2 imaginary solutions 57. —87, 2 
imaginary solutions 59. —35, 2 imaginary solutions 61. 0, 
1 real solution 63. Launched model; there is an initial 
velocity. 65. 1.56 sec 67. 0.24 sec 69. 5.66 sec 

71, 2.57 sec 73.h = —16t? + 75 


Extension (p. 284) 1. y = (x — 3)* +2 
By = Het IP -3 By Hse t 4 +6 


7.y = —Z(e + D&- 4) 9 y = He + 3) 3) 


Wy= A + 2)(x — 2) 13. y = 2.44x2 — 87.36x + 
853.34 
Chapter Review (pp. 285-288) 1. vertex 
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- -1 55-23 = 
11. —6,5 13. 15 15. ra 17. (2x + 7)(2x — 7) 


19. (x — 10)? 21.9, —9 23. V66, —V66 25. -3 + i 


27. —22 — 34: 29.2 = Bi 31.3 +V11 33. 10,2 


35. Laid 37. 220, 2 real solutions 


Chapter 6 


6.1 Guided Practice (p.299) 1. product of powers 3. 81 


5.2 7.x 9.00 


11. 25 times greater 
6.1 Practice and Applications (pp. 299-301) 13. 64; 


power of a power 15. 729; product of powers 17. aE 


aS ower of 
125’ P 
a quotient 21. 8; quotient of powers 23. ae zero exponent; 


product of powers, negative exponent 25. ae power of 
x 


product of powers, negative exponent 19. 


a product, power of a power, negative exponent 27. As 
10 - 
quotient of powers, negative exponent 29. a power of 
x 


7 
a product, power of a power, negative exponent 31. *; 
2030 
quotient of powers, negative exponent 33. 43> Power 


of a product, power of a power, negative exponent 35. 4x°; 
quotient of powers, zero exponent 37. 6.873 X 1073 
39. about 2.3 X 107!? 41. 4x3 


43. give 16 times larger 
h receive 
h 
2h 1 
2h i 
2 
v= 4 . 
V= a BB 


45. 3.4 times larger 47. 7.78 X 10 49. 8.28 X 10 

51. 250 grains of sand 

6.2 Guided Practice (p.305) 1. standard form 3. 3, —1; 
f(x) approaches + °° as x approaches —° and 

(x) approaches —°° as x approaches +. 5. 4, 1; 

f(x) approaches + as x approaches +e or —©, 


Student Resources 


6.2 Practice and Applications (pp. 305-307) 13. D 
15.B 17. f(x) = —x3 + 8; 3, cubic, —1 19. f(x) = —x* + 
x* + 4; 4, quartic, -1 21. f(x) = —6x4 + x3 — 6x; 4, 
quartic, —6 23. —15 25.1 27.6 29.3, 1; f(x) approaches 
— as x approaches — and f(x) approaches + as 

x approaches +0. 31. 1, 3; f(x) approaches —© as x 
approaches — and f(x) approaches + as x approaches 
+0, 33.2, —3; f(x) approaches —° as x approaches + 
or —%, 35.5, 1; f(x) approaches — as x approaches — 9 
and f(x) approaches +9 as x approaches +, 37. 3, 7; 
f(x) approaches —* as x approaches —©® and f(x) 
approaches +9 as x approaches +, 39. A 


41. fil 45. 


123456789 107 
Years (since 1990) 


6.2 Technology Activity (p.309) 1. f(x) approaches 
+e as x approaches —° and f(x) approaches —© as x 
approaches +°. 3-7. Sample answers are given. 

3. Xmin = —10, Xmax = 10, Xscl = 1, Ymin = —10, 
Ymax = 30, Yscl = 1 5. Xmin = —10, Xmax = 10, 
Xscl = 1, Ymin = —20, Ymax = 10, Yscl = 1 

7. Xmin = —10, Xmax = 10, Xscl = 1, Ymin = —100, 
Ymax = 100, Yscl = 10 


6.3 Guided Practice (p.312) 1. coefficients 3. 2x2 — x 
5.x3 — 3x +2 7.-1°9 + 2x9 — 4x? — 8 9.3x2 - 3 
11, 22x? + 12x 


6.3 Practice and Applications (pp. 312-313) 13. 6x2 
and x2, 11xy and —3xy, —1 and —4 15. —6x and —3x, 2 
and —8 17.2x° + xt + x — 3 19. 8x? + 9x — 25 

21. 3x°y + xy? — 5x +9 23.3x —2 25.—-7x + 14 
27.x7 + xy —x—y 29.x° + 4x? + 2x — 18 

31, x® — 2x4 + x? 33. x2 +x — 1 35. 12m? + 20x 


37. a. 2x* + 12x b. 8x + 12 39. about 53 nesting pairs 
41. About 1651; there were 1,651,000 more trucks sold 
than cars in 2003. 


6.4 Guided Practice (p.318) 1.x + 2,x + 4, —l1 
3. 5x? — 3x 5. 4x3 — 11x? + Ix — 2 7.x% — 121y? 
30 


9.x—9+—— > 11. 8x2 + 2x — 3 


6.4 Practice and Applications (pp. 318-320) 

13. 3x2 + 5x 15. —x° + 10x? + 12x + 1 17.2x3 — 
11x? — 3x +4 19. 12x? — 2x 21.x3 + 5x2 + 5x —2 
23.x3 + 3x2 — x + 12 25. 12x+ — 8x3 — 3x? + 2x 
27.x° + 11x? + 36x + 36 29.x° + 2x? — 36x — 72 
31.x2 + 12x + 36 33. 9x2 + 24x + 16 35.x° + 30x? + 
300x + 1000 37. x3? + 12x? + 48x + 64 39.27x° + 
135x? + 225x + 125 41.x7 — 9 43. 4x? — 16 45. 36x? — 
64 47. y* — 6y +9 49. 27x? — 108x? + 144x — 64 

51. 16x — 8xy + y? 53. sometimes 55. x? + 9x? + 
23x + 15 57. —x3 + x2 + 28x — 10 59. x° + 24x? + 
192x + 512 61. 64x? — 144x? + 108x — 27 63. 4x? — 
25y* 65. 36x? + 10x — 200 69. 300 ft? 71. 1500 ft? 


1 1 19 17 
73. 153 75. 3595 77. 95 79. 4x — 9 + —— 
—33 


x+2 
B1.x— 3+, 57 83. —x? + llx+5 85.2x+4 
6.5 Guided Practice (p.326) 3. (x — 2)(x* + 2x + 4) 
5. x(x + 8)(x — 1) 7.@@4+ 5) — 7) 9.2,5, —5 

11. —1, 1,3 13. The factor 2x needs to be considered 


when solving the equation; x = —3, x = 0, and x = 2. 


6.5 Practice and Applications (pp. 326-328) 15. 3 
17. 7x 19. 3x 21.C 23.D 25. (x — I(x? +x + 1) 

27. (3x + 1)(9x2 — 3x + 1) 29. (2x + 3)(4x2 — 6x + 9) 
31. (x — y)(x? + xy + y*) 33. (x — 2)(x + 3) 

35. (x — I(x? + 1) 37. (x — 4)(2x? + 1) 39. -1,0,7 
41. £5,0 43. +V3,6 45.B 47.A 49. —2.41, -1, 0.41 


51, —3.15 53.3 in., 3 in., 58 in. 55.a. 9x? — 27x? + 14x = 
42 b. 3; 3 in., 7 in., 2 in. 

6.6 Guided Practice (p.332) 1. quadratic form 3. x” 

5. 2x 7. (2x2 — 3)(2x2 + 3) 9. £2V3, +21V3 

11.0, +2i, +i 

6.6 Practice and Applications (pp. 332-333) 13. x” 

15. 4x 17. x2 19. 2x? 21.C 23.B 25.E 

27. (x2 — 7)\(x2 +7) 29. (x — Dix + YO? - 3) 

31. 3x(x — 2)(x + 2)(x? + 4) 33. (2x? + D(X? - 3) 


35. Ax(x2 + 5)(x2 ey 37. +V3, +V2 39. +iV10 ee 
41. +2, +iV7 43. -3, 0,8 45.C 47.B 49. sie ie 


51. —1.62, —0.73, 0.62, 2.73 53. —1.71, 0.13, 1.65 55. 1.15 


6.7 Guided Practice (p.338) 7.3; maximum 9. 3; 
maximum 11. local maximum: (2.67, 6.48), local 
minimum: (0, —3) 13. local maximum: (0.16, —0.92), 
local minimums: (—1, —3) and (1.59, —4.62) 


6.7 Practice and Applications (pp. 338-339) 15. 2; 
exact 17.3; maximum 19. 3; exact 21. 3; maximum 
23.B 25.C 27. (—1, 0), (0.5, 5), (2, 0); local minimum, 
local maximum, local minimum; —1, 2; 4 29. —2, 1; local 
maximum: (—1, 4), local minimum: (1, 0) 31. —1, 1; 

local maximum: (0, 1); local minimums: (—1, 0), (, 0) 
33. —2, —1, 0, 1, 2; local maximums: (—0.54, 1.42), 

(1.64, 3.63), local minimums: (—1.64, —3.63), (0.54, —1.42) 
35. Sample answer: The number of days per month with 
precipitation of 0.01 inch or more increases through 
February and March. The peak number of days is reached 
in March. After that the number of days per month with 
precipitation of 0.01 inch or more begins to decrease. 

37. local maximum: (3.28, 3.35), local minimum: (0.85, 1.48) 


Chapter Review (pp. 341-344) 5. —32; product of powers 
7. 262,144; quotient of powers, power of a power 9. 64; 
power of a product, power of a power, product of powers, 
zero exponent 11. 64x!!; power of a product, power of a 
power, product of powers 13. not a polynomial function 


15. 17. 


19.x¢ — 3x3 — x2 + 4x —5 21. -—x3 +2 4+ Tx 28.444 


3x3 — 3x3 — 3x2+ 6x — 10 25. 16x2 — 9 27.8x° + 


36x2 + 54x + 27 29.x? + 3x—-6 +1, 31. (x — 5) 


(x2 + Sx + 25) 33. x(x — 5)(x + 2) 35. (x — 4)(X? — 7) 
37. —6, -1,0 39. -ll, —2,2 41. (2x — 1)(2x + 1)(4x2 + 
1) 43. 2x(x? — 3)(x? — 5) 45.x(00 + Da - D+ 1) 

(x — 1) 47. -1,0, 6 49. —1.24, 0, 3.24; local maximum: 
(—0.67, 1.48); local minimum: (2, —8) 51. 1, 2.18; local 
maximums: (—0.58, —4.47), (1.71, 4.60); local minimum: 
(0, —5) 51. —1.06, 0, 1.31, 5.76; local maximums: (—0.76, 
2.37), (0.91, 3.13); local minimums: (0, 0) (4.65, —458.19) 


Chapter 7 


7.1 Guided Practice (p.356) 1. 3;n 3.0 5. —2 


1. 
(Way 
7.6 9.10 11.3 13.B 15.A 17.25 19.4 
7.1 Practice and Applications (pp. 356-358) 21. 2 
23. +11 25. —3 27. +1 29. —2 31.+4 33. —6 35. —6,0 
37.5 39. —3 41. —2 43. —4 45.14 47.4 49.6 51.5 
53. 37 55.943 57.137! 59. 10° 61. q°77 63. gq? 


3 2 4 3 1 l 4y-\5 
65. (V 16) 67. (20) 69. Ws? 71. "eh 73. (Wo) 
= 1 
75. —— Wak 77. 100,000 79.7776 81. 77 83. 716 


85.7.0 mm 87. 1710 rotations per min 
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7.2 Guided Practice (p.362) 3.5 5.4 7.25 


3 
93 11.8 18.50 15. 5x° 17. 6xy® 19. 4V/t 


7.2 PieeniGs and Applications (pp. 362-364) 21.3 


23. —5_25. W14 27.5 29.32 31.5V3 33. V6 


5, 2V 02 2V63 37.7"3 39.4 41.523 43,22 45, -V/2 


47. —5(5"4) 49, —2(2"?) 51. 4a* 53. 2xy? 


9/5 
87. 61. 216c°d!8 63. 5gh 65. ab*c 67. 4Vst 

q 
69. Oxy? 71. —4p7q73 73. 7g!3n2 75. 31,234 days 
77. 0.45 mm 
7.3 Guided Practice (p.368) 3.125 5.33 7.1 9.81 
11.20 13. Sample answer: In aes 2, the student should 
have taken all of both sides to the 2 3 Power; (8(x3/2))°8 = 
100075, 4x = 100, x = 25. 
7.3 Practice and Applications (pp. 368-370) 15. yes 
17. yes 19.64 21.32 23.16 25.30 27.5 29. —10 31. —13 


33.— 37.25 39.25 41.5 43.3,8 45.8 47.4 49. —21 


NON] 


51.= 53.9 55. 98.1 ft 57. kangaroo: 2.6 ft, snowboarder: 
5.0 ft 59. 400 units 


7.3 Technology Activity (p.372) 1.1 3.4 5.0.67 
7. solution 


7.4 Guided Practice (p.376) 1.x>0 3. 3x + 3, all real 
numbers 5. 2x2 + 6x, all real numbers 7. —x + 3, all real 
numbers 9. x2 + 3x 11.x + 2 13. Parentheses should be 

used around all of 4x; (4x)? — 3 = 16x? — 3. 


7.4 Practice and Applications (pp.376-378) 15. 3x? + 
x — 2, all real numbers 17. 2x? + 2, all real numbers 
19. —x? — x + 4, all real numbers 21. all real 


numbers 23. 9x°, all real numbers 25. . x #0 


27. 4x2 — 48x + 144, all real numbers 29. —— 


numbers 31. x‘, all real numbers 33. 13 35. 6 37. = 


39.98 41.x° — x2 — x +7; all real numbers 43. 2x" “ = 


x #0 45. 2x2 — 4; all real numbers 47. 25x + 40; all 
real numbers 49. f(g(x)) = 0.90x — 15; this represents 
taking the 10% discount off the original price and then 
subtracting an additional $15. 51. f(g(85)) = $61.50 and 
g(f(85)) = $63 53. h(L(f)) = 5.25f 

7.5 Guided Practice (p.383) 1. inverse 5. f(g(x)) = 


ier al atx +3) —-5=x4+5-5=2, gfx) = 


—~ 5-19, Sg DD 
g(2x — 5) 2x S)+5 x a x 


= , all real 
5 


7.5 Practice and Applications (pp. 383-385) 
15. f(g(x)) = fle — 5) = @ — 5) + 5 = x, gfe) = 
gr + 5)=@+5)—S=x 17. f(g@) =s(fa + 3) = 


atx + 3) - 3=x+3-3=x, 2(fQ@) = (4x - 3) = 


4 
Max —3)+3=x-343 =x 19. f(g) = f(2) = 
16) = 16%.) = x, g(fls)) = g(16x) = Vise? 
a= x 21.x—7 23. a} 25, 251 ny 2210 

29, * <= 31. -tx 33. yes; f '(x) = a 35. yes; 
f= Wx —4 37.no 39.no 41. yes; f (x) = 

W5 —x 43. yes: f(x) = Vx — 1 45. yes; f (x) = 
a x2>7 47. yes; f~'(x) = as 


49. yes; f'(x) = V—x,x $0 51. yes; f'(x) = is 


53. yes; f /(x) = V2x+2 55.r= Wa: 4.5 in. 
V50 —/h, 
4 


57.t= ; 1.5 sec 


7.5 Technology Activity (p. 387) 


1. m yes 


7.6 Guided Practice (p.392) 1. radical 3. The graph of 
y = Vx was shifted right two units instead of right one 
unit and up three units. 


domain x 2 0, range y 25 


7. fig@)) = f(Vx + 3) = (Vx 43h —3=x4+3-3-= 
x, ef) = eg? — 3) = V2 -34+3=Ve= 

9.f "(x)= = = lq) = V5x 13. yes; 

fw = Vi 


,x20 


Fa Student Resources 


4 


domain and range: all real 
numbers 


13. The graphs are reflections of each other across the 


line y = x. 


7.6 Practice and Applications (pp. 392-394) 


25.B 


39. always 41. always 43. ref 


domain x 2 0, range y 2 0 


domain and range: all real 
numbers 


domain x = 5, range y = —3 


domain and range: all real 
numbers 


lect over the x-axis 


45. reflect over the x-axis and vertical shrink 


1470 gal per min 


3.97 cm 


7.7 Guided Practice (p.398) 1. mean 3. 20, 18.5, 16, 24 
5. 89.2, 90.5, 83,98 7.9.6 9. 4.5 


7.7 Practice and Applications (pp. 398-399) 11. 5.3, 
1.5 13. 79.9, 5.6 17. The standard deviations are the 
same. 19. set B 21. set A 23. set A 25. Kayla 5, Emily 10 
27. Forest Hills 6, Union 5 29. 29.1 31. 1192.5 33. 1210, 
2112, 1661, 1155, 2310, 1980, 1441, 1738; 392 


Chapter Review (pp. 401-404) 1. radical 3. Sample 
answer: 2V2 and 3V2, 4v/2 and 16, 13~/x and 10V/x 
5. +13 7.—2 9.10 11.9 13.4° 15. 37359? 17. Swz3 
19. 16m!n 21. 10\/x 23. 66a*b 25. 219 27.35 29.2 


31. 7x — 5, all real numbers 33. —x + 9, all real numbers 
3 
35. es # 0 37.f(g(x)) = 6x7 + 3; 57 39. fi @= “5 


at. f(x) = 4x + 4 43. f(x) = ~ a5. f(x) = 


x20,y20 


domain and range: all real 
numbers 


57. 18.1, 2.4 59. 15.7, 4.2 61. 66.3, 5.1 


Selected Answers 
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Chapter 8 


8.1 Guided Practice (p. 415) 1. Sample answer: An 
exponential function is a function that can be written in 
the form y = ab‘ where a # 0,b>0, and b # 1. 3.a>0 


1 2 21 _26 
andb>1 5. 35° 125 7.3» 162 9. 2 13 11. 9° 24 
13. 


8.1 Practice and Applications (pp. 415-416) 17. = 


729 
4 25 _53 
81 19. 343° 196 21.5.7 23. ap! 25.B 27.A 
29. 33. 


35. ( )y = 5; domain: all real 


| numbers, range: y > 5 


y = 0; domain: all real 
numbers, range: y > 0 


Student Resources 


months 10 and 11; 
months 16 and 17 


43. | white square; 73 white squares; 4681 white squares 


8.2 Guided Practice (p.422) 3. decay 5. growth 


9.y=0 


8.2 Practice and Applications (pp. 422-424) 


11. decay; C 13. decay; B 45, 3123 os 17. 1458, © 


243” 25 
100,000 49 ,, 500,000 9 
"16,807? 100 “243 


> 30 23. $10,628.82 


27. 


33. C; domain: all real numbers, range: y > 0 


y = 0; domain: all real 
numbers, range: y > 0. 


y = 3; domain: all real 
numbers, range: y > 3 


8.3 Guided Practice (p. 430) 1. exponential growth 
factor 3. Sample answer: The natural base e is an 


irrational number that is approximately equal to 2.71828. 


5. decay 7. growth 9. decay 11. y = 3 + 2* 
8.3 Practice and Applications (pp. 430-432) 


15. growth; a = 12, 30% increase 17. growth; a = 1500, 


5% increase 19. decay; a = 2800, 95% decrease 
21. decay; a = 18, 5% decrease 23. c = 2.5(1.01)' 
25. $2.79 


27.7 


29. y = 23(0.65)',0<1<4 31. V = 350(1.07)', 1>0 
93.y= 5°93 5.y=4°5 37.y=3* ay= 403} 


Ay = 23 j 43. V = 400(0.81)'; $172.19 45. $1577.79 
49. $3007.19; yes 51.A = 1000e%%" 53. between 11 and 


12 yr 


8.4 Guided Practice (p.436) 1. Common logarithms 
have base 10. 3. 82 = 64 5.54 = 625 7.32=1 


s(i)"= 


9 


16 11.2 13.0 15. —2 17. -1 19.x 21.x 
3 


-1 
23. 6x 25. 2x 27. log,,,3 = —1 because [3] = 


8.4 Practice and Applications (pp. 436-438) 29. 4 


1 33.44 = 256 35.99 = 729 37.7 != 
1 


16 31.89 = 


39. 10-3 = 


1000 


de 
1 
7 


3 
27 a3.(4)° = 32 45.4 


47.2 49.0 51.4 53. —2 55. —2 57.0 59. —6 61.x 63. x 
65. 3x 67.2x 69.C 71.A 


73. 


+ 


\x = 0; domain: x > 0, 
range: all real numbers 


x = 5; domain: x > 5, 


range: all real numbers 


Selected Answers 
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All graphs include the point 
_ C, 0) and have the same 
basic shape; the graphs are 
stretched vertically as k 
increases. 


83. 1.11 85. 3.30 87. 1.79 89. 11.07 91. 3.3, 4.3, 5.3 
93.) y T T 


| Sample answer: 
| A, = 10, A, = 10!”; 
! ratio: 10”? ~ 3.16; no 


95. —2 phi units 97. very coarse sand, fine gravel, coarse 
gravel, small cobble, small boulder, and large boulder 


8.4 Technology Activity (p. 440) 


Sample answer: (1, 0), (6, 1), 
Cott ]s=0 


1.5 


Sample answer: (2, 0), (4, 1), 
x = 1 


4 
8.5 Guided Practice (p.445) 1. 10 3. 1.699 5. 2.172 
7. log 2 + log x 9. log, 3 11. log x — log y 
13. 2 log, x — log, 3 — log, y 15. log, 21 17. log, 56 

5 


19. log r 21. log, x? — log, 16y = 2 log, x — log, 16 — 
log, y = 2 log, x — 2 — log, y 


8.5 Practice and Applications (pp. 445-446) 23. A 
25.C 27. 2.73 29.0.504 31. —1.365 33. 1.869 35. log 5 + 
log x 37. log, 7 + 4 log, x 39.logx + logy 41. log, 7 + 
log, x + 4 log, y 43. log, x — log, 5 — 2 log, y 


45. 3 log, y — log, 20 — 5 log, x 47. log, ¢ 49. log, 75 


Student Resources 


2 4 
51. log, 53. logs 35 55. log, ay? BT; log, xy? 59. yes; 


the loudness is about 88.0 decibels. 61. 4.8 decibels 
louder 63. more acidic 65. 3, 4.5, 6.8 


8.6 Guided Practice (p.452) 1. exponential equation 


1,9 7,-1 = > 45,8 
3.5 5.2 7.—5 9.2.010 11. —1.041 13.5 15.2 17. 14 


19. Sample answer: Both sides of the original equation 

should be in the exponent. So, it should have 3+ instead of 
4; 5x—1= 81, andx= ©. 
8.6 Practice and Applications (pp. 452-453) 21.5 


23.2 25.2 27. 1.771 29.0.276 31.0.715 33. —0.477 


35. 2008 37.7 39.2 a7 43.5 45. —1 47.1 49.no 


solution 51.20 53. —10 55. 111.5 yr 57. 6.97 yr 


Chapter Review (pp. 455-458) 1. Sample answer: 
The graph of a growth function increases from left to 
right, and the graph of a decay function decreases from 
left to right. 3. Exponential functions have horizontal 
asymptotes; logarithmic functions have vertical 
asymptotes. 


5. 


y = 0; domain: all real 
numbers, range: y > 0 


y = 0; domain: all real 
numbers, range: y > 0 


y = 0; domain: all real 
numbers, range: y > 0 


11.57 


hy) Y = 0; domain: all real numbers, 
_ | range: y >0 


13.y = 2+ 8 .y = 553" 17.5 19. —4 
21.) y 


x = 0; domain x > 0, 
range: all real numbers 


1 ; Xi 


x = 5; domain x > 5, range: 
all real numbers 


25.1 + log, x 27. log, 9 + log, x — log, y 29. log 48 
31. log, 4x3 33.2 35.3 37. 2.723 39.0.331 41. 10.561 
43. no solution 45. 26 


Chapter 9 


9.1 Guided Practice (p. 469) 1. constant 3. inverse 

5. neither 7. inverse 9. inverse 11. jointly 13. not jointly 
15. jointly 17. not jointly 

9.1 Practice and Applications (pp. 469-471) 

19. inverse 21. inverse 23. direct 25. direct 27. y = 2 


ae 
29.y = Zz 31.y = 33. t = Or 35. about 1.8 h; distance 


37. direct 39. inverse 41.z = 4xy 43.7 = ay 
45.z = l0xy 47.y = axe? 49.2 51. about 66 cm? 
53. The load the beam can safely support is cut in half. 


9.2 Guided Practice (p.475) 1. hyperbola 3. The y-axis 
is the vertical asymptote and the line with equation y = 
—4 is the horizontal asymptote 5. The line with equation 
x = —2 is the vertical asymptote and the line with 
equation y = 2 is the horizontal asymptote. 7. The line 
with equation x = | is the vertical asymptote and the line 
with equation y = —7 is the horizontal asymptote. 


9.2 Practice and Applications (pp. 475-477) 9. The 
y-axis is the vertical asymptote and x-axis is the 
horizontal asymptote; (1, 4), (—1, —4). 11. The y-axis 


is the vertical asymptote and x-axis is the horizontal 
asymptote; (1, —7), (—1, 7). 13. The y-axis is the vertical 
asymptote and x-axis is the horizontal asymptote; (1, 5), 
(—1, —5). 15. The y-axis is the vertical asymptote and 
x-axis is the horizontal asymptote; (1, 11), (—1, —11). 

17. The y-axis is the vertical asymptote and the line with 
equation y = —S is the horizontal asymptote; the domain 
is the set of nonzero real numbers and the range is all real 
numbers except —5. 19. The line with equation x = 1 is 
the vertical asymptote and the x-axis is the horizontal 
asymptote; the domain is all real numbers except | and 
the range is all nonzero real numbers. 21. The line with 
equation x = —6 is the vertical asymptote and the line 
with equation y = —3 is the horizontal asymptote; the 
domain is all real numbers except —6 and the range is 
all real numbers except —3. 23. The line with equation 

x = —5 is the vertical asymptote and the line with 
equation y = —] is the horizontal asymptote; the domain 
is all real numbers except —5 and the range is all real 
numbers except —1. 25. The line with equation x = 7 is 
the vertical asymptote and the line with equation y = 3 is 
the horizontal asymptote; the domain is all real numbers 
except 7 and the range is all real numbers except 3. 

27.C 29. The vertical asymptote should be the line with 
equation x = 4 and horizontal asymptote should be the 
line with equation y = —2. 


The domain is the real 
_numbers except —1 and the 
range is the nonzero real 
numbers. 


33. 


The domain is the real 
numbers except 4 and the 
range is the real numbers 
* except —2. 


The p-axis is the vertical 
asymptote and the f-axis is 
the horizontal asymptote; 

| that part of the graph found 
in quadrant I models the 
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41. —3,x = +2 43. -1 and 3,x= -3 45. no 
x-intercept, x = ; 47. A 49.D 
51. 


61. 4.8°C 


9.2 Technology Activity (p.479) 1.y =3 3.y=0 


1 
ae aaa 
3 5x7 +2 


9.3 Guided Practice (p. 483) 3. 4x 5.5 7. es 


é —4x x? 1 yz; 
; 11. 13. 15. ——. 
9 3 3 3 ona 5 na does not equal 4 It is 


already in simplest form. 


9.3 Practice and Applications (pp. 483-484) 17. 18x 
2 

19. 8x2 21.x +2 23.D 25.A 27. —— 29, *— 
xt+ 1 5x3 _ oh 

xt+1 5 

7. x 

. x—6 43 2 

5x(x + 7) 1 


2 +3 gq 2 +6) 4 x +3 
" 6x3 "312 — 5x?) 4 

OD js digg ED 4 
43. —5 45.x° 47. 2 49. 10x" 53. a5 55.7 
57. Emperor Penguin: about 0.46, Magellan Penguin: 


about 0.83; Emperor Penguin; the ratio of surface area to 


31 


‘ . Agr? _ 3. 
volume is smaller. 59. Sample answer: 4a? the 
ratio decreases. aur 


9.4 Guided Practice (p. 489) 1. A complex fraction is a 
fraction that contains a fraction in its numerator or 
: 2. 5x2 4x x x(x + 1) 
denominator or both. 3. 3 5. 5) 7. 3 9. 5 11. D 
x+4 5x 


| 15. Gras 17. The factor 4 — x can be 


written as —l(x — 4), which leads to a reduced rational 
—(x — 4)(x + 4) 
—_—3 

9.4 Practice and Applications (pp. 489-490) 19. 1 


21. 23.4 95,10 97,49 99 4% 34.4% 33,1 


13 


expression. The correct answer is 


“18 "3x "21 4 5 3 “30 — 3) 
2(x — 2) 1 1 x+5 x 
: 7: .- } , 
3 x+4 4 2x aa 8 (x +7)? (x — 3) 
2x x —(x— 4) 2r + 2h 
45. a 49. Hatt 51. 


Student Resources 


9.4 Technology Activity (p. 493) 1. marr x # 3, 
x#—2 3 22. x —3,x # —5 5. oes x # 0,x #3 
x+5 3 


9.5 Guided Practice (p. 497) 3. 8x 5. (x — 3)(@ + 3) 
7 6x + 10 9 10r 
"52 “= 3) +3) 

9.5 Practice and Applications (pp. 497-499) 11. Es 
x 

13.3 15. ar 47. Tx(x + 1) 19. 4x3 21. 8(x + 2)(x — 2) 

23. (x + 8)(x — 8)(x — 5) 25. sometimes 27. When 

adding rational expressions common denominators are 


necessary. The correct answer is ax 20 54. a 
5x2 3x2 
31, 2 + 2x + 20 33, — 2 6x2 + 7x — 21 
4(x — 2) (x — 3)(x + 5) 2x(x — 3) 
gy BL METS gg E+ 28 x? — 10x — 19 
3(x — 4) (x — 7)(x + 7) (x + 6)(x + 4)(x — 1) 
0.5 , 22 6 x* + 90x + 400 
43. — i5r + pare 45. about 1.85 h 47. “die F110) ¥ 10) 
is. 4x3 + 22x? + 52x + 10 
3x(x + 1) 


9.6 Guided Practice (p.503) 1. A rational function has 
a polynomial in both its numerator and denominator. 3. 4 


5. -3 7.3 9.—2 11. 1,4 13. 


7 3 i is undefined if x is 


replaced by —1. The correct answer is 6. 


9.6 Practice and Applications (pp. 503-505) 
15. solution 17. not a solution 19. not a solution 21. 5 


23.6 25.4 27. —2 29.2 31.0,5 33.0,4 35.9 37.3 

39.8 41.2,3 43.2 45.1,3 47. —1,2 49.5 51. always 

53. 1 h 12 min 55. first car: 50 mi/h, second car: 45 mi/h 
1 


87.7 L 


Chapter Review (pp. 507-510) 1. Two variables x and y 


show inverse variation if y = ’ where k is a nonzero 
constant. 3. A rational expression is in simplified form 
when its numerator and denominator have no common 
factors (other than +1). 5. A complex fraction is a 
fraction that contains a fraction in its numerator or 


denominator or both. 


x x+2 2x + 1) 2x +3 x+5 
x+2 13 5 ie x—-2 " 8(2x + 5) ae 3 
x-2 Tx — 11 (2x + 3)(x + 5) 

27. 29. ; 
2 : (x + 1) — 5) " (x + 4) + 3) 


2x? + 8x + 15 
“@t+4a—-1) 
45.0,2 47.7 


35. —2 37. y5 39.2,0 41.2 43.6 


Chapter 10 


10.1 Guided Practice (p.522) 1. sample 3. customers; 
customers who purchased dog food or supplies on one day 


10.1 Practice and Applications (pp. 522-523) 

9. seniors at school; seniors she sees entering school 
17. Sample answer: Should accessibility of public 
buildings and public transportation be increased? 
19. Sample answer: Should the state extend health 
care to all citizens? 21.510 students, 153 students 
23. 702 students 25. 4,940,000 customers 


10.2 Guided Practice (p.529) 1. random sample 

5. Sample answer: Write names of employees on slips 
of paper and draw names. 7. +20% 9. +6.7% 11. The 
actual percent that approves is between 41% and 47%. 


10.2 Practice and Applications (pp. 529-532) 

17. random 19. convenience 23. Sample answer: Throw 
an 8-sided die for each coach. If it lands on | survey the 
coach. Use a random number generator to select the 
coaches. 25. 16.8%—-23.2% 27. +11.5% 29. £1.8% 

31. 4.1% 33. +1.1% 35. 28.9%-37.9% 37. 35.5%-48.3% 


10.3 Guided Practice (p.536) 1. central tendency 3. 3, 
4,4 5.20, 20, 10 7. Original: 10, 10, 14; new: 15, 15, 21; 
mean, median and mode are 50% higher. 


ee, New 


Sample answer: The new plot is 50% larger. 


10.3 Practice and Applications (pp. 536-538) 

11. —9, —7, —7, —6, —5, —5, —4, —3, —3, —3, —2, 0; 
original mean 0.5, median 0.5, mode 2, range 9, quartile 
difference 3.5; new mean —4.5, median —4.5, mode —3, 
range 9, quartile difference 3.5; mean, median, mode 
decreased by 5, range and quartile difference remain 

the same. 13. 2.5, 5, 10, 12.5, 17.5, 25, 30, 40, 40, 47.5; 
original mean 18.4, median 17, mode 32, range 36, 
quartile difference 24; new mean 23, median 21.25, mode 
40, range 45, quartile difference 30; all increased by 25%. 
15. The entire box plot would shift right 4. 17. Original 
mean 26.04, median 23.5, mode 23.5; new mean 44.44, 
median 41.9, mode 41.9; all increased by 18.4. 19. It will 
move right but have the same shape. 21. Original mean 
22.86, median 22, mode 22, range 15, quartile difference 
7; new mean 20.57, median 19.8, mode 19.8, range 13.5, 
quartile difference 6.3; all are 10% less. 


23. never 25. sometimes 29. = 1.05w + 0.25; 7.60, 
8.02, 8.65, 8.65, 9.49, 10.33, 11.80, 13.90 


10.4 Guided Practice (p.542) 1. permutation 3. blue, 
orange; blue, red; blue, yellow; blue, green; black, orange; 
black, red; black, yellow; black, green 5.2 7.20 9. 1 

11. 40,320 13.60 15. 120 


10.4 Practice and Applications (pp. 542-544) 17. 12 
ways 19. 120 ways 


21. Period 1 Period 2 Period 3 
Dance ——— WiTraining 
Tennis = 
Wt Training ———— Dance 
Dance 


i Tennis —— WiTraining 
Wt Training ————— Tennis 
Tennis 
Wt Training = 


Dance 


23. 270 ways 25. a. 260,000 passwords b. 131,040 
passwords 27. a. 1,757,600 passwords b. 1,404,000 
passwords 29. A digit can be repeated; 5 * 5 * 5 = 125. 
31. 120 33.1 35.60 37.30 39.2 41.720 43.30 45. 6720 
47. 120 49. 362,880 51. 151,200 53. 5,864,443,200 


55. 720 57. 24,360 59. asi = 85,140 ways 61. i= 
n! n! 


too 1920382 ...e len _ 
Ha-D! Mm—D! 1+2-¢3+...-(n—l) 


——— Dance 


Tennis 


10.5 Guided Practice (p.548) 1. Sample answer: Ina 
combination order does not matter. In a permutation order 
matters. Given a, b, and c, 35 is ab, ac, bc = 3 while qPo 
is ab, ba, ac, ca, bc, cb = 6. 3. red, green; red, yellow; 
red, blue; green, yellow; green, blue; yellow, blue 5.5 


7. 10 9. permutation; 840 orders 


10.5 Practice and Applications (pp. 549-550) 

11. ph, pm, po, pr, hm, ho, hr, mo, mr, or 13. 15 

choices 15.1 17.20 19.70 21. 126 23. 230,300 groups 
25. combination; 635,376 possibilities 27. combination; 
10,626 possibilities 29. 67,200 committees 31. 24 hands 
33. 48 hands 35. 48 hands 37. 10 sets 39. 246 sets 

AV. (Cos Cys gC a» (C$ 3s 9 ys C5» Cor gC 7» 9g» Co» 1, 9, 
36, 84, 126, 126, 84, 36, 9, 1 

10.5 Technology Activity (p.552) 1. 79,833,600 

3. 524,160 5. 2,884,801,920 7.462 9. 646,646 

11. 472,733,756 13. combination; 7.628275985 x 10!> 
possibilities 15. permutation; 1.762989441 x 1048 ways 
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Extension (p. 555) 
1. 1 


1 8 28 56 70 56 28 8 1 
1 9 36 84 126 126 84 36 9 1 
3.x) + Tx®y + 2x y? + 35x43 + 35x3y4 + 21x29 + 
Txy® + y? 7. 16x4 + 32x3 + 24x? + 8x + 1 
9. — 1517 + 75t — 125 11. 81x* — 108x7y + 54x7y? — 
12xy? + yt 
10.6 Guided Practice ” 559) 1. geometric 3.3 == 0.43 
5. 2~071 7. $= 0.5 9. 1 ~ 0,32 


10.6 Practice and Applications (pp. 559-561) 
11. Sometimes true; if they are eer likely to occur 


each will have probability 0.5. 13. 55 = 0.48 15. 5 
0.52 17. = 0.24 19.2 = 04 21. ~ 0.02 23. 2 
0.5 25.20.15 27. 5 = 0.2 29. 03 31. aon 
pistons. 33.55, bo ~ 9.0001 35.5 18.1% 

37. 103 = 85.8% ig "2548 41 52 65.3% 
3,4 ~ 0.024 45, "5 ~ 0.56 


10.7 Guided Practice (p.565) 1. union 3. disjoint 
5. 1.0 7.0.5 9.2 = 0.8 11.0.1 13.0.75 15. 0.05 


10.7 Practice and Applications (pp. 565-567) 


17. overlapping; 0.8 19. a 21.3 23. overlapping; 0.8 
25. 0.04 29. agp ~ 0895 31.0.4 33.0.25 35. 0.87 
37. 0.26 39. — 


~ 0.28 41. 2 ~ 0.83 43. 0.87 


10.8 uaa Practice (p.572) 1. oo 
probability 3.0.15 5.0.3 7.0.3 a. 2 == 0.29 


10.8 Practice and ge deaieie (pp. 572-573) 


11. independent 13. independent 15. 5 = 0.53 


233 a ae —~ 
390 US 19. 0.17 21. a. ee 


0.095 23. 5 2026 25. a. 1 0063 b. 12 ~ 0.064 


ie 
=~ 0.018 29. —— ~ 0.0005 


27. a. — ~ 0.018 b. —— 57 


ic a 
31. 0.0000742 


ra Student Resources 


Chapter Review (pp. 575-578) 1. Sample answer: 

A sample should be unbiased so the results will be 
meaningful and not skewed. 3. Sample answer: 

A permutation is an arrangement in order while a 
combination is an arrangement where order does not 
matter. 5. 807 students 7. a. +8.3% b. +4.2% ¢. +2.2% 
9. original mean 39.7, median 39, mode 33, range 15, 
quartile difference 12; transformed mean 26.4, median 
26, mode 22, range 10, quartile difference 8; all 
decreased by 33 5% 11. a. 175,760,000 security codes 
b. 78,624,000 security codes 13.56 15. 42 - 7920 
19. 36 21. i 23.56 25. 41,580 groups 27. - ==0.2 


29.3% 31.— ~ 0.067 


Chapter 11 


11.1 Guided Practice (p.589) 1.3 3. dimensions 
=5 
sé | 7.| —8 
=] 
11.1 Practice and Applications (pp. 589-591) 13. Not 
15 
possible; their dimensions are not the same. 15. | —4 
—2 
17. Not possible; their dimensions are not the same. 
12 4 1125 1701 
6] 21. 8 8 a 2536 4587 
6369 11,546 


8 8 
6 10 10,953 17,777 


1 3 
19. | —2 
1 = 9 


| 
mn 
NM Vile FIN 
wo 
-_ 
a: | 
| 
| 
BK 
ie) 
aN 
_——S— 


38.750 
37. | 43,000| 39. —6 


33. | —3 12 
34,500 


-—6 —ll 
41.4.5 43.2 


11.1 Technology Activity (p.593) 1. ie | 


165 152 


| o6eeT 8.3908) es DVD and Vis: A DVD and 
3.3824 13.5296 
VHS: C, Ch, D 


11.2 Guided Practice (p.597) 1. columns, rows 3. not 


defined 5. defined; 2x2 7.]-—5 3 


11.2 Practice and Applications (pp. 597-598) 9. not 
defined 11. defined; 5 x 4 13. defined; 4x3 15. The 
elements in row | in the first matrix should be multiplied 
by the elements in column | in the second matrix; 


oe la | a 5 3 19. The 


number of columns in the first matrix does not match 
the number of rows in the second matrix. 


21. 15 eo) 23. The number of columns in the 
0 -12 2 


first matrix does not match the number of rows in the 


9 —18 a 1 8 
—6 6 —2 =6 
29. 5. -4 ai 42 32 33. 106 —12 

4 -4 —77 —82 50 —40 


3 
35. ie a | 37.| 2] 39. Player 2; 15 points 


second matrix. 25. | 


27 147 1 
3 24 12 17 al 177.90 
41.) 832] 43 1 14 15 17 5:|3 159 
716 4.50 


45.x =2,y= —4 
11.3 Guided Practice (p. 603) 


a” ? Bs ; = 2 3. inverses 5. not inverses 
y 27 1 -7 
i 1 7 is a 22 J[*] | —14 
0 1 1 1 y 0 
aa 7 2) f2)_} 
2 -l y —10 
11.3 Practice and Applications (pp. 603-604) 13. not 
inverses 15.inverses 17. not inverses 19. not inverses 


PT | ecainemies (ee 0) 55. <8 
2 -3 1.5 0.25 —10 14 


fal! _")-E]-[,] 


2 -4] ;x]_[ 14 
31 6 ol 5 = Le 
6 -—7 -3 x 17 
35. i 1 —5]/e)y¥/ = 17 
—-4 2 7 Zz —30 
il 3 -1.2 x 2.4 
37. 0 20.5 1.5] °¢ } =| —4.2 | 39. (4, —5) 
24 -0.3 0 z 5.7 


41. (0, 3) 43.(—5,0) 45. (—2, 4,5) 47. 2 blue sheets, 


7 yellow sheets 49.A + B = 32,5A + 2B = 100; 12A 
problems and 20 B problems 


Extension (p.607) 1. —15 3. —40 5.24 7. —24 9. 102 


11. (3, -10) 13. (—2, —5) 15. (-3 ay 


11.4 Guided Practice (p.611) 1. terms 3. 3, 6, 9, 12, 
15, 18 5.5, 6, 7, 8,9, 10 7. 12; a, = 2n 9. 36; a, = nr 
11. —8 

11.4 Practice and Applications (pp. 611-613) 13. 3, 4, 
5,6, 7,8 15.3, 7, 11, 15, 19, 23 17.3, 12, 27, 48, 75, 108 


19. 2, 5, 10, 17, 26, 37 21.5, 8, 11, 14, 17, 20 2a. 2, 3,4, 5, 
35 9% = 2n— 1 27. 13,4, = 3n— 2 29.28; 
"10 2n ) 
a, =n? +3 31. 50; a,, = On? 33. sa, roe 
35. 


41.45 43.55 45.111 47. 110 a9. 2 = 5 51. 8 53. 36 55.55 


57. 140 59. $33,000; $35,400; $37,800: $40,200; $42,600 
61. $47,400 63.a, = n° 65. 140 67. 316 


11.4 Technology Activity (p. 614) 
1.3, 7, 11, 15, 19, 23, 27, 31, 35, 39; 
e; 210 


ae 


| 

| | 
2am 
TTT 
4 


“a 
mi 
ay 
m 
(a) 
= 
mi 
i) 
> 
z 
mi 
a 
“a 


11.5 Guided Practice (p.618) 1. arithmetic series 
3.d,, = 5n + 8; 83 5.da, = 12n — 3; 177 


1.4, = 23n — 86 9.255 
Selected Answers 


11.5 Practice and Applications (pp. 618-619) 11. No; 

the difference between consecutive terms is not constant. 

13. No; the difference between consecutive terms is not 

constant. 15.4, = —2n + 34; 10 17. = Tn + 40; 124 
1 3 


19.4, = sn + 353 21.4, =9n + 12 23. a, = 8n — 49 
alt 
25.4, =3nt 5 27.B 29.A 


33. a, 


37.618 39.177 41.786 43.1296 45.81 47. 1485 
49. a,, = 250n + 500 51. 48; 217 


11.6 Guided Practice (p.624) 1. In an arithmetic 
sequence the difference between consecutive terms is 
constant, whereas in a geometric sequence the ratio of 
any term to the previous term is constant. 3.3 5.4 7. ; 
19. a, = 8(2)"~ : 


11.6 Practice and Applications (pp. 624-626) 33. The 


ratios should be any term divided by the previous term; a 


3 
= 2\n-1 _ 3\n-1 

35.4, = 13.5(2)"~' 97.4, = -8(3) 

39.4, =(—]"" | ata, = (10)"~ '; 100,000 
=o a flayn 1; — 9{3\r— |, 243 

43.4, = —(-3)"~ |, 243 45.4, 2(3) 6 
_Afynt sail 

47.a, = AG ; a96 49. geometric; 5 51. 3.75; how 


much Tungsten-187 is left on day 6 53.4, = 4a{5)" -1 
55.a, = —4(3)""—! 57.4, = —2(-3)"! 
= 1 n-1 
59. a, = 494) 
61. ‘dy, 


65. An4 ° 


+ 


4) 
(+4 
5 
“a 
z 
< 
Qa 
bal 
= 
U 
rt 
ond 
bal 
2] 


67. 255 69. about 125 71.85 73.63 75. 35. Sample 
answer: It takes 35 skydivers to form 3 rings. 
77. sometimes 


Student Resources 


11.7 Guided Practice (p. 631) 1. common ratio 


Yo 


As n increases, Ss, increases. 


As n increases, S', 


approaches 2. 


1 n 
9,4 5 5 25 
18. 25.59 


7.= 9. 11. 8 13. 33 
11.7 Practice and Applications (pp. 631-633) 
17. 1 6 31 156 781 
*"? 5? 25” 125’ 625 
1S, T As n increases, Ss, 


approaches 2. 


As n increases, S', 
approaches 15. 


21. Sum; ris between —1 and 1. 23. No sum; r is not 
between —1 and 1. 25. No sum; r is not 
75 10 


between —1 and 1. 27. 29. no sum 31.3 33.— 35. no 
28 2 lees 1 1 1 : 50 
sum 37. 9 39. 3 41.5 43.5 45. 3 47. 3 49. 1 51. O9 


53. s 55. 7 57. 144 in.” 59. 288 in.? Sample answer: It 
represents the sum of the areas of the infinite number of 


squares. 61. 80 ft 63. 140 ft 


Chapter Review (pp. 635-638) 1.2 x3 5. E | 


=3 
7. Not possible; their dimensions are not the same. 
0 -6 -3 
9.|-18 -—6 12] 11. Not possible; the number of 
9 15 O 


columns in the first matrix does not match the number of 


rows in the second matrix. 13. [1] 15. | Fe 


a5: ie —13 
-4 -2 
25.5, 2, —1, —4, —7, —10 27.0, 3, 8, 15, 24, 35 29. 22; 
a, = 3n + 1 31.105 33. —21 35. a, = 4n — 1 
37.a, = 3n +5 39.4, = 7In— 4 41.480 43.a, = 


12(2)"~! 45.4, = 972{3)" ~! ana, = 3(-2)"7! 


| 19. (—1, 6) 21. (—3, —6) 23. (—2, 1) 


49. 177, 144 51. 666.6666666 53.5 55.3 57.4 59. 4 


61. —F 63. z 65. 12s : 
Chapter 12 


12.1 Guided Practice (p.648) 1. opposite side, adjacent 
side, hypotenuse 


hyp 
opp 
a SS 
adj 
3. sin 0 = V5. cos 9 = 2V5 
Vf 5 5 
3 “hai tan 6 = 3, csc 6 = V5, 
a rm sec = \5, cot a= 2 
6 
oom. BV34 _ 5V34 a5 _ V34 
5. sin 0 a, 3g 7 tan 8 5° osc 8 37 
sec 9 = v4. cot @=2 7.4V3 9. about 5.1 
X 
B (\ 
3 
12.1 Practice and Applications (pp. 648-650) 
. _ 12 es) _ 12 _ 13 
11. sin 0 137 608 8 iz’ tan 6 57 osc 8 a 
— 13 15! : _ 8 _ V57 
sec 9 = 7) 13. sin 0 Tad a 
_ 8V57 _ ll _— 11V57 _ V57 
tan 0 57 7 osc 8 g? sec 8 57 , cot 0 3 


15. sin 0 = i cos 0 = oo. tan 9 = ra csc 9 = 
ar a sec 90 = -. cot 6 = arto 17. The side opposite 


the angle is 8 not 15; sin @ = ne = = & 19. 6V2 21. 10 


23. 13V3 25. 1.4826 27. 0.8290 29. 2.5593 31. 1.0223 
33. 2.29 35.6.38 37. 18.01 41. about 5725 ft 


43. about 8550.5 ft 
25,000 ft 
x ft 
| = 
12.2 Guided Practice (p.656) 1. the origin 
3. 5. 


7. Sample answer: 380°, —340° 9. Sample answer: 285°, 


—435° 11. negative 13. positive 15. sin @ = -%, cos 8 = 
3 en: 4 

> tan 0 3 

12.2 Practice and Applications (pp. 656-658) 17. C 
19. 21. 


29-35. Sample answers are given. 29. 280°, —440° 
31. 710°, —10° 33. 60°, —300° 35. 320°, 
—40° 37. sin @ = 3, 


__4 Lite D 
cos 8 3 tan 0 ri 
15 


_4 — _3 _4 : = 1d 
3 cos 8 5 tan 0 3 41. sin 0 7 
_8 alge appa” spall 
cos 0 7 tan 0 3 sin 0 25° 6 35° 
=, cos 0 = a 2 tan = 1 
3 
2 


_2vV13 _ 
B , tan 0 


49. sin 0° = 0, cos 0° = 1, tan 0° = O 51. sin 540° = 0, 
cos 540° = —1, tan 540° = 0 53. negative 55. positive 
57. negative 59. negative 61. —0.5736 63. 0.3420 

65. —0.1736 69. 25V3 ft ~ 43.3 ft 


SYIMSNV GILD4T4S 


39. sin 0 = 


tan = 22 45. sin 0 = — 


3V13 
1 


3 ,cos 0= 


47. sin 0 = 


Selected Answers 


12.3 Guided Practice (p.663) 1. periodic 3.5, —5, 
(0°, 0), (180°, 0), (360°, 0) 5.5, —5, (0°, 0), (1°, 0), (2°, 0) 


9. (0°, 0), (60°, 0), (120°, 0), x = 30°, x = 90°, (15°, 1), 
(45°, —1), (75°, 1), (105°, —1)_ 11. (0°, 0), (4°, 0), (8°, 0), 
x= 2',x= 6°, (1°, 4), B®, —4), S*, 4), (7, —4) 


13. 


270° 
b ° 


minimum; minimum = | 
(9°, —2). 

12.3 Practice and Applications (pp. 663-665) 17. A 
19.F 21.C 23.3, —3, (1°, 0), (3°, 0) 25. 2, —2, (0°, 0), (1°, 
0), (2°, 0) 27. , — (0.125°, 0), (0.375°, 0) 


37. y = sin 8x 39. y = 4 sin 120x 41. (0°, 0), x = —1°, 
x = 1°, (—0.5°, —1), (0.5°, 1) 43. (0°, 0), x = —0.5°, 
x = 0.5°, (—0.25°, —3), (0.25°, 3) 


4) 
co 
2) 
z 
< 
=) 
ba 
= 
U 
re 
ond 
ud 
2] 


ia Student Resources 


2 ft, —2 ft; 12h 


53. (2.8, —2.5) 


12.4 Guided Practice (p.672) 1. two angles and a side 
or two sides and an angle opposite one of them 

3. about 103.02 5. about 6.30 7. 10°, 170° 9. about 45.6° 
11. about 42.0° 


13. B 36.83° 


> 


C A 


12.4 Practice and Applications (pp. 672-674) 

15. about 27.05 17. about 14.28 19. about 11.30 

21. 30°, 150° 23. 62°, 118° 25. 80°, 100° 29. about 80.6 
31. x ~ 45.0, y ~ 20.0 33. no triangle 


37. A 719 
i 
C 20 B 
39. A A = 15.7°, B = 46.3°, 
a = 3.37 


9 11 


ea 


C B 
43. about 4.71 mi 45. b ~ 3.55 ft, c ~ 5.33 ft 


12.5 Guided Practice (p.678) 1. two sides and the 
included angle or three sides 3. 15.5 5. 113.6 7. 42.3 


12.5 Practice and Applications (pp. 678-681) 9.6.4 
11.7.7 13.52.5 15. 15.5 17. The denominator should 


_ 15 1 = 18? 
contain c not a. cos A = 3050) 0.0033, 
A = cos !(0.0033) ~ 89.8° 19. 76.2 21. 33.6 23. 48.2 
25. ¢ 24.6 
12 
A 15 B 


29. D = 44.5°, E = 74.4°, F = 61.1° 31.4 = 42.77 B= 
38.1°, C = 99.2° 33. M = 57.1°, N = 44.4°, P = 78.5° 


35. B A = 59.0°, B = 70.5°, 
C = 50.5° 
100 90 
C 110 A 
39. B B= 46°,a= 13, 
b = 17.65 
24 
D ™~ 
C A 
Chapter Review (pp. 682-684) 3. quadrantal angle 
: _ 24 _ 7 _ 24 _ 25 
5. sin 0 75° COS 6 55° tan 0 7 , csc 6 we 
a ee ee ee ee 
sec 0 = j cot 8 A 7. sin 0 57 008 a 


_4 5 
tan 6 = 3, csc 6 = gp Sec 8 = 3, 


11. 


: “3 _ _12 eee) 
15. sin 0 EY cos 0 13 tan 0 1D 
ee __8 ai 
17. sin 0 7 cos 8 7 tan 0 8 


23. C = 70°, a ~ 15.43, b = 12.04 
25. B = 78°, a ~ 10.56, c ~ 21.62 
27. a ~ 33.5, B ~ 45.2°, C = 52.8° 


Chapter 13 


13.1 Guided Practice (p. 694) 

1.d=\@, — x, + &) —y,)? 3.5 5.2V10 7.5 
9. isosceles 11. isosceles 13. (—4, —3) 15. (1, 4) 
17. (0.5, 0.5) 


13.1 Practice and Applications (pp. 694-696) 
19. 2V5; (2, —1) 21. V26; (—0.5, 0.5) 23.5; (—4, 2.5) 
25. 2V17: (2, 7) 27. 5V5; (2, 1.5) 29. V170; (—4.5, 


—0.5) 31. One part of the parentheses is missing, and the 


squared terms are subtracted instead of added, making 
the correct solution Ve — (-4)? + (8 -— 3 = 


V(6)2 + (5)2 = V36 + 25 = V6l. 33. scalene 


35. isosceles 37. scalene 39. scalene 41. y = a see 


3 
2 


43.y=x 45.y= 3x i 47. Sample answer: P(22, 18), 


G(10, 6); PG = 12V2 ~ 17 yd 49. about 5.4 mi 
51. about 1.3 mi 53. y = —x + 34; y = 3x + 110 
55. 2V3170 ~ 112.6 mi 

13.2 Guided Practice (p. 700) 1. focus; directrix 
(0. th y= — axis of 


symmetry x = 


ae 
| 16’ Oj.x=4 Te’ axis of 
symmetry y = 0 


4 


9. y? = 4x 

13.2 Practice and seen iegi (pp. 700-701) 11. C 
al | pe at 

13. B ma ‘| y= 17. (0, at aa: 19.(0, 50 

ya 21. (0, ay 7=o 

23. 


(0, —3), y = 3, axis of 
symmetry x = 0 


Selected Answers aa 


“a 
mi 
ay 
m 
(a) 
= 
mi 
i) 
> 
z 
mi 
a 
“a 


“a 
(+4 
5 
“A 
z 
< 
Q 
bal 
= 
U 
re 
= 
bal 
2] 


27. y 


(1, 0), x = —1, axis of 
|symmetry y = 0 
| 


35. The parabola should open 
to the right instead of up. 


37. x° = 4y 39. y? = 8x 41.x7 = 12y 43. y* = 6x 


45.x? = l6y 47.x7 = —3y 49. about 1 m 51. about 2.0 in. 


13.3 Guided Practice (p. 706) 1. circle 3. Sample 
answer: The slopes are negative reciprocals because the 
lines are perpendicular. 5.x? + y? = 25 7.x7+y? =2 
9.x? + y* = 50 


11. 


r=11 


13.3 Practice and Applications (pp. 706-708) 17. C 
19. A 21.F 


Student Resources 


25. 


= 225 .x+y= 


33.0 + y 19 37.x7 + y? = 48 
39. x7 ‘es = 40 41.2 ON le a 
.x24+y=41 4727+ y= 


49. circle D 
le 


58.y =x— 8 S7. Y= 3 88.9 = 3 
61. V34 ~ 5.8 63. x2 ee 65. x7 cee 67. yes 
13.3 Technology Activity (p. 709) 


13.4 Guided Practice (p. 713) 1. minor axis 

3. vertices (0, 5) and (0, —5), 
co-vertices (—3, 0) and (3, 0), 
foci (0, 4) and (0, —4) 


vertices (—7, 0) and (7, 
0), co-vertices (0, 6) and 
(0, —6), foci (V13, 0) and 
(—V13, 0) 


7. (0, 6) and (0, —6) , 5 : 
x y x y 

% 799° 5 + is * i” 9 

13.4 Practice and Applications (pp. 713-716) 

15.F 17.C 19. A 21. vertices (0, 9) and (0, —9), co- 

vertices (—8, 0) and (8, 0), foci (0,V17) and (0, —V17) 

23. vertices (6, 0) and (—6, 0), co-vertices (0, —4) and (0, 

4), foci (2V5, 0) and (-2V5, 0) 25. vertices (0, V53) and 

(0, 53). co-vertices (—7, 0) and (7, 0), foci (0, 2) and 

(0, —2) 27. vertices (0, 5) and (0, —5), co-vertices (—4, 0) 

and (4, 0), foci (0, 3) and (0, —3) 

39. The major axis should be y 


along the y-axis, not the 
X-axis. 


41.(V105, 0), (—V105, 0) 43. (0, 2V7), (0, -2V7) 
a a ey Pr a 

5. 36 147.757 3 1 49.75 36 1 

51. parabola 53. parabola 55. circle 57. circle 


x2 y _ 2 
- 798,025 + 380,900 1 61. about 740,945 ft 


63. about 28.5 ft 


4 +P 


59 


65. Sample answer: 


ee oe 
67. Sample answer: 1332 + 76 1 


13.5 Guided Practice (p.720) 1. transverse axis 
3. vertices (—5, 0) (5, 0), 


foci ( —V34, 0) (v34, 0), 


"_asymptotes y= 13x 


vertices (0, —10) (0, 10), 
foci (0, -2V41) (0, 2V41), 


asymptotes y = +3x 


2 3 2 
5 ca a 
13.5 Practice and Applications (pp. 720-722) 11. C 
13.D 15.B 17.(+V5,0) 19. (0, +6) 21. vertices (—4, 0) 
(4, 0), foci (-V65, 0) (v65, 0), asymptotes y = tix 
23. vertices (—3V3, 0) (3V3, 0), foci (—6, 0) (6, 0), 
asymptotes y = + V3x 25. vertices (—9, 0) (9, 0), 
foci ( —V85, 0) (V85, 0), asymptotes y = tex 

4 vertices (0, —6) (0, 6), 

foci (0, —2V13) (0, 2V13), 


asymptotes y = +3x 


27. 


Selected Answers ia 


“a 
mi 
ay 
m 
A 
= 
mi 
i) 
> 
z 
2 
mi 
a 
“a 


“A 
(+4 
5 
2) 
z 
< 
Qa 
bal 
= 
U 
rt 
onal 
bal 
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vertices (—8, 0) (8, 0), 


foci (—2V41, 0) (2V41, 0), 


| asymptotes y = +2x 


35. Since the term with a positive coefficient is y’, the 
transverse axis should be vertical, not horizontal. 


45. ellipse 


y 


168 608.2 
13.6 Guided Practice (p. 728) 1. conic sections 


49, 2x” — 4y? = 1 51. x 


@= 27 , Y=)? _ 


_ 42 _ 22 — 
te IP +p By =) 6. 5 


7. circle 9. ellipse 


1 


as Student Resources 


13.6 Practice and Applications (pp. 728-731) 


11 y circle with center (1, 0) and 


radius 3 


ellipse centered at (0, —6) 
with vertices (0, —2) and 
(0, —10), co-vertices 

(—2, —6) and (2, —6), and 
foci (0, —6 + V12) and 
(0, -6 — V12) 


@ hyperbola with center (0, 3), 
__ vertices (8, 3) and (—8, 3), 
foci (V73, 3) and (=V73, 3), 


and asymptotes y = +35 +3 


19. (x — 2) + (y— 5)? =4 21+ 6 +(y+ 3)’ = 36 
(x + 1.5) ay Y= 2y _ @7 2h _ 
a Om) ala mr 1 
27. (x — 5)? = —12(y — 3) 29. circle 31. parabola 


33. hyperbola 35. parabola 
37. circle; (x + 5)? + y* =4 
y 


39. ellipse; e+ =1 


_—p2. 2 
41. hyperbola; ce = =1 


9 


_— 1)2 = 2 
a5. ly | 


64 (0 ; 
47 FI SISE 4, YH 8257 _ 


67.52 82.52 


51. parabola 53. x7 + (y — 4)* = 16 and 
x* + (y + 4)? = 16 55. hyperbola 57. ellipse 


13.6 Technology Activity (p. 732) 1. (0, 2) 3. (2, 4) 
and (—2, —4) 5. (1, 3) 


7. between 0 and 2 intersection points 


QR 
> 


Chapter Review (pp. 733-736) 1. major axis 3. An ellipse 
is the set of all points P in a plane such that the sum of 
the distances between P and two fixed points, called the 
foci, is constant. A hyperbola is the set of all points P ina 
plane such that the difference of the distances between P 
and two fixed points, called the foci, is constant. 


5. V181: (0.5, 3) 7. 3V5; (6.5, 6) 9. 2V29; (3, —1) 


17. 


19. 
23. 


1 
focus (} 0}, 


directrix x = — 


> 


col 


axis of symmetry y = 0 


+ y? = 20 


0), co-vertices (0, 4) 


"and (0, —4), and foci 


(3, 0) and (—3, 0) 


foci (0, V61) (0, ~V61), 


asymptotes y = tee 


circle centered at (—2, 3) 


with radius 4 


Selected Answers 


vertices (5, 0) and (—S, 
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33.77 1] ellipse centered at (—3, 
| | —2) with vertices (—8, 
Xx —9) and (2, —2) and 

| co-vertices (—3, 1) and 


(3, -5) 
| 


| | 
ae ee ee ee eee 


37. hyperbola 39. circle 


Skills Review Handbook 


Fractions, Decimals, and Percents (p. 743) 1. 0.22 
3.0.06 5.2.58 7.0.355 9.0.25, 25% 11. 0.48, 48% 


13. 0.448, 45% 15.0.5, 56% 17. 45%, 19. 80%, ¢ 
9 3 
21. 136%, 1% 28. 37.5%, 3 


Calculating Percents (p.744) 1.9 3.32 5. 18 7.4 


9.105 11.25% 13.10% 15.45% 17. 130% 19. 12 21. 40 
23.25 25.40 27.6.5 29.17% 31.45% 33. 60% 


Factors and Multiples (p.746) 1.27 + 3 3. prime 

5. 37° 7 7.27+7 9.3°5 11.3219 13.23 +7 15.27 + 5? 
17. 3, 63 19. 1, 17 21.6, 210 23. 2,90 25.4, 112 27.3, 
231 29.20, 200 31.42 33.24 35.30 37.22 39.26 41.24 


53 7 _i 185 125 

43.36 45.40 47. 36 49. 30 51. i0 53. 88 55. 6A 
Deel 
18 


Writing Ratios and Proportions (p.747) 1. 1 to 3, 
al al ol 72 
1:3, 3 3. 1 to 3, 1:3, 3 5. 1 to 2, 1:2, 5 7.2 to 7, 2:7, 7 


9. 1 to 2, 1:2, 5 11. 19 to 16, 19:16, 2 13. 18 15.1 17.39 
19.12 21.6 23.9 


Operations with Positive and Negative Numbers 
(p.748) 1.—-6 3. —60 5.2 7.8 9.44 11. —4 13. 12 

15. —72 17. —2 19.33 21.9 23.6 25. —15 27. —12 29.5 
31.42 33. —17 35.2 37. —16 39.5 


Significant Digits (p.750) 1.3 3.4 5.4 7.5 9.3 
11.2 13.2 15.6 17.1667 19. 312.6 21. 16.9 23. 63 
25. 93.4 27.12.70 29.3047 31.3300 33.1999 35.7 
37.5023 39. 112,000 41.782 43.2000 45. 110 
47.3.6 49.0.520 51. 63,500 53.200 55. 200 

57. 14,000 59. $67.50 61. $79.40 63. 1100 moles 

65. Sample answer: 4.68; 4.7; 5; the answers are less 
precise when the divisors are less precise. 
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Scientific Notation (p. 751) 1.3.2 X 10° 

3. 8.6905 X 10* 5. 8.62 x 10° 7. 4.903 x 10° 

9.4.2 X 1073 11. 6.25 X 108 13. 9.0090 x 1073 

15. 2.17 X 102 17. 3.24 X 102 19. 5.1000 X 107! 

21. 1.602 X 10* 23. 8.053090 x 102 

25. 9.87654321 X 108 27. 3.0258 X 107! 29. 500,000 
31. 1250 33. 8.51 35. 7,350,000 37. 0.0189 39. 0.9514 


a Student Resources 


41. 0.0000002459 43.217 45. 45,700 47. 93,502,000,000 
49. 0.0642 51. 805.9030 53. 37,000 55. 2,809,075,000 


Points in the Coordinate Plane (p. 752) 
1: A(=2, 3), BG, 1), C(-1, —1), DO, =3) 
3. A(—4, 0), BL, 0), C(O, 0), D(4, 0) 


5. 


11.11 13.1V 15.1 17. Ul 


Perimeter and Circumference (p. 753) 1. 12 ft 
3.21 mm 5.7.26cm 7. 12 ft 9. 16m ~ 50.2 mi 11. 9.2 in. 
13. 13m 15.34cm 


Area (p.754) 1.5.76 cm? 3. 30 ft? 5.36 m2 7. 14.85 ft? 
9.3.5 cm? 11. 19.68 yd? 13. 153 m? 15. 48 cm? 


Volume (p.755) 1. 120 in.? 3. 226.981 m? 
5. 1.030301 cm? 7. 0.008 ft? 9. 125 m? 11. 216,000 mm? 
13. 0.33757 ~ 1.06 m? 


Triangle Relationships (p.756) 1.40 3.34 5. 120 
7. no; 150 + 25 + 75 = 250 9. yes; 59 + 60 + 61 = 180 
11. no; 78 + 22 + 100 = 200 


13. yes; 1 + 10 + 169 = 180 15. yes; 8 + 10> 12,8 + 
12>10,10 + 12>8 17. no; 23 + 41 = 64 19. no; 1 + 
2=3 21. yes;3 + 8>10,3 + 10>8,8+ 10>3 


Right Triangle Relationships (p.757) 1.11 m 
3.4V2 m 5. 1.5V3cm 7.2V13 mm 9. 3V34cm 11.5 ft 


Symmetry (p.759) 3. none 
A: 


5. x = —5, multiplication property of equality 13. 9x = 45, 
given; x = 5, division property of equality 15.x + 8 = 
22, given; x = 14, subtraction property of equality 
17. -2x —5= i given; —2x = 1, addition property of 


eae a x= an, > division property of equality 
19. -2(- 6—- 2) = = 15, given; 15 + 5x = 15, distributive 


property; 5x = 0, subtraction property of equality; x = 0, 
division property of equality 21. x* = 36, given; x = 6 or 
13. none 17. 180° either direction 19. 180° either direction * = —6, square root property 
21. none 23. 180° either direction 25. 90° or 180° either Use an Equation or Formula (p. 768) 1.5 = 60x; 
direction 27. 72° or 144° either direction 29. 45°, 90°, 


ior ; . ee 
135°, or 180° either direction 31. 180° either direction FTP Na teria Smiperh 3.3% = 36; 4 = 12; 30yd 


= . -10:V= : 3 = : 
Tiieheen tt 1S. 3.(- ze 5) 5.V= 15+ 10 mY cae 1500 ft? 7. 200 = 50r; | 
5. (-1, 3) 7. (5, 3) 9. (—20, 12) 11. (-7, 0) 13. (5, —3) Ca 8-5 3. 2 


Draw a Diagram (p. 769) 


iw, 31.4 = 3.14d;d = 10,AB = 10m 
y= 10.5 5.x=8, y=8 7.x =275,y = 12 9.x =4, 


y= 10 9 yd 


Logical Argument (p.764) 1. valid; Or Rule 3. invalid 5.5m 7.384 cm? 
5. valid; Direct Argument 7. valid; Chain Rule 9. valid; Make a Table or List (p. 770) 
Or Rule 11. true 13. true 15. false 17. true 19. false 


Similar Figures (p.762) 1.x = 12, y =9 3.x = 55, 


is divisible by 3; true; if the sum of the digits of a number 1 
is divisible by 3, then the number is divisible by 3; true. 
21. False; penguins do not fly. 23. False; x could also be 


1. 16; 
If-Then Statements and Counterexamples (p. 766) 0 i ; 
1. If you take your brother, then you can go to the movies. 0 <c 0 rn 
3. If a figure is a hexagon, then it has 6 sides. 5. If Janet 1 = 7 
takes a math test, then she does very well. 7. If a circle 0 ‘ = 
is a unit circle, then its equation is x- + y 1. 9. If the 0 a ; 5 
intersection of two lines is a point, then the two lines 1 al > 
intersect; true. 11. If a triangle has two equal sides, then 1 — 0 FA 
it has two equal angles; true. 13. If x <2, then 5x + 13< 1 Ss 
23; true. 15. True; if a polygon is a hexagon, then it has 0 5 
6 sides; true; if a polygon has 6 sides, then it is a hexagon; 0 — 1 “= 
true. 17. True; if a quadrilateral is a rectangle, then it has 0 < 0 
four right angles; true; if a quadrilateral has four right 1 a 
angles, then it is a rectangle; true. 19. True; if a number 1 : 
is divisible by 3, then the sum of the digits of the number 0 ee 1 
iene 
1 


—12. 3. 30 outfits 5. 15 ways 

Justify Reasoning (p.767) 1. distributive property Solve a Simpler Problem (p.771) 1. x7 — 2x + 1 = 0; 
3. division property of equality 5. distributive property (x — 1)? =0;x = 1 3.4 sides has 2 diagonals; 5 sides has 
7. definition of raising to a power (square both sides) 2 + 3 =5 diagonals; 6 sides has 2 + 3 + 4 = 9 diagonals; 


9. multiplication property of equality 11. —x = 5, given; so 18 sides has 2 +3 +4+---+ 16 = 135 diagonals 
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5. 840(1.045)? = 840(1.48609514) = $1248.32 7.142 
+3+--++98 +99 + 100 = 50(101) = 5050 

9. 162 = (20 — 4)? = 202 — 2(20)(4) + 42 = 400 — 
160 + 16 = 256 


Break into Simpler Parts (p.772) 1. 0003, 0013, 
0023, ..., 0093 = 10; 0103, 0113, .. ., 0193 = 10; 
0203, ..., 0293 = 10; same for 3, 4, 5, 6, 7, 8, and 9 so 
100 for each 1000 lockers; 400 times 


3. 8.62 + 7 = x2, 
x ~ 11.09;5 + 
56490444 
11.09 = 26.69 mi 

8.6 mi 
5 mi 
oe 
7 mi 
5. 12(8) + mel = 96 + 30 = 126 ft? 
7. 10(5) + Co = 59.2 if = 67 in 


Guess, Check, and Revise (p.773) 1-7. Sample 
answers are given. 
1. Guess: 3 weeks 

Check: 20 + 7(3) = 20 + 21 = 41 

Revise: Try a larger number of weeks. 


Guess: 15 weeks 
Check: 20 + 15(7) = 20 + 105 = 125 
Revise: Try a slightly larger number of weeks. 


Guess: 16 weeks 

Check: 20 + 16(7) = 20 + 112 = 132 

16 weeks 
. Guess: 10 white, 7 blue 

Check: 10(50) + 7(65) = 955 

Revise: Try smaller number of blue. 

Guess: 11 white, 6 blue 

Check: 11(50) + 6(65) = 940 

11 white spruce and 6 blue spruce were sold. 
. Guess: 20 

Check: 20(20) = 400 

Revise: Try larger number. 

Guess: 30 

Check: 30(30) = 900 

Revise: Try smaller number. 

Guess: 26 

Check: 26(26) = 676 

The length of the floor is 26 feet. 


wo 


o 


Fa Student Resources 


7. Guess: 30, 42 
Check: 42 — 30 = 12 
Revise: Try numbers closer together. 


Guess: 32, 40 
Check: 40 — 32 = 8 
Revise: Try numbers even closer together. 


Guess: 33, 39 
Check: 39 — 33 = 6 


The lengths of the pieces should be 33 in. and 39 in. 
Translating Words into Symbols (p.774) 1.6 + x 
3.x—10 5.2 7.x— 2 9.0.13 14.2 13. 2(x + 25) 
15.21 — 2x 17. 20x dollars 19. 6x dollars 


Combining Like Terms (p.775) 1. —6x + 3 3. —3x7 + 
2x +5 5.29r+47 7.3r—6 9. —64x!? + 16x 

11. —30x 13. —21n + 49 15. 7.2r? + 6.03 17. —0.12n? — 
4.972n 19. —26y!> — 2y* 21. v3 — 24.4 


Multiplying Polynomials and Simplifying 
Rational Expressions (p.776) 1.x” — 9 3. —x? + 6x + 
27 5. y? — 8y +7 7. —a* + lla — 30 9. #? — 3t — 40 

x x+4 c= 5 2x+4 x+ 10 
11. 5 13. 3 15. 3 17. 3 19. 5 21. A 
Solving Linear Equations (p.777) 1. 5 3.1 5. u 


2 
1 3 23 
7.2 9.3 11. 3 13. ta 15. —1.29 17. ra 


Extra Practice 
Chapter 1 (p. 778) 


1. —7 1 
<—+—+e-+—_o—_o—__+_+-e-+—_o_+—_- +> 
—10 -8 -6 -4 -2 0 2 4 6 8 10 

—7, —4, -2, 1,6 
2 2 
—13 —0.6 3 \2,-16 
a a a a dl 
5 -4 -3 -2 -1 0 1 2 3 4 =5 


_12 _n6 2 
i, 0.6, 5, V2, 1.6 


5. associative property of multiplication 7.81 9. —216 
11.9 13.15 15. 10x — 7y 17. 8x — 59 19. —7x — 17 


21. —6a + 35b 23. 10:10 — 14 = —4 25. 28: a =7 


27. —6; —5(—6) + 6 = 36, 30 + 6 = 36 29. 2: 
3(2(—2) — 1) — 4(-2) = -7,3(-4 - 1) + 8 = -7, 
3(-5) +8 = -7,-15 +8 =-7 31.7 =4—F 33. 5% 
35, $a aA ft x t+ 8 = 60; 
x x+8 26 in., 34 in. 
60 in 


37. 3 17.5 42.5 45 50 


0 5 10 15 20 25 30 35 40 45 50 55 
Chapter 2 (p.779) 1. domain {0, 3, 6, 9}, range {2, 4}, 
function 3. domain {—4, —2, 0, 2, 4}, range {—2, 0, 2}, 
function 5. linear; —100 7. not linear; 65 9. not linear; 
432 11. undefined; is vertical 13. Line 1 


15. 2, 1; 


4 _4. 
17s 4; 


21.y = —2x — 1 23.y = —3x + 17 25.y = 2x + 24 
27. y = —20x; —120 


y = 0.8x + 2.3; 6.3 


Chapter 3 (p.780) 1. (27, 37); 37 = 4(27) + 1,37 = 37; 
37 = 2(27) — 17,37 = 37 3.(8, 1); 8+7 = 15, 15 = 15; 
—2(8) + 5(1) = -11, -11 = —11 


none 


7. (—1, 2); the second equation is solved for y so it is 
ready to substitute. 9. (3, 3); solve the first equation 

for y because it is easier. 11. (—2, 11); solve the second 
equation for y because the coefficient is 1. 13.x + y = 
30, 0.05x + O.ly = 2.5; 10 minutes walking and 

20 minutes jogging 15. (—6, 1); -6 + 30) = -6+3= 
—3; -1(-6) + 201) = 6 + 2 = 8 17. infinitely many 
solutions 


19. P 


< 


21. é 


23. 
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25. Z 


(0, 0, 3) 


(0, 2, 0) 
(4, 0, 0) 


x 


27. (1, 2, 3) 
29. B ZA = 29°, ZB = 87°, 
ZC = 64° 
3x° 
NE. (2x + 6) c 
Chapter 4 (p. 781) 
1.x<2 
—_—_—-—> + 
-6 -4 -2 0 2 4 6 
3.-l<x<3 


-4 -3 -2 -1 0 1 2 3 4 


5.x<—6o0rx24 


-8 -6 -4 -2 0 2 4 6 8 
7.-133 sts —-7 


—140° = 120° = — 100° 80° 60° 40° 20° 


Sample answer: —130°, —50°, —10° 
9.B 
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—133° og i 


Ba Student Resources 


2(4) — 5| = |3| =3, |2a) -5| = |-3| =3 


21. 4, 1; 
23.0, —2; |3(0) + 1] = [1] =1, I3(-2)+ i| = 


|-1| = 1 28. -10, -22; |8 + 4¢-10)| = |3] =3, 
Js + 3-22)| = |-3| =3 
27.x< —6o0rx> 10; 


-8 -6 -4 -2 0 2 4 6 8 10 12 


|-6 — 2] = |-8] =8, |10—2] = |s| =8, 
|-7 -2| = |-9] =9>8, |11 —2| = |9| =9>8 
29.x< —3orx>8; 
-3 


-8 -6 -4 -2 0 2 4 6 8 10 


|2(-3) -— 5] = |-11| = 11, |2(8) -— 5] = |u| = 11, 
|2--4) — 5| = |-13| = 13 > 11, |2¢) —5| = 
[13] =13>11 

31. no solution 33.5,2 35. 4,5 37. 11,5 


39. 


Chapter 5 (p. 782) 


1. 


5.y =x + 12x +35 7.y = —3x? — 18x — 31 
9. 


11. 


15. —5,3 17. —4,6 19. i =3' 21: ‘ 1 

23. (x + 5)(x — 5) 25. (x — 7)? 27.7, -7 29. -5 + 2V5 
31. 91, —91 33. +2iV2 35.15 + 5i 37. -31 + 77i 
39.2 + V11 41.-4 + 2V10 43.y = (x — 7)? - 21; 
(7, -21) 45. y = (x + 4)? — 17; (—4, -17) 47, 424 iia 


40.2 2x30 


55. about 33.25 mi/h 
Chapter 6 (p.783) 1.64; product of powers 3. 1000; 


51. 0, 1 real solution 53. 121, 2 real solutions 


power of a product 5. zero power, negative 


1. 
117,649’ 


exponent 7. 5 product of powers, power of product, 
x 1,14 
power of power, negative exponent 9. ; power of 


product, power of power, negative exponent 
11. f(x) = —x? + 7; 3, cubic, —1 13. f(x) = —x° + 13x27 + 
2; 5, fifth degree, —1 


15. F(x) approaches + as x 


approaches +% or —®%, 


F(x) approaches — as 
|x approaches —° and 
F(x) approaches + as x 
approaches +0, 


19. 3x* — 2x3 — 4 21.1703 + x2 +x 23.49 + 18x? + 
108x + 216 25. 2x3 — 17x2 + 10x + 77 27.x3 — 9x2 + 
24x — 20 29.x + 7 31. 20x? + 46x — 10 

33. (3x + 4)(9x? — 12x + 16) 35. (3x — 1)(9x? + 3x 4+ 1) 
37. (x — 7)(x + 6) 39. (x + 7)(x + 2)(x — 2) 

41. (x2 + ID? — 11) 43.2 + 5) + Da - DY 

45. 2x(6x2 + 1)(6x2 — 1) 47. (x? + 9)(x? + 2) 

49, 3x(x2 + 3)(x? + 5) 


intercepts: 9. 0, v2 
maximum: (0, 0) 
minimums: (—1, —2), (1, —2) 


intercepts: -V5, ~V3, 

V3, V5 

maximum: (0, 15) 
minimums: (—2, —1), (2, —1) 


Chapter 7 (p.784) 1. —4 3. —3 5.2, —2 7.773 9.(¥/5)° 


4/ 5/ 2) 
11.20/3 13, 22 45, 24 47, 8mSn!2/5 19, 42 

3 3 5a° 
21. 3p°q°? 23. 6s*t?/? 25. 8 2.0 29. -t 31. —8 


33. 8x + 3; all real numbers 35. 2x + Z all real numbers 


except 0 37. 3x2 + 4; all real numbers 39. yes; 


ee At 41. yes; f |(x) = Vx 43. yes; 


foe = 7 3 45. yes:f (x) = Vx — 8 
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all reals, all reals 


51.3.4 53. 3.9 
Chapter 8 (p. 785) 


1. all real numbers, y > 0 


all real numbers, y > —7 


all real numbers, y > 0 


Student Resources 


all real numbers, y > 0 


y=7 13.y =i: 12° 15.2 17.5 19. 3x 21.2x 
23. 


x = 0;x>0, all real 
numbers 


x = 0;x>0, all real 
numbers 


27.9 log, x 29.6 + log, x — log, y 31. log, 28 
33. log, x6 — 1 38. = 37. 2.57 39. no solution 41. 50 


Chapter 9 (p.786) 1. y =—/®; -4 3. y = 39; 5 
5. $44.80 
7. x#3,y#1 
9. x#—-3,y#2 
+7 1 


. . x 
11. already in simplest form 13. x~ 10 15. 3x(x — 4) 


$23 gg 9 6 o, 30+ DE 4D 


ar ‘Ga ear 21.5. 23.5 2 : 
2(x + 1) 4 7 4-—x 4x? + 24x + 14 
“3x(e—- 1) “x +2 5 3x x +5 (w+ 16x41) 
e-5P4+2x-9 of Oe Do 

37. mer 39.4; 774 84 

=A 

a -4 4.4 3(1) + 5 84 ra oe 

a eae| 1+1 2 V _4 Ay 

44+5_ 1 td : 4 

a es ane 43. 2, ie ree eee ay ee 
: 2 : 4 4 2 

t= ee 


Chapter 10 (p.787) 1. 1300 students 3. Convenience; 
they were chosen because they were close. 5. Original 
280.625, 280, 280, 30, 14.5; new 165.625, 165, 165, 30, 
14.5; all are reduced by 115 except for the range and the 
quartile difference which stayed the same. 


7. permutation; 132,600 9. permutation; 24 ns 13.5 
Dg ey 
15.0.13 17a. 169 = 1.8% b. 71 1.8% 
7 
Chapter 11 (p.788) 1.| 10] 3. Not possible; the 
=] 
12 29 
dimensions are not the same. 5. 7 8 
=2. =2 


3 
—6 7 2, 2 | 43 4) 
7. 9. 11.{-==, -= 
| fi | 4 1 2 5 
13. 29;a, =5n—1 15.81;a,=(n + 2)° 17.21 
19.4, = 6n + 1 21. a, = 3n — 19 23.35 25. Arithmetic; 


terms increase by 2. 27. Geometric; terms are multiplied 
by —5. 29. Arithmetic; terms increase by 


= Si Dt oy 6 62 
6. 31.4, =81(5)" | 33.2 35.9 37, & 
Chapter 12 (p.789) 1. sin 6 = 2, cos 8 = é, tan 0 = 3 
25 26 =f 4 20N8 
csc 0 3° sec 0 m7 cot 6 3 3. 3 11.55 5.6 
7. II 


11. 


13. 


15. 


: _ 5V34 3V34 _ _5 
sin 0 34° 34 7 tan 6 3 
- 9 _ 7V65 _ 4V65 al 
sin 0 65 , cos 0 65 , tan 0 4 


(0°, 2), (60°, 2), (30°, —2), 
| (15°, 0), (45°, 0) 


.,5,| 18,9} 2-3} 
(or 


(0°, 0), x = —90°, x = 90°, 
(—45°, —2), (45°, 2) 


(0°, 0), x = —18°, x = 18°, 
(—9*, —5), (9°, 5) 


23. No triangle because the height is about 8.5 and a is 
less than the height. 25. 27.4 27. 14.2 
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29. B ZA = 55.9°, ZB = 47.0°, 


ZC = 771° 
20 17 
A 
15 E 

Chapter 13 (p.790) 1.5; = 3| 3: V7; (2, -3) 

i ee ee 
5.y= 5x 5 TY ix = 9 

gre ee 

9. y | [o)y= ie 0 


17.x7 + y? = 25 19.07 + y? = 32 2.y=x-4 


2. =4x—25 


Pa Student Resources 


(8, 0), (—8, 0), (0, 5), 


(0, —5), (V39, 0), 


(—39, 0) 


(0, 8), (0, —8), (6, 0), 
(—6, 0), (0, 2V7), (0, -2V7) 


(8, 0), (—8, 0), 
| (2V41, 0), (—2V41, 0), 


y= t3x 


(0, 11), (0, —11), (0, V185), 
(0, -V185), y = +Bx 


39. circle, (x — 6)? + (y — 6)? = 76 
y 


2 2 
(x + 2) _ (yt) _ 
41. hyperbola, 9 a 


w,) 
Bw 
= 
Bu 
Be) 
=| 
Bu! 
a) 
| > 
4 
S 
Bw 
a 
g*) 
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